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SUMMARY

Simulation of large deformation and post-failure of geomaterial in the framework of smoothed particle
hydrodynamics (SPH) are presented in this study. The Drucker–Prager model with associated and
non-associated plastic flow rules is implemented into the SPH code to describe elastic–plastic soil behavior.
In contrast to previous work on SPH for solids, where the hydrostatic pressure is often estimated from
density by an equation of state, this study proposes to calculate the hydrostatic pressure of soil directly
from constitutive models. Results obtained in this paper show that the original SPH method, which has
been successfully applied to a vast range of problems, is unable to directly solve elastic–plastic flows of
soil because of the so-called SPH tensile instability. This numerical instability may result in unrealistic
fracture and particles clustering in SPH simulation. For non-cohesive soil, the instability is not serious
and can be completely removed by using a tension cracking treatment from soil constitutive model and
thereby give realistic soil behavior. However, the serious tensile instability that is found in SPH application
for cohesive soil requires a special treatment to overcome this problem. In this paper, an artificial stress
method is applied to remove the SPH numerical instability in cohesive soil. A number of numerical
tests are carried out to check the capability of SPH in the current application. Numerical results are
then compared with experimental and finite element method solutions. The good agreement obtained
from these comparisons suggests that SPH can be extended to general geotechnical problems. Copyright
q 2008 John Wiley & Sons, Ltd.
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1538 H. H. BUI ET AL.

1. INTRODUCTION

Problems involving large deformation and post-failure are very important and are active research
topics in the field of geomechanics. Numerical predictions of these phenomena could provide useful
knowledge for engineering practice and design. In the past few decades, the numerical methods
that have most often been used to solve geotechnical problems are the finite element method
(FEM) and the discrete element method (DEM). However, dealing with the large deformation
and post-failure is generally a difficult task for FEM since this method is a grid-based technique.
It thus suffers from grid distortions, which lead to inaccuracies in the solution or even to failure of
the computation due to negative values of Jacobian determinants at nodes of numerical integration.
DEM simulation does not have that limitation; however, processor power limits this method to
small-scale simulation with a few hundred thousand of particles, and it is impossible to handle
large-scale problems. In addition, specification of DEM parameters is somewhat ambiguous, and
reliable guidelines haven’t yet to be clearly established.

Recently, the so-called meshless/meshfree or particle methods have been actively developed and
applied to simulate large deformation of continuum or dispersed material. Among these methods,
smoothed particle hydrodynamics (SPH) is the longest established and has matured compared with
other meshless or particle methods. SPH is a purely Lagrangian meshfree method in which particles
carry field variables such as mass, density, stress tensor, etc. and move with the material velocity.
Through SPH, the partial differential equations for the continuum are converted into equations of
motion of these particles and then solved by updated Lagrangian numerical scheme. Compared
with other grid-based numerical methods, SPH has several advantages such as it can handle large
deformation and post-failure very well due to its Lagrangian and adaptive nature; complex free
surfaces are modeled naturally without any special treatments; complex geometries can be handled
without any difficulties and it is relatively easy to incorporate complicated physics.

SPH was originally invented for astrophysical applications [1, 2]. Since its invention, it has been
extended and applied to a vast range of applications such as dynamic response of material strength
[3–5], free surface fluid flows [6], low-Reynolds number viscous fluid flows [7, 8], incompress-
ible fluid flows [9, 10], heat transfer problems [11], multi-phase flows [12–14], geophysical flows
[15, 16] and turbulence flows [17], etc. It was not until 2004 that the first application of SPH
for seepage failure flow was attempted by Maeda and Sakai [18], where a power-law nonlinear
elastic constitutive model was used to predict the behavior of granular material without considering
plastic deformation. Unfortunately, soil behavior is typically more complicated than the nonlinear
elastic behavior described in that paper and it is, therefore, commonly believed that such imple-
mentations have a limited range of applications. To our knowledge, no application of SPH to solve
plastic deformation of soil has yet been reported in the literature. For more information on the
SPH method, we refer readers to the textbook by Liu and Liu [19] or the recent review of SPH
development by Monaghan [20].

The motivation of this paper is to establish a general SPH framework for solving problems in
geomechanics that involve both small and large deformations and to provide a useful numerical
tool for geotechnical engineering. For this purpose, extensions of SPH to handle general soil
constitutive models with plastic flow rules such as elasto-plastic, elasto-viscous plastic models, etc.
are necessary. We present herein, as the first step, an SPH treatment of an elastic–perfectly plastic
soil constitutive model wherein the Drucker–Prager model with associated and non-associated
plastic flow rules is employed. In contrast to the usual SPH simulation of solid where the hydrostatic
pressure is calculated as a function of density change by the SPH ‘equation of state’, this paper
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1539

proposes to calculate the hydrostatic pressure of soil (or mean principle stress) directly from the
soil constitutive relations. This method provides a general approach to resolve the soil constitutive
relations in SPH and therefore gives more realistic and accurate simulation results. In addition,
special treatments of solid boundary condition are proposed herein to obtain an accurate stress
tensor for soil particles near or on the solid boundary. A further contribution addresses the problem
of ‘tensile instability’ [21] found in the current SPH application for soil. This instability is almost
unrecognizable for non-cohesive soil with small friction angle, but becomes troublesome for
relatively high friction angle. The paper shows that, for non-cohesive soil, this numerical instability
can be completely removed by using the tension cracking treatment, which thereby allows more
realistic prediction of soil behavior in the SPH framework. However, cohesive soil yields a serious
tensile instability that requires a special treatment, and in this paper, the artificial stress method
[22, 23] with properly selected parameters is used to overcome this numerical instability.

Two main problems have been considered in this study to check the applicability of SPH
to soil mechanics. Firstly, SPH is applied to simulate the large deformation and post-failure of
non-cohesive and cohesive soils. In particular, gravitational flows of soil are considered. Numerical
solutions are then compared with a simple two-dimensional experiment using aluminum bars as a
soil model. The method is then validated with a grid-based method, i.e. FEM, through a standard
bearing capacity problem in geomechanics. Numerical results obtained from this paper show good
agreement with experiment and FEM solutions. Development of shear band during failure, which is
generally difficult to simulate by FEM, can also be reproduced clearly through SPH. These results
suggest that SPH could be a promising numerical method for future applications in geomechanics.
In what follows, the governing equations in SPH are briefly discussed and the presently applied
soil constitutive models will be described in the SPH framework. The results of calculations are
then presented and discussed.

2. GOVERNING EQUATIONS

The governing equations of soil in the framework of SPH consist of mass and momentum conser-
vation equations as follows:

D�

Dt
= −1

�

�v�

�x�
(1)

Dv�

Dt
= 1

�

����

�x�
+ f � (2)

where � and � denote the Cartesian components x, y and z with the Einstein convention applied
to repeated indices; � is the soil density; v is the velocity; ��� stands for the total tress tensor of
soil, which also corresponds to the effective stress tensor of soil particles described in this paper;
f � is the component of acceleration caused by external force, which is the gravity force in this
study and D/Dt is the material derivative, which is defined in a fixed Eulerian frame by

D

Dt
= �

�t
+v� �

�x�
(3)

It should be noted that the use of the continuity equation in the current SPH application to soil
is optional and can be removed from the governing equations if the soil density is kept constant.
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1540 H. H. BUI ET AL.

Retaining the continuity equation with the assumption of constant density corresponds to resolving
the variation of void ratio or porosity in a soil domain.

To close the system of governing equations (1)–(2), we require a soil constitutive equation for
the total stress tensor ���. In traditional SPH for a fluid, the total stress tensor is normally divided
into two parts: an isotropic hydrostatic pressure p and a deviatoric shear stress s:

��� =−p���+s�� (4)

where ��� is Kronecker’s delta, ��� =1 if �=� and ��� =0 if � �=�. The hydrostatic pressure p
in SPH is normally calculated as a function of density change by an ‘equation of state’, whereas
the deviatoric shear stress is typically purely viscous and depends on the fluid models. In the SPH
application to solid presented by Libersky and Petschek [3] and Libersky et al. [4] or more recently
by Gray et al. [23], such an equation of state was also used. In our work, hydrostatic pressure of
soil is instead calculated directly from the soil constitutive equation by the standard definition of
mean stress

p=−���

3
=−1

3
(�xx +�yy+�zz) (5)

where �xx , �yy and �zz are the components of the stress tensor in the x, y and z directions.
Throughout this paper, we define that compressive stress corresponds to a negative stress
component.

To solve the above system in the SPH framework, one has to approximate these equations using
SPH interpolation functions. These procedures will be presented in the next part after some brief
descriptions of the soil constitutive models.

3. SOIL CONSTITUTIVE MODELS

3.1. General formulations

As mentioned above, an elastic–perfectly plastic model will be employed in this study to
describe the soil behavior. In this section, the general formulation of this model will be briefly
presented; details of derivations are given in Appendix A. We start by defining the total strain rate
tensor, �̇��:

�̇�� = 1

2

(
�v�

�x�
+ �v�

�x�

)
(6)

For an elastic–perfectly plastic material, �̇�� is normally composed of two parts: one part of elastic

strain rate tensor �̇��
e and the other part of plastic strain rate tensor �̇��

p

�̇�� = �̇��
e + �̇��

p (7)

The elastic strain rate tensor �̇��
e is normally calculated by the generalized Hooke’s law:

�̇��
e = ṡ��

2G
+ 1−2v

3E
�̇����� (8)
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1541

where ṡ�� is the deviatoric shear stress rate tensor; v is Poisson’s ratio; E is Young’s modulus;
G is the shear modulus and �̇�� is the sum of the three normal stress components, i.e. �̇�� =
�̇xx + �̇yy+ �̇zz .

The plastic strain rate tensor can be computed by using the plastic flow rule

�̇��
p = �̇

�g
����

(9)

where �̇ is the rate of change of the so-called plastic multiplier � dependent on the state of stress
and load history and g is the plastic potential function, which specifies the direction to which the
plastic strain develops. If the plastic potential function g is coincident with the yield function f of
the material, the flow rule is then called the associated type; otherwise it is called the non-associated
type. The plastic multiplier � has to satisfy the following conditions of the yield criterion:

• �=0 whenever f <0 or f =0 and d f <0 corresponding to elastic or plastic unloading:
• �>0 whenever f =0 and d f =0 corresponding to plastic loading.

The value of plastic multiplier � can be calculated by using the consistency condition, which
states that

d f = � f

����
d��� =0 (10)

This equation assures that the new stress state (���+d���) after loading still satisfies the yield
criterion:

f (���+d���)= f (���)+d f = f (���) (11)

Substituting the elastic and plastic strain rate tensors obtained from Equations (8)–(9) into Equa-
tion (7), the total strain rate tensor now can be expressed in the form of stress rate tensor as

�̇�� = ṡ��

2G
+ 1−2v

3E
�̇�����+ �̇

�g
����

(12)

Using the standard definition of the total stress tensor, ��� =s��+ 1
3�

�����, and rearranging
Equation (12), the general stress–strain relationship for an elastic–perfectly plastic material can be
derived as follows:

�̇�� =2Gė��+K �̇�����− �̇

[(
K − 2G

3

)
�g

��mn
�mn���+2G

�g
����

]
(13)

where �,� are free indexes and m,n are dummy indexes; ė�� = �̇��− 1
3 �̇

����� is the deviatoric
shear strain rate tensor; K is the elastic bulk modulus, which relates to the shear modulus G and
Poisson’s ratio v through the following equations:

K = E

3(1−2v)
and G= E

2(1+v)
(14)
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1542 H. H. BUI ET AL.

By substituting Equation (13) into the consistency condition (10), the general formulation for the
rate of change of plastic multiplier of an elastic–perfectly plastic material can be obtained through

�̇=
2G �̇�� � f

����
+
(
K − 2G

3

)
�̇��

� f

����
���

2G
� f

��mn

�g
��mn

+
(
K − 2G

3

)
� f

��mn
�mn �g

��mn
�mn

(15)

Once the yield function f and the plastic potential function g are substituted for a particular
material of interest and total strain rate tensor �̇�� is prescribed, the rate of change of plastic
multiplier can be then determined uniquely. Finally, the stress tensor obtained from Equation (13)
is substituted into Equation (2) to close the system of governing equations.

3.2. Drucker–Prager model

The Drucker–Prager yield criterion is chosen in this study to determine the plastic flow regime of
soil. This yield condition is expressed through the following equation:

f (I1, J2)=
√
J2+�	 I1−kc=0 (16)

where I1 and J2 are, respectively, the first and second invariants of the stress tensor, which are
defined by the following equations:

I1=�xx +�yy+�zz and J2= 1
2 s

��s�� (17)

�	 and kc are Drucker–Prager’s constants, which related to the Coulomb’s material constants
c (cohesion) and 	 (internal friction) in several ways of matching two models as illustrated
in Figure 1. Since most of problems described in this paper are in plane strain condition, the
Drucker–Prager’s constants become

�	 = tan	√
9+12tan2	

and kc= 3c√
9+12tan2	

(18)

'
1σ

'
2σ '

3σ

A

B

O

θ

1I−

Yield surface 

αφ

kc

2J

Inaccessible region 

Elastic region 

Shape of yield criteria on the π-planeYield criteria in (      ,        ) plane 
1I− 2J

Mohr-Coulomb 
Drucker-Prager

Figure 1. Drucker–Prager yield criterion.
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1543

In addition to the yield criterion, the plastic potential function also has to be determined to
completely specify the stress–strain relationship. In this paper, two types of plastic flow rules are
implemented into the SPH code. The first one is the associated plastic flow rule, which indicates
that the plastic potential function of the Drucker–Prager material has the same form with the yield
criterion, namely,

g=√J2+�	 I1−kc (19)

The second one is the non-associated flow rule, in which the plastic potential function has the
following form:

g=√J2+3I1 sin
 (20)

where 
 is the dilatancy angle, which is assumed to be zero in this paper. A zero dilatancy angle
of the non-associated flow rule indicates that the material is plastically incompressible.

Substituting Equation (19) into Equations (13)–(15), see Appendix for details, the final
stress–strain relationship of the Drucker–Prager elastic–perfectly plastic soil model with associated
flow rule can be expressed as

�̇�� =2Gė��+K �̇�����− �̇

[
3�	K���+ G√

J2
s��
]

(21)

where the rate of change of plastic multiplier �̇ is estimated for this soil model from the following
equation:

�̇= 3�	K �̇��+(G/
√
J2)s���̇��

9�2	K +G
(22)

Similarly, the stress–strain relationship of the non-associated flow rule can also be derived by
substituting Equation (20) into Equations (13)–(15) leading to

�̇�� =2Gė��+K �̇�����− �̇

[
9K sin
���+ G√

J2
s��
]

(23)

with the following equation for the rate of change of plastic multiplier �̇:

�̇= 3�K �̇��+(G/
√
J2)s���̇��

27�	K sin
+G
(24)

From the above stress–strain relationships, it can be seen that the main difference between these
two models lies in the effect of dilatancy. Dilatancy always takes part in the associated flow rule
soil model, whereas this contribution to the non-associated flow rule is optional through the choice
of dilatancy angle 
. For the granular materials described in this paper, the non-associated flow
rule soil model is adopted with zero dilatancy angle. In the SPH framework, Equations (21)–(24)
can be solved directly using the updated Lagrangian formulation rather than building a stiffness
matrix as in a FEM simulation.
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1544 H. H. BUI ET AL.

When considering a large deformation problem, a stress rate that is invariant with respect to
rigid-body rotation must be employed for the constitutive relations. In this study, the Jaumann

stress rate, ˙̂���
is adopted:

˙̂��� = �̇��−����̇��−����̇�� (25)

where �̇ is spin rate tensor defined as

�̇�� = 1

2

(
�v�

�x�
− �v�

�x�

)
(26)

As a result, the final form of stress–strain relationships for the associated and non-associated flow
rules soil models are, respectively, modified to

�̇��−����̇��−����̇�� = 2Gė��+K �̇�����− �̇

[
3�	K���+ G√

J2
s��
]

(27)

�̇��−����̇��−����̇�� = 2Gė��+K �̇�����− �̇

[
9K sin
���+ G√

J2
s��
]

(28)

where the rate of change of plastic multipliers �̇ are still calculated by Equations (22) and (24).
In order to solve the above constitutive relations, i.e. Equations (27) and (28), we have to first
discretize these equations into the SPH framework for every particle and then interpolate them
by the updated Lagrangian formulation. In fact, in the case of very large deformation the above
constitutive relations are not incrementally objective, which means that it does not preserve exactly
the objectivity of the stress and strain measures for finite time increments, although the objective
measure of the Jaummann stress rate is used. This is because this paper adopted small deformation
theory for the constitutive relations. Full incremental objectivity can be achieved by applying the
finite deformation formulations to the constitutive relations (see Chen and Mizuno [24] and papers
cited therein for details). In this study, the inaccuracy caused by the lack of incremental objectivity
is not significant as a very small time step is applied in the explicitly updated Lagrangian procedure
for solving the dynamic equations. The above soil constitutive model requires three soil parameters:
cohesion coefficient (c), friction angle (	) and elastic bulk modulus (K ), which can be specified
from shear box test or triaxial test.

3.3. Numerical errors in computational plasticity

As the elastic–perfectly plastic soil constitutive model was adopted in this study, the behavior of
soil must be consistent with this model i.e. the stress state must not lie outside the yield surface
when plastic deformation takes place. However, due to numerical errors during computation, which
are commonly found in computational plasticity, the stress state of soil may leave the elastic
domain. In such a circumstance, a return mapping algorithm is often used to numerically return
the stress state to the yield surface. In the current SPH applications for elasto-plastic material, the
same problem occurs. Therefore, the following procedure [24] will be used for the return mapping
algorithm.
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1545

3.3.1. Tension cracking treatment. If, during computation, the stress state of soil moves beyond the
apex of the yield surface, e.g. to the stress state at point F illustrated in Figure 2, numerical error
occurs. This error is the so-called tension cracking, which was described by Chen and Mizuno [24]
in their implementation of a FEM code. In our work, the same tension cracking problem is also
found. In fact, this problem is similar to the so-called SPH tensile instability [21], which may
result in unrealistic fracture or particles forming clumps in SPH simulation when the material is in
tension. Computationally, to remove this tension cracking, it is necessary to shift the hydrostatic
stress component to the apex of the yield surface. Following Chen and Mizuno [24], if the stress
state of material at a time step n exceeds the apex of the yield surface, which satisfies the following
condition:

−�	 I
n
1 +kc<0 (29)

we shall adjust the normal stress components to new values �̃ so that the hydrostatic pressure
corresponds to that at the apex (see Figure 2) according to the following equations:

�̃xx
n = �xx

n − 1

3

(
I n1 − kc

�	

)
(30a)

�̃yy
n = �yy

n − 1

3

(
I n1 − kc

�	

)
(30b)

�̃zz
n = �zz

n − 1

3

(
I n1 − kc

�	

)
(30c)

while the shearing stresses �xy
n ,�xz

n , and �yz
n remain unchanged. In this paper, we will show

that the above tension cracking treatment not only removes the numerical error in computational
plasticity but also solves the SPH tensile instability problem in non-cohesive soil. However, the
same approach is unable to remove tensile instability in cohesive soil since the apex of the yield
surface of this material is located in the tensile stress region (I1>0). To remove this numerical
instability for cohesive soil, the artificial stress method [22, 23] will be applied.

1I−

Yield surface

αφ

kc

2J

A

C

B

kc /αφ

O

n
c

n JkI 21 <+− φα

Stress path without scaling 

Q

F

E

Tension cracking 

01 <+− c
n kIφα

Figure 2. Stress states in tension cracking (E⇒F) and imperfectly plastic (A⇒B) responses.
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1546 H. H. BUI ET AL.

3.3.2. Stress-scaling back procedure. When an elastic–perfectly plastic material experiences plastic
deformation, the stress state must always lie on the yield surface during plastic loading. However,
errors in computation may result in a stress state that lies far away from the yield surface, e.g.
the path AB in Figure 2. In such a circumstance, a stress-rescaling procedure should be employed
to return the stress state to the yield surface. This process is given in the following: A schematic
stress path associated with this stress-rescaling procedure is shown in Figure 2 as the arrow line
from B to C . To scale the stress state at B back to the corresponding state at C on the yield
surface, a scaling factor r is introduced. For the Drucker–Prager yield criterion, this scaling factor
at time step n is defined by

rn = −�	 I
n
1 +kc√
Jn2

(31)

Accordingly, when the stress state of soil exceeds the yield surface, which corresponds, for the
Drucker–Prager yield criterion, to the following condition:

−�	 I
n
1 +kc<

√
Jn2 (32)

the deviatoric shear stress components are reduced in proportion to the scaling factor r , whereas
the hydrostatic stress component I1 is left unchanged, according to the following relations:

�̃xx
n = rnsxxn + 1

3 I
n
1 (33a)

�̃yy
n = rnsyyn + 1

3 I
n
1 (33b)

�̃zz
n = rnszzn + 1

3 I
n
1 (33c)

�̃xy
n = rnsxyn (33d)

�̃xz
n = rnsxzn (33e)

�̃yz
n = rnsyzn (33f)

where

I n1 =�xx
n +�yy

n +�zz
n (33g)

Since this work uses the leapfrog (LF) algorithm for numerical integration, as described in
Section 4.6, the stress of soil is also interpolated at the half-time step (n+ 1

2 ). For consistency,
the above return mapping algorithm is applied at the half-time step by using exactly the above
procedure.

4. SPH FORMULATIONS

4.1. SPH concepts and discretization of governing equations

In the SPH method, the computational domain is discretized into a finite number of particles (or
points). These particles carry material properties such as velocity, density, stress, etc. and move
with the material velocity according to the governing equations (1)–(2). The material properties of

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
DOI: 10.1002/nag
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1547

each particle are then calculated through the use of an interpolation process over its neighboring
particles. The interpolation process is based on the integral representation of a field function f (x)
as follows:

〈 f (x)〉=
∫

�
f (x′)W (x−x′,h)dx′ (34)

where W is the kernel or smoothing function and h is the smoothing length, which defines the
influence domain of W . The smoothing function W must be chosen to satisfy three conditions.
The first one is called the normalization condition∫

�
W (x−x′,h)dx′ =1 (35)

The second condition is the delta function property that should be satisfied when the smoothing
length approaches zero:

lim
h→0

W (x−x′,h)=�(x−x′) (36)

Last is the compact support condition:

W (x−x′,h)=0 when |x−x′|>kh (37)

where k is a constant, which specifies the non-zero region of the smoothing function for a point
at position vector x. This effective area is called the support domain for the smoothing function
of point x. From the compact support condition (37), integration over the entire problem domain
� is localized to integration over the support domain of the smoothing function. Therefore, the
integration domain � is usually the same as the support domain. From the above equations
(34)–(37), if the smoothing function W is an even function with respect to x, by using the Taylor
series expansion of f (x′) around x, it can be shown that the integral representation of f (x) is of
second-order accuracy (h2).

The choice of smoothing function in SPH will directly affect the accuracy, efficiency and the
stability of numerical algorithm. A number of smoothing functions have been proposed in the SPH
literature, ranging from Gaussian to cubic spline functions with a compact support condition. We
apply herein the most popular cubic spline function, proposed by Monaghan and Lattanzio [25],
which has the following form:

Wi j =�d ×

⎧⎪⎪⎨⎪⎪⎩
2
3 −q2+ 1

2q
3, 0�q<1

1
6 (2−q)3, 1�q<2

0, q�2

(38)

where �d is the normalization factor, which is 15/(7�h2) in two-dimensional space and q is the
normalized distance between particles i and j defined as q=r/h. For this cubic spline function,
the parameter k, which defines the effective area of support domain, is 2.

The continuous integral representation (34) can be now discretized as a summation over the
particles in the support domain as follows:

〈 f (x)〉≈
N∑
j=1

m j

� j
f (x j )W (x−x j ,h) (39)

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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1548 H. H. BUI ET AL.

where j=1,2, . . . ,N indicate particles within the support domain of the particle at x, the so-called
neighboring; m j and � j are, respectively, the mass and the density of particle j (m j/� j gives the
volume Vj of particle j).

The approximation for the spatial derivative � f (x)/�x can be obtained simply by substituting
f (x) with � f (x)/�x in Equation (34). Integrating by parts and using the divergence theorem, one
obtains 〈

� f (x)

�x

〉
=
∫
S
f (x′)W (x−x′,h)·ndS−

∫
�
f (x′)�W (x−x′,h)

�x′ dx′ (40)

where n is the unit vector normal to the surface S. Since the smoothing function W is defined to
have compact support, the surface integral in the right-hand side of Equation (40) is identically
zero. Therefore, using the summation approach to approximate the continuous integral as was
done in deriving Equation (39), the approximation of spatial derivative of a function f (x) can be
obtained by 〈

� f (x)

�x

〉
≈−

N∑
j=1

m j

� j
f (x j ) · �W (x−x j ,h)

�x j
(41)

From Equations (39) and (41), the particle approximation for a function and its spatial derivatives
at a particle i can finally be expressed in condensed form as

f (xi ) =
N∑
j=1

m j

� j
f (x j )Wi j (42)

� f (xi )
�x

=
N∑
j=1

m j

� j
f (x j ) · �Wi j

�xi
(43)

where

Wi j =W (xi −x j ,h) and
�Wi j

�xi
=
(
xi −x j

r

)
�Wi j

�r
(44)

with r is the relative distance between particles i and j and it is defined as r =|xi −x j |. The minus
sign in Equation (41) no longer appears in Equation (43) since the gradient �Wi j/�xi is taken with
respect to the xi rather than x j .

Now, it is possible to approximate the velocity gradient of a particle i by directly applying
Equation (43) leading to

�v�
i

�x�
=

N∑
j=1

m j

� j
v�
j ·

�Wi j

�x�
i

(45)

In practice, however, it is more accurate to involve the velocity difference between two interacting
particles rather than using a single velocity of neighboring particle. This can be obtained by
applying (43) to evaluate the gradient of the unity:

�1
�x�

=
N∑
j=1

m j

� j

�Wi j

�x�
i

=0 (46)

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1549

then adding this sum (46), as multiplied by the velocity (−v�
i ), to the right-hand side of (45)

leading to

�v�
i

�x�
=

N∑
j=1

m j

� j
(v�

j −v�
i ) ·

�Wi j

�x�
i

(47)

Approximation (47) ensures that the gradients of a constant velocity field vanish.
The SPH approximation of mass and momentum conservation equations is now straightforward

by applying Equations (42)–(44) to Equations (1)–(2). However, different transformations or oper-
ations may result in different discretized form of SPH equations. In what follows, we will present
the most commonly used formulations in the current SPH literature. First, the right-hand side of
the density continuity equation can be rewritten as

−�
�v�

�x�
=−

(
�(�v�)

�x�
−v� ��

�x�

)
(48)

Then by applying the SPH approximation (43) to the gradient terms in (48) and evaluating the
velocity in the last term of (48) at particle i , the SPH formulation for density evaluation can be
obtained by

D�i
Dt

=
N∑
j=1

m j (v
�
i −v�

j )·
�Wi j

�x�
i

(49)

Considering the momentum equation (2), the right-hand side of this equation can be also rewritten
in the following form:

1

�

����

�x�
= �

�x�

(
���

�

)
+ ���

�2
��

�x�
(50)

using the same approach as was done to approximate the density for Equation (50), the most
popular SPH approximation form for the momentum equation can be derived as follows:

Dv�
i

Dt
=

N∑
j=1

mj

⎛⎝���
i

�2i
+ ���

j

�2j

⎞⎠ �Wi j

�x�
+g� (51)

Discretizations of soil constitutive equations in the SPH framework are also straightforward. The
stress–strain relationship (27) for the associated flow rule soil model of a given particle i in the
SPH formulation can be immediately expressed as follows:

D���
i

Dt
=���

i �̇��
i +���

i �̇��
i +2Gė��

i +K �̇��i ���
i − �̇i

[
3�	K���+ G√

J2
s��
i

]
(52)

where the rate of change of plastic multiplier �̇i for particle i is expressed in the SPH formulation
using Equation (22), leading to

�̇i = 3�	K �̇��i +(G/
√
J2)s

��
i �̇��

i

9�2	K +G
(53)

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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1550 H. H. BUI ET AL.

The same rule used to derive Equations (52) and (53) is applied to obtain the SPH formulation of
stress–strain relationship for the non-associated flow rule soil model. Equation (23) in SPH form
is, accordingly, immediately expressed as

D���
i

Dt
=���

i �̇��
i +���

i �̇��
i +2Gė��

i +K �̇��i ���
i − �̇i

[
9K sin
���+ G√

J2
s��
i

]
(54)

with the rate of change of plastic multiplier �̇i for non-associated type specified by

�̇i = 3�	K �̇��i +(G/
√
J2)s

��
i �̇��

i

27�	K sin
+G
(55)

To complete the above soil constitutive equations, the strain and spin rate tensors of a particle also
have to be discretized into the SPH formulations. These are obtained by substituting Equation (47)
into Equations (6) and (26) leading to

�̇�� = 1

2

(
�v�

�x�
+ �v�

�x�

)
= 1

2

[
N∑
j=1

m j

� j
(v�

j −v�
i )

�Wi j

�x�
i

+
N∑
j=1

m j

� j
(v

�
j −v

�
i )

�Wi j

�x�
i

]
(56)

�̇�� = 1

2

(
�v�

�x�
− �v�

�x�

)
= 1

2

[
N∑
j=1

m j

� j
(v�

j −v�
i )

�Wi j

�x�
i

−
N∑
j=1

m j

� j
(v

�
j −v

�
i )

�Wi j

�x�
i

]
(57)

Finally, the particle positions in SPH are moved according to the following integration:

dx�
i

dt
=v�

i (58)

4.2. Artificial viscosity

It has often been observed that numerical solutions present large unphysical oscillations and are
unstable if a dissipative term is not introduced into the governing equations. This is because shocks
are always present, mostly in the first stages when initial conditions must relax, and if they are not
smeared out over a length scale sufficiently larger than the discretization step h, strong instability can
occur. To improve the numerical stability and to damp out such undesirable oscillations, a dissipa-
tive term �i j (or artificial viscosity) is introduced into the pressure term of the momentum equation.
The artificial viscosity is incorporated into the momentum equation (51) in the following way:

Dv�
i

Dt
=

N∑
j=1

m j

⎛⎝���
i

�2i
+ ���

j

�2j
−�i j�

��

⎞⎠ �Wi j

�x�
+g� (59)

Many numerical tests have proved the advantage of this term in improving numerical stability and
removing the penetration between particles. Of several proposals for artificial viscosity developed
so far, the most widely applied is that derived by Monaghan [26]:

�i j =

⎧⎪⎨⎪⎩
−��ci j	i j +��	2

�i j
, vi j ·xi j<0

0, vi j ·xi j�0

(60)

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1551

where

	i j = hi jvi j ·xi j
|xi j |2+0.01h2i j

, ci j = ci +c j
2

, �i j =
�i +� j

2
(61)

hi j = 1
2 (hi +h j ), xi j = xi −x j , vi j =vi −v j (62)

In the above equation, �� and �� are constants; c is the sound speed in soil, which typically lies
in the range 450–600m/s [27, 28] and 0.01h2i j is used to prevent numerical divergence when two
particles approach each other. In this study, the maximum sound speed c=600m/s is applied for
the artificial viscosity, although a smaller value can be used [6].

The artificial viscosity actually consists of two contributions: one is linearly proportional to the
divergence of velocity, which produces a shear and bulk viscosity [26] and another one, which is
quadratic in the velocity divergence, is substantially analogous to the Von Neumann–Richtmyer
viscosity and able to handle high Mach number flows. According to Monaghan [26], this artificial
viscosity has a number of desirable features:

1. It is Galilean invariant.
2. It vanishes for rigid-body rotation.
3. It conserves total linear and angular momenta.

The values of �� and �� should be chosen according to particular applications. Monaghan [6]
chose �� =0.01 and �� =0 for his first implementation of SPH for quasi-incompressible free
surface flow; Libersky et al. [4] chose �� =2.5 and �� =2.5 for SPH simulation of solid, etc.
In most cases, Monaghan suggests choosing these values close to 1 for best results. The main
drawback of this approach is that it introduces a shear viscosity, or dissipation of energy, into the
flows when a large value of �� is used. Most computations described herein are assigned with
�� =0.1 and �� =0.1. The second term, associated with ��, does not have much effect in the
present study since the velocity of particles is small compared with the sound speed. Our tests
give similar results for the value of �� between 0 and 2.5. It is also worth noting that the artificial
viscosity can also be determined ‘dynamically’ [29] by setting the �� as a functions of time and
space, which allows rather large values where necessary to suppress large unphysical oscillations
and decay in quiescent regions where it is unnecessary. However, this technique is not necessary
in this study; we only chose value of �� appropriate for numerical stability.

4.3. Tensile instability and artificial stress method

When SPH is applied to solids, the SPH particles mimic the behavior of the atoms. If the solid is
compressed, the atoms repel each other. On the other hand, if it expands, the atoms attract each
other. SPH particles behave the same way except that, when material is stretched, the attraction can
result in the SPH particles forming clumps. This instability was first studied in detail by Swegle
et al. [21], who related it to the sign of the pressure and the sign of the second derivative of the
interpolating kernel. It is commonly called the tensile instability. There have been a number of
attempts to remove this numerical instability by different approaches [30–35], but the most effec-
tive and successful has been the method proposed recently by Monaghan [22] and Gray et al. [23].
The key idea of this method is to introduce a small repulsive force between neighboring particles
that mimics interatomic repulsion and prevents them from getting closer when in a state of tensile
stress and thereby subject to attraction due to the original SPH formulation. This repulsive force,

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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1552 H. H. BUI ET AL.

according to Monaghan [22], must increase as the separation between two particles decreases.
In this paper, we will show that a slight tensile instability problem will occur for non-cohesive
soil and for high friction angle although not for small friction angle. We then demonstrate that
the tensile instability in non-cohesive soil can be completely removed by the tension cracking
treatment that was described in Section 3.3.1. However, this approach is not sufficient to remove
the serious tensile instability problem that is found in SPH applied to cohesive soil. In such circum-
stances, the artificial stress method [22, 23] is implemented. To do so, we replace the expression
(59) with

Dv�
i

Dt
=

N∑
j=1

mj

⎛⎝���
i

�2i
+ ���

j

�2j
−�i j�

��+ f ni j (R
��
i +R��

j )

⎞⎠ �Wi j

�x�
+g� (63)

where n is the exponent dependent on the smoothing kernel and is chosen according to the analysis
of dispersion equations [22, 23]; fi j is the repulsive force term and is specified, according to
Monaghan [22], in terms of the kernels:

fi j = Wi j

W (�d,h)
(64)

where �d is the initial particle spacing. In this paper, h is assumed to be constant so that W (�d,h)

is also constant. For the cubic spline kernel, the ratio W (0,h)/W (�d,h) has the value 4 if h
equals �d; if h=1.2�d (the typical h used in this paper), the ratio is about 2.55. For problems
described herein, the exponent n is chosen to be 2.55, although Gray et al. [23] suggested to
choose n=4 for best solutions. With h=1.2�d , the repulsive force term will increase by a factor
of about 11 as ri j decreases from �d to zero, whereas this force decreases rapidly according
to (ri j −2h)3n in the domain h�ri j�2h. This ensures that the effect of the artificial stress is
confined to nearest neighboring particles. In practice, the smoothing length in SPH simulation
may be varied according to the distribution of particles [19, 26]. In such a circumstance, it is
also possible to vary n accordingly [36]. It is worth pointing out that this artificial stress only
takes effect when particles clump (i.e. ri j<�d), whereas it has no influence under ‘normal’ flow
conditions.

For the two-dimensional problem described in this paper, the components of the artificial stress

tensor R��
i for particle i in the reference coordinate system (x, y) are computed from the principal

components R′xx
i and R′yy

i by the standard transformation:

Rxx
i = R′xx

i cos2 
i +R′yy
i sin2 
i (65)

Ryy
i = R′xx

i sin2 
i +R′xx
i cos2 
i (66)

Rxy
i = (R′xx

i −R′yy
i )sin
i cos
i (67)

where the angle 
i is defined by

tan2
i = 2�xy
i

�xx
i −�yy

i

(68)
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1553

where �xx
i , �yy

i and �xy
i are components of stress tensor of particle i in the reference frame. The

diagonal components of the artificial stress tensor in principle axes x ′, y′ are, according to Gray
et al. [23], calculated by

R′xx
i =

⎧⎪⎨⎪⎩
−�

�′xx
i

�2i
if �′xx

i >0

0 otherwise

(69)

where � is a small constant parameter ranging from 0 to 1 and �′xx
i is diagonal stress tensor of

particle i along the principal axis x ′. The constant parameter � in this paper will be chosen based
on tests, although Gray et al. [23] suggested that �=0.3 is the best value for elastic solid. The
same rule is applied to evaluate R′yy

i by simply replacing xx with yy. The diagonal components
�′xx

i and �′yy
i of stress tensor of particle i in the principle coordinate can be calculated in terms

of those in the reference frame by the following relations:

�′xx
i = cos2 
i�

xx
i +2cos
sin
�xy

i +sin2 
�yy
i (70)

�′yy
i = sin2 
i�

xx
i −2cos
sin
�xy

i +cos2 
�yy
i (71)

The same rules are applied to evaluate the artificial stress tensor for particle j by simply replacing
subscript i by subscript j . The above artificial stress term, according to Monaghan [22] and
Gray et al. [23], introduced negligible errors into the calculation results. This term only activates
in the tensile stress region where particles clump unphysically.

4.4. Boundary conditions

SPH simulation may encounter the problem of particle deficiency near or on the boundary. For
particle near or on the boundary, only neighboring particles inside the boundary contribute to
the SPH summation for the gradient calculations, and no contribution comes from the outside
since there are no particles beyond the boundary. This one-sided contribution leads to inaccurate
solutions. In order to resolve this problem, a number of attempts have been proposed using different
techniques. However, the most common approach in current SPH literature is still based on virtual
(or ghost) particles [7, 8, 37]. In this paper, we deal with two types of boundary conditions: a solid
boundary condition and a symmetric boundary condition.

To simulate the solid boundary, three layers of virtual particles, called ‘boundary particles’, are
generated in the boundary region parallel to the solid wall, with the first layer �d/2 outside the
boundary as illustrated in Figure 3. These boundary particles have the same spatial separation �d
as real particles and their density is set equal to the reference density, �0, of real particles. As in the
work of Morris et al. [8], boundary particles contribute to the usual SPH expression for velocity
and stress gradients. However, unlike Morris et al. [8], it is not necessary to evolve the density
of boundary particles in the current application. The no-slip boundary condition is guaranteed by
employing the method proposed by Morris et al. [8], which can be dated back to the original work
by Takeda et al. [7]. For each fluid particle A, the normal distance dA to the boundary is calculated.
This normal distance is used to define a tangent plane from which the normal distance dB to each
boundary particle B is calculated. Then an artificial velocity vB=−(dB/dA)vA is applied to the
boundary particle B by the assumption of zero velocity condition on the plane itself. This artificial
velocity vB is then used for the evaluation of the velocity gradients of real particles near or on the

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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1554 H. H. BUI ET AL.

Real particle

Boundary particle 

∆d
∆d/2
∆d

Solid wall

……………………………….

A VA

BVB

dB

dA

dA’

Figure 3. Initial particles arrangement and treatment of solid boundaries.

solid boundary, although not to locate the boundary particles, which move with the solid boundary.
The relative velocity between real and boundary particles is

vAB=vA−vB=�(vA−vwall) (72)

and the artificial velocity of boundary particles on the moving boundary can be assigned via

vB=(1−�)vA+�vwall (73)

where

�=min

(
�max,1.0+ dB

dA

)
(74)

in which �max is used to exclude the extremely large value of artificial velocity when real particles
get too close to the solid boundary. According to Morris et al. [8], �max=1.5 gives good results
for simulating low Reynolds number planar shear flows. In this study, good results are obtained
for �max=1.5–2.

The above treatment of solid wall is not sufficient for the current SPH applications to elastic–
plastic flows; it is also necessary to assign some stress values to the boundary particles when
evaluating the summation in Equation (63). There have been a number of ways to assign stress
values to boundary particles, the most general being derived by Randles and Libersky [37]. Herein,
we use a simpler approach that is able to capture stress fluctuation and gives smooth stress profile
of particles near the solid boundary. Our approach is based on the assumption of locally uniform
distribution of stress on the solid boundary, which leads to the following way to assign stress
components to boundary particles. For a given real particle i , if boundary particle j is a neighbor
of particle i , then the stress tensor of particle i will be assigned to that of particle j :

���
j =���

i if j is a neighbor of particle i (75)

Therefore, when a real particle approaches the solid boundary, its support domain in the boundary
region will be in a state of uniform stress having the same magnitude as the stress tensor of
the considered real particle. This approach to assign the stress tensor for boundary particles is
straightforward and can save much computational time compared with other methods since this
work can be performed together with the above procedure to extrapolate the virtual velocity of
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1555

boundary particles. Our simulation tests have demonstrated that this approach works well in the
current application and gives smooth stress contours for particles near the solid boundary.

The symmetric boundary condition in this study is modeled by using ghost particles, following
Libersky and Petschek [3]. In this paper, the term ‘ghost particles’ refers to artificial particles
that enforce the symmetric boundary condition, whereas ‘boundary particles’ enforce the no-slip
condition at solid boundaries. The ghost particles are constructed in the following way. For each
real particle i that is located within the distance of khi from the boundary, a ghost particle is placed
symmetrically on the outside of the boundary. These ghost particles will have the same physical
properties as real particles except velocity and stress tensor. The velocity of ghost particles normal
to the boundary (normal velocity) is taken as minus that of real particles in order to prevent the
real particles from penetrating the boundary. On the other hand, the velocity of ghost particles
tangent to the boundary (shear velocity) is set equal to that of real particles in order to simulate
the free-slip boundary condition on the symmetry plane. The stress tensor of ghost particles is set
according to the following relations:

���
G =

⎧⎨⎩���
R if �=b

−���
R if � �=b

(76)

Since the ghost particles satisfy free-slip condition on the symmetric plane, they can also be used
to simulate a solid boundary with the free-slip condition. In such a circumstance, the stress tensor
of ghost particle should be taken identical to that of real particle rather than using the expression
in Equation (76). The ghost boundary particles work well for straight boundaries but introduce
errors for curveted boundaries [8].
4.5. Evaluation of stress on a solid boundary

In SPH, the field variables at a point or at a specific position are normally obtained by adopting
an interpolation process over neighboring particles; however, it is not straightforward to evaluate
stresses acting on a solid boundary. We have tried several ways to extrapolate stress on the solid
boundary and the following way, which is based on the corrective smooth particle method [34],
gives us the best results. The average stress applied on the solid boundary can be estimated by the
following equation:

P=
∫ M
n=1 Pn dsn∑M

n=1 dsn
(77)

where P is the average total stress applied on the solid boundary; M is the number of elements
or particles on the solid boundary; ds is the area of surface elements that lie between each pair of
particles on the solid boundary, and Pn is the local stress at the corresponding point n on the solid
boundary. This local stress might be estimated by directly extrapolating stress from the interior
real particles according to

Pn =
N∑
i=1

mi

�i
PiWni (78)

where i runs over neighboring particles of n located within the distance of kh from particle n, W
is the smoothing function taken here to have the same form as the cubic spline function although
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1556 H. H. BUI ET AL.

other forms, such as Gaussian function, can be used. However, estimation of local stress from
Equation (78) does not give a correct solution since there are no contributions of stress from
outside the solid boundary. Therefore, the corrective smoothed particle method [34] is applied
here. Accordingly, Equation (78) is replaced by

Pn =

N∑
i=1

mi

�i
PiWni

N∑
i=1

mi

�i
Wni

(79)

The term appearing in the denominator actually comes from a Taylor expansion of P around n
and provides the desired correction near the solid boundary. For further details on the corrective
SPM, see [19, 34].

4.6. Time integration

In order to solve the above set of discrete SPH equations in the form of ordinary differential
equations, standard techniques such as the second-order accurate LF, predictor–corrector and
Runge–Kutta (RK) schemes, etc. can be used to integrate the field variables at every particle. In
practice, the LF algorithm is very popular for its low memory requirement and the efficiency for
one force per step; hence, it is adopted in this paper [19]. In this method, the field variables, which
include velocities (v), density (�), stress tensor (���) and positions of particle are updated by
using the following equations:

�n+1/2 = �n−1/2+�t

(
D�

Dt

)
n

(80)

vn+1/2 = vn−1/2+�t

(
Dv

Dt

)
n

(81)

���
n+1/2 = ���

n−1/2+�t

(
D���

Dt

)
n

(82)

xn+1 = xn+�tvn+1/2 (83)

In order to keep the calculations consistent at each subsequent time step, at the start of each time
step, the density, the velocity and the stress tensor of each particle need to be predicted at half a
time step to coincide the position tn . After each calculation step, the stress tensor of material must
be checked for violations of the yield criterion, i.e. the stress state of material exceeds the apex or
the yield surface. If so, the return mapping algorithm described in Section 3.3 will be applied to
recover consistency with the soil constitutive model.

The stability of the above LF integration scheme is governed by the so-called Courant–
Friedrichs–Levy condition, which allows a time step proportional to the smoothing length. In this
work, the following condition is used to determine the size of time step:

�t�Ccour

(
h

c

)
(84)
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1557

where c is the sound speed of the media. In the standard SPH method, the sound speed c is often
chosen to yield density fluctuations of about 1% [6]. This choice of sound speed is considerably
slower than the physical velocity and, therefore, can save computational time. In this study, the
maximum physical sound speed in soil (c=600m/s) is applied in the computations. This will
result in a very small time step compared with the standard SPH method. The very small time
step associated with the updated Lagrangian formulation of the dynamical equations will reduce
the inaccuracy caused by the lack of incremental objectivity that results from the use of small
deformation theory in this paper. The Courant coefficient is chosen to be Ccour=0.2.

5. RESULTS AND DISCUSSIONS

In this section, SPH will be applied to simulate geotechnical problems. Two main problems will be
considered to test the abilities of the proposed method. First, SPH will be applied to simulate the
gravitational flow following soil collapse, which involves an extremely large deformation and failure
of soil. Through this study case, we will show that SPH encounters the tensile instability problem
at large deformation, especially for cohesive soil. Discussions on how this numerical instability can
be removed will be given and proved through numerical tests compared with experimental data.
Next, SPH is applied to simulate the standard bearing capacity problems, which are commonly
found in geotechnical engineering. The validity of this application will be checked by comparing
our SPH numerical results with the FEM solutions conducted by Chen and Mizuno [24].

5.1. Large deformation and post-failure of non-cohesive soil by SPH simulation

In this simulation, a total of 5000 real particles are used to form an initial rectangular soil area 4m
in length and 2m in height with an initial smoothing length of 0.048m, and 1800 boundary particles
are used to generate the solid boundaries. These soil particles have a density of 1850kg/m3, elastic
bulk modulus of 1.5MPa, and friction angles of 25, 45 and 65◦, respectively, for three computational
cases. The non-associated plastic flow rule soil model is adopted in these simulations to describe
the behavior of granular material. Simulations are carried out with artificial viscosity terms ��
and ��, both taken as 0.1. The return mapping algorithm, which includes the tension cracking
treatment and stress-rescaling procedure, is also applied in these simulations.

Figure 4 shows the failure process of non-cohesive soil through SPH simulation with different
friction angles at representative times. From this figure, it can be seen that soil collapses naturally
in the same way as granular material. No tensile instability was found in these SPH applications
for elastic–plastic flows even though a high friction angle was applied. As could be seen, large
deformation and failure of soil can be simulated well through the SPH framework. After collapse,
soil particles move to the right, experience large deformations and finally form an angle of repose.
The failure patterns of soil particles are visualized clearly through the deformation of initially
square grids of ‘tracers’ plotted on the soil areas. The reposed angle obtained in each simulation is
not precisely equal to friction angle, but increases with it. We will show in the following section
that the reposed angle of granular material obtained from experiment is also different from the
friction angle obtained from one-dimensional shear box test. In addition to the above solutions, we
also did the simulations without using tension cracking treatment. Results are still stable for small
friction angle soil but become unstable when using high friction angle. Soil in latter simulations
acts more like cohesive soil than the usual granular material. This indicates that the original SPH

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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1558 H. H. BUI ET AL.

Figure 4. Failure process of non-cohesive soil by SPH simulation at representative times: friction angle
of (a) 	=25◦; (b) 	=45◦; and (c) 	=65◦.

method needs additional improvements to apply to soils. The validity of this tension cracking
treatment in the SPH simulations will be further discussed in the following section together with
experimental data.

5.2. Comparing SPH simulation and two-dimensional experiment of soil collapse

To validate the above numerical solutions, a simple experiment of soil collapse was conducted and
compared with the SPH solution. Since the SPH simulation is carried out under two-dimensional
condition, experiments should also be conducted under such conditions. For this purpose, we
decided to use small aluminum bars of diameters 1 and 1.5mm, length 50mm and density
2650kg/m3, to model the soil. This soil model was initially arranged into a rectangular area

Copyright q 2008 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2008; 32:1537–1570
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1559

(200×100mm), which is generated by standing two flat solid rods (walls) on a flat surface. The
above soil scale was decided after a number of trial tests, bigger scale will lead to unstable move-
ment of soil particles during the failure process, i.e. aluminum bars will not move horizontally.
A reference grid was set behind the soil volume, out of contact with the soil particles, to measure
surface configuration of soil particles after collapse. To visualize the failure pattern of soil particles,
square grids (20×20mm) were plotted on the specimen. The experiment was started by quickly
removing the right wall horizontally to the right.

The parameters for the soil constitutive model include cohesion coefficient (c), friction angle
(	) and elastic bulk modulus (K ). To determine realistic values, a shear box test on aluminum bars
also conducted. Four experiments were carried out at the low loading conditions of 32.7,65.4,98.1
and 130.8 kPa. The resulting stress–strain relationships, shown in Figure 5, allow us to specify the
peak shear stress at each loading condition. The yield surface was then generated by connecting
these peak shear stresses, thereby giving us the values of cohesion coefficient and friction angle.
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Figure 5. Typical stress–strain relationships (a) and yield surface (b) of soil model obtained
from the shear box test.
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1560 H. H. BUI ET AL.

It can be seen that the yield surface passes through the origin, which confirms the non-cohesive
property of aluminum bars. The friction angle was found to be about 	=19.8◦. The elastic
properties can be also obtained from the stress–strain relationships. These lines allow us to specify
an average value of shear modulus G, which corresponds to the slope of elastic part, and with an
assumption of constant Poisson’s ratio v=0.3, the average bulk modulus can be determined as
K ≈0.7MPa.

The friction angle and bulk modulus of aluminum bars obtained from the above experiment
were then employed in the SPH simulation using 3200 particles arranged in the same configu-
ration as the experiment sample. The non-associated flow rule soil model was adopted in this
simulation to describe the behavior of granular material. The artificial viscosity was specified the
same as the previous simulations, and the no-slip boundary condition was employed to model
the solid boundaries. The comparison between experiment and simulation is given in Figure 6,
which exhibits excellent agreement between SPH simulation and experimental result. The defor-
mation pattern of soil in simulation looks almost identical to that of experiment. As indicated
in Figure 6(d), good agreement between simulation and experiment is found not only for the
surface configurations but also for the failure lines that separate the deformed and non-deformed
areas. In addition, the reposed angle of soil collapse in experiment is also less than the internal
friction angle of 19.8◦ obtained from the shear box test. This result also agrees with those obtained
from the earlier SPH simulations. The good agreements between simulation and experiment indi-
cates that the current SPH model works well for non-cohesive soil and confirms that the above
elastic–plastic soil model works well in the SPH framework for large deformation and post-failure
problems.

The tension cracking treatment is now validated by again simulating the above experimental
problem without this treatment. Result obtained from this simulation, as shown in Figure 7(a), is
compared with the usual simulation where the tension cracking treatment is taken into account.
The dashed line in these images is the final surface configuration of soil particles in experiment.
As can be seen, when the tension cracking treatment is switched on, simulation result for surface
configuration is in good agreement to that of experiment. On the other hand, differences in surface
configuration and displacement of soil particles appear when the tension cracking treatment is
switched off. The effect of the tension cracking treatment can be further observed by increasing the
friction angle to 45◦, which is similar to the friction angle of relatively dense Toyoura sand, while
keeping constant other parameters and the initial soil configuration. The results of this simulation
are shown in Figure 7(b). It can be observed clearly that soil behaves as a nature granular material
when the tension cracking treatment is adopted; conversely, the result becomes unusual without
this treatment. Soil in this case behaves more like cohesive soil than granular material. In addition
to the above unusual behavior, slightly unrealistic fracture is also observed on the free surface of
this material during collapse. This indicates that SPH tensile instability occurred in this simulation
and it becomes more serious as the friction angle is increased (results were not shown in this
paper). However, the fracture was completely removed by adopting the tension cracking treatment
as shown by the left of Figure 7(b) as well as by the results in the previous simulation with high
friction angle of 65◦. It should be noted that the artificial stress method described in Section 4.3
will have no effect in non-cohesive soil since there is no tension stress state after employing the
return mapping algorithm. Therefore, we can switch off this term in non-cohesive soil simulation.
From the above validation, it can be concluded that the tension cracking treatment not only kept
soil moving in accord with the soil constitutive model but also use to remove tensile instability
problem in non-cohesive soil.
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1561

Figure 6. Comparison between experiment and SPH simulation of non-cohesive soil failure: (a) experi-
mental result; (b) SPH simulation result; (c) accumulated deviatoric plastic strain from simulation; and

(d) final surface configurations and failure lines in experiment and simulation.

5.3. Large deformation and failure of cohesive soil

In this section, we extend the above SPH model to test this method with cohesive soil. To do so,
we again simulate the problems described in Section 5.1 using the same particles configuration
and soil parameters except that the value of cohesion is now increased to 5 kPa. Here, we only
consider the case with a friction angle of 25◦; similar results were also obtained in simulations
using different friction angles. The results of this application are shown in Figure 8 where different
values of � are considered.
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1562 H. H. BUI ET AL.

Figure 7. Effect of the tension cracking treatment on numerical solutions for non-cohesive soil with
friction angle of (a) 	=19.8◦ and (b) 	=45◦. The left images are the SPH simulation using the tension
cracking treatment, while right ones are results without employing this treatment. The dashed lines in (a)

indicate the surface configuration of soil particles obtained from experiment.

Figure 8. SPH tensile instability in cohesive soil was removed by using the artificial stress
method. Different coefficients for the artificial stress term are investigated to find the best
value. The exponent n was kept constant at 2.55, while the coefficient � was increased from

0 to 0.7. The best result was found at �=0.5.

From this figure, it can be seen clearly that without using artificial stress term (�=0), SPH
could not handle the large deformation and failure of cohesive soil without unrealistic fracture at
the soil surface, the so-called tensile instability. Herein, the method that was successfully applied
to remove the tensile instability in non-cohesive soil, i.e. the tension cracking treatment, could not
resolve this problem in cohesive soil. This can be explained due to the existence of tensile stress
states (I1>0) in cohesive soil, i.e. on the left side of

√
J2-axis in (−I1,

√
J2) plane, even if the

tension cracking treatment was already employed. Our numerical tests have shown that the more
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1563

serious fracture will be observed in the simulation without using this tension cracking treatment.
By adding artificial stress term, which was described in Section 4.3, into the momentum equation,
the tensile instability is reduced by taking �=0.3 and is completely removed with �=0.5 and 0.7.
The exponent n was kept constant at n=2.55 in these simulations. For elastic solid, it has been
shown through the results of Gray et al. [23] that taking n=4 is optimal, in which case �=0.3 is
large enough. However, for elastic–plastic soil, we found that this choice is not suitable; using n=4
with smoothing length h=1.2�d results in numerical instability due to a strongly repulsive force
between particles, which are in tension. For example, the above choice will make the repulsive
force increase by a factor of about ∼42 as ri j decreases from �d to zero. Our recommendation
to remove this tensile instability in the current SPH application for cohesive soil is n=2.55 and
�=0.5 for h=1.2�d . This selection of parameters has been decided after carefully investigating
a number of tests on this problem with both smaller- and larger-scale simulations. From the above
simulation results, it may be concluded that the tensile instability is more significant in cohesive
than in non-cohesive soil.

After removing the tensile instability problem, the simulated soil particles fail naturally as
shown in Figure 9. The development of a shear band is observed clearly through the deviatoric
plastic strain. The results show that most soil particles that experienced large shear deformation
are associated with high plastic strain, while this is not observed in the non-shearing particles. The
plastic area expands during the failure process until the soil particles stop moving at around 2 s
after collapse. Moreover, if we focus attention on the position of ‘fracture’ shown in Figure 8, it
can be seen that the tensile instability occurred in the plastic region of soil.

We repeated these simulations for cohesive soil without using the artificial stress method. Instead,
we increased the values of artificial viscosity to �� =1 and �� =1; this suppresses the unrealistic
fracture obtained in the previous simulation without completely removing it. By increasing �� and
�� further, this tensile instability may be removed; however, this is not a good way to remove the
tensile instability problem since a large artificial viscosity will affect the flow and thus soil will
deform differently. The artificial viscosity described in this paper should be only used to stabilize
the numerical scheme.

By increasing the value of cohesion, the soil particles in SPH simulation will stand without
deforming; therefore, the tensile instability will not occur. This result is also natural in soil
mechanics. Similar results are also obtained for large-scale simulation.

5.4. Simulation of bearing capacity problems and comparing to Chen and Mizuno [24]
In this section, the accuracy of the above SPH application for geo-material is examined by
comparing with a grid-based method, i.e. the FEM. Specifically, the standard problem of bearing
capacity is conducted and compared with the analytical and FEM solutions by Chen and
Mizuno [24]. The following is the configuration considered by Chen and Mizuno [24]: a 3.14m
(10.28 ft) wide strip footing bears on a shallow stratum supported by a rigid, perfectly rough base.
The horizontal stratum extends 7.32m (24 ft) horizontally from the footing center, and the depth of
the stratum is 3.66m (12 ft). The vertical boundary was assumed to be perfectly smooth and rigid,
and the strip footing was assumed to be rigid and perfectly rough. The soil constants used in the
FEM calculation are Young’s modulus E=207MPa (3000 psi), Poisson’s ratio v=0.3, cohesion
c=69kPa (10 psi), angle of internal friction 	=20◦. The soil weight is neglected. FEM analyses
were carried out by means of Drucker–Prager model with the associated and non-associated flow
rules under plane strain conditions.
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1564 H. H. BUI ET AL.

Figure 9. Deformation pattern of cohesive soil (left images) and the corresponding accumulated deviatoric
plastic strain (right images) at representative times after removing the SPH tensile instability problem.

To conduct the above bearing capacity model by SPH, the symmetric boundary condition is
adopted at the center of the stratum, and only half of the stratum is taken into consideration.
A total of 7371 SPH particles are arranged in a rectangular lattice to generate the half stratum with
an initial smoothing length of 0.0732m. These particles have the same material properties as the
soil model used in the FEM simulation. ‘Boundary particles’ with no-slip boundary condition are
used to model the rigid, rough base and strip footing. On the other hand, the ‘ghost particles’ that
satisfy the free-slip boundary condition are assigned to the vertical boundary. Artificial viscosity
is used in these simulations, with �� =1 and �� =1. A smaller value of �� results in stress fluc-
tuation since large cohesive coefficient is considered. The return mapping algorithm and artificial
stress method are also employed to remove the numerical instability at large deformation loading.
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1565

To match the neglect of soil weight in FEM, the gravitational force is set to zero; therefore, there is
no need to solve the continuity equation. Even so, it is still necessary to set a reference density for
soil particles in order to remove the numerical divergence from the SPH momentum equation, and
this density was taken at 1850kg/m3 in these applications. Tests gave almost identical results for
reference densities between 1000 and 2750kg/m3. The loading speed of the strip footing should
be taken small enough to ensure the accurate solutions and is taken to be 2 cm/s for the problem
described in this paper. The average pressure applied beneath the footing is evaluated by using the
method described in Section 4.5.

Figure 10 compares the load–displacement relationships of SPH and FEM simulations for both
associated and non-associated flow rules along with the limit analysis (slip line), Prandtl and
Terzaghi solutions. In both FEM and SPH simulations, the non-associated Drucker–Prager model
gives a softer response of limit load than the corresponding associated model. These curves rise
linearly to about 449 kPa in both methods and then show nonlinear behavior, which corresponds to
plastic loading, until they reach the collapse loads. During plastic loading, the load–displacement
curves obtained from the SPH simulations are slightly lower than those of the corresponding
FEM simulations, although the limit load obtained from the non-associated soil model in SPH
almost matches that of FEM. This slight difference may result from the treatments of boundary
condition on the strip footing, where the shear stress of particles right beneath the footing in FEM
simulation was constrained to zero, while this was not done in SPH. In addition, soil particles
in contact with the footing in FEM simulation were prevented from horizontal movement; on the
other hand, particles near the footing edge in SPH are still able to move in this direction, although
not freely due to the no-slip boundary condition. Another cause may be the neglect of soil weight
employed in SPH simulation since SPH is more suitable for dynamic problems than static ones.
Overall, however, the results obtained from the SPH simulations agree well with those obtained
by FEM simulations for the same soil models and differ quantitatively from those obtained with
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Figure 10. Load–displacement curves by Drucker–Prager models with associated and non-associated flow
rules in SPH and FEM [24] simulations.
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1566 H. H. BUI ET AL.

the FEM by a maximum of 2%. Furthermore, if we compare SPH with the analytical results,
it can be seen that both models predict limit loads that lie between the Prandtl and Terzaghi
solutions.

Our numerical tests showed that the configuration chosen by Chen and Mizuno [24] was not
sufficiently wide to avoid boundary effects. Therefore, we continue to test our method in this
application by extending the horizontal extent of the stratum to 10.065m (33 ft). The velocity
field and the corresponding accumulated deviatoric plastic strain of soil particles at 30 cm footing
displacement are presented in Figure 11. It can be seen that the magnitude of the velocity field
in the associated model is much larger than that predicted by the non-associated model. This is
due to the large amount of dilatancy allowed by the associated model which, in contrast to the
non-associated model, has zero dilatancy angle in the current simulations. The Prandtl failure
mechanism was also obtained in both models. These SPH results agree well with those obtained by
Chen and Mizuno [24]. In addition, the contour of accumulated deviatoric plastic strain at 30 cm
displacement of the footing show clear strain localization in the case of associated soil model,
whereas this strain localization has not yet formed clearly in the case of the non-associated model.
The results obtained here show that the strain localization can be displayed clearly through SPH
simulation even at the large deformation, unlike FEM. Simulation can be continued as long as
desired without encountering any problems.

From the above benchmark results, it could be said that the current SPH model can be readily
extended to general geotechnical problems under plane strain conditions. SPH can give similar
results to FEM simulation, while additionally possessing the capability to handle large deformation
without any difficulties.

Figure 11. Results of bearing capacity in SPH simulation after extending the horizontal extent of
the stratum to 10.065m: velocity field (left images) and corresponding accumulated contours of
deviatoric plastic strain (right images) at 30 cm displacement of the footing. (a) Non-associated flow rule

model and (b) associated flow rule model.
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1567

6. CONCLUSIONS

The development of SPH to resolve the large deformation and post-failure of geomaterial has been
described. The Drucker–Prager model, with associated and non-associated plastic flow rules, has
been implemented for the first time into the SPH framework. Applications of SPH to simulate the
large deformation and post-failure flows of non-cohesive and cohesive soils have been presented
and discussed. From this study, we concluded that the original SPH method, which has been
successfully applied to a vast range of problems, could not be directly applied to simulate elastic–
plastic soil behavior because of the SPH tensile instability problem, which resulted in unrealistic
fracture at the soil surface at large deformation. In non-cohesive soil, this problem was almost
unrecognizable at small friction angle material; however, mild tensile instability developed when
a relatively high friction angle was applied. This paper showed that using the treatment of tension
cracking, this problem can be completely removed so as to obtain realistic behavior of granular
material through SPH simulation.

For cohesive soil, the SPH method encountered a serious tensile instability problem that leads to
the failure of the computation. The tension cracking treatment, which removed the tensile instability
in non-cohesive soil, could not resolve this problem. By using the artificial stress method [22, 23],
this tensile instability could be overcome; however, the present application requires values for the
coefficients for the artificial stress term that differ significantly from those habitually used in SPH
of elastic dynamics.

Finally, the numerical results obtained from this paper showed good agreements with both
experiment and FEM solution [24]. Furthermore, the development of shear bands during failure,
which is generally difficult to simulate by FEM, can be also predicted clearly by the SPH method.
The biggest advantage of SPH is that it can handle large deformation and failure without any
difficulties. These results suggest that SPH could be a potential method for solving large deformation
and post-failure of geomaterial. In order to further enhance the SPH application for geomechanics,
it is necessary to continue extending this method to more general soil constitutive models such
as elasto-plastic models with hardening/softening, elasto-viscous plastic model, Cap models, etc.
These can be reliably handled by the SPH framework presented in this paper. In addition, to
improve the accuracy of the SPH method for the simulation of large deformation and post-failure
of geomaterial, which suffered from the use of small deformation theory in this paper, the finite
deformation formulations should be implemented into the SPH framework in order to keep the
objectivity of strain and stress measures. In this study, the inaccuracy caused by the lack of
incremental objectivity is not significant as a very small time step was taken and the updated
Lagrangian formulations were used.

APPENDIX A

The general stress–strain relationship of an elastic–perfectly plastic Drucker–Prager soil model can
be derived in the following way. The total strain rate tensor in Equation (12) has the following
form:

�̇�� = ṡ��

2G
+ 1−2v

3E
�̇�����+ �̇

�g
����

(A1)
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1568 H. H. BUI ET AL.

This equation can be rewritten by replacing İ1= �̇��, leading to

�̇�� = ṡ��

2G
+ İ1
9K

���+ �̇
�g

����
(A2)

Substituting ṡ�� = �̇��− 1
3 İ1�

�� into Equation (A2) and solving for �̇��, the following stress–strain
relationship can be obtained:

�̇�� =2G �̇��−2G�̇+ 3K −2G

9
İ1�

�� (A3)

The value of İ1 can be derived by setting �=� in Equation (A2) leading to

İ1=3K

(
�̇��− �̇

�g
����

���
)

(A4)

Substituting Equation (A4) into Equation (A3), the general stress–strain relationship for an elastic–
perfectly plastic material, Equation (13), can be derived as follows:

�̇�� =2Gė��+K �̇�����− �̇

[(
K − 2G

3

)
�g

��mn
�mn���+2G

�g
����

]
(A5)

For the Drucker–Prager material, the yield and plastic potential functions are generally given by
the following equations:

f (���) = F(I1,
√
J2)−K =0 (A6)

g(���) = G(I1,
√
J2)−K =0 (A7)

Hence, the derivative of these functions with respect to the stress tensor can be derived by

� f

����
= � f

�I1

�I1
����

+ � f

�
√
J2

�
√
J2

����
= � f

�I1
���+ 1

2
√
J2

� f

�
√
J2
s�� (A8)

�g
����

= �g
�I1

�I1
����

+ �g
�
√
J2

�
√
J2

����
= �g

�I1
���+ 1

2
√
J2

�g
�
√
J2
s�� (A9)

Substituting Equation (A9) into Equation (A5), the general stress–strain relationship for the
Drucker–Prager material can be obtained as

�̇�� =2Gė��+K �̇�����− �̇

[
3K

�g
�I1

���+ G√
J2

�g
�
√
J2
s��
]

(A10)

where the plastic multiplier can be also derived by substituting Equations (A8)–(A9) into Equa-
tion (14) leading to

�̇=
3K �̇��

� f

�I1
+ G√

J2

� f

�
√
J2
smn �̇mn

9K
� f

�I1

�g
�I1

+G
� f

�
√
J2

�g
�
√
J2

(A11)
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SPH FOR LARGE DEFORMATION AND FAILURE FLOWS OF GEOMATERIAL 1569

Equations (A10) and (A11) were derived using the following identities:

������ =3, �̇����� = �̇��, s����� =0 (A12)

Finally, substituting Equations (16), (19) and (20) into Equations (A10) and (A11), the final stress
relationship described in Equations (22)–(24) can be obtained.
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