Digital Signal Processing
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m Digital processing of an analog signal

Complete block-diagram

Anti-
—* aliasing

S/H

filter
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m A discrete-time signal can be classified In
various ways

> Length: Finite-length vs. Infinite-length

» Symmetry: Conjugate-symmetric vs.
Conjugate-antisymmetric

» Periodic: Periodic vs. Aperiodic
> Energy and Power

» Summability: bounded, absolutely summable,
sguare-summable



Y &A= ( convolution sum ) & +H

v[n] = Zx[k] h[n—k] = Zx[n K1h[K]
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FFx(n)={1,2,3}, h(n)={1,2}

KRB FFI LB R Y (n)=x(n)*h(n)

X(n) 1 2 3

n(n) 1 2
J%% h(-n) 2 1 y(0)=1
F# h(1-n) 2 1 y(1)=4
F# h(2-n) 2 1 y(2)=7
F# h(3-n) 2 1 y(3)=6
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m Consider the continuous-time signal
> A

X(t) = Acos@ + () = ACOS@ + )

The corresponding discrete-time signal is
X[n]= Acos(Q,NT +¢) = Acos;(zgQo n+d)
T
= Acos(mw,n+ ¢)

0, =21Q,/ Q= QT=Q,/F|

where
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Sampling theorem CEFEEH)

Let g,(t) be a band-limited signal with
CTFT G,(jQ2)=0 for | Q[> Q,,

Then g,(t) i1s uniquely determined by its
samples g,(nT) , -co<n<oco, If

Q->2Q0
where Q=2n/T
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DTFT and IDTFT

x[n] e X (e'?)

X (e'?) = Z.O: X[nJe™ "

N=—o00

1 r Jo\ A Jon
qm_zﬂixe )el " dew




DTFTHI4 R
u PRI EA RS, RN 27

m the absolute summability of x[n] is a sufficient

condition (Fa432+44) for the existence of the
DTFT

5 [x[n] < o0

N=—0o0



Table 3.2: DTFT Properties:
Symmetry Relations

Sequence Discrete-Time Fourier Transform
x[n] X(e1®) = Xre(e!®) + j Xim(e/®)
Xey[n) Xre(ejw)

i'fl%_g‘g'fl% Xod[n] JXim(e J )
LR—E A

X(el9) = X*(e™/®)
Xre(e!?) = Xre(e™/?)
Symmetry relations Xim(e/®) = —Xim(e™/%)
1X (e/®)] = |X (e™7/%)|
arg(X (e/®)} = —arg{X (¢™/))

Note: xey[n] and xg4[n) denote the even and odd parts of x[n], respectively.

x[n]: A real sequence
Copyright © 2005, S. K. Mitra
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Sequence DTFT
o[n] & 1

1

"uln], (| <1 _
a"uln], (a|<1) o —
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Simple Interconnection Schemes

j—' hy[n] P

I
—

h,[n] ¢ hy[n] ?
fha[n] + h,[n]- 1 hy[n]G (ha[n]+hy,[n])

I'h,[n]+ h2[n1s (halnl+h,[n])
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m y(n)=2x(n)+5
= y(n)=x%(n)

m y(n)=nx(n)

m y(n)=x(n-n,)
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=0.5 u(n)
m2'u(n)
-(-n2)nu(n)
m2 u(-n)
m0.5 u(-n-1)
m2 R.(n)




DTFT. DFT. Z
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A, AR I,
2358 | X(2)= Y x(n)z" Z P if
n=0
DTFT | X(w) = y x(n)e 1" Z 1 A7 [F]
n=0

—
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X(k)=2,x(me P i 2 2
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DFT

Hepr o, = ZW” kK (k=0~N-1)
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1. DFT Definition

e Using the notation /7,=e7? * "V, the DFT 1s

usually expressed as:
N-1

X(k)y=> x(my. 0<k<N-1
n=>0
e The inverse discrete Fourier transform (IDFT)

1s g1ven by

x(n) =

N-1
X(w", 0<n<N-1

N =
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2. Matrix Relations

e where X=[X(0) X(1) -- X(N—})]T
x=[x(0) x(1) - x(N- 1)]T
11 1 - |

1 H-?:r PF NE o H;}M—l
D=1 W W e

1 1rN-1 ppr2(N-D) A (N-1)(N-1)
| IIN H_.w.r HfN
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twiddle factor (Je# &K F):

—j2x/N

WN:e

WO =WN =1, W/2=-1, W ¥ =wk,

_1 1_
N:L:Z’ A:
_1 _1_
1 1 1 1]
1 —) -1
N=L=4, A= J J
1 -1 1 -1
R e A
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Sampling the DTFT

e o apply -
y(n) = Z x(n+mN), 0<n<N-1]

to finite- lenﬂth sequences, we assume that the
samples ﬂutmde the specified range are zeros

e Thus if x(») 1s a length-M sequence with
M=N, then y(n)=x(n) for 0==n=N-1
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Sampling the DTFT

e If M > N, there 1s a time-domain aliasing of
samples of x(») in generating y(») ., and x(»)
cannot be recovered from y(»n)

e This 1s called Sampling Theory in Frequency-
Domain (N=M)
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3. Circular Convolution

m the relation between the circular
convolution and the linear convolution

Fiof 35 B S S
#, FABIAN

Ye (n) =Y. ((n))N ' RN (n)

if N<L+K-1: aliasing y.(n) =y, (n)
ITN>L+K-1: notaliasing Y, (n) =Y. (n)

the condition that the circular convolution to be
equivalent to the linear convolution is N>L+K -1



FF%1x(n)={1,2,3}, h(n)={1,2}
RIS F £ 1B Ry (n)=x(n)*h(n)

X(Nn) 1 2 3

N(Nn) 1 2
K% h(-n) 2 1 y(0)=1
F# h(1-n) 2 1 y(1)=4
F# h(2-n) 2 1 y(2)=7
P h(3-n) 2 1 y(3)=6
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FEx(n)={1,2,3}, h(n)={1,2} N=3
KA FF 5 R BBy 1(n)

x(n) 12 3

n(n) 1 2 O
=% h(-n) 10 2 y1(0)=7
S8 h(1-n) 210 y1(1)=4
S h(2-n) 021 y1(2)=7
yl(n)Z&H E'&J?ﬁléy J?ﬁﬂﬁ?’?{ﬂé?}




FFx(n)={1,2,3}, h(n)={1,2} N=4

KA P B RIEER B R y2(n)

xXnm) 1.2 3 0 :

h(n) 1200
R¥ h(n) 100 2 y200)=1
FB h(1-n) 2 1 0 0 y2(l)=4
FH h(@2n) 0 2 1 0 y22)=7
F# h(@3Bn) 00 2 1 y2(3)=6

V2N RH PR K5, F?ﬁﬂ’Ej\:l{l 4,7,6}
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Over‘ap-ggg Me!Hog: *

Compute the convolution y =h=*X of the filter and input,

h=[l 2 21, x=[2 335 311]

using the overlap-add method of block convolution with
length-5 blocks.

Solution:
X=[23353‘11]
yO=h=*[2 3 3 5 3]=[2 7 13 19 22 19 11 3]
yl=h=*[1 1 0 0 0]=[1 3 4 3 1]



How to Overlap Add?

y0 2 7 13 19 22 19 11 3
yl 1 3 4 3 1

y 2 7 13 19 22 20 14 7 3 1
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Seqguence ZT ROC
o[n] 1 All value of z
1
Zul = 2| > 1
a" un] . 2| > [a]

l-az™
. 1
—a" y[-n-1] = lz| < a|
-1
na" u[n] 2 2> [a]
(1—az‘1)
. 1
(n+1)a"uln] 2| > [a]
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X (e!) = X(z2)
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Rational z-Transform
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(1) ARKFFEGIKEBIR— QA 0<|7<
(2) FmRX3fn,nAeh— ks, M.
0<|z|<o n 20
{0£|Z|<oo n,<0



— Right-sided Sequence

A right-sided sequence «(n) with nonzero sample values only
forn=M

e{z}

unit circle

EM;D, ‘Rg_{zﬂm R+:m
E

IfM<0, R,_<|z|]<® R_<®

4

VZLE BELEOR 0I5 oo S A FH X6 AE,



— Left-sided Sequence

A left-sided sequence v(n) with nonzero sample values only for
n=N

jImiz}

Re{:}

ROC

unit circle

Ll

IfN>0, 0<|z|<R,., R, >0

IfN =0, O=|z|<R_, R_=0

E‘—

If N=0, v(n) is called a anticausal sequence



— Two-sided Sequence

The z-Transtform of a two-sided sequence () can be
expressed as

oo oo -1
W(z)= Z w(n)z " = Zw(ﬂ):_” - Z w(n)z™"
n=—0C n=0 . N=—0C
A right-sided A left-sided
sequence + sEquEnce
i | | |

—

-
o) -

= RE- < Rg+



.. Property Sequence z -Transform ROC
gln] G(2) Rg
hn] H(z) R
Conjugation g*[n] G*(z%) R
Time-reversal gl—n] G(1/z2) 1/Rg I
Linearity ag(n] + Bh(n] aG(z) + BH(2) Includes R, N Ry,
Time-shifting gln —no] 27" G(2) R g, except possibly
the point z = 0 or 0o
Multiplication by
an exponential a g[n] G(z/a) lx|R g
sequence
. . . dG .
Differentiation ng(n] _, (2) Ry, except possibly
of G(2) dz the point z = 0 or 00
Convolution glnl® h[n] G(2)H(2) Includes Rg N'Ry,
Modulation glnlhln] 77 fe GWH@/v)v™ dv  Includes Ry Ry,
o @)
Parseval’s relation > glnlh*[n] = 2:lr_j $c G)H*(1/v*)v~1 dv
n=—00

Note: If ’Rg denotes the region R,- < 1z| < R,+ and R, denotes the region Ry,- < |z] <
Rj+, then 1/R, denotes the region I/Rg+ < |z] < 1/R4- and RgRp denotes the region






"
« PRAHIB6.35
* y[n]=x][Nn-1]-1.2x[n-2]+Xx[Nn-3]+1.3y[Nn-1]
-1.04y[n-2]+0.222y[n-3]
* |ts transfer function is therefore given by

S Y(2) 27t -1277+77°
X(z) 1-1.3z7"+41.04z7°-0.2227"°

H(2)



onsider a causal system whose 1/0

difference equation is y(”)=gy(”—1)—Y(”—2)+X(”—1)
1) Compute the transform function.

2) Determine the corresponding pole/zero
pattern and the ROC.

3) Compute the impulse response.

4) 1t 1s easy to know this system is not stable.
Determine another stable (but anticausal)
system satisfying the same 1/O difference
equation.
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Solution:

77t 77t

) )= e 1]
1—52 +2 a—22)a—§z )

b) zeroes: z=0;
poles: z=2,2z=1/2;

ROC.: |z|>2
2 _2
Q) 23 %
&=t 1
I R 2o

2
h[n] = %2“ uln] - g G)" uln



d) ROC: 1/2<|z|<2,

h[n] = —% 2" u[—n

—ﬂ—%(%)”u[ﬂ]
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H(z) = = , bAER0| H(z)=) az', bAA0
1-) bz =0

=1

(=3 ax(n=)+30y(=D)| y(n)=Yax(n-i)

h(n) BRI h()=a;, 1=0,---\M




Imaginary Part

Example:

. O
— m 4@

=
m —

h=[1, 6, 11, 6],

_____

-3 -2 -1
Feal Part

R H@) F.

y(n) =x(n)+6x(n-1)+11x(n-2) +6x(n-3)
H(z)=1+6z"+11z°+62"°

0

0.2

0.4 0.k
m in units of ©

0.
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H(e!?)=e "

FHAL R RS2

h[N] BB R #RE——
X (h[n]= —h[N-n])
%Xﬁ“ (h[n]= h[N-n])

ixs HTE:C— —N/2
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RPN ) £ 1t

BRI
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Four types of linear-phase FIR transfer functions:

hln]
T hln]
1111 1] ]
T 2 T E-T n T 1 2 5 E.T
nllaiatsl?s nl 314 l?
TR AR ; :
™ Center of Center of
symmetry symmetry
lype I: N=38 Type 2: N=7
h[u] hin]
- T 5 2 T T
%“Xﬂ‘% 0 Ll 5 l n Illgilﬁjl
Center of I\‘ Center of
symmetry symmetry

Type3: N=38 Type 4: N=7

n
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h(n) =1-_I-h(N —n)
H(z)=+z""H (z‘l)

2= 1, RHOMF R, Wz=7 " H—E
RHZBPFER; HTh(n)ZSEE, H(Z)B'Ji\)’i
ﬁﬁ‘ﬁﬁ/\‘!gﬂﬁkﬁo

Gk FRDIEBNEIBEIILHEX




Zero Locations of Linear-
Phase FIR Transfer Functions

Type 1

Type 2

Type 3

Type 4

No restriction

Can design
any type

Cannot design
highpass and
bandstop

/eroato® =T

Cannot design|
lowpass,

highpass, and

bandstop
Zeroat® =0

ando=T7

Cannot design
lowpass, and
bandstop
Zero at® =0

FMRBL B AR ALK N A . XK. TR
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Basic FIR Digital Filter Structures

m Direct Form
m Cascade Form
m Linear-phase Structure
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4% FH 2293 75 R T i Y F L PR X 48 51
x(n) 2 z ! z !
IOQT——-'—'—T——*_—T
h(0) h(1) h(N-3) |R(N-2) |h(N-1)
Y { | Y
L——— N & L__.._ y(n)
- FIRBEHNRGREN _
~ T 1 ~ T - y(n)
| A(N-1) § (N -2) ‘lh(2) | h{(1) h(0)
x(.;_:) —— L — A — <

BRENRESER



e A cascade realization for N = 6 1s shown below

% [ﬁl ? %[ﬁh E %[.ﬂa ‘?
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Type land 3

X[N] o—»

(N/2+1) £ S

h[0]
y[n]

BEA (N+D) AKRES
Type 2 and 4

x[n]

(N+1)/25 £ B

y[n]



Basic IIR Digital Filter Structures
m Direct Form %ﬁ%ﬁﬁﬁﬁtﬁ%ﬁ BRE

mIEHER L EEAATE —F
m Cascade Form 7 A B
m Parallel Form  mzgpimi B 5 i8] 2 S A
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e Considering the basic cascade realization
results in Direct form |
1

H(z) = P(z)- o

Py

x(m) - - > =« — vin)

¥
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e Changing the order of blocks 1n cascade
results in Direct form 11 :

1 1
H(z)=P(z)- = -P(z2)
D(z) D(z)
x(n)——————+ fﬂ ———y(n)
_dl;l D@ - 2
Jl_dl._. I Y

P
@
4 z) vy~ 4
—d, 3 @) P3

poles Zeros




e Sharing of all delays reduces the total number
of delays to 3 resulting 1n a canonic
realization shown below along with 1ts
transpose structure.

pi} : pl]
- - - ¥ - : - - = * - # -
|
A Y S ! Y
- - L *» - » -k N
L '} Y | Y
—d P P —d
=t i - » * - L - N
-y [ | L | Ii. L |
~at L = - » - » = »




e One possible realization 1s shown below

- { -
—
__.11

-

e (General structure:

¥

H\(z)

- ¥ - o -

o

H,y(z)




¢ The two basic parallel realizations of a 3rd

order IIR transfer tunction are shown below
Yo

F'r::'::ﬁ:I

x(n) Yo x(7)

v(n)
¥ 1

Parallel Form | Parallel Form Il
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Bilinear Transformation

« Mapping of s-plane into the z-plane

jE2 Imz

Z -plane

Rez
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Example - Design a lowpass Butterworth
digital filter with @, =0.25%, @, = 0.55m,

a,=0.5dB, and a=15dB

Analysis: .
I |G(el%)|=1 this implies
ZOIOglo G(ej0-257t) >.05 el
20l0g,,|G(ei0%m)| <-15 [

—_




" N @

m Solution:
(1) Prewarping (T=2)
Q =tan(w,/2)=tan(0.25n/2)=0.4142136
Q. =tan(w/2)=tan(0.55w/2)=1.1708496
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10%/1° —1
IoglO 1Oap/10 _1

log,, (/)

N _

exact

Thus N =128107K) _ 5 seca97
log,,(1/k)
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Choose N =3

To determine €2, we use

1 1

2
H,(jQ,) = =
‘ 2 14+(Q,/Q.)"" 1+¢°

VWe then get
(2.=0.588143
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Butterworth Approximation

N H an (S)
T
1 1+s
1
2 14141425 + 52
T
3 1+2s+2s®+s3
1
4 1+ 2.6131s +3.414252 + 2.6131s° + 5°
: 1
1+3.2361s +5.2361s* +5.2361s> + 3.2361s* + s°
1
6

1+3.8637s + 7.4641s% +9.1416s°% + 7.4641s* +3.8637s” +s°

1

1+ 4.4940s +10.0978s? +14.5918s® +14.5918s* +10.0978s° + 4.4940s°® + s’
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e 3rd-order lowpass Butterworth transfer
function for Q=1 Is

H_ (s)=1/(s3+2s2+2s+1)=1/[(s+1)(s*+s+1)]
e Denormalizing to get

we arrive at

S S
H.(s)=H, (—)=H
() ""”(QC) (0 588148




mation to H_(s) we
fer function

0
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H, ()= hy (n) = hy(n)w(n)

@

H(Ee”)< h(n)

BEH  H(e')=H,(')*W (")
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Steps:

1. Pick an odd length N=2M+1, and let M=(N-1)/2.
2. Calculate the N coefficients

d(k):j”ﬂD(m)-eiwkg—:, M <k<M,

3. Make them causal by the delay
h(in)=d(h—-M) (n=0~N-1)
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Shuffling—Performing—Merging

K B0 R A
7% DFT

13

T3 P2

FFT

B DFT
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o

EIog2 N
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N2

N log, N

N (N —1)




x(0)
X(4)

x(2)
X(6)

x(1)
X(5)

X(3)

X(7)

FzB} )3 E FFT Algorithms
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FRZRAHEL FFT Algorithms

> X(0)

. X(2)

x(0)

U XX

X(2) > ' o

. \MX/;{ W 0w .

. :if;§;%;</\\> W =\\\\\\/////ﬁ= ::::::>x<::::::________: X (5)
Wy

x(5) /6%\§\ ) i W . X(3)
X(6) //_1 \é ‘///C}\X;mm :::>Ki::: > X(7)
X(7) -




