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PROBLEM 1: Consider a system with the following input-output relationship:

y[n] =
1

x[n]
+ x[n− 1]

where x[n] is the input to the system and y[n] is the system’s output. Is this system
linear? Is it time-invariant? Is it stable?. Could you determine the ouput of the
system to an arbitrary input by using only the system’s impulse response?. Justify
your answers.

SOLUTION:

Is the system linear?

Consider the input sequence a[n] = αx1[n] + βx2[n] with α and β being two arbitrary
scalars and x1[n] and x2[n] being two arbitrary sequences. Then, if the system is linear,
it must satisfy that the output to a[n] is ya[n] = αy1[n] + βy2[n] where y1[n] and y2[n]
are the outputs of the system to the inputs x1[n] and x2[n], respectively. We can easily
check that this system does not satisfy this condition and therefore the system is NOT
linear:
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ya[n] = 1
α·x1[n]+β·x2[n]

+ α · x1[n − 1] + β · x2[n − 1]

6= α ·

(
1

x1[n]
+ x1[n− 1]

)

︸ ︷︷ ︸

y1[n]

+β ·

(
1

x2[n]
+ x2[n− 1]

)

︸ ︷︷ ︸

y2[n]

Is the system time-invariant?

The system will be time invariant if a delayed input x[n−τ ] produces a delayed output
y[n− τ ]. Let us denote by yτ [n] the output produced by x[n− τ ]. Then we can easily
check that:

yτ [n] =
1

x[n− τ ]
+ x[n− 1− τ ] = y[n− τ ]

so the system is time-invariant.

Is the system stable?

A system is said to be BIBO stable if a bounded input signal produces necessarily a
bounded output signal. Proving that a system is not stable is usually done by finding
an example of a bounded input signal that produces an unbounded output. In our
case, any bounded input sequence containing at least a zero will cause the output to
diverge and, therefore, the system is not stable.

Is the system’s impulse response enough for determining the output of the
system to an arbitrary input?

No. It would be enough only if the system would be linear and time-invariant (LTI)
but this system is not linear.

Additional information: The impulse response is the output of a system produced by
an elementary impulse at n = 0, i.e. by the input sequence δ[n]. All discrete-time
sequences can be expressed as a linear combination of impulses:

x[n] =

∞∑

m=−∞

x[m]δ[n −m]
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and this means that knowing the response of the system to an elementary impulse at
n = 0 allows us to obtain the output by:

y[n] =
∞∑

m=−∞

x[m]h[n −m]

that is, the output is just the linear convolution of the input sequence with the impulse
response.

PROBLEM 2: Consider a system with the following input-output relationship:

y[n] = (n− 1)2x[n]

where x[n] is the input to the system and y[n] is the system’s output. Is this system
linear? Is it time-invariant? Is it causal? Is it stable?

SOLUTION:

Is the system linear?

As we did in the first problem, we define the input sequence a[n] = αx1[n]+βx2[n] with
α and β being two arbitrary scalars and x1[n] and x2[n] being two arbitrary discrete-
time signals. We will denote the output of the system to this input by ya[n]. We can
easily see that:

ya[n] = (n− 1)2 · (αx1[n] + βx2[n]) =

= α
(
(n− 1)2x1[n]

)

︸ ︷︷ ︸

y1[n]

+β
(
(n− 1)2x2[n]

)

︸ ︷︷ ︸

y2[n]

and therefore the system is linear.

Is the system time-invariant?
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To determine if a system is time-invariant we define a sequence a[n] = x[n−n0] where
x[n] is an arbitrary input sequence and n0 is an arbitrary delay. If the system is time-
invariant then the output produced by a[n] should satisfy ya[n] = y[n− n0] where y[n]
is the output corresponding to the input sequence x[n]. That is, if we shift in time the
input sequence this has the effect of shifting in time the output by the same delay.

In our case, the output obtained with a shifted input is:

ya[n] = (n− 1)2a[n] = (n − 1)2x[n− n0]

while the result of shifting the output of x[n] is:

y[n− n0] = (n − n0 − 1)2x[n− n0]

Clearly y[n − n0] 6= ya[n] in general and, therefore, the system is time-variant (or
shift-variant).

Is the system causal?

A system is causal if the output at a given time instant does not depend on future
inputs. That is, the output of a causal system at time instant n depends only of the
inputs at time instants n, n − 1, n − 2, .... In our case we have that y[n] is a function
only of x[n] and, therefore, the system is causal.

Is the system stable?

A system is said to be BIBO stable if a bounded input signal produces necessarily a
bounded output signal. It is important to realize that BIBO stability requires that,
for a given input (bounded) signal, the output of the system is below a fixed constant
C for any value of n. The value of the constant can be different for different input
sequences but it cannot depend on the time index.

Proving that a system is not stable is usually done by finding an example of a bounded
input signal that produces an unbounded output (at least for some value of n). In our
case, if we assume a constant input signal x[n] = 1 ∀n, which is obviously bounded,
then the output is:

y[n] = (n+ 1)2
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Since |y[n]| grows monotonically with n there is not any finite constant C such that
|y[n]| < C ∀n and, therefore, the system is not stable.

Notice that the example input signal showing that a system is not stable is not always
x[n] = 1 ∀n. For instance in the case of PROBLEM 1 the system is not stable but the
input x[n] = 1 ∀n would produce a bounded output. In the case of PROBLEM 1, the
instability of the system can be made evident with any input sequence that contains
at least one zero.

PROBLEM 3: Consider a system with the following input-output relationship:

y[n] = x[n] + 2x[n− 5]

where x[n] is the input to the system and y[n] is the system’s output. Is this system
stable?

SOLUTION:

In this case, there is not any evident input sequence that would cause the system
to diverge. However, saying this is not enough to prove that the system is stable in
general, i.e. to prove that |y[n]| ≤ C ∀n for any bounded input and an arbitrarily large
(but finite) constant C. This type of proofs are most commonly done using the triangle
inequality, which states that:

|a+ b| ≤ |a|+ |b|

for any real numbers a and b. We start by assuming a bounded input signal, i.e.
|x[n]| ≤ K ∀n whith K a constant. Then, using the triangle inequality:

|y[n]| = |x[n] + 2x[n − 5]| ≤ |x[n]|+ |2x[n − 5]| ≤ K + 2K ∀n

and, therefore, |y[n]| ≤ 3K = C ∀n which proves that the system is BIBO stable.

PROBLEM 4 (problem 2.64 from the book): Determine the expression for the
impulse response of the LTI system in the figure below.
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SOLUTION:

The first thing that you should try to do in this type of problems is to simplify as much
as possible the system diagram by putting together sub-systems like h1[n] and h2[n]
which do not have any connection coming or leaving from between them. Those two
systems a single single system with impulse reponse h1[n] ∗h2[n]. Moreover, we should
name any intermediate connection of the diagram to simplify the operations below:

+ +

h
3
[n]

h
1
[n]*h

2
[n]

h
5
[n]

h
4
[n]

x[n] y[n]

v[n]

w[n]

q[n]

z[n]

r[n]

From the diagram above we can see that we have 7 unknowns: y[n], r[n], z[n], w[n],
v[n], q[n] and x[n]. Since we want to solve the system up to the point that y[n] is
written in terms of x[n] this means that we need to write 6 equations to find the
solution:
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y = r + z (1)

r = h1 ∗ h2 ∗ q (2)

z = h4 ∗ w (3)

v = h5 ∗ w (4)

w = h3 ∗ x (5)

q = v + x (6)

Combining all the equations above we easily reach the result:

y = (h1 ∗ h2 ∗ h3 ∗ h5 + h1 ∗ h2 + h3 ∗ h4) ∗ x

And the overall impulse response of the system is:

h[n] = h1[n] ∗ h2[n] ∗ h3[n] ∗ h5[n] + h1[n] ∗ h2[n] + h3[n] ∗ h4[n]

PROBLEM 5 (problem 2.48 from the book): A periodic sequence x̃[n] with a
period N is applied as an input to an LTI discrete-time system characterized by an
impulse response h[n] generating an output y[n]. Is y[n] a periodic sequence? If it is,
what is its period?

SOLUTION:

x̃[n] is periodic ⇐⇒ x̂[n] = x̂[n+ kN ], where k ∈ Z.

The output of the system to this periodic input will be:

y[n] =

∞∑

m=−∞

h[m]x̃[n−m]

and we can check that indeed y[n] is periodic since y[n+ kN ] = y[n] ∀k ∈ Z:
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y[n+ kN ] =
∞∑

m=−∞

h[m]x̃[n + kN −m] =
∞∑

m=−∞

h[m]x̃[n−m] = y[n]

PROBLEM 6 (problem 2.36 from the book): For each of the following sys-
tems, where y[n] and x[n] are, respectively, the output and input sequences, determine
whether the system is (1) linear, (2) causal, (3) stable, (4) shift-invariant.

(a) y[n] = n3x[n]

(b) y[n] = (x[n])5

(c) y[n] = β +
∑3

l=0 x[n− l] β = constant.

(d) y[n] = ln(2 + |x[n]|)

(e) y[n] = αx[−n + 2]

(f) y[n] = x[n− 4]

SOLUTION:

(a) y[n] = n3x[n]

In the same way as in problems 1 and 2 we can easily find that this sytem is linear,
causal, unstable and time-variant.

(b) y[n] = (x[n])5

The system is nonlinear, noncausal, stable and time-invariant.

(c) y[n] = β +
∑3

l=0 x[n− l] β = constant.

The system is nonlinear, causal, stable, and time-invariant. Notice that constant β is
making the system nonlinear.

(d) y[n] = ln(2 + |x[n]|)
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The system is nonlinear, causal, stable, and time-invariant.

(e) y[n] = αx[−n+ 2]

The system is obviously linear. Notice however that it is not causal in general since
for any time instant n < 1 the output depends on future inputs. The system is stable.

The system is time-variant. If we consider an input sequence xτ [n] = x[n− τ ] then the
output will be:

yτ [n] = αxτ [−n+ 2] = αx[−n+ 2− τ ]

However,

y[n− τ ] = αx[−(n− τ) + 2] = αx[−n+ τ + 2] 6= yτ [n]

and, therefore, the system is time-variant.

(f) y[n] = x[n− 4]

This system is linear, causal, stable and time-invariant.
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