Chapter 6 z-Transform :

Part A: z-Transform

Part B: The Inverse z-Transform
and z-Transform Theorems

Part C: Convolution(;%R)

Part D: The Transfer Function




6.7 The Transfer Function

e The convolution sum description of an LTI
discrete-time system with an impulse
response h[n] is given by

y[n]= 2 hik]x[n—k]

K=—00



6.7 The Transfer Function

» Taking the z-transforms of both sides we get

Y(2)= Y ynlz™ Z (Zh[k]x[n k])

k=—o00




6.7 The Transfer Function

Or, Y (z2)= zw: h[k](i x[é]z‘f]z‘k

K=-o0o0 {=— o

N J
X (1)

Therefore,

Y (2) = ( Z h[k]zkj X (2)

K=—o0

H (1)
Thus, Y(z) = H(2)X(z2)




6.7.1 Definition

e Transfer function or the system function

Y (2)

K@

H(z)=S h[n]z "

N=—00



6.7.2 Transfer Function Expression

e Consider an LTI discrete-time system

characterized by a difference equation
N

" doyIn-k1=Y pxIn—kK]

e Its transfer function is obtained by taking the
z-transform of both sides of the above equation
e Thus ZM ) -
H(z) = &0

N —k
k=0dkz




6.7.2 Transfer Function Expression

* Or, equivalently as

H(Z)_Z(N M) Zk 0
4z

 An alternate form of the transfer function is
given by

H(@) =22 11.a-d2
0 1_[k=1(1_2’kZ )
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e For a causal IIR digital filter, the impulse
response Is a causal sequence.

e The ROC of the causal transfer function
M
H (Z) _ & Z(N—M) HKI=1(Z _§k)
d, Hk:l(z —A)

IS thus exterior to a circle going through the
pole furthest from the origin

e Thus the ROC is given by |z/> mi?x\kk\
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« Example - Acausal LTI IIR digital filter is
described by a constant coefficient difference
equation given by

y[n]=x[n-1]-1.2X[n-2]+X[Nn-3]+1.3y[Nn-1]
-1.04y[n-2]+0.222y[n-3]
Its transfer function is therefore given by

77 -12727%+77°

H(z)=
(2) 1-1.3271+1.04272=0.2222"°
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e Alternate forms:

72 -127+1
73-1.322+1.042-0.222
~ (2-0.6+j0.8)(z-0.6-j0.8)
(2-0.3)(z-0.5+ j0.7)(z-0.5- j0.7)

H(z)=

» Note: Poles farthest from I B
z=0 have a magnitude./0.74 s | / |
Q Op---- :I- ------------ i---a-c --------------
ROC: z>/0.74 g
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yin] [k]x[n—k] N, <N,

ZszodKY[n—k]zzlio p.x[n—k],d, =1,d, =0, k=1---,N
o FIRKFIER BGIEH H[HH T REKA

H(z)=Y hinjz" = pz*
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« Example - Consider the M-point moving-
average FIR filter with an impulse response

T 1/M, 0<n<M -1
[n]= 0, otherwise

Its transfer function is then given by

1 M- 1—z7M M -1

H@=y 227 “Ma) "M 6]
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M zeros on the unit circle at
z=el2nkiM 0 < k < M-1

M-1 poles at z=0 and 1 pole !
atz=1 "

- The pole at z =1 exactly
cancelsthe zeroatz =1

Imaginary Part
L]

. The ROC Is the entire

z-plane exceptz=0

057
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h[n]

H(e'®)=H(z)
SN

7=l




6.7.3 Frequency Response from oe
Transfer Function

e For a stable rational transfer function in
the form

H(Z)— Po ,n- M)ll:[[k 12 jk)

the factored form of the frequency response is
given by

H(ejw)— o g Jo(N-M) Hk 1(ejw_§k)
o [1._."-2




6.7.3 Frequency Response from
Transfer Function

« The magnitude function iIs given by

M o M 12
‘H(eja))‘: &‘eja)(NM)‘Hk—leJ ~ S Po szleJ ~ Sk
d; Hszlejw_ﬂY d, 1_[||<\|=1ejw_ﬂ1<

» The phase response for a rational transfer
function is of the form

arg H (e'”) =arg( p,/d, )+ @(N - M)+iarg(e"” —.fk)—zli:arg(e"” -4)



6.7.4 Geometric Interpretation of
Frequency Response Computation

e The factored form of the frequency response

H(e) = er- M>Hk Es—é;

IS convenient to develop a geometric
Interpretation of the frequency response
computation from the pole-zero plot as ®
varies from 0 to 2m on the unit circle




6.7.4 Geometric Interpretation of | s°
Frequency Response Computation

e The geometric interpretation can be used to
obtain a sketch of the response as a function of
the frequency

e A typical factor in the factored form of the
frequency response Is given by

(el - pel )
where pe! ®is a zero if it is zero factor or is a
pole if it Is a pole factor



6.7.4 Geometric Interpretation of
Frequency Response Computation

e As shown below In the z-plane the factor

(el»- pel ®) represents a vector starting at the

point z=pe! € and ending on the unit circle at z=
ejw Ajlimz
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6.7.4 Geometric Interpretation of
Frequency Response Computation

e As o Is varied from 0 to 2z, the tip of the
vector moves counterclockise (% B}4f) from
the point z = 1 tracing the unit circle and back
tothe pointz=1

BB R




6.7.4 Geometric Interpretation of | s°
Frequency Response Computation

e To highly attenuate signal components in a
specified frequency range, we need to place
zeros very close to or on the unit circle in this

range (EH—&1E)

e Likewise, to highly emphasize signal
components in a specified frequency range, we
need to place poles very close to or on the unit

circle in this range (% 5— &)
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6.7.5 Stability Condition in Terms
of the Pole Locations

e Acausal LTI digital filter is BIBO stable if and
only If its impulse response h[n] is absolutely
summable, I.e.,

S=i|h[n]|<oo

N=—o00

e An FIR digital filter with bounded impulse
response Is always stable

e On the other hand, an IR filter may be
unstable If not designed properly




6.7.5 Stability Condition in Terms | s2:
of the Pole Locations

e The ROC of the z-transform H(z) of the
Impulse response sequence h[n] is defined by
values of |z| = r for which h[n]r"is absolutely
summable

7=re @

H(z) = ih[n]z‘” Zh[n]r g lor

N=—o00 N=—o00

Z|h[n]r g™l | = Z|h[n]r < o

N=—00

\r\:l 00
= Y |h[nr™"|= Z| h[n]|<o | Bigo stable

N=—00 N=—00




6.7.5 Stability Condition in Terms
of the Pole Locations

e Thus, If the ROC includes the unit circle |z| = 1,
then the digital filter Is stable, and vice versa

e Thisin turn implies that the DTFT H(el®) of
{h[n]} exists

e Now, If the ROC of the z-transform H(z)
Includes the unit circle, then

H(e")=H(z)

7=e1?



6.7.5 Stability Condition in Terms | s2:
of the Pole Locations

e Consider the causal IR digital filter with a
rational transfer function H(z) given by

2o PZ
H(z) = &0~

e Its Impulse response {h[n]} Is a right-sided
sequence

e The ROC of H(z) is exterior to a circle going
through the pole furthest fromz =0



6.7.5 Stability Condition in Terms
of the Pole Locations

e For a stable and causal digital filter for which
h[n] Is a right-sided sequence, the ROC wiill
Include the unit circle and entire z-plane
including the point z=c

e Conclusion: All poles of a causal stable transfer
function H(z) must be strictly inside the unit
circle.



6.7.5 Stability Condition in Terms | s2:
of the Pole Locations

e Example - The factored form of

1
H(z) = 1 2
1-1.845z7" +0.850856z

IS H (Z) _ _ 1 _
(1-0.902271)(1-0.943z7")

which has a real pole at z = 0.902 and a real
pole at z = 0.943

e Since both poles are inside the unit circle,
H(z) i1s BIBO stable




6.7.5 Stability Condition in Terms | s2:
of the Pole Locations

e Example - The factored form of

A 1
H(z)=
(2) 1-1.85271+0.8527¢
IS n
A (2) !

T (1-z7)(1-0.85z7)
which has a real pole on the unit circle at z
= 1 and the other pole inside the unit circle

e Since one pole Is not inside the unit circle,
H(z) is unstable
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SES h(n)=0 (n<0) ROC: Rl1<| Z | <o

y = Y | h(n) | <« ROC: &8 HAL R
N=-00

P v

32 o Fi Bt S 7E BT B A3




Homework

e Problems: 6.2(a,b), 6.5, 6.7, 6.8(a)(1,1v), 6.13(a),
6.42, 6.44, 6.81

e Matlab Exercises: M6.1(a), M6.5



Consider a LTI causal system whose I/CL oo

. ] ] 5 o
difference equation is Y =3¥(n-H-y(n-2)+x(n-1)

1) Compute the transform function.
2) Determine the corresponding pole/zero
pattern and the ROC.

3) Compute the impulse response.

4) 1t 1s easy to know this system is not stable.
Determine another stable (but anticausal)
system satisfying the same 1/O difference
equation.



Solution:

L L

R B
1—52 +2 (1-2z )(1—52 )

b) zeroes: z=0;
poles: z=2,z=1/2,

ROC: |z|>2
C) 2 2
I B
(2) -+
1_22 1_&2—1

2
h[n] = %2“ uln] - § G)" uln



d) ROC: 1/2<|z|<2,

h[n] = —% 2" u[—n

—1]—%(%)“;@]




