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Menger Spaces and the Menger Game Definitions

Scheeper’s Proof
Limited information strategies

The Menger property

Definition

A space X is Menger if for every sequence (Uy, Uy, . ..) of open
covers of X there exists a sequence (Fy, Fi,...) such that

Fn € [Un]<* and U,,-,, Fn is a cover of X.
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Menger Spaces and the Menger Game Definitions

Scheeper’s Proof
Limited information strategies

The Menger property

Definition

A space X is Menger if for every sequence (Uy, Uy, . ..) of open
covers of X there exists a sequence (Fy, Fi,...) such that

Fn € [Un]<* and U,,-,, Fn is a cover of X.

Proposition

X is o-compact = X is Menger = X is Lindeldf.
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Menger Spaces and the Menger Game Definitions

Scheeper’s Proof
Limited information strategies

The Menger game

Let Menc £(X) denote the Menger game with players ¢, .%. In
round n, ¥ chooses an open cover Cp, followed by .# choosing
Fn € [Cn]=v.

Z wins the game (# 1 Menc (X)) if U, Fn is a cover for the
space X, and ¥ wins otherwise.

Steven Clontz http://stevenclontz.com Game-theoretic strengthenings of Menger’s property



Menger Spaces and the Menger Game Definitions

Scheeper’s Proof
Limited information strategies

The Menger game

Let Menc £(X) denote the Menger game with players ¢, .%. In
round n, ¥ chooses an open cover Cp, followed by .# choosing
Fn € [Cn]=v.

Z wins the game (# 1 Menc (X)) if U, Fn is a cover for the
space X, and ¥ wins otherwise.

Theorem (Hurewicz 1926, effectively)
X is Menger if and only if € ¥ Menc r(X).
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Menger Spaces and the Menger Game

Definitions
Scheeper’s Proof
Limited information strategies

Menger suspected that the subsets of the real line with his
property were exactly the o-compact spaces; however:
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Menger Spaces and the Menger Game

Definitions
Scheeper’s Proof
Limited information strategies

Menger suspected that the subsets of the real line with his
property were exactly the o-compact spaces; however:

Theorem (Fremlin, Miller 1988)

There are ZFC examples of non-o-compact subsets of the real
line which are Menger.

But metrizable non-o-compact Menger spaces will be
undetermined for the Menger game.
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Menger Spaces and the Menger Game

Definitions
Scheeper’s Proof
Limited information strategies

Menger suspected that the subsets of the real line with his
property were exactly the o-compact spaces; however:

Theorem (Fremlin, Miller 1988)

There are ZFC examples of non-o-compact subsets of the real
line which are Menger.

But metrizable non-o-compact Menger spaces will be
undetermined for the Menger game.

Theorem (Telgarsky 1984, Scheepers 1995)

Let X be metrizable. .# 1 Menc r(X) if and only if X is
o-compact.
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Menger Spaces and the Menger Game

Definitions
Scheeper’s Proof
Limited information strategies

Note that for Lindeldf spaces, metrizability is characterized by
regularity and secound countability.
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Menger Spaces and the Menger Game

Definitions
Scheeper’s Proof
Limited information strategies

Note that for Lindeldf spaces, metrizability is characterized by
regularity and secound countability.

By considering winning limited-information strategies, it turns
out Scheeper’s proof essentially factors into two lemmas: one
for regularity and one for second-countablity.
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Menger Spaces and the Menger Game Definitions

Scheeper’s Proof
Limited information strategies

Limited information strategies

Definition
A (perfect information) strategy has knowledge of all the past
moves of the opponent.
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Menger Spaces and the Menger Game

Definitions
Scheeper’s Proof
Limited information strategies

Limited information strategies

A (perfect information) strategy has knowledge of all the past
moves of the opponent.

| \

Definition
A k-Markov strategy has knowledge of only the past kK moves
of the opponent and the round number.
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1-Markov Strategies Limited info and relative compactness

Limited info in second-countable spaces

Proposition
If X is o-compact, then % 1 Menc (X).

1-mark

Proof.

Let X = {J,,.., Kn. During round n, .7 picks a finite
subcollection of the last open cover played by & (the only one
% remembers) which covers K. O]

| A\

v
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1-Markov Strategies Limited info and relative compactness

Limited info in second-countable spaces

In general that implication cannot be reversed.
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1-Markov Strategies Limited info and relative compactness

Limited info in second-countable spaces

In general that implication cannot be reversed.

Definition

A subset Y of X is relatively compact if for every open cover for
X, there exists a finite subcollection which covers Y.

Proposition

If X is o-relatively-compact, then .7 1+ Meng g(X).

1-mark

Steven Clontz http://stevenclontz.com Game-theoretic strengthenings of Menger’s property



1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

Z 1t Menc g(X) if and only if X is o-relatively-compact.

1-mark
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

Z 1t Menc g(X) if and only if X is o-relatively-compact.

1-mark

Proof.

Let o(U, n) represent a 1-Markov strategy. For every open
cover U € €, o(U, n) witnesses relative compactness for the set

Ro= ) JoW,n)

uece
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

Z 1t Menc g(X) if and only if X is o-relatively-compact.

1-mark

Proof.

Let o(U, n) represent a 1-Markov strategy. For every open
cover U € €, o(U, n) witnesses relative compactness for the set

Ro= ) JoW,n)

uece

If X is not o-relatively compact, fix x ¢ R, for any n < w. Then
% can beat o by choosing U/, € ¢ during each round such that
x & Jo(Un,n). O
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

For regular spaces X, # + Meng g(X) if and only if X is
1-mark
o-compact.
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

For regular spaces X, # + Meng g(X) if and only if X is
1-mark
o-compact.

For second countable spaces X, .7 1 Menc g(X) if and only if
Z 1 Mencg(X).

1-mark
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

It's sufficient to consider only basic open sets, and since X is a
second-countable space, there are only countably many finite
collections of basic open sets.
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

It's sufficient to consider only basic open sets, and since X is a
second-countable space, there are only countably many finite
collections of basic open sets.

Let o be a perfect information strategy, and suppose we’ve
defined open covers Uy for s < s € w<¥. If U is an arbitrary
open cover, then there are only countably many choices for the
finite subcollection

o(Ust,- .., Us,U) CU
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

Proof (cont.)

Thus we may define open covers Us~ (, for each n < w such
that for an arbitrary open cover U,

O-(Z/[S“?' .. ,Z/{s,u) — O’(Z/{SM,. .. ,Z/{S,Z/{Sﬁ<n>)

for some n < w.
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

Proof (cont.)

Thus we may define open covers Us~ (, for each n < w such
that for an arbitrary open cover U,

O-(Z/[S“?' .. ,Z/{s,u) — O’(Z/{SM,. .. ,Z/{S,Z/{Sﬁ<n>)
for some n < w.

Let t: w — w<“ be a bijection. We define a 1-Markov strategy =
as follows:
T(u7 n) = U(ut(n)ﬂ PRI 7ut(n)au)
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

Proof (cont.)

Suppose there exists a counter-attack (Vy, V4, .. .) which
defeats the 1-Markov strategy 7. Then there exists f : w — w
such that, if V" = Vi1 (41

x ¢ Ur(, t_( ['n))
= UJ(Uf U n,V”)
UaUs, - Usin, Ut (ns1))
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1-Markov Strategies Limited info and relative compactness
Limited info in second-countable spaces

Proof (cont.)

Suppose there exists a counter-attack (Vy, V4, .. .) which
defeats the 1-Markov strategy 7. Then there exists f : w — w
such that, if V" = Vi1 (41

x ¢ Ur(" ( ['n))
= UJ(Uf U n,V”)
UaUs, - Usin, Ut (ns1))

Thus (Us1,Usa, . . ) is @ successful counter-attack by 4’ against

the perfect information strategy o, showing

780 MenC,,:(X) =0 1 Menc,,_-(X). L]
1-mark
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

It's speculated that there are spaces X such that for the

Banach-Mazur game, .4~ 1 BMg n(Xk) but
k+1-tact
A Y BMg n(Xk). (This is true for k = 1.)
k-tact
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k-Markov implies 2-Markov
2-Markov but not 1-Markov

k-Markov strategies for k = 2 Relatively Robustly Menger

It's speculated that there are spaces X such that for the
Banach-Mazur game, .4~ 1 BMg n(Xk) but
k+1-tact
A Y BMg n(Xk). (This is true for k = 1.)
k-tact

Theorem

Z 1 Mencp(X)ifandonlyif # 1 Mencg(X).
k+2-mark 2-mark

| \

Proof.

(U, V),n+1) = | | o(U,...,.U,V,....V),(n+1)(k+2)+m)
——— ——
m<k+2 k+1—m m+1

O

<
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Having knowledge of two of an opponent’s moves allows a
player to react when the opponent changes her moves,
something impossible to do using a 1-tactical or 1-Markov
strategy.
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Having knowledge of two of an opponent’s moves allows a
player to react when the opponent changes her moves,
something impossible to do using a 1-tactical or 1-Markov
strategy.

Definition

Let k' = k U {oo} be the one point Lindeléf-ication of discrete k:
neighborhoods of oo are exactly the co-countable sets
containing it.
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Having knowledge of two of an opponent’s moves allows a
player to react when the opponent changes her moves,
something impossible to do using a 1-tactical or 1-Markov
strategy.

Definition

Let k' = k U {oo} be the one point Lindeléf-ication of discrete k:
neighborhoods of oo are exactly the co-countable sets
containing it.

x! is a simple space which is a regular and Lindeléf, but not

second-countable or o-compact. Thus .# ¢ Meng g(x'), but
1-mark

it's easy to see that .7 1 Mencvp(/sT). What about 2-Markov
strategies?
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k-Markov implies 2-Markov
2-Markov but not 1-Markov

k-Markov strategies for k > 2

Relatively Robustly Menger

The game Meng (") essentially involves choosing countable
and finite subsets of . Conveniently, there already exists an
infinite game also involving the countable and finite subsets of
k in the literature (Scheepers 1991). An adaptation follows:
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

The game Meng (") essentially involves choosing countable
and finite subsets of . Conveniently, there already exists an
infinite game also involving the countable and finite subsets of
k in the literature (Scheepers 1991). An adaptation follows:

Game

Let Fillg () denote the intersection filling game with two
players ¢, .Z. In round 0, ¥ chooses C; € [k]=%, followed by .#
choosing Fy € [x]<“. Inround n+ 1, € chooses C,,. 1 € [k]=¥,
followed by .# choosing Fj, .1 € [x]<“.

# wins the game if J,,_, Fn 2 (<., Cn; otherwise, & wins.
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

F t+ Mencp(s) ifandonlyif # 1+ Fillg £(x).
k-mark k-mark ’
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem
F t+ Mencp(s) ifandonlyif # 1+ Fillg £(x).
k-mark k-mark ’

Definition

For two functions f, g we say f is almost compatible with g if
|{x € dom(f) N dom(g) : f(x) # g(x)}] < w.

| A\

N
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem
F t+ Mencp(s) ifandonlyif # 1+ Fillg £(x).
k-mark k-mark ’

Definition
For two functions f, g we say f is almost compatible with g if
[{x € dom(f) Ndom(g) : f(x) # g(x)}| < w.

| A\

| A\

Definition

S(k) states that there exist functions f4 : A — w for each

A € [k]=¥ such that |f, ' (n)| < w for all n < w and f, fg are
almost compatible for all A, B € [x]“.

A
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem (Scheepers 1991)
S(wy); =S(k) for k > 2¥; Con(S(2*) + ~CH).
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem (Scheepers 1991)
S(wy); =S(k) for k > 2¥; Con(S(2*) + ~CH).

If S(k), then F 1 Fill3 p().

2-mark
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem
If S(k), then # 1 FillaF(n).

2-mark

| A

Proof.
Let fa : A— w witness S(x). Then we define the winning
2-Markov strategy o as follows:

o((A),0) = {a € A: fa(a) = 0}

o((A,B),n+1)={ac ANB: fg(a) < n+ 1 or fa(a) # fg(a)}
L]
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem
If S(k), then # 1 Fillg’F(n).

2-mark

Proof.

Let fa : A— w witness S(x). Then we define the winning
2-Markov strategy o as follows:

o((A),0) = {a € A: fa(a) = 0}

o((A,B),n+1)={ac ANB: fg(a) < n+ 1 or fa(a) # fg(a)}

|D

Corollary
F 1 Mence(Wl), but 7 ¥ Mengg(wl).
2-mark 1-mark
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k-Markov implies 2-Markov
2-Markov but not 1-Markov

k-Markov strategies for k > 2 Relatively Robustly Menger

Characterizing 2-Markov strategies topologically

Let Menc (X, Y) proceed analogously to the Menger game,
except that .% only need cover Y C X.
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k-Markov implies 2-Markov
2-Markov but not 1-Markov

k-Markov strategies for k > 2 Relatively Robustly Menger

Characterizing 2-Markov strategies topologically

Let Menc (X, Y) proceed analogously to the Menger game,
except that .% only need cover Y C X.

Definition

A subset Y of X is relatively robustly Menger if there exist
functions r, : Y — w for each open cover V of X such that for
all open covers U,V and numbers n < w, the following sets are
finitely coverable by V:

c(V,n)={xeY:n(x)<n}

pU,V,n+1)={xeY:n<rx)<nx)}
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem

If'Y is relatively robustly Menger to X, then
F T MenCJ:(X, Y)

2-mark

Theorem
If7 1 Mencg(X,X;) fori <w, then

2-mark
F 1 MenC,F(X7 Ui<w )(I)

2-mark
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

S(r) implies w is relatively robustly Menger to itself.
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem

S(r) implies w is relatively robustly Menger to itself.

| A\

Definition
Let R, be the real line with the topology generated by open
intervals with countably many points removed.

A

S(2¥) implies.# + Menc r(R.)

2-mark
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k-Markov implies 2-Markov
2-Markov but not 1-Markov

k-Markov strategies for k > 2 Relatively Robustly Menger

Theorem

S(2v) implies 7 1 Menc g(R.)

2-mark

Proof.

Proceeds by showing that [0, 1] is relatively robustly Menger (as
a subspace of R,,). Let fc witness S([0, 1]).
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k-Markov implies 2-Markov
2-Markov but not 1-Markov
Relatively Robustly Menger

k-Markov strategies for k > 2

Theorem
S(2v) implies 7 1 Menc g(R.)

2-mark

Proof.
Proceeds by showing that [0, 1] is relatively robustly Menger (as
a subspace of R,,). Let fc witness S([0, 1]).

Choose a finite subcover of V for [0, 1] \ Cy. Let ry(x) = 0 for
x & Cy, and ny(x) = f¢,,(x) otherwise. Then ¢(V, n) is finitely
coverable by V and p(U, V, n+ 1) is just finite. O

Steven Clontz http://stevenclontz.com Game-theoretic strengthenings of Menger’s property



Questions

Some questions:

@ S(k)implies.# 1 Fillg £(x)... what about the other
2-mark ’
direction?
@ Is there a space with . 1 Menc £(X) but
Z Y Mencg(X)?
2-mark
@ Is there a non-o-relatively-robustly-Menger space where
F 1 Menc,,.—(X)?

2-mark
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Questions

Questions from any of you? Thanks!

Steven Clontz http://stevenclontz.com Ga heoretic strengthenings of Menger’s property



	Menger Spaces and the Menger Game
	Definitions
	Scheeper's Proof
	Limited information strategies

	1-Markov Strategies
	Limited info and relative compactness
	Limited info in second-countable spaces

	k-Markov strategies for k2
	k-Markov implies 2-Markov
	2-Markov but not 1-Markov
	Relatively Robustly Menger

	Questions

