QEH 29 January 2001

ﬁ PHYSICS LETTERS A

ELSEVIER Physics Letters A 279 (2001) 194-206

www.elsevier.nl/locate/pla

On the Burgers equation with moving boundary

Gino Biondini®®*, Silvana De Lillo*°

@ Dipartimento di Fisica, Universita di Perugia, 1-06112 Perugia, Italy
b Istituto Nazionale di Fisica Nucleare, Sezione di Perugia, Perugia, Italy

Received 1 September 2000; received in revised form 24 November 2000; accepted 15 December 2000
Communicated by A.P. Fordy

Abstract

A general method for solving the Dirichlet problem for the Burgers equation with a moving boundary is introduced. The
method reduces the initial value problem to a linear integral equation of Volterra type with mildly singular kernel, which
admits a unique solution under rather general assumptions. Two explicit cases are considered: a boundary moving with constan
velocity and a rapidly oscillating boundary.2001 Elsevier Science B.V. All rights reserved.

1. Introduction tions of Eq. (1.1) was proven in Ref. [7] for a general

class of boundary conditions at the origin, and explicit

The Burgers equation solutions were recently obtained in Refs. [8,9] in the
case of flux-type boundary conditions.

ur=(vuy —ou?) . u=ulx,1), (1.1) All the above mentioned studies refer to the case

of a static boundary. It is also the case that moving
boundary problems have great interest both in mathe-
matical and physical contexts (see, e.g., Refs. [10-13]).
It is therefore natural to consider this kind of problems
for the Burgers equation. In this Letter we introduce
a general procedure to solve the Dirichlet problem for
the Burgers equation in the case of a prescribed mo-
t tion of the boundary. Namely, we consider Eq. (1.1)
with initial-boundary conditions

is well-known for its theoretical and practical inter-

est (see, e.g., Refs. [1,2]). Boundary value problems
for Eq. (1.1) also have great relevance in physical ap-
plications, and they have motivated several studies in
the last few years (see, e.g., Refs. [3-9]). In particu-
lar, semiline solutions of Eq. (1.1) were obtained in
Ref. [3] for the Dirichlet problem with a time depen-

dent boundary condition (for the case of a constan
boundary condition, see also Ref. [4]). The equiva-

lence of such solutions to solutions of the forced Burg- ,(x 0) = £(x), (1.2a)
ers equation was established in Refs. [5,6] in the case B 1.9b
of an additive forcing term of distribution type. More- ”(S(t)’ t) =38, (1.2b)

over, the existence and uniqueness of semiline solu-wheres(t) <x < o0o,t > 0andf (x), s(t) andg(z) are
given functions of their arguments; in particulaf)
T Comesond thor. C + add Devartment of Engi describes the motion of the boundary. Initial-boundary
orresponding author. Current address: Department of Engi- . . . .
neering Science and Applied Mathematics, Northwestern Univer- conditions such as (1'2) arse natura”y n phyS|caI
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tween two phases (see, e.g., Refs. [10,12]). It is im- This transformation maps Eq. (1.1) into the following
portant to note that, if the motion of the boundary is forced Burgers equation:
not known, one obtains a Stefan problem [14], whose
solution demands the presence of an additional con- 4t — (ayy +20qqy) =5()qy, (2.2)
strain'g, and requires the solution of a nonlinear integral ity initial and boundary conditions
equation [15,16].

The outline of this Letter is the following: In  ¢(y,0) = f(y), (2.3a)
Section 2 we introduce an appropriate transformation .
of variables to linearize the problem given by (1.1) (0.0 =g(®). (2.3b)
with (1.2). We reduce the problem to a linear integral The moving boundary problem (1.1)—(1.2) for the
equation of Volterra type im, which admits a unique  Burgers equation is then transformed into a fixed
solution under the assumption thgt) is a smooth boundary problem for the parametrically forced non-
function of time ande(¢) is continuous and bounded. linear equation (2.2) in the quarter plane= 0,1 > 0
In Section 3 we consider the special case of a linear with boundary conditions (2.3).
motion of the boundarys(z) = vz, with g(¢) = ¢ We now introduce the generalized Cole—Hopf trans-
(v, ¢ constants), and a step-like initial datufiix) = formation [3]
c6(xo—x), wheref (x) is the Heaviside step function.

For moderate boundary velocities, the explicit solution ¢(y,r) = ¢({’I) , (2.4a)
behaves like a shock traveling to the right. This Ct)+o fgdy o(y'.n

result is in agreement with the asymptotic behavior Y

obtained when a Galileian transformation is made ¢ (y,r)=C(t)q(y, 1) exp[g/dy’q(y’, ;)}, (2.4b)
on the solution of the static boundary problem of

0
Ref. [3]. In Section 4 we consider the case whén

is a rapidly oscillating function of small amplitude, yvith.C(O) =1.ltis easily.seen that this transformation
s(t) = esin(z/e), with ¢ a small parameter. In this |mpI|_es that to t_he nonlinear (2.2) there corresponds
case we obtain the solution with a combination of the linear equation

analytical and numerical methods, and we compare .

the >r/esults to the unperturbed case= 0. Somep G = byy = 5Oy, (2.5)
technical details of the solution method are confined with the compatibility condition

in the appendices. Finally, we mention that the same |

problem has been recently solved using a different but C(t) =0 ¢y(0,7) +05()¢ (0, 7). (2.6)

equivalent approach [17]. It is moreover clear that Egs. (2.4) imply for the

Since the values of the two constamtando can forced heat equation (2.5) the initial and boundary
be modified by trivial rescalings and in this Letter we 4 ditions

are not interested in the limiting cases in which they
y

vanish or diverge, we hereafter set 1 ando = +1,
without loss of generality. ¢(y,00=C(0) f(y) exp| o / dy' foyh |,  (2.79)
0
¢(0,1) =C(t)q(0,1) = C(t)g(2). (2.7b)

2. The linearizing transformation In order to solve the linear equation (2.5) with the

_ _ o initial and boundary data (2.7) and the compatibility
In order to linearize (1.1) with initial-boundary  condition (2.6) we introduce the following generalized
conditions specified by (1.2) it proves convenient t0 sine—Fourier transform:

perform the change of variables o

u(x, 1) =q(y. 1), 21a) Pk.1.y) =fdy sink(y +s@) +v)]o (. 1),

x=y+s0). (2.1b) 0 (2.8a)
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which is inverted as p

o —a/dt/é'(t/) I1(y,0,1,1)
2 . A
b(y.1) = ;fdk sin[k(y + ) + )]B (k. 1. 7). 0
0 t
, (2.8b) +/dt/C(t/)g(t/) I(y,0,t, 1), (2.12)
provided that 5
s@)+y=>0 (2.9)

with kernelsl1(y, y', t,t"), I>(y, y', t,t") given by
(see Appendix A), where explicit conditions gi(x)

for the existence of the above transform pair are also 7, (y, y/, ¢, 1)

given). The parametey in the above formulae is 1

arbitrary except for restriction (2.9) which must hold

2 J=(1 — "1/2
for all values oft. The solution of the linear problem 2‘/—0 Y
¢(y,t) is, of course, independent of the value jof x [e,(y,y s () —s(1)2/A—1")
(see Appendix A). ) ) X )
Itis easily seen that (2.8a), (2.6) and (2.7) imply — e~ YIRS OFS(OF2y /A= 1 (2,13a)
k.1 y) L@y, Y, 1.1)
2 - 1
= ok, y)e ™" SR S—
' 4wt —1)3/?
+ k/dt’ codk(s(t) +v)]C(t)g(t e F ¢ x [(y =y +s) —s(t))
0 % e~ Y Fs(O=s()? /A1 ~1")
!
+ / dr’ sinfk(s() + )] C () F*, +(y+y +s) +s0)+2y)
—(v4+v' ’ 2 vy
0 (2.10) x e~ HY s (O+s@)+2y)7 /40 t)]' (2.13b)
where, of course, It is easily seen that, in the special cage =y =0,
do(k, v) = d(k,0, ) Eq. (2.12) red_uces to the formulae for the semiline
o Burgers equation found in Ref. [3].
. Let us emphasize that the final result fp¢y, t)
Z/dy sinfk (v +5(0) +)]¢ (3. 0. is independent of the value of the parameter
0 (2.11) which nevertheless enters in a non-trivial manner into

the above equations. In fact, for every valuejaf
Egs. (2.12), (2.13) yield a different but equivalent
representation of the solutian(y, ¢) of the associated
linear problem. In the following we choosge to be
positive and very large. This choice enables us to
consider the asymptotic, large expansion o (y, t)

As in the case of a static boundary, the strategy of
solution is to assume temporarily that the function
C (1) is known (cf. Ref. [3]). The evaluation af(y, t)

is then explicitly performed through the following
three steps:

1. Givenf(y), computep(y, 0) via (2.7a). (obtained via (2.12) with (2.13)) and neglect all the
2. Computep(y, 1) via (2.8b) and (2.10). exponentially smally-dependent contributions. The
3. Recoveg(y, 1) from ¢(y, 1) via (2.4a). functionsly »(y, y', £, ) in this case reduce to
The explicit solution forg(y, t), which is found by
substituting (2.10) into (2.8b), reads / b 1
b b t’t =

N 1(y, y )= 2w — )2

é(y,1) =/dy’¢(y/, 0) I(y, y'.1,0) x e~y HsO=sW)?/A1—1)

J (2.14a)
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y=y +s) —s@)
4 (t —1)3/2
x e~ (V=Y HsO=s(@)?/4e—1")
(2.14b)

with a great simplification of all subsequent calcula-
tions. However, it is essential to note that, since the
value of ¢ (y,t) (as computed by (2.12)) is indepen-
dent from the explicit value of, the first term (i.e., the
y-independent) in the largg-asymptotic expansion
yields an exact analytical result. Or, in other words,
the use of Eqgs. (2.14) instead of (2.13) does not con-
stitute an approximation fag(y, ).

Our last task is to comput€'(r). To this aim we
evaluate (2.12) at = 0,7 = r and integrate i@t /(t —
7)2 from 0 tot. In this way, using (2.7b) together
with (2.14), and after some appropriate integration by
parts, we get the following linear integral equation
for C(1):

L(y,y t,1")=

t

cCitHy=1+ H(t)—}—/dt/K(t,t/)C(t/), (2.15)
0
where
H(t)—i A1(t,0) + ]iz’ (v,0)A0(y, ) | —1
=7 1(t, o dye(y,0)Ao(y, ,
0 (2.16a)
W 2 [0A1@.1) ",
K(t,t)—ﬁ[iat/ +o Az, 1)g(t)
g(t')
Ao(y, 1) = 1 /d 1
oLy, 1) = 2J% T ( — 1)1/2¢1/2
° s (2.16¢)

t
A1(t, 1) : / d i
b = T
1 27 | TR =2
! e GO/ (o 160)

t
As(t,t) = = /dr
2= AT
t/

X e

s(r) —s(t)
t —)Y2(r —1")3/2
(x(t)fs(t’))z/ll(rft’).

(2.16¢€)

Eq. (2.15) is a linear integral equation of \olterra
type with mildly singular kernel; it admits a unique
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continuous solution under the assumptions tal

is a smooth function and;(z) is continuous and
bounded [18]. Formally differentiating Eq. (2.15), an
integral equation fo (r) can be obtained, and, once
the existence o (¢) is established, it is straightfor-
ward to show that a unique continuous solution for
C(r) (which is required to ensure the validity of the
compatibility condition (2.6)) exists under the same
hypotheses. The problem is thereby solved.

We should point out that in Ref. [17] the moving
boundary problem for the Burgers equation was solved
by transforming it into anoving boundary problem for
the unforced heat equatiothrough a different gen-
eralization of the Cole—Hopf transformation, and the
solution of the linear problem was then obtained by
employing Green’s functions. Here, we transform the
moving boundary problem for the Burgers equation
into a forced problem for the Burgers equation on the
half-line, and we then use a “standard” generaliza-
tion of the Cole—Hopf transformation (as employed in
Refs. [3,5-7,9]) to reduce the latter tdaced prob-
lem for the heat equation on the half-lin€he heat
equation is then solved by introducing a generalized
sine transform. While the two solution methods ob-
viously have a certain similarity, they are nonethe-
less clearly different, and they represent two differ-
ent approaches to the problem. It is also immedi-
ate to see that in the cas€¢) = 0 Eq. (2.15) repro-
duces the static boundary result f6r7) obtained in
Ref. [3].

In the remaining part of this Letter we apply the
formulae derived above in a few explicit examples. We
will consider the case of a linear motion and of a rapid
vibration of the boundary.

3. Linearly moving boundary
As a special case of the general formulae derived

in the previous section we consider the situation of
a linearly moving boundary, i.e., we take

s(t) = vt, (3.1
with o = —1 and initial-boundary conditions given
by

g() =c, (3.2a)
f(x)=cO(xp—x), (3.2b)
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wherec andxg are constant anél(x) is the Heaviside
step function.

The solution of the linear problem(y, r) can be
decomposed as

Gy, 1) =¢1(y, 1) + ¢2(y, 1),

where ¢1(y, 1) and ¢2(y, ) represent the parts of
¢ (v, t) which depend on the initial datum and on the
boundary condition, respectively (cf. Eq. (2.12)). Ex-
plicitly, when Egs. (3.1), (3.2) are used, Egs. (2.12)—
(2.14) yield

(3.3)

X0

$1(y, 1) = m / dy/ech/*(.‘/*y’Jrvt)Z/llt,
’ (3.4a)
1
P2(y, 1) = v / dt' e~ Ov=1)?/4a—1)
T
0
1 . y
X m[ZC(th (cv+ ; _t/)

x C(t’)]. (3.4b)

Calculation ofp1(y, t) is straightforward and yields
P1(y,1) = L e von—ey
’ 2

y=x (1N

X {erfc[ /2 (c 2v>t i|

M 1 1/2
_erfc[m—<c—év)t :|}

(3.5a)

However¢2(y, t) depends o (1) and requires some
attention. In Appendix B we solve the corresponding
integral equation fo€ (r). We will deal explicitly with
two limiting casesy <« ¢ andv > c.

If v <« ¢ the behavior ofC(¢) for larget can be
approximated byC(r) ~ ¢~ (cf. Eq. (B.17a)).
We substitute this asymptotic behavior iy, )
(Eq. (3.4b)) and compute the resulting integrals using

Laplace transforms and the same procedure used in

Appendix B to invert the Laplace transform 6f(z).
In this way we find

(cz—vc)t—cy

1
¢2(y7 t) t:OO EC e
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y 1\,12
X erfc[ztl/2 (c 2v>t }
(3.5b)

Note that¢o(y,t) exactly cancels the second part
of ¢1(y,r). Calculating the integral ofp(y,?) is
immediate, and allows us to obtain, via Eq. (2.4a), an
asymptotic expansion for the solution of the forced
Burgers equationg (v, t), in the comoving frame of
reference. Frony(y,t) we go back tou(y,t) via
Egs. (2.1). The corresponding expression is

X — X0

2112 Ctl/z]

2t —c(x—xq) X — X0 .12
/{e erfc 212 ct

X — X0 vl — X0
tet e — e }

2
u(x,t) ~ ce =0 erfc[
11— 00

(3.7)

As the corresponding formula in the static case (to
which it reduces ifu — 0), this solution represents
a shock of amplitude that moves to the right with ve-
locity c. More precisely, in the region < xg + ¢t the
argument of the exponentials is positive, and the first
term on the denominator dominates, so that the value
of u(x, 1) is approximately equal to. Vice versa, if
x < xo+ ct the exponential term in the denominator is
negligible, andu(x, r) becomes exponentially small.
The transition point between the two regions of the so-
lution is found by setting to zero the argument of the
exponentials, and is = xg + ¢t. We observe that, for
the specific case considered here, the propagation of
the shock is unaffected by the presence of the moving
boundary in the fixed frame of reference. That is, if
v < ¢ the solution foru(x, ¢) coincides asymptotically
with that of the Burgers equation with static boundary.

A different result is found ifv > c. In fact, in the
appendix we show that, ib > ¢, C(t) ~ 1 asymp-
totically in time (cf. Eq. (B.17b)). Then, by computing
¢2(y, t) with the same procedure used above, we find

1 y 1,
~ = y =412
¢>2(y,t)t Zce erfc(Ztl/Z 2vt ), (3.8)

while ¢1(y, t) is still given by (3.4a). Since— v « 0,

now ¢1(y, t) is exponentially smaller thapa(y, t).
Hence, neglecting small terms, we can express the
behavior ofg (x, y) as

q(y,t)t_:fooce_"y. (3.9)
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Fig. 1. The solutiory (y, t) of the forced Burgers equation in the moving frame of reference for a linearly moving boun@gagy vz, with
¢ =1 andv = 1.5. Since the velocity of the boundary is greater that that of the shock, in the moving frame the solution is seen to move
backwards, towards the boundary= 0.

7o
Poe,

Sincev > ¢, the boundary moves much faster than together with
the shock. Thus, after a sufficiently large time, it
will eventually “hit” the shock, producing a boundary w(y,0) = f () — 3v, (3.13a)
layer — in our particular case, a solution which w(0, 1) = g(t) — %v_ (3.13b)
decays exponentially fast away from the boundary,
as shown by Eg. (3.9). To check this prediction, we The problem specified by Egs. (3.12), (3.12) can now
integrated numerically the forced Burgers equation in be solved using the technique developed in Ref. [3].
the moving frame of reference (2.2), using a finite If g(t) = c and f(y) = c0(xg — y) the solution for
difference scheme in space and an adaptive variable-g(y, ) represents a shock propagating to the right
order backward differentiation time integrator. The with velocity ¢ — v. The corresponding expressions,
resulting solutiong(y, ) in the moving frame of  when translated back into the original variabjes, 1)
reference is shown in Fig. 1 fer= 1 andv = 1.5. andu(x, ), are in perfect agreement with the results
It is worth noticing that, in the special case of a lin- obtained with the general method outlined before. This
early moving boundary, the solution of the Burgers explicit test provides a further check about the validity
equation can be found directly from Eg. (2.2), via of the solution technique presented in the previous

a change of dependent variable. In facts(f) = vt, section.
Eq. (2.2) becomes
a1 = qyy — 2(q — 3v)qy, (3.10)

. . . 4. Rapidly oscillating boundary

which, with the change of variable

w(y,t) =q(y,t) — %v, (3.112) As a second example we discuss the case of a pe-
riodic, high-frequency and small-amplitude motion of

is reduced to the standard semiline Burgers equation )
the boundary. That is, we let

for w:

W = Wyy — 2WWy, (3.12) s(t) =e€sin(t/e), (4.2)
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with o = —1 ande <« 1. Also, we take a constant
boundary condition and a quasi-null initial datum:
f(x)=cO_(x), (4.2a)
gt)=c, (4.2b)
wheref_(x) is defined as

0_(x):=0(—x +0), 4.3)

so thatd_(0) = ¢ andfd_(x) =0 for all x > 0. This
particular choice of initial condition is required in
order to satisfy the compatibility conditiosi (0) =
£(0). It should be emphasized that the singularity at
the origin atr = 0 does not represent a problem, since
the parabolic nature of the Burgers equation implies
that the discontinuity is smoothed out at any 0, just
like in the case of a linearly moving boundary (see also
Appendix B).

We observe that, unlike the case of a linear motion
of the boundary, this problem cannot be solved with
any simple change of variable like (3.11). At the
same time, the motion of the boundary is confined to
a region which is very close to the origin. Therefore
we treats(¢) as a perturbation to the static problem.
That is, we expand

u(x,t) =e"u (x, 1) + " u" (x, 1)

+ g2y ) (x,0)+---, (4.4)

where the exponenis; and the corresponding terms
u) (x, 1) are to be determined in the expansion.
The first contribution to (4.4) is obtained when
no = 0, and it yields the unperturbed solution,
u©@(x,1). It represents a shock moving to the right
with velocity ¢, and is obtained by Eq. (3.7) taking
v = xo = 0. To compute the corrections 6% (x, 1)
we substitute (4.2) into (2.15), and write a cor-
responding smali- asymptotic expansion fo€ ().
Again, the unperturbed solution is given by the case
of a static boundaryC© (1) = ¢<*'(1 + erf(ct¥/?))
(cf. Eq. (B.10)). In Appendix B we study the integral
equation forC(r) and we show that: (i) the asymptotic
expansion contains semi-integer powers pfii) the
first correction to the unperturbed solutiondge3/2).
As a result, the expansion afx, r) will also contain
semi-integer powers of. Moreover, to compute cor-
rections tou(x, t) up to O(e) we can use the unper-
turbed solution ofC(¢). Therefore we substitute the
asymptotic behavior of the static cage(t) ~ 26t ,
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in Eq. (2.12). This allows us to writ¢(y, t) as

$(v.0) ~ J(y+esint/e).1) +0(e%%). (4.5
where we have defined
t
T, 1) =< 9 fd/ !
é‘, = ﬁ C aé‘ (t_t/)l/z
0
% eczt’f({fssin(t//s))2/4(tft’)' (4.6)

If we lete =0in (4.6) we can computé(¢, ¢) exactly,
and we recover the static result fotx, r), which is

a special case of the shock solution found in previous
section:

u@x, 1)
N cecit—ex erfd(x — 2ct)/2tY/2)
1—00 c?t=cx erfd(x — 2ct)/2tY/2] — erflx /2:1/2]
4.7)

To obtain the correction to this value we need to
compute the integral in Eq. (4.6) for values=# 0.

We do this numerically, using an adaptive numeri-
cal quadrature routine from the NAG library (code
DO1APF). To check our model, we integrate numer-
ically the Burgers equation with periodic boundary
(Eg. (2.2)), using a finite difference scheme in space
and an adaptive variable-order backward differentia-
tion time integrator (code DO1EJF from the NAG li-
brary). The results of these simulations confirm the
theoretical predictions based on the asymptotic expan-
sion of the solution (Eq. (4.5)). The resulting solution
q(y,t) in the moving frame of reference is shown in
Fig. 2 fore =1/x.

The solutiong (y, t) is now represented by a shock
whose spatial location oscillates in time around the po-
sition of the unperturbed shock. That is, the correction
to the unperturbed solution appears as a modification
of the values in the transition region of the shock. This
result can be explained by noting that, in Eq. (2.2),
the only region in which the parametric forcing term
s(t)gy can have an effect on the solution is where the
spatial derivative ol: is different from zero. In our
case, this condition is verified only in the transition re-
gion of the shock solution. However, it is interesting to
note that, when the solution is translated into the fixed
frame of reference, the oscillations tend to disappeatr,
and the solutiom (x, ¢) is found to be extremely simi-
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Amplitude 4y

D7
S =
&

Fig. 2. The solutiory (y, r) of the forced Burgers equation in the moving frame of reference for a periodic bous@ary ¢ sin(z/¢), with
¢ =1ande = 1/7 as computed numerically (see Section 4).

Amplitude #z4)

Fig. 3. The solution:(x, r) of the Burgers equation in the fixed frame of reference correspondiggyta), for the case shown in Fig. 2, i.e.,
a periodic boundary(¢) = e sin(r/¢e), with c =1 ande = 1/7.

lar to the solution in the unperturbed case, as shown in Acknowledgements

Fig. 3. In fact, the only visible effect of the oscillating

boundary is a constant time shift in the position ofthe ~ We thank M.J. Ablowitz and A.D. Trubatch for
shock, as shown in Fig. 4. valuable discussions and suggestions.
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0.8 0.6 0.4 0.2
Solution wu(z,t)

Fig. 4. A comparison between the solution of the Burgers equation for a periodic boundary in the fixed frame of reiéxengeand the
corresponding solution in the unperturbed cases ferl0. Solid line:e = 1/, dashed linez = 0.

Appendix A. The generalized sine transform together with the inversion formulae:
In this section we consider the generalized sine— o 7 . ~
Fourier transform (2.8a) introduced in Section 2, L. 1)=— / dk sinkx ¢s(k, 1)
00 0
bik..y) = [ dx sini(x +50) + 7)o, 2 T i
0 =— / dk coskx ¢c(k,1). (A.4)
(A.1a) T

and we show that, in the appropriate functional space

N ' Therefore we can rewrite (A.1a) as
it is inverted through

, ¢k, 1,y) =codk(s(t) +y)]dsk. 1, )
P 1) =— f dk sin[k(x +s(0) + )] k. 1.). +sin[k(s@) +v)]de(k,1,7),  (A5)
0 (A.1b) which proves the existence fk, z, y). In the same

provided that way we can prove the existence of the RHS of (A.1b).
Therefore all is left to prove is that, when Eq. (A.1a)
s +y>0. (A2) is substituted back into the right-hand side of (A.1b),
We consider an initial datump(x,0) € L N there results an identity. By virtue of Fubini’s theorem
L2[0, x0). Using (2.10), it is easy to see thatgifx, 0) we can interchange the order of integration. Then,

is in this classg (x, #) remains in the same class, pro- making use_of dominat(_ed convergence and the integral
vided thatC(r), C(¢) andg(r) are continuous func-  representation of the Dirac delta
tions of time. This condition also ensures the existence

o
. . i i 1 '
g;the usual sine and cosine Fourier transform, defined 8(z) = — / dk 'k (A.6)
T
00 —00
bs(k, 1) = /dx sinkx ¢ (x, 1) (A.3a) (which is valid for the class of functions considered),
we get

0
belk, 1) :/dx coskx ¢ (x, 1), (A.3b) ¢(x,t)=fdx’¢(x’,t)a(x —x))
0 0
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—/dx/¢(x/,t)6(x+x/+2(s(t)+V))~
0 (A7)

Eq. (A.7) reduces to an identity provided that the
second integral is zero for alt’ > 0. In turn this
requirement holds ifc + x" + y + s(¢) > 0 for all
x,x’ > 0, which yields condition (A.2).

Appendix B. The integral equation
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and

y
/ dy/f(y/)}- (B.3)
0

We will deal with three explicit cases. The first two are
relative a linearly moving boundary(r) = vt, with
g(t) = c¢. First we concentrate on the homogeneous
case, i.e.,f(x) = 0; then we deal with a step-like
initial datum, f(x) = c6(xo — x). In both cases we
obtain the static result in the limit — 0. Finally,

we estimate the first correction to the unperturbed
solution for a rapidly oscillating boundary of the type

¢, 0) =1y exp[—

In this section we consider the integral equation s(t) =esin(t/e), with g(t) =c and f (x) =0

(2.15) for the functionC () derived in Section 2, and

We start with the case of a linearly moving bound-

we show how it can be solved in a number of cases. For ary, constant boundary condition and quasi-zero ini-

convenience, we rewrite here the integral equation:

t

C(t)y=1+ H(t)—f—/dt/K(t,t/)C(t/), (B.1)
0
where, takingr = —1,
H(t)——i]od (v,0)Ao(y, 1)
== y¢(y,0)Ao(y,
0
+ 24 (t,00—1 B.2
ﬁ 1 k) ” ( N a)
N 2 0A ) 2 Nolr'
K(t,t)—ﬁ o ﬁAz(t,t)g(t)
g(t)
+ T (B.2b)
Ao(y, 1) = 2\/—/ T)1/2T1/2
% e—(» —s(m)?/4r (B.2c)
At 1) = !
2\/— t—‘r)l/z(‘t /)1/2
x e~ @=sW?/4c=1) (B o)
, s(t) —s(t)
AZ(I,I)—4\/—/ t—‘[)l/z(‘l?—t/)3/2

x e~ GO =sWN?/Aa-1), (B.2e)

tial datum, i.e., we take(r) = vt andg(t) = ¢ (with
v, ¢ constant). Note that the compatibility condition
f(0) = ¢g(0) does not allow us to takg(x) =0, and
requires us to Us¢(x) = c6_(x), wheref_(x) is de-
fined asv_(x) :=lim,_, o+ 6(—x + ¢). Note also that,
even if the initial datum is discontinuous, at any time
t # 0 the discontinuity is smoothed out due to the par-
abolic nature of the partial differential equation, as in
the case of a step-like initial condition for the Burgers
equation on the infinite line (cf. Ref. [2]).

With the previous assumptions the integral Eq. (B.1)
is

t

CtH)=1+H(@ +/dt’K(t —t"HC (), (B.4)
0

where

H@) = B(t) — (B.5a)

K@) = = )1/2 B(z) —keB(1), (B.5b)

B(1) = e~ V2K "Io(3K%1), (B.5¢)

the 7,,(x) being the Bessel functions of an imaginary
argument [19], and = %v. We solve Eq. (B.4) using
Laplace transforms: if

oo

C(s):=L[Ct)] = /dte_”C(t), (B.6)
0

Egs. (B.4)—(B.5c) imply

C(s)= [s —c(s+ kz)l/2 + kc]il. (B.7)
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Thus the solution of the integral Eq. (B.4) isreducedto Then, by computing the integrals over., and the

the problem of finding the inverse transform®©fs). pole contributions, we find
Explicitly, e
~ _ K2t 1/2
C) =L HCs)] €O = g e [+ el )]
Iioe ot — e 1+ erf(c-rM?)]}.
=_— d
2ni )] U Tc+DV2 rke (8.9)
[mieo In particular, ifv =0, it is k. = ¢, x_ = 0, and we
1 17”’0 ot obtain the value o€ (¢) for a static boundary:
= e ds —, (B.8) ,
c 1/2
i S ) C(1) = e '[1+erf(ctV/?)]. (B.10)

. . . 2
where¢(s) = s — cs¥2 + ke — k2 and I" is any real ~ Note that, asymptotically in timeZ (1) ~ 2¢“".
number to the right of all the singularities of the ~ NOw we turn our attention to the inhomogeneous
integrand. We use the principal branch of the square ¢ase. In particular, we considgi(x) = c6(xo — x),

root, with —7 < arg(s) < . The functionZ(s) is wheref(x) is the Heaviside step function. The only
analytic everywhere except on the negative real axis, change in Eq. (B.4) is
where it has a branch cut. Alsg(s) has two simple x0

zeros ab = «2, wherexs = 3(c+|c—2k|). Hence we H(t) = B(t) —1— E/dy oY
can use the contour of integration illustrated in Fig. 5 b1

(see, e.g., Ref. [21]). It is easy to see that the integrals 0

t

overC+g andC, go to zero ask — oo ande — 0. o—(y—vn?/47
A Ims
+iR which yields
~ (s + kD)2 4 ¢ e—let G+ 2)xg
C(s)= .
O = T GG — o6 + DV kel
(B.12)
If k=0 (i.e., for a static boundary) Eq. (B.12) reduces
A cp to
~ 1 c 1/2
_ = —(c+sT)xg
. C(s)= P |:1 sl/ze ] (B.13)
D : : Rfs Then, using the same procedure adopted to invert (B.7)
* we find
C@t) = o [1 — coshexg 4 e 2%
+ L e grf e’ 4
2 2t l/2
O B (B.14)
2 2042 ) | '
r-iR

The asymptotic behavior of the solution is

Fig. 5. The contour of integration for the inversion of the Laplace 2,
transform (B.7). C(1) o 2 T7Y0 coshexo. (B.15)
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In general, we see that the behavior@f) depends
on the value ofxg: if cxo> 1 we findC (1) ~ ecz’,
while if xo — 0, we recover the result found in the
homogeneous cas€i(t) ~ 2%,

The same analysis can be performed whe# O.
However, since in this case we are only interested in
the asymptotic behavior @ (¢), it is sufficient to look
at the poles of (s) and compute the relevant residues.
In this way we find

1 )
( ) ~ ket
1—o00 |c — 2k|
2 K2t —(
X e + K + e C+K+)x0
{2 ot o ]
B 2K _ eKEt[K_ +Ce_(C+K_)X0]}.

Cc+K_—

(B.16)

In particular, we consider two limiting cases;> v
and ¢ < v (with c¢xp > 1). In these two cases
Eq. (B.16) becomes, respectively,

~ pClc=v)t
C(t) t—>ooe

if ¢ >k, (B.17a)

Cit) ~ 1 ifexk. (B.17b)
1—>00

Our final task is the estimate of the correction to
the unperturbed solution for a periodic boundary with
large frequency and small amplitude. That is, we con-
siders(r) = esin(t/¢g), g(t) = ¢ and f(x) = 0_(x),
with ¢ « 1. The unperturbed solution is obtained by
taking e = 0 and coincides with the solution of the
static problem (Eq. (B.10)X(¢) ~ 2¢% . To compute
the correction to this value we need to estimate the in-
tegralsA1 o(r,t") appearing in (B.1):

1
At 1) =
1t.1) = 2f (t—r)l/z(r—t/)l/2
Xe—az(sm(r/s) sin(r’ /£))?/4(z — t)
(B.18a)
sin(t/e) — sin(t’/¢)
As(t,t) =
2t 1) = 4f/ (t —1)Y2(x — )32

792(sm(z/s) sin(t’ /e))2/4(t — i)
(B.18b)

By expanding the exponentials in powers «©ft is
immediate to see that the first correction4e(z, ')

205
is O (¢2) and that, to leading order,
Ao(t, 1)
B &
B 4f(t—t/)1/2
sin[(r — ¢t
» [1 /o / gl (i
1— —
+ sin(s /S)f COS[(;l/zt ;72/8]]
(B.19)

Both integrals in Eq. (B.19) are always finite for every
value ofz, t' ande. However they have different be-
havior, since the second one contains a non-oscillatory
part which yields the dominant contribution. The os-
cillatory parts of both integrals are easily expanded in
asymptotic series in powers ef (see, for example,
Ref. [20]) and yield contributions which contain all
half-integer powers o€, thus producing corrections
that areO (¢%/?) and higher. The non-oscillatory part
of the second integral is computed by the same proce-
dure used to invert the Laplace transformd) in

the case of a linearly moving boundary. In this way we
find the following result:

/
—e/A(t— ’)sm

A __Lan,
2(t, 1) ¢ -

+0(£%2).

When substituted back int& (¢, '), this result allows
us to obtain the first correction to the unperturbed
solutionC (¢). Again, we expand the resulting integrals
in asymptotic series in powers of and find the first
correction toC(¢) as

(B.20)

32,/

c®2 = —"ce (B.21)
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