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Digital Filter Design

e Objective - Determination of a realizable
transfer function G(z) approximating a
given frequency response specification 1s an
important step in the development of a
digital filter

o Ifan IIR filter i1s desired, G(z) should be a
stable real rational function

 Digital filter design 1s the process of
deriving the transfer function G(2)



Digital Filter Specifications

e We discuss 1n this course only the
magnitude approximation problem

» There are four basic types of 1deal filters
with magnitude responses as shown below
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Digital Filter Specifications

« For example, the magnitude response ‘G(efm)‘
of a digital lowpass filter may be given as
indicated below
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Digital Filter Specifications

®, - passband edge tfrequency

o, - stopband edge frequency

0, - peak ripple value in the passband

O, - peak ripple value in the stopband
Since G(e’®) is a periodic function of o,
and ‘G(ef ® )‘ of a real-coefficient digital
filter 1s an even function of ®

As a result, filter specifications are given
only for the frequency range 0<m<r



Digital Filter Specifications

» Specifications are often given i terms of
loss function A(w) =-20log,, G(e*) in
dB

« Peak passband ripple

o, =-20log,,(1-0,) dB

e Minimum stopband attenuation

(IS — —2010g10(83) dB



Digital Filter Specifications
« Magnitude specifications may alternately be
given 1n a normalized form as indicated
below
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Digital Filter Specifications

« Here, the maximum value of the magnitude
in the passband 1s assumed to be unity

e 1/+/1+¢” - Maximum passband deviation,
oiven by the minimum value of the
magnitude in the passband

. % - Maximum stopband magnitude



Digital Filter Specifications

 For the normalized specification, maximum
value of the gain function or the minimum
value of the loss function 1s 0 dB

 Maximum passband attenuation -

Lo = 20l0g;o[V1+67 | dB

* For o » << 1, 1t can be shown that
Qe =—20l0g;((1-20,)dB

max —



Digital Filter Specifications
o In practice, passband edge frequency I
and stopband edge frequency F; are
specified 1n Hz
 For digital filter design, normalized
bandedge frequencies need to be computed
from specifications in Hz using
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Digital Filter Specifications

» Example - Let ¥, =7 kHz, F; =3 kHz, and

I =25 kHz
e Then
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Selection of Filter Type

 The transfer function H(z) meeting the
frequency response specifications should be
a causal transfer function

 For IIR digital filter design, the IIR transter

. . . . —1
function 1s a real rational function of z :

-1 -2 -M
H(z):p0+plz TPzttt PyZ CM<N

do ‘|‘ dlz_l ‘|‘ d22_2 ‘|‘ —|—dNZ )

» H(z) must be a stable transfer function and
must be of lowest order N for reduced
computational complexity



Selection of Filter Type

« For FIR digital filter design, the FIR
transfer function 1s a polynomial 1n z~
with real coefficients:

H(z)= %h[n]z—”

1

* For reduced computational complexity,
degree N of H(z) must be as small as
possible

o Ifa linear phase 1s desired, the filter
coefficients must satisfy the constraint:

hin|=xh|N —n]|



Selection of Filter Type

» Advantages in using an FIR filter -
(1) Can be designed with exact linear phase,

(2) Filter structure always stable with
quantized coefficients

* Disadvantages in using an FIR filter - Order
of an FIR filter, 1n most cases, 1s
considerably higher than the order of an
equivalent IIR filter meeting the same
specifications, and FIR filter has thus higher
computational complexity
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Digital Filter Design:
Basic Approaches

« Most common approach to IIR filter design -
(1) Convert the digital filter specifications
into an analog prototype lowpass filter
specifications

e (2) Determine the analog lowpass filter
transfer function _(s)

o (3) Transform H_(s) into the desired digital
transfer function G(z)
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Digital Filter Design:
Basic Approaches

« Most common approach to IIR filter design -
(1) Convert the digital filter specifications
into an analog prototype lowpass filter
specifications

e (2) Determine the analog lowpass filter
transfer function _(s)

o (3) Transform H_(s) into the desired digital
transfer function G(z)
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Analog Lowpass Filter

Specifications
» Typical magnitude response |H, (j€2)| of an
analog lowpass filter may be given as
indicated below

| Hati0) |




Analog Lowpass Filter

Specifications

* In the passband, defined by 0<Q<Q , we
require
'l—Sp < ‘HG(JQ)‘ < l+8p, ‘Q‘ < Qp
i.e.,|H (j€)| approximates unity within an
error of £0,
* In the stopband, defined by Q. < Q <0, we

require
H,(jQ) <3, Q;<|Q<w

i.e.,|H, (j) approximates zero within an
error of d,



Analog Lowpass Filter

Specifications
Q- passband edge frequency

P

Q) - stopband edge frequency
0, - peak ripple value in the passband
o, - peak ripple value in the stopband

Peak passband ripple

a, =—20logz(1-0,) dB

Minimum stopband attenuation

o, =—20log,,(0,) dB



Analog Lowpass Filter
Specifications

» Magnitude specifications may alternately be
given 1n a normalized form as indicated
below




Analog Lowpass Filter
Specifications

« Here, the maximum value of the magnitude
in the passband assumed to be unity

e 1/+/1+ &*- Maximum passband deviation,
given by the minimum value of the
magnitude in the passband

% - Maximum stopband magnitude



Analog Lowpass Filter Design

« Two additional parameters are defined -

(1) Transition ratio % =

Ay

For a lowpass filter k<1

&

(2) Discrimination parameter &, =
) g J A -1

Usually £, <<1
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Butterworth Approximation

e The magnitude-square response of an N-th
order analog lowpass Butterworth filter
1s given by
]
1+(Q/Q, )"
+ First 2N —1 derivatives of |H,(jQ)* at Q=0
are equal to zero

H,(jQ) =

e The Butterworth lowpass filter thus 1s said
to have a maximally-flat magnitude at Q=0



Butterworth Approximation

+ Gain in dB is G(Q) =10log,,|H, (jQ)’

* As G(0)=0 and
G(Q2,.)=10log,,(0.5)=-3.0103=-3dB
Q. 1s called the 3-dB cutott frequency



Butterworth Approximation

* Two parameters completely characterizing a
Butterworth lowpass filter are QQ_ and N

* These are determined from the specified
bandedges Q and Q , and minimum
passband magmtude l/ \/ 1+ &% and
maximum stopband ripple 1/ y




Butterworth Approximation

« Q. and N are thus determined from

) 2 l ]
Ha(/2) 1+(Q,/Q)*"  1+&
H,(jQ) = 1

1+(Q, /0PN~ 4

e Solving the above we get

nv=l. log,o[(4° —1)/&”] _log, (/%))
2 log(Q, /€p) log,,(1/k)




Butterworth Approximation

 Since order N must be an integer, value
obtained 1s rounded up to the next highest
Integer

 This value of N 1s used next to determine €

by satisfying either the stopband edge or the

passband edge specification exactly

o Ifthe stopband edge specification 1s

satisfied, then the passband edge

specification 1s exceeded providing a safety

margin




Butterworth Approximation

« Example - Determine the lowest order of a
Butterworth lowpass filter with a 1-dB cutoff
frequency at 1 kHz and a mimmimum attenuation of 40
dB at 5 kHz

e Now 1
lOlOgJO[z) =—]
1+ ¢

which yields &2 =0.25895
and

| |
which yields 4° =10,000



Butterworth Approximation

2
 Therefore ]i :JA8_1:196.51334
1
1 Q
and ;{,= =3
Qp
« Hence
N =080 7k) _ 356y
log,,(1/k)

e We choose N=4
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U

. 2 1 1
H (iQ)| = _
H.(192,) 1+(Q,/Q)"  1+¢°
. 1 1
H (iQ) = _
‘ (] S)‘ 1+(Q,/Q )" A

Solving the equations_ U

U (N,., maynotbean integer)

N =[N

exact ]




To determine Q. we use

1 1
(Q, /00" 1+¢?

H,(jQ,) = |
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Butterworth Approximation

one way for determining : H. (s)

» determine the filter order N by the method
above

 determine the normalized N-order lowpass
Butterworth filter H,.(s) ( «. =1 )by looking
up the table in which the impulse response
of normalized lowpass Butterworth filters
are avallable (see the next page).

e obtain H,(s) by denormalizing H_(s)=H.__(s)

B«



Butterworth Approximation

H,_. (S)

T
1+s

1
1+1.4142s + s?

1
1+2s+2s?+s°

1
1+2.6131s +3.4142s* +2.6131s° +s*

1
1+3.2361s +5.2361s* +5.2361s> + 3.2361s* +s°

1
1+3.8637s + 7.4641s° +9.1416s° + 7.4641s* + 3.8637s” + s°

1

1+ 4.4940s +10.0978s? +14.5918s® +14.5918s* +10.0978s° + 4.4940s° + s’




Butterworth Approximation

Example: Design an analog Butterworth lowpass filter
satisfying the following specifications:

a, =3B, a,=20dB, Q, =1 Q, =3.0777
Solution:
1

101
g(1+ g’

2 1g(Q,/Q,)
N =3

)==3 =&’ =1 } N = LIOIAT =D/ T . 5 g4ag

10Ig(%) =20 = A’=100

since

1 1
NN TR G R et

1

Hyp (5) =
(S 1425+ 252 +¢°

s=s/Q),
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lIR Digital Filter Design: Bilinear
Transformation Method

o Bilinear transformation -

5:2 1—z
T\{1+z*

* Above transformation maps a single point
in the s-plane to a unique point 1n the
z-plane and vice-versa

 Relation between G(z) and H (s) 1s then

1ven b
- : G(Z) = Ha (S)SQ( -1 ]

I 1+:'_1



Bilinear Transformation

 Digital filter design consists of 3 steps:
(1) Develop the specifications of H (s) by
applying the inverse bilinear transformation
to specifications of G(2)
(2) Design H (s)
(3) Determine G(z) by applying bilinear
transformation to #(s)

* As aresult, the parameter 7 has no effect on
(7(z) and 7= 2 1s chosen for convenience



Bilinear Transformation

e Inverse bilinear transformation for 77 =2 1s
1+

z
-5

» Fors=0,+ jQ,

| . 2 2
Z:(1+GO)+t].QG :‘2‘2 :(I+GO)2+Q§
(I_GO)_JQO (1_60 -I-QO

o Thus, o,=0—>1z=

o, <0z <l

o,>0—>z>1



Bilinear Transforrmation

« Mapping of s-plane into the z-plane

Q2 Imz

Z -plane




Bilinear Transformation

e For z=¢/® with 7=2 we have

1_ €_jm e—jco/Z (en;'@)/z . e—jm/2)
JQ:-I_'_e—jco :e—jm/Z(eij_l_e—jco/Z)
28 2
_J28m(O72) _ on(w/2)
2cos(m/2)

or Q=tan(w/2)




Bilinear Transformation

e Mapping 1s highly nonlinear

« Complete negative imaginary axis in the s-
plane from Q =—-o toQ =0 1s mapped 1nto
the lower half of the unit circle 1n the z-plane
fromz=-1 toz=1

» Complete positive imaginary axis in the s-
plane from QO =0 to QQ =oo1s mapped into the
upper half of the unit circle 1n the z-plane
from z=1 toz=-1
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Bilinear Transformation
» Nonlinear mapping introduces a distortion
in the frequency axis called frequency
warping
« Effect of warping shown below

0  0=tan(w/?2)
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[IR Digital Filter Design Using
Bilinear Transformation

« Example - Consider

Q)
H0=

« Applying bilinear transformation to the above
we get the transfer function of a first-order
digital lowpass Butterworth filter

L N Q (1+z7
G@=H.) 0 = T g 12

1+z



lIR Digital Filter Design Using
Bilinear Transformation

« Rearranging terms we get

l-a l+z~
G(2)= 2 '1—0:,'2_1
where
1-Q, 1-tan(o,/2)
1+Q,  l+tan(m, /2)

00



Bilinear Transformation
» Steps in the design of a digital filter -
(1) Prewarp(®,,®,) to find their analog
equivalents (€ Q)
(2) Design the analog filter H ,(s)
(3) Design the digital filter G(z) by applying
bilinear transformation to H ,(s)

« Transformation can be used only to design
digital filters with prescribed magnitude
response with piecewise constant values

» Transformation does not preserve phase
response of analog filter



§ 9.3 Design of LP IIR Digital Filter

Example - Design a lowpass Butterworth
digital filter with @, =0.25%, o, = 0.55,

a,=0.5dB, and a,=15dB

|

Analysis: L
If |G(e!9)|=1 this implies | cepee-
20l0g,,|G(el9%>m)| >-0.5 || ,
20l0g,(|G(el0%5m)| <-15  *® o




§ 9.3 Design of LP IR Digital Filter

e Solution:

(1) Prewarping (T=2)
Q =tan(e,/2)=tan(0.25n/2)=0.4142136
Q. =tan(w,/2)=tan(0.557/2)=1.1708496

B SEGEE




» Magnitude specifications may alternately be
given 1n a normalized form as indicated
below

[Hatio)]
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* Analog filter Design

—201g L _05 = £2-01220185

1+ &°

—ZOIQ% =15 = A’*=31.622777

The Inverse transition ratio 1S
1/k = Q./ Qp = 2.8266809
The Inverse discrimination ratio IS

2 —
1/k, = VA1 =15.841979

£

Thus N = 128107K) _ 5 cs06997
log,,(1/k)
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§ 9.3 Design of LP IIR Digital Filter

Choose N = 3
To determine €2, we use

1 1

2
H,(j€,) = =
P(Q, /007" 1+€°

We then get
.=0.588148



Butterworth Approximation

H,_. (S)

T
1+s

1
1+1.41425 + 52

1
1+2s+2s?+s°

1
1+2.6131s +3.4142s* +2.6131s° +s*

1
1+3.2361s +5.2361s* +5.2361s> + 3.2361s* +s°

1
1+3.8637s + 7.4641s° +9.1416s° + 7.4641s* + 3.8637s” + s°

1

1+ 4.4940s +10.0978s? +14.5918s® +14.5918s* +10.0978s° + 4.4940s° + s’




§ 9.3 Design of LP IIR Digital Filter

® 3rd-order lowpass Butterworth transfer
function for Q=1 Is

H_ (s)=1/(s3+2s%+2s+1)=1/[(s+1)(s*+s+1)]
® Denormalizing to get

we arrive at 2 )3 —4L

S S
H.(s)=H, (—)=H
(8 ""“(QC) (0 se8148




§ 9.3 Design of LP IIR Digital Filter

. Applying bilinea F=9: 4t (RER)

get the desired digi ster function
G(2) =H,(S) 1"

1+z7°

Magnitude and gain responses of G(z) shown below:
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Homework

e Problem: 9.11 Matlab: M.1

N FE/ENLRE: Using the bilinear transformation and a lowpass
analog Butterworth filter

i (S)_ S +\Fs+1
Design a second-order lowpass digital filter with 3-dB cutoff
frequency 3kHz and operating at a sampling rate of 12kHz.
(a) Determine the system function of the desired lowpass
digital filter.
(b) Draw the canonical realization form of the designed filter.




