
Game Theory: Midterm Assignment

Hand in via email (christoph.schottmueller@econ.ku.dk).

Don’t forget to write the names of all group members on the

assignment!

Groups consist of up to 3 students.

Deadline: October 23, 2017; 18:00

Exercise 1: (decision making under uncertainty) Explain why the expected utility

theorem by von Neumann and Morgenstern is important for game theory. (maximum

length: half a page)

The theorem states that preferences can be represented by a expected utility

maximization, i.e. a utility funtion of the form U(L) =
∑

j pjuj. This

allows to a simple computation of best responses to mixed beliefs (or mixed

strategies), i.e. preferences over probabilistic beliefs and mixed strategies

are computationally tractable.

(A common mistake is to state that decision makers are rational. That is

not true: Also decision makers who ar enot expected utility maximizers can

be rational.)

Exercise 2: (rationalizability) The luggage of two travelers (A and B) got lost. The

baggage of each traveler consisted of one souvenir (and nothing else). The lost souvenirs

of A and B are completely identical and have therefore the same value. The airline that

lost the luggage has to reimburse the loss. The responsible airline manager does not

know the value of the souvenir. He only knows that the value is between 100$ and 200$.

The travelers know the exact value and they also know that the airline manager only

knows that the value is between 100$ and 200$. In order to not reimburse too much,

the airline manager designs the following game:
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Each traveler is in a separate room and has to announce the value of the souvenir. If

both announce the same value, the airline reimburses the announced value. If the two

announcements differ, the traveler with the lower announcement gets his announcement

plus 5$. The traveler with the higher anouncement gets the lower announcement minus

5$. Announcements must be natural numbers between 100$ and 200$ and players care

only about the money they expect to get.

Is the announcement 200$ rationalizable?

Which announcements are rationalizable?

What is/are the Nash equilibrium/equilibria of this game?

200 is not rationalizable. To be rationalizable, 200 would have to be a best

response to some belief (with support in the rationalizable actions) but 200

is not a best response to any belief: If the belief puts positive probability on

200, then 199 is a “better response” compared to 200. If the belief puts zero

probability on 200, then the highest number in the support of the belief is

a better response. Note that it is not true that 200 is strictly dominated

by 199 as many people claimed: If the other player plays, for example, 150

both 199 and 200 give the same payoff.

Let Z be the set of rationalizable actions (as the game is symmetric this set

is the same for both players). Let z be the highest element in Z. By the

definition of rationalizability, z has to be a best response to a belief µ that

has support in Z, i.e. puts all probability mass on numbers less or equal to

z. Suppose z > 100. If µ puts positive probability on z, then z − 1 gives

a higher expected payoff against µ than z. If µ puts zero probability on

z, then the highest action in the support of µ will give a higher expected

payoff than z. In either case, z cannot be a best response. Contradiction!

This means z = 100 and therefore Z = {100}.

As NE actions are rationalizable, only (100, 100) can be a NE and indeed is.

Exercise 3: (correlated equilibrium) Find a correlated equilibrium in the game below

that does not correspond to a Nash equilibrium.
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L C R

T 0,0 1,2 2,1

M 2,1 0,0 1,2

B 1,2 2,1 0,0

Table 1: Game for exercise 3

Let p be the probability distribution over A that puts zero probability on

(T, L), (M,C) and (B,R) and probability 1/6 on all other action profiles. If

P1 receives recommendation T , his posterior belief about P2’s play is then

(0, 1/2, 1/2) as (T, L) has zero probability and (T,C) and (T,R) are equally

likely. Given this belief, his expected utility of playing T is 0 ∗ 0 + 1/2 ∗

1 + 1/2 ∗ 2 = 1.5, from M it is 0.5 and from B it is 1. Hence, following

the recommendation of T is indeed a best response. Similar calculations for

recommendations M and B for P1 and L, C, R for P2 show that – given

p – it is a best response to follow the recommendation no matter what the

recommendation is. Hence, p is a correlated equilibrium. The expected

payoff in this correlated equilibrium is 1.5 for each player. This correlated

equilibrium cannot correspond to a NE as the mixing of the two players is

not independent: the probability of P2 playing L is given that P1 plays T

is different from the probability of playing L given P1 plays M . Note that

there are many other correlated equilibria. This is merely an example.

The only NE of the game puts probability 1/3 on each action (same strategy

for both players): Then each player is indifferent between all his actions as

each gives an expected payoff of 1. Hence, each player has an expected

payoff of 1 < 1.5 in NE.

Exercise 4: (existence) Let G = 〈N, (Ai), (ui)〉 be a strategic game in which N =

{P1, P2}, A1 = {T,B} and A2 = {L,R}, i.e. G is a 2 × 2 game. We define another

strategic form game G′(η) in the following way: We require that in G′ each player plays

a completely mixed strategy (that is each player puts strictly positive probability on

both actions) andhas to play each of his actions with at least probability η ∈ (0, 1/2).

Everything else (set of players, set of pure actions and payoffs) is as in G. Use the
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Brouwer fixed point theorem to show that an equilibrium exists in G′.

Define g : [η, 1− η]× [η, 1− η]→ [η, 1− η] as

g(α, β) = min{max{α + uT1 (β)− uB1 (β)

1 + uT1 (β)− uB1 (β)
, η}, 1− η}

(using the same notation as in the proof of the Nash theorem in the lecture).

Note that g is continuous. Furthermore, g(α, β) ≥ α if T is a best response

to β and g(α, β) < α if B is a best response to β. The two inequalities are

strict if P1 is not indifferent and α is in the interior of [η, 1 − η]. In fact,

g(α, β) = α if and only if α is P1’s best response to β.

Similarly, we define h : [η, 1− η]× [η, 1− η]→ [η, 1− η] as

h(α, β) = min{max{β + uL2 (α)− uR2 (α)

1 + uL2 (α)− uR2 (α)
, η}, 1− η}.

Note that h is continuous and h(α, β) = β if and only if β is P2’s best

response to α.

Letting f : [η, 1 − η] × [η, 1 − η] → [η, 1 − η] × [η, 1 − η] be defined by

f(α, β) = (g(α, β), h(α, β)). Then f is a continuous map mapping the

compact and convex set [η, 1 − η] × [η, 1 − η] into itself. By Brouwer’s

fixed point hteorem, this map has fixed point (α∗, β∗). By the best response

properties of g and h, (α∗, β∗) is a Nash equilibrium.

Exercise 5: Consider the game in the table below. Which outcome do you predict?

What would the solution concepts (or refinements) covered in the course predict?

L C R

U 0,3 0,1 1,2

M 1,1 2,0 0,1

D 1,1 1,2 3,3

Table 2: Game for exercise 5

R strictly dominates C and D strictly dominates U . Iterative elimination

of strictly dominated strategies stops at this point and M, D, L, R are

rationalizable. The Nash equilibria of the game are (M,L) and (D,R).
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Given that players are rational (and that rationality is common knowledge),

one should only predict rationalizable actions. If one wants to predict a

specific action-profile (instead of sets of actions), it makes sense to predict

a Nash equilibrium as in any other prediction the one who makes the pre-

diction assumes that he can predict play better than at least one of the

players which is sort of paternalistic. One could argue that (D,R) is the

Pareto dominant outcome (and a NE) and on these ground the most likely

outcome of the game. Also D (R) is weakly dominant for P1 (P2) given that

the other player does not use his strictly dominated action. Hence, with any

grain of doubt about what the other player will do (i.e. a player’s belief is

not pure) D and R are strictly optimal.

Exercise 6: (risk attitudes and rationalizability) Table 3 depicts the monetary payoffs

the players can earn in a game. Assume that players are expected utility maximizers,

that they care only about their own monetary payoff and that they strictly prefer more

money to less money. Which actions are rationalizable in the game corresponding to

table 3?

L C R

U 4,8 3,5 7,3

M 1,1 2,2 8,6

D 0,2 2,2 3,4

Table 3: Monetary payoffs for exercise 6

U strictly dominates D. Hence, D is not rationalizable.

Whether C is rationalizable depends on the degree of risk aversion. If player

2 is sufficiently risk loving, C is strictly dominated in the remaining game

by a 50-50 mix on L and R: For example risk neutrality (or some risk love)

implies that a 50-50 mix on L and R strictly dominates C. If player 2 is

sufficiently risk averse, C is rationalizable, e.g. u(y) = 1000y − 1998 for

y < 2 and u(y) = y for y ≥ 2 gives that C is P2’s best response to a mix of

3/4 on U and 1/4 on M .
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All other actions are rationalizable for any degree of risk aversion/love as

they are best responses to pure strategies of the other player (which are not

dominated themselves), e.g. U is a best response to the belief (1, 0, 0) etc.

Exercise 7: Read the paper “Rationalizable conjectural equilibrium: between Nash

and rationalizability” (http://dx.doi.org/10.1006/game.1994.1016 to download it

for free conncect from campus or via VPN). Answer the following three questions in

(together!) less than 1 page: What is the main idea of the paper? Why does it make

sense or not make sense? How does it relate to concepts you learned in the course?

The paper introduces a new equilibrium concept (RCE) that is somehow be-

tween rationalizability and NE. In NE, players perfectly predict/know the

strategy of their opponents (and play best response to their correct belief).

In rationalizability, players do not know anything about their oppoenents’

play (apart from the implications of rationality, i.e. no iteratively strictly

dominated actions ar eplayed). RCE is somewhere in the middle: Players

know something about the play of their opponents but they do not neces-

sarily know the exact strategy the opponents play.

More specifically, take the interpretation of a strategic form game as re-

peated interaction without strategic link. A mixed equilibrium is then a

steady state where everyone sticks to a (privately known action) and the

proportion of people with each action is such that each action played by

someone in the population is a best response to the mix in the population.

Given an action profile a, player i observes a signal si(a) which reveals some-

thing about a−i but might not reveal a−i perfectly (if it does we are back

at NE, if the signal is completely uninformativ eabout a−i we are at ratio-

nalizability). Players hold beliefs consistent with their signal. That is, the

support of their belief contains only a′−i such that si(a
′
−i) = si(a−i). Players

play best response given their belief (and common knowledge of rationality).

The concept makes most sense in the interpretation of repeated ply without

strategic link. It requires less information than NE and more information

than rationalizability and is a bridge between these two concepts. One
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problem is that it depends on the specifics of the signal structure and that

it can be tedious to solve for (especially in slightly more involved games).
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