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Chapter 5

Finite-Length
Discrete Transforms




Part B: Operations on Finite-Length Sequengess

and DFT Properties oo

Circular Time-reversal of a Sequence (Section 2.3.1 )
Circular Shift of a Sequence (Section 2.3.2 and 5.7 )
Circular Convolution (Section 5.4 and 5.7 )
Classification of Finite-Length Sequences ( Section 5.5)

DFT Symmetry Relations and Theorems (Section 5.6 and
5.7)

Fourier-Domain Filtering (Section 5.8)
Computation of the DFT of Real Sequences (Section 5.9)
Linear Convolution Using the DFT( Section 5.10)



1. Circular Time-Reversal Operation

See In textbook Section 2.3.1




Modulo Operation(BUiiz &)

e The time-reversal operation on a finite-lengtr
sequence Is obtained by the modulo operation

<m>,= m modulo N

where m and N is any integer, and 0,1,...,N-1 be
a set of N positive integers

o r=<m> is called the residue(£%%), which is an
Integer with a value between 0 and N-1

r=m+IN, where | Is a positive or negative integer
chosen to make m+IN an integer between 0 and
N-1



1. Circular Time-Reversal Operation | ::

e The circular time-reversal version {y[n]} of a
length-N sequence {x[n]} defined for

0<n<N-1 is given by {y[n]}={x[< —n>.]}



2. Circular Shift of a Sequence

See In Section 2.3.2and 5.7




2. Circular Shift of a Sequence | ::

e The desired shift, called the circular shift, 1s
defined using a modulo operation:

x (n)= x((n — n{])_w)

e For n,>0 (right circular shift), the above
equation implies
‘x(n—n,), for n,<n<N-1
x, (1) =
X(N—ny,+n), jfor 0<n<n,



2. Circular Shift of a Sequence |:°

Illustration of the concept of a circular shift

012345 012345 012345
x(n) x((n—l)ﬁ)zx(n+5>6) x((r;f—4>6):x(<}?+2>6)

e Aright circular shift by n, Is equivalent to a left
circular shift by N —n,sample periods.



2. Circular Shift of a Sequence

e The length-N sequence is displayed on a circ
at N equally spaced points

e The circular shift operation can be viewed as a
clockwise or anti-clockwise rotation of the
sequence by n, sample spacings

X[2]

@D

X[1]

X[1] x[0]

x[3]1( n=3 n=0 () x[0] x[21() n=3 n=0 () x[5]

x[3] x[4]

x[4] x[5]

(a) x[n] (b) X[<n-1>s]=x[<n+5>¢]



Compare the shift and circular shift §§'

X[nl QT H T !

l ﬂ g

X.[nruw !

TTL?T?

l @xhift

e

il .TTTO?TT;
circular pus

shift TT @ F 21 X /a0 ~N-1
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2. Circular Shift of a Sequence

e DFT of the circular shift sequence

y(n)= x((n + m)j\r)RN ((n + m)iv)

Y (k)= DFT|y(n)
N-1
— Zx((n +m>N)RN (H)W,??
n=0
N-1
= Z x((n + m)N ) W:f”
n=0



2. Circular Shift of a Sequence

e DFT of the circular shift sequence

y(n)= x((n + m)j\r)RN ((n + m)iv)

Y (k)= DFT|y(n)
N-1
— Zx((n +m>N)RN (H)W,??
n=0
N-1
= Z x((n + m)N ) W:f”
n=0



2. Circular Shift of a Sequence | i
N-1+m ‘
F(’T") — Z J:((r? ')N ) Hf” ~m)
) N-1+m |
:I,F—km Z x((ﬁr |>M)H*:’;ﬁ
i n'=m o o
=W, I[Z() Z()Jr Z ()J
n'=0 =N

=W -”fm;x(@) L
=W ‘*"”Z_lx( o X (k)




3. Circular Convolution

See In Section 5.4 and 5.7




3. Circular Convolution 0ot

e To develop a convolution-like operation
resulting 1n a length-N sequence y(n), we
need to define a circular time-reversal, and
then apply a circular time-shift.

e Resulting operation, called a circular

convolution, 1s defined by
N-1

Vo(n) = Zg(m)h((w — m)N ), O0<n<N-1

m=0



3. Circular Convolution 0ot

e Since the operation defined mmvolves two
length-N sequences, 1t 1s often referred to as an
N-point circular convolution, denoted as

yve(m)=g(n) ® h(n)

e The circular convolution 1s commutative, 1.e.

2(n)® h(n)=h(n) ® g(n)



3. Circular Convolution

o Determine the 4-point circular
convolution of the two length-4 sequences:

Ql[lﬂ]:{lT 2 0 1}, h[lﬂ]={2T 2 11}

as skecthed below

o g[n] 29 9 hin|

n n



3. Circular Convolution

e The result is a length-4 sequence y.[n]
Y. (n) = g(n)®h(n) = ?Z;g(m)h«n—m)N )0<n<N-1
e From the above we observe

Ye (0) = Zg;) g(mh({-m),)

= g[O]h[O] + g[1]n[3]+ g[2]h[2] + g[3]h[1]
=(1x2)+(2x1)+(0x1)+(1x2)=6



3. Circular Convolution

o Likewise, y_(1)= 23: g(m)h((l— m>4)
= g[O]h[1] + g[1]n[O] + g[2]h[3]+ g[3]h[2]
:(1>< 2)+(2><2)+(O><1)+(1><1):7
Yo (2) = Z g(m)h((Z— m>4)

= g[0]h[2] + g[1]h[1] + g[2]h[O] + g[3]N[3]
=(1x1)+(2x2)+(0x2)+(1x1) =6



3. Circular Convolution

Ye (3)= 23: g(m)h(<3_ m>4)

= g[O]h[3]+ g[1]nh[2] + g[2]h[1] + g[3]h[O]
=(1x1)+(2x1)+(0x2)+(1x2) =5

yeln]




h(L) \

h(2)

h(3)

] (b) y[1]
(a) [0



3. Circular Convolution

e The circular convolution can also be comput

using a DFT-based approach

e The N-point circular convolution can be

written in matrix form as

YelV]
vell]
vel2]

ye[N-1]

h0]  A[N-1] AH[N-=-2] --.

h[1] B0l h[N-1]
H2. (1] 20

WN-1] h[N-2] h[N=3]

hll]
h[2
h|3]

H[o

(D
Q.

09 0y 09
S

g[N-1]

]



3. Circular Convolution

C yel01 ] [ moy  mN-1] B[N-2] .- m[]] g[0] ]
velll h1] h[0] AN-1] -~ h[2]|| gl[l]
Wl 2] | = f?[+2' f‘?[l] }’?[FJ] = .4'?13“ g[2]

_;-(.[ﬁr_l]_ W[N-1] H[N-2] W[N-3] - h0]]| g[N-1]

Note: 1. The element in each row of the matrix are obtained
by circularly rotating the elements of the previous row to
the right by one position. Such a matrix is called a

circulant matrix(BB5EFE . TEHRATH R FEFE)

2. FEREEEAGEREIERE, FEEIHIFESER

BERPHENMRAFIYT AR KE, BEKEST
DFTHI A3




3. Circular Convolution

o Now let us extend the two length-4
sequences to length 7 by appending each with
three zero-valued samples, I.e.,



3. Circular Convolution

ge(n):{1121011101010} OSI’]S6
h(n)={2,2,11,0,0,08 0<n<6

e \We next determine the 7-point circular convolution of
g.[n] and h [n]:

ye (N) =de(m)he(<n—m>7),og n<6



Matrix method:

y(0)

y(@)

y(2) |=H.,G
he(o) he(N _l)
h, (1) h, (0)

h, (2)

he(N _1) he(N_Z) he(N_s) he(o)

h, (1)

h,(N—-2)---h,(1)
h.(N-1)---h,(2)

Q)  --h(Q)|=

g.(0)
9.
g.(2)

ge(N _1)

O O O FP P DD DN
O O P N N O

O r P NN N O O

R P N N O O O

L NN N O O O BB

OO oo o N B

N N O O O - B

N O O O P P DN




(2

6
5
5
4
1
<)

(2 0 0 0 1 1 2)\1)

1 2 2 0 0 0 1}0
11 2 2 0 0 0)1
011 2 2 0 0}[0

2 20001 12
001 1220}0
00011 2 2Jl0/

(y(0))

y@)
y(2)
y(3)
y(4)
y(3)
L Y(6) )




3. Circular Convolution

e As can be seen from the above that y[n] Is
precisely the sequence y, [n] obtained by a
linear convolution of g[n] and h[n]

60 ) vy ln] U yc[n]

L

01 2 3 4 5 6

e Try to think:

What iIs the relation between the circular
convolution and the linear convolution?

n



A ARGy iz BT AR 33

BLRg(n)F= h(n) AR TRKFF], KESAH LA
K, #R2Z Ay & B4R

y(m) = g *h(n)= 3" g(m)h(n—m)

A —NKEAL+K-18H RK A5,
AT MERFIINKEZA PREL
PR REFHE



F51x(n)={1,2,3}, h(n)={1,2}

N

KA 3 2R P B Ry (n)=x(n)*h(n)

X(n) 1 2 3

n(Nn)
% h(-n) 2 1 y(0)=1
F# h(1-n) 2 1 y(1)=4
£ h(2-n) 2 1 y(2)=7
S h(3-n) 2 1 y(3)=6




J #a &4~ periodic convolution

o Fl#E A (periodic convolution) &3 (P234)
N-1

y(n) = Krihin-r]

r=0

o i&: ZARINHARBFT, AHAN
o BARIAE: REFHE IERZXRMEM




3 s

halyy
Z
|

7 5Ix(n)={1,2,3}, h(n)={1,2,0} fAXA

N

REAFP 51 B A B Bg(n)
x’(n) 123123123
h'n) 120 ;

R¥h(n) 102102102 g(0)=7

FEHN(A-N)210210210 g(l)=4

FHR@Nn021021021 g(2=7

g(n)=2 A HiFF 51, ;{E X ] EKJF?‘?ME%{? 4,7}




1% Bl ) 3P B AR K 3R B AR .c:

EHFABARERGIAL, TANEHARR
E—ANFARXEZ TR, RFEDFTEH 6 F M,
TSI A IR AR R AT EAEH -

purs

1) HARKAgN)F= h(n)Hi& BB A7) §(n) h(n)

N-1

2) HEABER:  J()=» FG(m)h(n—m)

m=0

3) AR REmEM: y.(n)=§(n)R,(n)




FFFIx(n)={1,2,3}, h(n)={1,2} N=3 |32

RPN F5 BITEH Ry 1(n)

X'(n) 123123123
h'(n) 120 '

R#EhR(n) 102 10 2'1 02 y1(0)=7

FHR(A-N)210210210 yl(1)=4
FHKEN021021021 yi(2)=7

YUMRERKFF], FIIEAN{T47)




h -

F51x(n)={1,2,3}, h(n)={1,2} N=4

REAFr 5 I TEH Ry 2(n)

x(n)23012301

h’(n) |
R¥E h(n) 0021 00 2 1 y20)=1
FH h(1n)1 0 02 1 0 0 2 y2(1)=4
P h'(2-n)2 1 00 2 1 0.0 y2(2)=7
F¥# h(3-n)0 2 1.0 0 2 1.0 y2(3)=6
y2(n) A REKFH, FFFHEN{14,7,6}




H B R IAE R KR ER | B

3t F & # Mk BAA IR KA Flg,(n) hy(n) ki,
H AL A6 6 ) A

6, (=Y g,(n+qN)

h,(n) = i h,(n+rN)

r=—00



£ 85 JB BR B AR KB IR B AR

CAEI B IR T A
y(n) = Z Ge(m):ie(n _ m) = z ge(m)ﬁe(n _ m)

m)Zh(n+rN m)

m=O r=—o0

= Z‘O: g.(m)h,(n+rN —m)

Ak T K g.(n)~ h,(n) B At 3z 5 &9 J& #A H A=
R g.(n)s h(N&REERGFIEIE, AHAN.

im




128 B Rp B AR KB R AR

2

FRHoEEFIEL TS
R ANZLAK-18, F /T/\F £ &, XKyN)

)-%]

AN<L+K-1, #RA, y(n)AH

RIE BT H— B

LH"

* Y(MEAAL+K-INERFIME, mREARERG A

EpE, LRAH—
H:,'.’»Lz%ﬂf]’f}u%»

LH"

NA, ATL+K-14MF3ER

y(N)# & FIERF7)4E, #F T AN-(L+K-1) 549
70 AN 8GR AR

)

y.(n)=y(N)Ry (n) =

| r=—0

« VEFRRERFPERBRIAASTT:

Q0

2. y(n+rN) R (n)




V(n)=iy(n+rN) N>L+K-1 EE:‘
y(n) '
[ 1w
0 i 2 L+K-2. N
y(n)
\\
| I l I I N-1 .
K-2 :



y.(N)=¥(n)Ry (n) = _iy(n+rN) R, (n)

i 1

Jiin

01 2 L+K-2 |:|-1
y.(N)=y(n), 0<n<N-1



j(n)=> y(n+rN)  N<L+K-1

S AP
y(n)
s MN_lLllm

y.(N)= y(n), 0<n<N-1



WBHRBREEREEFRGKE |00

AEREBRETEARERR R ELARBALELHR:
N>L+K-1

SN

VEF AR w8 AREERERXOKE

BT BRI RESR, EEHRE AR KK
ARPE, TR ABRRFGES T (FFT) &K, Fak
FIRABIFRERELERER, 2FRBKGFTE,



4. Classification of Finite-
ength Sequences

See In textbook section 5.5




4. Classification of Finite-Length Sequencess:

e Based on Conjugate Symmetry (seein Section5.5.1)

A complex DFT X[k] can be expressed as a sum
of a circular conjugate symmetric part X_JK]
and a circular conjugate anti-symmetric X_,[K]

part
X[K] = X [K]+ X [K], 0 <k<N-1I
Where
X s [KI=¥o( X [K]+X * [<~k>]) 0< k< N-1
X a[KI=Y2( X [K]-X * [<=k>]) 0< k< V-1



4. Classification of Finite-Length Sequencess?

e Based on Conjugate Symmetry (see in Section 5.5.1)

v~ An N-point DFT X[K] is said to be a circular
conjugate-symmetric sequence if

X[k]= X*[<-k>J=X*[<N-k>]

v An N-point DFT X][k] is said to be a circular
conjugate-anti-symmetric sequence if
X[K]= -X*[<-k>\]=-X*[<N-k>]



4. Classification of Finite-Length Sequencess?

e Based on Geometric Symmetry (see in Section 5.5.2)

e Alength-N symmetry sequence x(n) satisfies the
condition

X(n) =xX(N —1—n)

o Alength-N antisymmetry sequence x(n) satisfies the
condition

X(n) =—x(N —1—n)



5. DFT Symmetry Relations and
DFT Theorems

See In textbook section 5.6 and 5.7




Table 5.1: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x[n] X[k]
[ =W X*(-kn] |
x*[{(=n}n] X*[k]
Re(x[n]) Xpes[k] = 3{X[(k)N] + X*[(—k)N])
j Im{x[n]) Xpcalk] = 2{X[{k)n] — X*[(—k)n ]}
xpes(n] Re{X[k])
Xpea [n] J Im{X[k]}

Note: xpes[n] and xpca[n] are the periodic conjugate-symmetric and
periodic conjugate-antisymmetric parts of x[n], respectively. Likewise,
Xpes[k] and X pca [k] are the periodic conjugate-symmetric and periodic
conjugate-antisymmetric parts of X [k], respectively.

x[n] 1s a complex sequence



FIDFT & 3 4ERH :

DFT (x[n] ) = X[K] = NZ_fx[n]WN”k,o <k<N-1

DFT (X'[n] ) = X[,




Table 5.1: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x[n] X[k]
| x*[n] X*[(=k)n] |
N X*[k] |
Re(x[n]) Xpes[k] = 3{X[(k)N] + X*[(—k)N])
j Im(x([n)) Xpcalk] = S {X[(k)N] — X*[(—k)N 1)
xpes[n] Re{X [k}
Xpea [n] J Im{X[k]}

Note: xpes[n] and xpca[n] are the periodic conjugate-symmetric and
periodic conjugate-antisymmetric parts of x[n], respectively. Likewise,
Xpes[k] and X pca [k] are the periodic conjugate-symmetric and periodic
conjugate-antisymmetric parts of X [k], respectively.

x[n] 1s a complex sequence



FIDFT & 3 4ERH :




Table 5.1: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x[n] X[k]
x*[n] X*[(—k)N)
x*[(=n)n] X*[k]
| Relx(n)) Xpes k] = 3{XIKIN] + X*[(—k)w]]
j Im{x[n]) Xpcalk] = 3{X[k)N] — X*[(—k)N 1)
Ipcg[ﬂ] Rﬁ{X[k]}
Xpea [n] Jj Im{X[k]}

Note: xpes[n] and xpca[n] are the periodic conjugate-symmetric and
periodic conjugate-antisymmetric parts of x[n], respectively. Likewise,
Xpes[k] and X pca [k] are the periodic conjugate-symmetric and periodic
conjugate-antisymmetric parts of X [k], respectively.

x[n] 1s a complex sequence



FIDFT & 3 4ERH :

DFT (Re{x[n]}) = DFT (%{X[n] + X*[n]}j

:%{X [k]+ X [<—k >N]}



Table 5.2: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x[n] X[k] = Re{X[k]} + j Im{X[k]}
. Re(X[k])

X[k] = X*[{(—=k)N]
Re X[k] = Re X[(-k}n]

Symmetry relations Im X[k] = —Im X[(—k)N]
| X k]l = | XT[{(=k)N]I
arg X[k] = —arg X[{—k)N]

Note: xpe[n] and xpo[n] are the periodic even and periodic odd parts
of x[n], respectively.

x[n] 1s a real sequence



5.43 Since x[n] is a length-11 real sequence, its DFT satisfies X[k]= X *[(-k);{]. Thus:
X[1]= X*[(-1)y1]1= X *[10]=1.5+ j5.31,
X[3]= X *[(-3);1]1= X *[8]=-3.34 - j3.69,
X[5]= X *[(-5)11]= X *[6] =-7 .55 - j13.69,
X[7]= X*[(-T)y1]1= X *[4]=-1244 - j127,
X[9]= X *[(-9)11]= X *[2] =249 + j19.12.



Table 5.2: DFT Properties:
Symmetry Relations

Length-N Sequence N-point DFT
x[n] X[k] = Re{X[k]} + j Im{X[k]}
o Re(X[K))

X[k] = X*[{(—=k)N]
Re X [k] = Re X[(-k}n]
Symmetry relations Im X[k] = —Im X[{—k) §]
| XTIl = |X[(=k) N ]I
arg X[k] = —arg X[{—=k)N]

Note: xpe[n] and xpo[n] are the periodic even and periodic odd parts
of x[n], respectively.

x[n] 1s a real sequence



4

rhn
L

Since the DFT X[k] is real-valued, x[#] is circularly even: x[n]= x[(-n);o]. Therefore:
x[2]= x[(=2)10] = x[8] = 6.26,
i16] = x[< 6)10] = 1[4]-—%1
x[7] }1 1= x[3]=8.58,
9] -9)101= 1[1] 6.2.

X



Table 5.3:

General Properties

of DFT

Type of Property Length-N Sequence N-point DFT
g[n] Glk]
h[n] H{k]
Linearity agln] + Bhln] aGlk] + pH[K]
[ Circular time-shifting 2lin — no)n] wio Gk |
Circular —kon
frequency-shifting Wy gln] Clk = kol ]
Duality G[n] Ngl{(—k)n]
N-point circular = !
‘ convolution :Eﬂ glmlhl{n — m)p] Glk]H k] ‘
: =1 '
Modulation g[nlh[n]

Tli" Y GIm]H[(k —m)n]
m=0

Parseval’s relation
n=0

N-1
Y xlnl)f* =

1 N—1
5 2 1Xk)?
k=0



6. Fourier-Domain Filtering

See In textbook section 5.8




6. Fourier-Domain Filtering

e Often one Is interested In removing the

components of a finite-length discrete-time
signal in one or more frequency bands.

X[n] ——

Discrete-Time
System

— y[n]

Input sequence

Output sequence

y[n]=x[n] ® h[n]
Y(e!”)=X(e!")-H(e!*)
Y[k]=X[k]-H[k]



lengthL length K length L+K-1
x(N®h(n) =y () «F— Y(e")=X (") -H(e")
$ $ Sampling ( N samples in a period)

X(N)®h(n) =y, (n)«x2=——Y (k) = X (k) -H (k)

N points

N points N points length N



7. Linear Convolution Using the DFT

See In textbook section 5.10




7/~ Linear Convolution Using the e
DFT

e Linear convolution is a key operation in many
signal processing applications.
e Since a DFT can be efficiently implemented

using FFT algorithms, it is of interest to
develop methods for the implementation of

linear convolution using the DFT



Linear Convolution of Two Finite- ece?

_L ength Sequences :

e et g(n) and /(n) be two finite-length
sequences of length N and M, respectively

e Denote L=N+M-1

e Define two length-L sequences
F.g(ﬂ), 0<n<N-1
0, N<n<[l-1
(h(n), 0<n<M -1
0, M<n<L-1

g (n)=+

h (n)=-

L



Linear Convolution of Two Finite- 13
_ength Sequences oo

e Then

g(n)

v (n)=g(n) @ h(n)=g(n)©h(n)

e The corresponding implementation scheme 1s
lustrated below

Length N__) Zero-padding

h(n)
Length M

with M —1 Zeros

g.(n)

| Zero-padding

with N—1 Zeros

(N+M—1) -
MabeN - .=
pomt DFT '
e
W
h(n) - ]'
point DFT

yr(n)
(VGM—1D -

point IDFT

Length-(V+M—1)



Linear Convolution of a Finite Sequence
with an Infinite Sequence

Overlap-Add Method
Overlap-Save Method




Overlap-Add Method

Overlap-add method: When the input X Is infinite or

extremely long, divide the long input into contiguous

non-overlapping blocks x,,x,,x,,...0f manageable length,

then filter each block and add the output overlapped blocks

Yo =h*X,,
y, =h*x,,
y, =h*x,,

to obtain the overall output.



bl
X
=z | S
o
«B
3
=z | S
o
«B
bl
X
=z | S
o
«B
1|
X

'M-1
3N

N

2N

Yo=
n

N

Yo=

n



X0 X1 X7
block O block 1 block 2
h'x | 1 1 21 2 211 1 0
1 / 1 2 2|1 1 0
2 17272 2 4 4112 2 0
11 1 211 2 21-1 -1 0
1 |1 1 /._/ 1 2 211 1 0

vo =h*xxp=1[1,3,3,4,-1,2]
vi=h*xx; =11,4,5,3,0,2]
v =h*x,=11,3,1,0,1,0]




Overlap-add, M=4

n 1 2 3 > 7 10
vo |13 3 4 -1 2

Vi 1 > 0

Y2 3 1
V 1 3 3 5 3 7 3 1




Overlap-Save Method

o FAAE
segment x|n] into overlapping blocks , keep the
y,[n] terms of the circular convolution of h[n]
with x.[n] that corresponds to the terms
obtained by a linear convolution of h[n] and
X[n], and throw away the other parts of the
circular convolution



Overlap-Save Method

e Process is 1llustrated next

T gl ™
i e

0




Overlap-Save Method
1l Tele W

1L 7w,
FiT] TTs

M-1=4 :
reject T T ?T
L0

M—1=4 : : w, [n]
: 0 ]
ili, [T JT
' :
M_1=4
reject
}’L[H]

S5 Y I SR B P99

4 -&-‘LLH'LL Ll l-'!' 4




AEFT S

o DFT&YE . PR A HIEH

o EIFEA, EFEMEERBMEMGY XA
o £ P6DFT

o ZMBEAMDFTEI

o TE2MME, TEAY X




Homework

Problems:

5.2(a), 5.9(a), 5.25, 5.28, 5.43, 5.45, 5.55, 5.68,
5.76(a,b,c,d)



