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Chapter 11 DSP Algorithm

Implementation
11.3 Computation of the DFT
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§ 11.3 Computation of the DFT 13
DFT paris
X(K)=Y x(MWS  0<k<N-1
n=0

N-1
x(n)—iZX(k)W " 0<n<N-1
In order to compute the DFT or IDFT of a length-
N sequence, one needs
N2 complex multiplications M(N) = N*
N(N-1) complex additions A(N)=N(N-1)



§ 11.3 Computation of the DFT 4

The complexity of the DFT grows with the square
of the signal length.

for example:
N=8 needs 64 complex multiplications.
N=1024 needs 1,048,576 complex multiplications.

This severely limits its practical use for lengthy signals.

In 1965, Cooley and Tukey proposed an efficient
algorithm to compute the DFT, that is DIT-FFT.

FFT: fast implementation of the DFT
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§ 11.3 Computation of the DFT

Common principle of the FFT algorithms:

Convert the DFT of a long sequence into the
merging (ZH&) of the DFTs of shorter sequences.

LR RN FAIDFT e KRk EE

Consider N-point DFT of length-N  sequence

when/N = 2°|, we investigate the cost of multiplications when

rebuilding N-point DFT from various length (shorter) DFTSs:



Basic merging unit
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When N-DFT is rebuilt out of two N/2-DFTs, the total coStis:
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— : additional cost in merging

When each (N/2)-DFT is rebuilt out of two N/4-DFTs,
total cost Is:
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(cost of merging)




When the subdivision process is continued for m stages;

N ° N
Total cost: — +MX—
2 2

If mM=B=10g, N the total cost is:

2
I;|—B+B><%:N+B><%z8x|;| — I; log, N
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§ 11.3.2 Cooley-Tukey FFT Algorithms

Using the properties of the W,
L. (\N|\r|1k )* :\NN—nk

N
nk (n+N)k n(k+N) . nk

nk
3. W =W =WN/fn
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*Decompose the long sequence into shorten
sequence to compute DFT

Decimation in time
Decimation in frequency
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§ 11.3.2 Cooley-Tukey FFT Algorithms

T
_|

Radix-2 algorithm with decimation in time-DIT F

1. Principle of algorithm
Suppose: x(n) length N=2-

split x(n) into two parts{ e\é%”ji”ddex ;n ,
odd-inaex N+

P
[EEN

then X(k)=Y x(n)W™

n

Il
o



§ 11.3.2 Cooley-Tukey FFT Algorithms
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§ 11.3.2 Cooley-Tukey FFT Algorithms 4+

.. 2nk nk
) WN _WN/2

A
2

SX(K) =D x(2nW, +

n=0

N
2

Wy > x(2n+1

n=0

N/2 points DFT

X (k)

=X (K) = X, (k) +W X (K)

N/2 points DFT

X, (k)

OSKSE"J
2

0<k<

N |2

However, we only compute the N/2 points of length-
N DFT at beginning, and remind other N/2 points.
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X (k) =X, (k) +WX_(k) ngg%—l

3
N N N, N N
X (K+—) =X (k+—) k+—)| —<k+—<N

N N/2-1 N2 N/2-1 )
X (K +?) = ) x@2nW/ SN = N x@2nw™ = X, (k)

xo(k+ﬁ)= X, (K)

k+N /2 K
W =W,



§ 11.3.2 Cooley-Tukey FFT Algorithms

N N . N
X(k+?): xe(k+?)+WNk N’2><o(k+3)
N
= X, (k) =W X, (k) O<k<—-1

Now, we obtain the remind N/2 points of length-N DFT.
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>

- X (k) =X (kX0 Yo N
\ >< 0<k<— -1
X(k+—=)=">
| (+2) X _

called basic ce

A

1m, and its signal

flow graph is
X (k) - X, (K) + Wy X, (k)
X, (K) = > X, (k) =W X, (k)

N

also called a butterfly



X (K) = X, (K) +WEX, (K)

X (k40 = X, (- Wi X, ()

for example N=8=23

X, (0)
X, (1)
X, (2)

X, (3)

X,(0)

X, (1)
X,(2)

X, (3)

O X©
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X (0)
X (1)
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X (4)
X (5)
X (6)

X(7)



§ 11.3.2 Cooley-Tukey FFT Algorithms

each butterfly needs
one complex multiplication
two complex additions

so, after one decomposed

—
M(N) =N
N/2 butterflies{ ) (ZI\)I M(N) = N
A(N):2><7 - 2
2 DFT with {M(N) =2x(5)’ AN) =N
N/2 points

_>N (N
A(N)—2x7(?—l) _/

Its number of computation is almost half of direct DFT.



§ 11.3.2 Cooley-Tukey FFT Algorithms °e

Now, x.(n) and X, (n) is length N/2 sequences, and N/2
also even, then they can be splited into even-index
and odd-index parts furthermore

() Xee (N) = X, (2n)
e { X, (n) = x,(2n+1) \
O0<n<—-1
) —] X =%(20) *
° L X (n) =X (2n+1)




§ 11.3.2 Cooley-Tukey FFT Algorithms

then, like the first decomposing

[ X (K) = X, (K) + Wy, X, (K) 0<k<N/4-1
{
N
L Xe(k +Z) = Xee(k) _Wl\l|</2xeo (k)
and )
< Xo (k) :Nxoe(k)+WN/2X°°(k) 0<k<N/4-1
L Xo(k +Z) = Xoe (k) _WI\TIZXOO (k)
where:
X, (20) > X, (k) %, (2n+1) > X, (K) O<n<N/4-1

for
X,(2n) <> X . (K) X, (2n+1) < X, (K) O0<k<N/4-1
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N=8=23, and after second decomposing

Xee (0)
Xee (1)
Xeo (0)
Xeo (1)
Xo¢ (0)
Xoe (1)
Xa0(0)

X,, (1)

x(0) X (0) . X_(0)

X(4) EFZTZ X_.(1) \ / X (1) \y?:
X(2) X..(0) ><>< X.(2)

() EF_TZ X oW \‘1 %@\ A/
x(1) . X . ()W -1 ><0(0)0 ><>{
YOI LEON ;xo&)V“l/ XY
© X, ><><,, A/ /N
a LA XM \1x (3‘9’/ \1

W2

X (0)
X (1)
X (2)
X(3)
X (4)
X (5)
X (6)

X (7)




§ 11.3.2 Cooley-Tukey FFT Algorithms

Resembly, we can decompose it to length-2 DFT at last
1
X (k) =D x(MW,™ = x(0)W, + x(n)W,
n=0

X (0) = x(0) + x(W,” = x(0) + x(1)
X (1) = x(0) + (W, = x(0) — x(2)

expressed as X(0)

. X (0)
{ X (0) = x(0) +Wyx(1)
X (1) = x(0) ~-Wyx(1) x(M) ><. X (1)

W 1




§ 11.3.2 Cooley-Tukey FFT Algorithms

as the example above N=8=23, at last

x(0)
x(4)

X(2)
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§ 11.3.2 Cooley-Tukey FFT Algorithms

2. Number of computation
If N=2L, then there are L levels butterfly cells

1 complex multiplication -

per butterfly { N
2 complex additions

=
N/2 butterflies per level

total L levels to complete length-N DFT /

2

%F(N):Z-%-L: N -log, N

{ SUIF(N):l-N-L:%-IogZ N



§ 11.3.2 Cooley-Tukey FFT Algorithms

since multiplication costs far more than
addition, so we only take care of multiplication

DFT __ N> _ 2N
FFT %JOQZN log, N

N N?2 N/2log,N DFT/FFT

2 4 1 4

8 64 12 5.4
512 262144 2304 113.8




§ 11.3.2 Cooley-Tukey FFT Algorithms

3. Features of DIT-FFT
@ ‘in place’ computations
from the basic cell
Xm(k) — Xm—l(k) + Xm—l(J)WI\I;
Xm(J) — Xm—l(k) o Xm—l(J)WI\T
and signal flow graph
X1 (K) ><—» X (K)
X, () - - Xn(J)

-1




§ 11.3.2 Cooley-Tukey FFT Algorithms

we can see that the nodes of one section of the

graph depend only on nodes of the previous section
of the graph.

therefore, once computed, the values of X, (k)
and X (]) can be stored in the same place as
Xna(K) and X, ,(J)

‘in place’ computation could save storage, and
reduce the cost.

N for x(n) n=0,1,...,N-1

Length-N DFT only {
N/2 for W" r=0,1,...,N/2-1

need
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2 bit-reversed order index

N,

0

n,
0

X(nannO)

A 4

A 4

v

A 4

v

v

A 4

A 4

v

000 x(0)

» 100 x(4)

010 X(2)

110 X(6)

» 001 X(1)

. 101 x(5)

011 x(3)

> 111 X(7)




§ 11.3.2 Cooley-Tukey FFT Algorithms

2 bit-reversed order index

Normal
order
(decimal)

0

~N O o1 A W DN P

Normal
order (binary)

000
001
010
011
100
101
110
111

Bit-reversed order
(binary)

000
100
010
110
001
101
011
111

Bit-reversed order
(decimal)

~N 0w o1, OO0 N b~ O



§ 11.3.2 Cooley-Tukey FFT Algorithms

(® Distance between nodes of butterfly

N=8 for example

level | distance

1 1

2 2 conclusion : m-th level,
3 A distance is 2m-1




§ 11.3.2 Cooley-Tukey FFT Algorithms

@ Determination for Wy
m-th level DIT butterfly could be expressed as
X (K) = Xna (K) + Xy (K +2" )W
X (k+2")=X__(K)=X__ (k+2" )W

r equals to the k left shift (L-m) bits, and zero
padded at right.
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x(0)
x(4)

x(2)
x(6)

x(2)
x(5)

x(3)
x(7)




§ 11.3.2 Cooley-Tukey FFT Algorithms

Radix-2 algorithm with decimation in frequency

Suppose: x(n) length N=2t

X (K)= > x(mWw,™ for 0<k <N -1
"
2 N-1
= Y XMW+ D (MW"
?—1 B

(n+N)k

XMW, ko Z x(n + Sw,

n=
N N_
> -1 1

Zx(n)Wnk +Zx(n+ I\l)W 2k\Nnk

=



§ 11.3.2 Cooley-Tukey FFT Algorithms

%—1
= > [x(n) + x(n+ %)-WN”‘(
n=0

N

N
v W2 =-1 W2 =(=D)

N 4

= X (K) = :Z:;[x(n) +(=1)*x(n +%)].wa'k for0<k <N -1

(L)t = 1 for k Is even
~|-1  forkisodd




§ 11.3.2 Cooley-Tukey FFT Algorithms S
x@) = Sxm - xn+ Oy,
) “:NO for Osls%—l

X @1 = S - xtn+

make { S,(n)  x(n)+ x(n+ )

S,() =[x(n) - x(n+ D)Wy
x(n)

> > S.(N)  .also a butterfly basic cell
«one complex multiplication
two complex additions
x(n-+-%%) > > S, (n) P

-1 Wy Note: DIF VS DIT
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For example N=8

X(O) > \ / > — X(O)
N
x(1) > \\/ /. 5 —— X2
X(Z) > P > DFT — X(4)
X(3) . W . . X(®)
“ M@X w1 -
X(5) > ///1\ WNl > E ——— X(3)
X(6) > » DFT —— X(5
-1 W2
X(7) . / \ .

— X
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§ 11.3.2 Cooley-Tukey FFT Algorithms se:
<O — ~ X (0)
x() s\/? >\<>/<i >_1<:—> X(4)
x(2) = ~ . X
x(4) > R . N XQ)
x©) / %K\. \/ ><:—> X (5)
x(6) /71/\\ . , ‘ -1 N %@
@ /N / 1& v — e



§ 11.3.2 Cooley-Tukey FFT Algorithms

2. Number of computation

If N=2%, then there are L levels butterfly cells

1 complex multiplication -

per butterfly { N
2 complex additions

=
N/2 butterflies per level

total L levels to complete length-N DFT /

2

QLF(N):Z-%-L: N -log, N

{ Z)JIF(N):l-N-L:%-IogZ N
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3. Features of DIF-FFT is similar to that of DIT-FFT
@ ‘in place’ computations

@ bit-reversed index
the input vector is ordered sequentially
the output vector is bit-reversed index.
(® Distance between nodes of butterfly
N=8 for example

level distance
1 4
2 2 conclusion : m-th level, distance is 2L
3 1

@ Determination for W,
r equals to the k left shift m-1 bits, and zero padded at right.



§ 11.3.4 Inverse DFT Computation

x(n) = IDFT[X (K)] =ﬁ§X(k)va-“k 0<n<N-1

X (k) = DFT[x(n)] = %x(n)w,{l‘k 0<k<N-1

_ W™ vs  w ™
differences:

coefficent ﬁ In IDFT



§ 11.3.4 Inverse DFT Computation

for example N=4, DIF-FFT

x(0) X /
x(1) >\ . . .
XX 1 g
2 > > > >
x(2) /1\ W? ><
X(3) > - > > >
Wy -1 Wy
W—W", x—X, X1/2each level
X (0) X "1 8 1
\ / 2 >
X (1) . _ . .
" =/1\' SWy >< EN
X (3) R — >,
- e " . »
1 _ZWN2 -1 %W,\?

X(0)
X (2)
X (1)
X (3)

x(0)
x(2)
X(1)

X(3)




§ 11.3.4 Inverse DFT Computation

In practice

Z
H

x*(n):[%:Z_:X(k)Wgnk] —ﬁ X" (K)W,"

0

x
Il

= x() = X (WY = HOFTIX (W]

that Is:

X (k) —| % | EET 1 % — X(n)

Z|~




» Desired IDFT x[n] 1s then obtained as

N-1 I
x[n]=—1 > X*[kWy ¢
N (k=0 ,.

 Inverse DFT computation is shown below:

> Re {x[n]}

Re {X[]} g

Im (1]} —{ >—

N-point
DFT

» Im {x[n]}

==/ Vel
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e Then

v (n)=g(n) ® h(n)=g(n) ® h(n)

e The corresponding implementation scheme 1s
illustrated below

g(n)

Length N__ ]

Zero-padding
with M—1 Zeros

h(n)
Length M

| Zero-padding

with N—1 Zeros

g:(1) (N+M—1) -
powmnt DFT X
I\\,_)_.S_,.-':I
h() a1 -] |
point DFT

vr(n)

[(VAHM—1)-

point IDFT

Length-(N+M—1)



g(n) : 6
Length N Zer&paddmg S\ |(NeM—1) -

ith M—1 Zero pomt DFT | (1)
s (N+M—1) -
o )| point IDFT >
h(n) Zero-padding : (N+M—1) -
Length M kith N—1 Zeros‘ é l point DFT Length-(N+M—1)

" m 3NL=N+M-158DFT, TR EEkEN, T2
3*L/2*log, Lk B iz H

| m Y(K)=G,(K)*H,(K), FASK & A L=N+M-169 5 5| 48 5k
R EELREREH



’&ﬁ.‘:ﬁ— 0\5\\

o BHiE+

e DIT-F
o %ﬁ/

HE5FFTH+HEZ i
-T, DIF-FFTH &AL

B ik, I8 H A9 4F 5

o IDFT&y Pl 52 2
o iR BARM T H E AT




Homework

Read textbook from p.533 to 548
Problem: 11.12, 11.21, 11.32
« Supplementary Problem:

Using the FFT algorithm, compute
the 8-point DFT of the 8-point signal
x =[4,-3,2,0,—1,-2, 3, 1].
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