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10.1.1 Basic Approaches to FIR
Digital Filter Design

o0

_ L joo \ @ jon H(z)=> h(n)z™"
: h(n)= H(e!”)e!dw
H (e'”) < Z”L’w >h(n) = >H (2)
H(e!)=">" h(n)e 1"
characterize the coefficients filter
behavior of of the implementation

filters structure



10.1.1 Basic Approaches to FIR
Digital Filter Design

FIR filter approximation:
Design a causal system which has a finite-length impulse
response h, (n).
Ht (eja)) approximation N H 5 (eja)) (ldeal)

h(n) —2remaion ,h (n) (noncausal , infinite-duration)

[ in frequecy: frequency sampling (Problems 10.31, 10.32)
methods < in time: window function
' Computer —based optimization methods

In general, consider the linear phase filters.



10.1.2 Estimation of the Filter Order

FIR Digital filter specification (e.g. lowpass filter)

|G|£J':':'J |

) w, : passband
I +0p

edge frequency

K stopband

e Passhand—ei Stopband

edge frequency
o, . rippleinthe

z S “0 passband
-*me:*- o, . ripple inthe
band stopband
G,=20Ig(1-45,) : gain in the passband (dB)
a,=-G ! attenuation in the passband (dB)
G,=20lgo, . gain in the stopband (dB)

a,=-G, : attenuation in the stopband (dB)



10.1.2 Estimation of the Filter Order

Kaiser’s Formula
—201l0g,,(,/5,9,)—13
14.6(0, — )/ 27

Bellanger’s Formula

21og,, (106 ,0;) .
o, —w, ) 27
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10.1.2 Estimation of the Filter Order

Hermann’s Formula
N = 22(%:6.)—F (5, 5.)(@, o)/ 2x]

(o, —w,) ] 27

where,

D, (5,,9,) =[a (log, 8,)" +a,(log,, 5,) +a;]10g,, J
~[a,(log,, 3,)" +25(10g,, 5,) + &)

F(5,,6,) =b +Db,[log,, 6, —log,, 5]

a, =0.005309, a,=0.07114, a,=-0.4761,

a, =0.00266, a.=0.5941, a,=0.4278§,

b, =11.01217, b, =0.51244



10.1.2 Estimation of the Filter Order

Table 10.1: Comparison of FIR filter orders

Filter No. Actual order Kaiser’s Bellanger’s Hermann’s
Formula Formula Formula
1 159 158 163 151
2 38 34 37 37
3 14 12 13 12
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H, (") = h, (n)
Ml M
H,(e") < h(n)



o Let H, (e’®) denote the desired frequency
response

» Since H ;(e’®) s a periodic function of ®
with a period 2, 1t can be expressed as a
Fourier series

. o0 .
Hq(e”)= Zhylnle”™

where G

Tt : :
hy[n]= 2% [H;(e’)e!™do, —o<n<ow

-7



* In general, H (e/®)is piecewise constant
with sharp transitions between bands

» In which case, {#,[n]} is of infinite length
and noncausal



10.2.1 Impulse Responses of
Ideal Filters

1. lowpass filters Hy p(e /)

Ideal magnitude response

_:7T —0: () ¢ 7IZ'
1, for |o|<e,

‘HLP (ejw)‘ :{

0, for a,<|o|<7x

phase response 6(w) =0



10.2.1 Impulse Responses of
Ideal Filters

1. lowpass filters
Impulse response

hLP(n): F_l[ P(ejw)} -~ H P(ejw)ejwnda)

1l fo. . sin(w.n
:—j el dm = ( ¢ ), — 0 <N<K
—® n

impulse response of ideal lowpass filter (wc=pi/4)
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10.2.1 Impulse Responses of

Ildeal Filters
2. highpass filters Hop (/0

]  ————

Ideal magnitude response

- -0, 0 0. T

Impulse response
hye(n)=F" |: Hp(ejw) _I HHP(er)erndw
1—55, forn=0
=< 4
_sin(w.n)

forn=0

7N



10.2.1 Impulse Responses of
Ideal Filters

3. bandpass filters Hop (/9

Ideal magnitude response 1

Impulse response

he(N)=F [H ap (ej”)] = %[sin(a)czn) —sin(amn)], —o<n<ow



10.2.1 Impulse Responses of
Ideal Filters

4. bandstop filters His (1)
Ideal magnitude response
1, for 0<|o|<a, T L
‘HBS(ej‘”)‘=< 0, for @,0<|o|<a,
\1, for o, S|CO|S7Z' e — 02 — el Wcl Oc? p
Impulse response
(. w.,-o
1——t & forn=0
T

hgs (N) = F_l[HBs (ejw)] l

1 fsin(an) —sin(@,m], for n=0

w4l
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h(n)A kK.
EHR—AH

X

%K 89 B 5 £ E MR K 8 (n)?

x

%EFK’?T

(o)
—2% h(n)EMRE.

X

R0 kR A EAR—E hy(n) R h(n)
Window Method designing FIR filter:

x

Truncating the infinite, double-sided hy(n) to a finite
length , which is the FIR impulse response approximating
the ideal response.
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h(n)=hy4(n) w(n)
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Problems concerned:

1. XJEAE hy(n) BEURERAEN FIR JEHKARHI hy(n)?

2. EENEZK, Bl FIR JEHZEAIMBHELEZ b7

3. FIR MERFMH H, (o) BEE 2 KR b I CL 2 28 5

H, (o) ? IEUERESHAHK?



» Objective - Find a finite-duration {4,[n]}
of length 2M+1 whose DTFT H,(e/®)
approximates the desired DTFT H;(e’®) in
SOme sense

Hd(ejw) < hy(n)
fl
H,(e') < h(n)



Steps:

1. Pick an odd length 2M+1
2. Calculate the 2M+1 coefficients

h,(n)=[" H,(@): elwk‘;: M <k<M

3. Make them causal by the delay
h(n)=h;,(n—-M) (n=0~2M)



A A

I S N

Equivalent forms of h(n):
e h(n)=h,(n—M)w(n)

e h(n)=h,(n=M)

‘h,(n) —-M<n<M

h, (n) = h, (N)w. (N) = -
4 (N) = hy (N)w, (n) 0 others




Example : Determine the length-11, rectangularly
windowed impulse response that approximate:

(a) an ideal lowpass filter of cutoff frequency 4 =7/4;

Solution: M=(11-1)/2=5

(a) d(k)=MUEKI4) oy <5
7k |
h(n)=d(n—5)=Sm(ZE2::;/4), 0<n<10

h[_i \/_1x/§1\/§1\/__£]
10z 6x 27 27 4 2x 27 brx ’107r
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B O FIRIE I 8%

H, ()= h, (n)



a. Xf T4 2 FE AR RE IS B A% H,(e)

h (”)_% H ( )ej””da)z
T hae(n)

sin(w, (N —a))

7(n—a)

-(N-1)/2




H, ()= h; (n) = hy (N)w, (N)

\/
h,(n)

h (n) =h, (n)w, (n) =+ h, (n) O§n§2_1
. AR EE




B O FIRIE I 8%

H, ()= h; (n) = hy (N)w, (N)

N ll

H ()< h(n)




H, (") = H,y(e") *W, (e™)

Hd(ejw)=

H, (@) =+

H,(0)e ™

(

1 |0 < o,

0 o <|lw|Lx

.

A Hd(w)

11




H, (") = H,y(e") *W, (e™)

io(*5*) sin(@wN / 2)
sin(w/ 2)
=W, (@)e "

W, (e'*)=e

W, ()= sin(wN /2)

sin(w/2) | /\W“(“’) B




H,(e') = Hy (e') *W, (™)
Ly 0 i(0-6)
_ELHd(e W, [e'“1do

—ja)a_ 1 7 ]
=i — j_ﬂ H, (6)W, (w0 —6)6

H (@) = 217[ j H, (@)W, (w—6)do




H(w) = % [" Hy ()W, (0-6)d6

MANGRIR REEBRER:

(1) o=08f, HOEFET W (O [-w,, o, N IR
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=0.5 H(0);
—$HB, Hn.)=0.5
— a) Hﬂ‘,
(2) ®

Hd( -
(b)m—-— L7 10

e
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10.2.4 FIR filter approximation
with Fixed Window Functions

Rectangular window

The simple truncation of the Fourier series, can
be interpreted as the product between the ideal
hy(n) and a rectangular window defined by

1, for [n|<M

n) =
We (M) iO, for |n|> M




§ 10.2.4 Fixed Window Functions

Using a tapered window causes the height of the
sidelobes to diminish, with a corresponding increase
In the main lobe width resulting in a wider transition
at the discontinuity

Hann (XTH) :
W|[n]=0.5+0.5cos[2nn/(2M+1)], -M<n £M
Hamming (JEHE)
W|[n]=0.54+0.46cos[2nn/(2M+1)], -M<n £M

Blackman (fikmE&) :
W[n]=0.42+0.5cos[2ntn/(2M+1)]+0.08cos[4rn/(2M+1)]




§ 10.2.4 Fixed Window Functions

 Plots of magnitudes of the DTFTs of these
windows for M = 25 are shown below

Rectangular window Hanning window

g 'zz\ﬁ m : _2%\\
) ATATATATAYAYAYAVAY VaYaVaYaY: -
= 40011 £ 0
3 NI & e
o
-1000 02 04 06 08 1 0 02 04 / 06 0.8 1
o o/n
Hamming window Blackman window
0 0
m -20\\ aa) '20\\
'§ 22 YA nasaan § 22 |
o ||l
ﬂﬂ ATAYYS
1% 02 04 06 08 1% 02 04 06 ) 08 1

/T /T



§ 10.2.4 Fixed Window Functions

» Magnitude spectrum of each window
characterized by a main lobe centered at
w = 0 followed by a series of sidelobes with

decreasing amplitudes
« Parameters predicting the performance of a
window In filter design are:
— Main lobe width
— Relative sidelobe level



§ 10.2.4 Fixed Window Functions

« Main lobe width Ay, - given by the distance
between zero crossings on both sides of
main lobe

- Relative sidelobe level A, - given by the
difference in dB between amplitudes of
largest sidelobe and main lobe



Hy(el9)
1+1'5 T\ 1 Hie M
0.5 My
I ms
E L 1 . — i)
— & W U Mg
AMI
(i (9 — L Ty
o !

Passband and stopband ripples are the same



§ 10.2.4 Fixed Window Functions

Distance between the locations of the
maximum passband deviation and
minimum stopband value =A,,,

Width of transition band



§ 10.2.4 Fixed Window Functions

» To ensure a fast transition from passband to
stopband, window should have a very small
main lobe width

 To reduce the passband and stopband

rippled, the area under the sidelobes should
be very small

« Unfortunately, these two requirements are
contradictory
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§ 10.2.4 Fixed Window Functions

* In the case of rectangular, Hann, Hamming,
and Blackman windows, the value of ripple
does not depend on filter length or cutoff
frequency . , and Is essentially constant

 In addition,
Aw = C/M

where c Is a constant for most practical
PUrposes



§ 10.2.4 Fixed Window Functions

 Filter Design Steps -
(1) Set o, =(a, + oy )/2
(2) Choose window based on specified

(3) Estimate M using
A=CclM



FIR Filter Approximation

= The transition bandwidths A« depend on
the M. When M Is constant, the transition
bandwidth using rectangular window is the
narrowest.

* The minimum attenuations in the
stopband are constant, and don’t depend
on M.



FIR Filter Approximation

=How to select the window functions?
 Select the window functions which minimum
attenuation in the stopband satisfying the
specification required.
 Following the above step, select the window
function which transition bandwidth is the
narrowest.



FIR Filter Approximation with Window
Functions

) , Transition bandwidth Minimum stopband
Window function
Aw attenuation
Rectangular 0927 20.9dB
M
Bartlett
Hanning 3117 43.9dB
M
o
Hamming 3327 54.5dB
= M
5 567
Blackman 3367 75.3dB
M
Example:
a, =40dB ? a, =50dB ?

Hanning window Hamming window



FIR Filter Approximation

The design procedure of FIR filter with window
functions

= According the type of filter, determine the ideal

Impulse response h(n).
= According the specifications given by the
application, select the window function and

determine the the M.
" Windowing: h(n)=h,(n)-w(n)

Delay M sample : h(n)=h (n—M) (make the filter be causal)



FIR Filter Approximation with Window
Functions

Example: Design a lowpass FIR filter
satisfying the specification below using the
windows function method:

passhand edge frequency w, : 0.47

stopband edge frequency w, : 0.6
the stopband attenuation in dB Is not less than «,=50dB



FIR Filter Approximation with Window
Functions

SOLUTION:

1) Compute the cutoff frequency of ideal lowpass
filter.

o, = (o, +w,)/2=0.57

Determine the impulse response of the ideal lowpass
filter.

(0.5, for n=0

. P jon —
hd(n)_jwce da <Lsin(O.57z n), for n=0
7N




FIR Filter Approximation with Window

Functions

11 ) Since the stopband attenuation Is not less than
50dB, we select the Hamming window. For
Hamming window, the transition bandwidth,

3327
M

Thus, M >16.6 . We choose M =17

Aw

<(o,—w,)

The window function:

27Ny tor In|<17

W, (n) =0.54 +0.46 cos
5 (N) ( =




FIR Filter Approximation with Window

Functions

111 ) Determine the impulse response of the lowpass

FIR filter:

(n) =h(n-M) =

h(n) =y (n)-wy (n)

z(n=17)

(0.5, for n=17

sin[0.57(n—17)]-{0.54 + 0.46 cos[Zﬂ(n _17)]},

for 0<n-17|<17
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FIR Digital Filter Design Using
MATLAB

Order Estimation -

Kaiser’s Formula:

N=_ 201og; (/0 ,9;)
- 14.6(0; —w,)/2m
» Note: Filter order N is inversely
proportional to transition band width (®, —® p)
and does not depend on actual location of
transition band




FIR Digital Filter Design Using
MATLAB

« Hermann-Rabiner-Chan’s Formula:
D, (0,,0,)—1(0,,0.)[(0; —® )/2’1?]
(0, —®,)/2m

N =

where
D, (0,,0,)=[a,(log)y0, ) +a,(log)(0,)+az]log)y o,
+[ay(logy 90, ) +a~s(108105p)+06]
F(5,,04) =by + by[log;(0,, —log; 0]
with a =0.005309, a, = 007114, a, = -0 4761
a, =0.00266, a, =0.5941, a, =0.4278
b,=11.01217, b, =0.51244



FIR Digital Filter Design Using
MATLAB

» Formula valid for 6, > 8,

* For 0, <o, formula to be used 1s obtained
by imnterchanging 6 , and o,
» Both formulas provide only an estimate of

the required filter order N

* Frequency response of FIR filter designed
using this estimated order may or may not
meet the given specifications

o If specifications are not met, increase filter
order until they are met



FIR Digital Filter Design Using
MATLAB

 MATLAB code fragments for estimating
filter order using Kaiser’s formula

num = - 20*log10(sqrt(dp*ds)) - 13;
den = 14.6*(Fs - Fp)/FT;
N = ceil(num/den);

« M-file remezord implements Hermann-
Rabiner-Chan’s order estimation formula



Window-Based FIR Filter
Design Using MATLAB

« Window Generation - Code fragments to use
w = blackman(L);

w = hamming(L);

w = hanning(L);

w = chebwin(L, Rs);

w = kaiser(L, beta);

where window length L 1s odd



Window-Based FIR Filter
Design Using MATLAB

« Example - Kaiser window design for use in a
lowpass FIR filter design

» Specifications of lowpass filter: ®, =0.37,
0, =041 a, =50 dB = 5, =0.003162

e Code fragments to use
[N, Wn, beta, ftype] = kaiserord(fpts, mag,dev);
w = kaiser(N+1, beta);
where fpts=1[0.3 0.4]

mag = [1 0]
dev = [0.003162 0.003162]




Window-Based FIR Filter
Design Using MATLAB

 Plot of the gain response of the Kaiser
window

Gain Response of Kaiser Window




Window-Based FIR Filter
Design Using MATLAB

» M-files available are firl and fir2
e firl is used to design conventional lowpass,

highpass, bandpass, bandstop and multiband
FIR filters

e fir2 is used to design FIR filters with
arbitrarily shaped magnitude response

o In firl, Hamming window is used as a
default if no window 1s specified



Window-Based FIR Filter
Design Using MATLAB

» Example - Design using a Hamming
window an FIR filter of order 100 with
three different constant magnitude levels:
0.3 1n the frequency range [0, 0.28], 1.0 1n

the frequency range [0.3, 0.5], and 0.7 in the
frequency range [0.52, 1.0]




Window-Based FIR Filter

Desi

gn Using MATLAB

« Code fragment to use
b = fir2(100, fpts, mval);
where fpts=[0 0.28 0.3 0.5 0.52 1];
mval=[03 0.3 1.0 1.0 0.7 0.7];

|
% 0.8
= 0.6
=11

=04

0.2

Multiband Filter




Homework
Problems:10.3 (a) , 10.17 (a)



