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Vertex operator algebras

o Vertex operator algebras(VOAs) are mathematically rigorous
definition of chiral conformal field theories(CFTs).

e A (C-cofinite and rational VOA gives a rational conformal field
theory.

e A (Cs-cofinite VOA gives a logarithmic conformal field theory.

o Mathematically, the lower genus data of chiral CFT can

characterize the tensor category Rep(V).

o All VOAs in this talk are assumed to be Cs-cofinite, positive
energy and of CFT type. All modules are assumed to be finitely
generated admissible modules. We will NOT emphasize these
conditions later.
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Tensor category Rep(V): rational case

e When V is rational, Rep(V) is a fusion category with finitely
many irreducibles M, - -- | M,,. The tensor product in Rep(V),
denoted by [X], is defined by

M; \*
UKW := (—BI(UW) ®M,,

)

where Z (1) is the space of intertwining operators of type ().

e To understand the tensor category structure of Rep(V), it
suffices to understand intertwining operators.
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Intertwining operators and genus 0 conformal blocks

@ The space of intertwining maps of type (WWX*?VQ) can be
understood as the space of conformal blocks
;7;1}“2 (W, ® Wy ® WY) associated to a pointed surface with local
coordinates B, = (P'; 0, 2,0;(,( — 2,1/¢), which has genus 0.
e If we combine all 53, over z € C* in a proper way, we will get a
family of pointed surfaces *}3 with base manifold C*. Then

conformal blocks should be ‘analytic’ on C* in some sense.
o (5-cofiniteness implies that all spaces of conformal blocks are
finite dimensional. N} = dimI(MRkaﬂj) is the fusion rule of
Rep(V).
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Intertwining operators and genus 0 conformal blocks

e The associativity isomorphism corresponds to sewing and
factorization of conformal blocks for the 4-pointed surface
(]le; Oa 21, 22, OO)

[

@ When V is rational, intertwining operators
V(,2): W, @ Wy — W3{z} of type (W%VQ) involve no log z,
but the powers of z are not necessarily integers. The same holds

for conformal blocks.
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Genus 1 conformal blocks from intertwining operators

To study rigidity and modularity of Rep(V), we need to introduce
modular invariance of genus 1 conformal blocks. There are (at least)
two ways to understand genus 1 conformal blocks.

(1) Taking q-traces of intertwining operators. If we choose an
intertwining operator ) of type (ngJU)' we get a formal series
Sy(w, 1) = TryY(U(q.)w, qz)qf(o)_i,where qr = e*™7. If we
prove its convergence in some sense, it may be regarded as a
‘conformal blocks' associated to the 1-pointed surface
T, = (T,;2), . Geometrically, we obtain genus 1 conformal

blocks by self sewing genus 0 conformal blocks along
(0,T,Q), (0, U, 1/Q).

T



Sewing along a single pair of points

Sew! '\g

Monl 0,0

Self sewing along a single pair of points

Gew u'nj

al»na %, 0

Disjoint sewing along a single pair of points
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Genus 1 conformal blocks

(2) Understand conformal blocks of all genera in a uniform way. For
example, for the 1-pointed surface T, = (T,; z), we can define
the space of conformal blocks 77" (W), consisting of linear maps
W — C which vanish on certain action defined by V and T

(3) If we combine all these T, over 7 € H, we get a family of
compact Riemann surfaces T with base manifold H. We can also
define conformal blocks on ¥ and they must be ‘analytic’ on H in

soOme sense.
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Genus 1 sewing and factorization theorem

Theorem (Sewing and factorization, Huang '03)
Suppose that V is rational.

o Sewing. Taking q-traces of a genus 0 conformal block
(intertwining operator) defined in (1) is absolute convergent and
gives a genus 1 conformal block on ¥ in the sense of (3).

e Factorization. Every conformal block on ¥ in the sense of (3)
can be written as a linear combination of sewing intertwining

operators of type (vlvwlviﬂ.) fori =1,--- ,n.

When W =V, the above theorem was first given by Zhu in 1996.
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Modular invariance of genus 1 conformal blocks

Corollary (Huang '03)

Assume that V is rational. For each w e W,

Fu :=span{Sy(w) : Y € I(Vgﬂmjﬁi),z’ =1,---,n} is SLy(Z)-invariant.
In particular, T — —1/7 gives S-matrix.

Proof.

By sewing in the previous theorem, for each ), Sy is a genus 1
conformal block on ¥. It is not hard to check that under
SLy(Z)-transformation, it remains to be a genus 1 conformal block on
. By factorization in the previous theorem, the theorem is

proved. ]
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Modular invariance of genus 1 conformal blocks

e If we assume V is not necessarily rational, then the current
version of factorization is not true and thus modular invariance
given in the above corollary is not true. For W =V and v € Vb,
Miyamoto added the mysterious pseudotraces in F, to make the
new F, an SLy(Z)-invariant space.

e In 2023, Huang proved modular invariance involving pseudotraces
for nonrational VOAs. The main difficulty in his proof is a
modified version of ‘factorization’ involving pseudotraces.
Therefore, genus 1 conformal blocks for Cs-cofinite VOAs are all

constructed using intertwining operators and pseudotraces.
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Sewing compact Riemann surfaces, arbitrary genus

o Let X be a (not necessarily connected) (N + 2R)-pointed
compact Riemann surface. Among these points, there are NV

ordinary points xy,--- ,zy and R pairs of distinguished points
xy, -+, & and 2f,- -, 2%. These distinguished points are
equipped with local coordinates &, - -+ ,&gr, @1, -+ , @WR.

o Sew X via
Szwz:qla Z:LaR

to get X,, = X, .. g»,» Which is a nodal curve of possibly higher

genus.
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Sewing compact Riemann surfaces, examples

@ (029
\}} Sewmg
EPEACESS
Sewx
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Sewing compact Riemann surfaces

e Combining all such X,,, we get a family of pointed nodal curves
X, whose base manifold is D,,,, = D,,,, x -+ x D,,,, and
gl.-fiber is exactly X,,. If we restrict X to

X _ X X
Dr.p. - Dmm Ko X DTRPR’
compact Riemann surfaces.

then we get a family of pointed

o We can define the notion of conformal blocks of X, X and X4, in
a uniform way.
o For X (resp. X,,), a conformal block is a linear map from a
VOW+2R)_module (resp. V®N-module) to C.
o For X, a conformal block is a morphism of Op,_, -modules
W& Op — Op where W is a VN _module.

TePe Tepe’
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Sewing conformal blocks

o Suppose W is a V®V_module and M is a V®%-module. Associate
Wto zq, - ,an, Mtoa), -, 2% and M to 27, --- | 2.

e It is interesting to remark that: if V is Cs-cofinite and rational,
then W and M can both be written as tensor products of
V-modules.

o If P : WR®ME®M' — C is a conformal blocks on X, then we
sew  to get S : W — C{q¢. }[log q.] by setting

Sh(w) = h(gi » @)

Sometimes, we may use Sy to emphasize M.
@ When V is rational, S actually involves no log terms.
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Higher genus sewing and factorization, the rational case

Assume that V is rational. Suppose X is a family of N-pointed nodal

curves obtained by (self or disjoint) sewing an (N + 2)-pointed

surface X along 2/ and 2”, i.e., R = 1. Since V is rational, we may

write W =W; ®--- @ Wy.

Theorem (Gui '20, Gui-Z. to appear, in a more general version)

(1) SY(w; ® - -- Q@ wy) is absolutely and locally uniformly
convergent for each w; ® -+ - @ wy € W1 ® --- @ Wy and S is

a conformal block on X outside the nodes. This property does
NOT rely on rationality.

(2) Each conformal block on X outside the nodes can be written as a
linear combination of

{Sy : M € Irr,p is a conformal block on L%}
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|dea of proof for convergence

e Using complex analytic geometry, we can lift the vector field
) = qJ, on the base manifold D,, to the nodal family. The
resulting vector field is denoted by 1. However, there will be
possible poles at N punctures.

o We use 1) to define a projective flat connection Vg5, on the sheaf
of conformal blocks and this will give a linear differential
equations with simple poles for S{. The convergence hence
follows.

@ This method can also be used to prove that: conformal blocks of
Cs-cofinite VOAs give rise to holomorphic vector bundles over
families of compact Riemann surfaces (Gui-Z. to appear).
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Higher genus sewing and factorization, the rational case

Corollary

For each q € Dy, sewing conformal blocks gives an isomorphism of

vector spaces

S, EI—) %*(W1®"‘®WN®M®M/) = :%EZ(W1®“-®WN).

Melrr

Theorem (Nodal factorization, Damiolini-Gibney-Tarasca '19)

‘Formal sewing’ gives an isomorphism of vector spaces

~

So: P TEW,® - @Wy@MAM) 5 Z (W, ® - ® Wy).

Melrr
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Logarithmic story

Now, our VOA V is not assumed to be rational. Our goal is to give
an analog of sewing and factorization theorem in the nonrational
case. The main differences between logarithmic and rational stories
are the following.
@ Intertwining operators and conformal blocks will all involve log
terms. This is mainly because L(0) is no longer semisimple on

V-modules.

o Instead of associating W; ® - - - ® W to market points
Ty, -+ ,xy separatedly, we associate a V®V-module W to
T1, TN

@ We need to consider disjoint sewing along several pairs of points.
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Sewing conformal blocks, nonrational case

Recall that X is obtained by sewing a (not necessarily connected)
(N + 2R)-pointed compact Riemann surface X along R pairs of
punctures and local coordinates. In this case, R is not necessarily 1.
The sewing theorem is not hard to generalize:

Theorem (Gui-Z. to appear)

For each w € W, S\(w) is absolutely and locally uniformly
convergent and S\ is a conformal block on X outside the nodes.

Proof.
For 1 < k < R, use complex analytic geometry to construct the
connection Vo, . This will give linear differential equations with

simple poles for SV. O
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Disjoint sewing along several pairs of points

We only need to consider the disjoint sewing of the following type:

W

To construct factorization, it suffices to figure out what modules can
be associated to points to be sewn. We will use these modules to
replace irreducible modules in the sewing-factorization theorem.
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Dual fusion products

Suppose Q) = (y1,- -+ ,ym; 01, - ,QM‘CLrl, -+, xN) is a pointed
surface. xy,--- ,xy are incoming points, vy, -,y are outgoing
points and 6, --- , 8, are local coordinates at y,--- ,ya. We call Q)
an (M, N)-pointed surface for simplicity.

ISJy (W)

‘ ) Outqm'mj Yo{n{j
[nComnh
ks
g
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Dual fusion products

Definition

Associate a V®¥-module W to 1, -+ ,zy. A dual fusion product
associated to W and ) is a V®-module Ny (W) contained in W*
such that: if we associate Ny (W) to yi,- -, ya, then

(1) the natural pairing w : W ® Ny (W) — C is a conformal block in
Ty (W @Ry (W)). It is called a canonical conformal block.
(2) for any V®M module M and any conformal block
U : W®M — C associated to 9), there exists a unique
homomorphism @ : Ml — Ny(W) such that ¥ = wo (1 ® ).
The contragredient module Xy (W) of Ny (W) is called a fusion
product associated to %) and W.
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Dual fusion products, universal property

Theorem (Gui-Z. '23)

Assume V is Cy-cofinite. Associate a VON-module W to =, - , zx.

There exists a unique dual fusion product Ny (W) associated to W
and ).

The main difficulty in this theorem is the module structure of

Ny (W). In the rational case, Zhu, Damiolini-Gibney-Tarasca defined

the module structure using level 0 Zhu's algebras. This method does

not work in the nonrational case. We introduce propagation of dual
fusion products to define the module structure.
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Examples of (dual) fusion products

o If we choose P = (0,90; ¢, 1/¢|P*|z) and associate V to z, then
Ny (V) covers (higher level) Zhu's algebras, due to Zhu ('96) and
Dong-Li-Mason ('98). Caution: this does NOT mean higher level
Zhu's algebras are the same as Ny (V).

o If we choose 9 = (o; I/C‘Pl 0,1) and associate W;, W, to 0, 1,
then Xy (W, ® Wy) is the usual fusion product in Rep(V).
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Examples of (dual) fusion products

o Assume V is rational. If

’K\&-w‘

9% @'WL

95

then

Ny(W; @ W, @ Ws)
~ @ MM, ® Zy (W, @ W, @ Wy @ M; @ My)

Ml,Mzaf
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Sewing and factorization, nonrational case

/
P

We sew X; and X, along R pairs of points z,, 2

0, M6) X,

//\z.
N ~t—wL

The canonical conformal block on X; (resp. X3) is denoted by w;
(resp. wso).
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Factorization of conformal blocks, nonrational case

Theorem (Gui-Z. to appear)

Any conformal block on X outside the nodes can be written as (a
linear combination of) sewing conformal blocks on X, and X, along
(207 le (Wl))v (Zi, %1 (Wl))

This can be viewed as the surjective part of sewing and factorization
theorem in the nonrational case. It is the most difficult part in our
proof.
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Factorization of conformal blocks, nonrational case

Corollary (Gui-Z. to appear)

For each q. € Dy, ,., the linear map
Homyer ([ Kx, (Wa),Nx,(W1)) = Z5 (W, @ W,)

T — Zwl (wy ® Te) wa(ws ® g~ e,)

is an isomorphism. Here {e;} is a basis of Nx,(Ws) and {e;} is a
dual basis of Xlx,(W,).
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Factorization of conformal blocks, nonrational case

o Suppose V is (5-cofinite. Consider
229
TE

X

Then
2 (W) ~ Homye: ( &y (V), Hg(W))

X (V) is crucial and is closely related to coends and
Longo-Rehren subfactors.
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Recover the rational case from the nonrational case

o If V is rational, then

Xp(V)~ @ MeM.

Melrr

So

TE (W)~ @ HFWeMeM)

Melrr

This covers sewing and factorization theorem in the rational case.

VS



Genus 1 factorization, nonrational case

Consider the following disjoint sewing along two pairs of points.

@D

Then we have an isomorphism of vector spaces

T (W) e HOIH\/®2 ( q3 (V), Nm (W)) .

T‘H »d2

It is natural to expect: Huang's result on modular invariance of
pseudotraces can be related dual fusion product and the above

isomorphism.
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Thank you for listening to my talk!
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