Systems of Nonlinear Equations for Simultaneous Equilibria

Consider what happens when we add mgzczo4 moles of oxalic acid to 1 kg of pure water.

The associated chemical equilibria are:

H,C,0, (ag)+H,0 =2 H,0" (ag)+HC,0; (aq) K,=56-10"
HC,0; (aq)+H,0 2 H,0" (ag)+C,0; (aq) K,=15-10" (11.1)
2H,0 22 H,0" (aq)+OH (aq) K,=10"

and the different species involved can be expressed in terms of the progress of the chemical
reactions as:
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mHCZOZ = fal - §a2

Meos =Enn (11.2)
mH30+ = é.l:al + §a2 + §w
mOH, = gw

And so we have the following equilibrium equations:
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Determining the progress of the reactions requires solving three nonlinear equations in three
unknowns.
Let us rewrite the equations as:

0= /i (én&nr6) = Kt (M0, =€) = (60 = 602) (0 +602 +E0)
0=/ (S 8ns6) = K, (S0 =8n) =S (Eu +602 +E) (11.4)
0=fi(&:60:8 ) =K, =&, (Su+ S +8,)

Suppose we had an initial guess for a solution, {fﬁ?), 552),§£0)} . We could approximate the

change in the value of the equations (11.4) due a change in the progresses of reactions as
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A small change in the values of the functions in Eq. (11.4) can then be written as:
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This suggests that from an initial guess, we can approximate the solution to the equations by

F(ED.£29.69)+ a1 =0
£(&.e2.67)+ar =0
fi(E. 69,87 )+ a1, =0

or in matrix-vector notation, using Eq. (11.6),
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This is a system of /inear equations to solve that produces an improved guess for the solution
namely,
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This gives an improved estimate for the solution to the equations. We can reinsert this improved

solution into Eq. (11.8), defining the iterative procedure that is called Newton’s method for a
system of nonlinear equations,

(11.9)
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The matrix in this equation is called the Jacobian of the nonlinear system.

As a specific example, consider adding 1-10™* moles of oxalic acid to 1 kg of pure water.
An initial guess can be obtained by treating this in the way one would in general chemistry, namely,
treating the ionizations one-step at a time. So the first acid dissociation would be

2
56107 =2
107 -¢,

£ -56:107(10% =&, )=
EL+5.6-107&,-5.6-10° =0

-5.6-107 i\/(5.6~10’2 )2 +4(5.6:10°)

Su =

=9.98-107°
and the second acid dissociation would be
(9.98-107+¢,)¢,,

1.5-107 = —
9.98-107° - &,

0=¢&,+(9.9810°+1.5:10%) &,

£,=499-10°°

And since the number of protons formed from acid dissociation is:

and so

m, =& +E,=9.98-107 +4.99-107

10 =¢,(1.5:10% +¢&,)
0=E241.5-10%¢, -
£ =6.67-10"

0"

Now, we evaluate the Jacobian of the system,

~(1.5-10%)(9.98-10°)

=1.5-10"
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(11.10)
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and we solve the following linear system,
-5.6-107 9.98-107 —4.99.107 A&, 3.72997-107°
1.001-10*  -3.496-10* -4.99-10" AE, |=— 1.49667-107" (11.16)
—6.67-10"  —6.67-10"""  -1.497-107" || A&, 1.50056-107"
obtaining

A&, 6.65-107°
AE, |=| 6.18-107° (11.17)
A&, 430-107"

Indicating that our initial guess was quite good. If it were not accurate enough, we would insert

the corrected values from this iteration and resolve the procedure, repeating until sufficient
accuracy was obtained.

In general, given a system of m nonlinear equations in m unknowns,
fk(xl,xz,...,xm)zO k=12,...m (11.18)
with an initial guess, we can construct an improved solution by expanding f'in a Taylor series,

higher
guess __guess guess S af guess
fk(xl,xz,...xm)=fk(x1 X8 X )+Z =~ (xj—xj )+ order (11.19)
— .
AN terms
This means that an improved solution can be obtained by solving the linear system of equations
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This is the “generic” form of Newton’s method for systems of nonlinear equations. The matrix in
this equation is called the Jacobian.

As a final example, let’s consider what happens to a sparingly soluble salt of a weak acid.
Specifically, we consider Scandium Fluoride, which is described by the reactions below:



ScF, (s) & Sc™ (aq)+3F (aq) K, =4210"

HF (ag)+H,0 22 H,0" (aq)+F (aq) K,=56-10"" (11.21)
2H,0 22 H,0" (aq)+OH" (aq) K,=10"
The molality of the various species are given by:
WlSc*3 - é:SP
m_ = 3cfsp +¢&,
My ==&, (11.22)
n/le(yr = ga + §w
Moy =5,

equilibrium equations are:
K,=¢,(3¢,+&)
3¢, +&)(&,+E)
&
K,=&,(5,+¢,)
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(11.23)

which can be rewritten as:

0 =f1 (évp’éa’éjw) KSP _é:SP (35517 +§“ )3
0=f2(§w,§a,§w):(3§gp +§a)(§“ +§W)+K“§“ (1124)
0:f3(§sp7§a=§w):Kw_gw(é-':a +§W)

The initial guess can be obtained by solving the “general chemistry” problem, ignoring the
coupling between the reactions. In that case,

é:sp (3§Sp )3 —40.107"8

&, =1.99-107 (11.25)
and for the acid dissociation,
EX4+3E L +KE, =0
& =—(k,+3¢,)=-6.2-10" (11.26)
and for the water dissociation
e (11.27)

£ =62-10"
Then you solve the nonlinear system, with the Jacobian:
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Exercise:

Use Newton’s method to solve the following equations. Use x = 3, y = -1.5 as your initial guess.
—X 3
x+e +y =0
Y (11.29)
X +2xy—y° +tanx =0

(answer: x =3.13, y =-1.47)

Exercise:
A saturated solution of Calcium Oxalate is made in pure water. What is the pH of the solution? The key reactions and
equilibrium constants are:

CaC,0, (s) & Ca"” (aq)+C,0; (aq) K, =27-10"
H,C,0, (aq)+H,0 & H,0" (ag)+HC,0; (aq) K, =56-10" (11.30)
HC,0; (aq)+H,0 2 H,0" (ag)+C,0; (aq) K,=15-10"
2H,0 22 H,0" (aq)+OH  (aq) K, =10"

Extension:
When one dissolves carbon dioxide in water, as one does in carbonated beverages, the water becomes acidic. The
key reactions are:

co
CO, (g)e==C0, (aq) K, _[C0:(aq)] _ 0337
o Pco,
H,0+C0, (ag)e=H,C0, (aq) K,=17-10" (a131)
H,CO, (aq)e=—=H" (aq)+HCO; (aq) K, =2510""
HCO; (ag)e=—=H" (aq)+CO; (aq) K, =4.69-10™"

(a) assume that the partial pressure of carbon dioxide is 1 atm. What is the pH of the solution?
(b) the carbonated water container is left open to the atmosphere and it goes flat. the partial pressure of carbon
dioxide it the atmosphere is x. What is the pH of the solution?

Exercise:

Consider the dissolution of citric acid in pure water. The key equations are
H,C,H,0, +H,0 — H,C H,0; + H,0" K, =71-10"
H,C,H,0; +H,0 —» HC,H,0} +H,0" K,=17-10" (11.32)
HC,H,0} +H,0 —» C,H,0} + H,0" K,=64-10"

(a) If.01 moles of citric acid is added to 1 kg of pure water, what is the pH of the solution?



(b) Now, 1 millimole of HCl is also added to the solution. What is the molality of H3C¢HsO7, HoC¢HsO7,
HC¢Hs072, and CsHsO773?

Extension:
Consider the deprotonation of EDTA. The equilibrium constants are,
H,EDTA* +H,0 — H,EDTA" + H,0" K =10
H,EDTA" +H,0 — H,EDTA +H,0" K,=3.2-10"
H,EDTA +H,0 — H,EDTA™ +H,0" K,=1.0-10" (1133)
H,EDTA™ +H,0 — H,EDTA* +H,0" K,=20-10"
H,EDTA* +H,0 — H,EDTA* +H,0" K,=7.4-10"
H,EDTA* +H,0 - EDTA* +H,0" K,=43-10"

(a) If X moles of EDTA is added to 1 kg of solution, plot [H30*] vs. X.
(b) If you titrate EDTA with HCI, give the concentrations of [H.EDTA™] vs. pH. (That is, plot the
concentration of EDTA vs. —logio[H30"].

Extension:
In many proteins, the binding of a signaling molecule induces a conformational change in the protein, for example
from a “closed” to a “open” configuration. This can be described by the reactions,

enzyme +substrate 2 enzyme-substrate K (1134)
enzyme-substrate(closed) &2 enzyme-substrate(open) K '

open
Assume that the initial concentration of the enzyme is 1 nanomole/kg of water, and that the initial concentration of
substrate is 10 nanomoles/kg of water. Assume that K, , =10 and K =10. Compute the molality of the open

open

enzyme-substrate configuration.

Further thought:

After one has solved one problem, one sometimes needs to solve a different problem with slightly different conditions.
For example, if the temperature changes, the equilibrium constants will also change, and that will change the final
concentrations. To do this, one needs to determine how the progresses of reactions depend on the temperature, which
means that one needs to describe how the solutions to the nonlinear equations depend on the temperature. Often
determining this dependence is quite difficult, but there are established methods for doing it, called perturbation theory.

The key is to notice that we can write
-1
d dé dK dK dK
asg _ Z_f o 3B 2 (11.35)
dT rerxns dK, dT rerxns d§ dT
Using this approach, write an expression for the pH of a citric acid solution on temperature.
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There are great (and comprehensive) notes on a variety of mathematical problems, including these and many more,
at:
http:/www.math.umn.edu/~olver/




