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.BzmbBQM KQ/2Hb

*?�Ti2` R8 /2b+`B#2/ ;2M2`�iBp2 �/p2`b�`B�H KQ/2Hb- r?B+? ;2M2`�i2 TH�mbB#H2 HQQFBM;
b�KTH2b #mi /Q MQi /2}M2 � T`Q#�#BHBiv /Bbi`B#miBQM Qp2` i?2 /�i�X *?�Ti2` Re /Bb@
+mbb2/ MQ`K�HBxBM; ~Qrb- r?B+? +�M �bbB;M � T`Q#�#BHBiv #mi r?B+? TH�+2 �`+?Bi2+im`�H
+QMbi`�BMib QM i?2 M2irQ`Fc 2�+? H�v2` Kmbi #2 BMp2`iB#H2 �M/ i?2 /2i2`KBM�Mi Q7 Bib C�+Q@
#B�M Kmbi #2 2�bv iQ +�H+mH�i2X *?�Ti2` Rd BMi`Q/m+2/ p�`B�iBQM�H �miQ2M+Q/2`b- r?B+?
�HbQ ?�p2 � bQHB/ T`Q#�#BHBbiB+ 7QmM/�iBQM- #mi r?2`2 +QKTmi�iBQM Q7 i?2 HBF2HB?QQ/ Bb
BMi`�+i�#H2 �M/ #mi +�M #2 �TT`QtBK�i2/ #v � HQr2` #QmM/X

h?Bb +?�Ti2` BMi`Q/m+2b /BzmbBQM KQ/2HbX GBF2 MQ`K�HBxBM; ~Qrb- i?2b2 �`2 T`Q#@
�#BHBbiB+ KQ/2Hb i?�i /2}M2 � MQMHBM2�` K�TTBM; 7`QK H�i2Mi p�`B�#H2b iQ i?2 Q#b2`p2/
/�i� r?2`2 #Qi? [m�MiBiB2b ?�p2 i?2 b�K2 /BK2MbBQMX GBF2 p�`B�iBQM�H �miQ2M+Q/2`b i?2v
�TT`QtBK�i2 i?2 /�i� HBF2HB?QQ/ mbBM; � HQr2` #QmM/ #�b2/ QM �M 2M+Q/2` i?�i K�Tb iQ
i?2 H�i2Mi p�`B�#H2X >Qr2p2`- BM /BzmbBQM KQ/2Hb i?Bb 2M+Q/2` Bb T`2/2i2`KBM2/c i?2
;Q�H Bb iQ H2�`M � /2+Q/2` i?�i Bb i?2 BMp2`b2 Q7 i?Bb T`Q+2bb �M/ +�M #2 mb2/ iQ T`Q/m+2
b�KTH2bX .BzmbBQM KQ/2Hb �`2 2�bv iQ i`�BM �M/ +�M T`Q/m+2 p2`v ?B;? [m�HBiv b�KTH2b-
i?�i 2t+22/ i?2 `2�HBbK Q7 i?Qb2 T`Q/m+2/ #v :�LbX h?2 `2�/2` b?QmH/ #2 7�KBHB�` rBi?
p�`B�iBQM�H �miQ2M+Q/2`b U+?�Ti2` RdV #27Q`2 `2�/BM; i?Bb +?�Ti2`X

R3XR Pp2`pB2r

� /BzmbBQM KQ/2H +QMbBbib Q7 �M 2M+Q/2` �M/ � /2+Q/2`X h?2 2M+Q/2` i�F2b � /�i�
b�KTH2 x �M/ K�Tb Bi i?`Qm;? � b2`B2b Q7 BMi2`K2/B�i2 H�i2Mi p�`B�#H2b z1 . . . zT X h?2
/2+Q/2` `2p2`b2b i?Bb T`Q+2bbc Bi bi�`ib rBi? zT �M/ K�Tb #�+F i?`Qm;? zT−1, . . . , z1 mMiBH
Bi }M�HHv U`2@V+`2�i2b � /�i� TQBMi xX AM #Qi? 2M+Q/2` �M/ /2+Q/2`- i?2 K�TTBM;b �`2
biQ+?�biB+ `�i?2` i?�M /2i2`KBMBbiB+X

h?2 2M+Q/2` Bb T`2/2i2`KBM2/c Bi ;`�/m�HHv #H2M/b i?2 BMTmi rBi? b�KTH2b Q7 r?Bi2
MQBb2 U};m`2 R3XRVX qBi? 2MQm;? bi2Tb- i?2 +QM/BiBQM�H /Bbi`B#miBQM q(zT |x) �M/ K�`;BM�H
/Bbi`B#miBQM q(zT ) Q7 i?2 }M�H H�i2Mi p�`B�#H2 #Qi? #2+QK2 i?2 bi�M/�`/ MQ`K�H /Bbi`B@
#miBQMX aBM+2 i?Bb T`Q+2bb Bb T`2@bT2+B}2/- �HH i?2 H2�`M2/ T�`�K2i2`b �`2 BM i?2 /2+Q/2`X

AM i?2 /2+Q/2`- � b2`B2b Q7 M2irQ`Fb �`2 i`�BM2/ iQ K�T #�+Fr�`/b #2ir22M 2�+?

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



j8y R3 .BzmbBQM KQ/2Hb

6B;m`2 R3XR .BzmbBQM KQ/2HbX h?2 2M+Q/2` U7Q`r�`/- Q` /BzmbBQM T`Q+2bbV K�Tb
i?2 BMTmi x i?`Qm;? � b2`B2b Q7 H�i2Mi p�`B�#H2b z1 . . . zT X h?Bb T`Q+2bb Bb T`2@
/2i2`KBM2/ �M/ ;`�/m�HHv KBt2b i?2 /�i� rBi? MQBb2 mMiBH QMHv MQBb2 `2K�BMbX
h?2 /2+Q/2` U`2p2`b2 T`Q+2bbV Bb H2�`M2/ �M/ T�bb2b i?2 /�i� #�+F i?`Qm;? i?2
H�i2Mi p�`B�#H2b- `2KQpBM; MQBb2 �i 2�+? bi�;2X �7i2` i`�BMBM;- M2r 2t�KTH2b �`2
;2M2`�i2/ #v b�KTHBM; MQBb2 p2+iQ`b zT �M/ T�bbBM; i?2K i?`Qm;? i?2 /2+Q/2`X

�/D�+2Mi T�B` Q7 H�i2Mi p�`B�#H2b zt �M/ zt−1X h?2 HQbb 7mM+iBQM 2M+Qm`�;2b 2�+? M2irQ`F
iQ BMp2`i i?2 +Q``2bTQM/BM; /2+Q/2` bi2TX h?2 `2bmHi Bb i?�i MQBb2 Bb ;`�/m�HHv `2KQp2/
7`QK i?2 `2T`2b2Mi�iBQM mMiBH � `2�HBbiB+ HQQFBM; /�i� 2t�KTH2 `2K�BMbX hQ ;2M2`�i2 �
M2r /�i� 2t�KTH2 x- r2 /`�r � b�KTH2 7`QK q(zT ) �M/ T�bb Bi i?`Qm;? i?2 /2+Q/2`X

AM b2+iBQM R3Xk- r2 +QMbB/2` i?2 2M+Q/2` BM /2i�BHX Aib T`QT2`iB2b �`2 MQM@Q#pBQmb- #mi
�`2 +`BiB+�H 7Q` i?2 H2�`MBM; �H;Q`Bi?KX AM b2+iBQM R3Xj r2 /Bb+mbb i?2 /2+Q/2`X a2+iBQM
R3X9 /2`Bp2b i?2 i`�BMBM; �H;Q`Bi?K �M/ b2+iBQM R3X8 `27Q`KmH�i2b Bi iQ #2 KQ`2 T`�+iB+�HX
a2+iBQM R3Xe /Bb+mbb2b BKTH2K2Mi�iBQM /2i�BHb- BM+Hm/BM; ?Qr iQ K�F2 i?2 ;2M2`�iBQM
+QM/BiBQM�H QM i2ti T`QKTibX

R3Xk 1M+Q/2` U7Q`r�`/ T`Q+2bbV

h?2 /BzmbBQM Q` 7Q`r�`/ T`Q+2bbR U};m`2 R3XkV K�Tb � /�i� 2t�KTH2 x i?`Qm;? � b2`B2b
Q7 BMi2`K2/B�i2 p�`B�#H2b z1, z2, . . . , zT rBi? i?2 b�K2 bBx2 �b x �++Q`/BM; iQ,

z1 =
√

1− β1x+
√
β1ε1 UR3XRV

zt =
√

1− βtzt−1 +
√
βtεt ∀ t ∈ 2, . . . , T,

r?2`2 εt Bb MQBb2 /`�rM 7`QK � bi�M/�`/ MQ`K�H /Bbi`B#miBQMX h?2 }`bi i2`K �ii2Mm�i2b
i?2 /�i� THmb �Mv MQBb2 �//2/ bQ 7�`- �M/ i?2 b2+QM/ �//b KQ`2 MQBb2X h?2 ?vT2`T�`�K@
2i2`b {βt} ∈ [0, 1] /2i2`KBM2 ?Qr [mB+FHv i?2 MQBb2 Bb #H2M/2/ �M/ �`2 +QHH2+iBp2Hv FMQrM
�b i?2 MQBb2 b+?2/mH2X h?Bb +�M 2[mBp�H2MiHv #2 r`Bii2M �b,

RLQi2- i?Bb Bb i?2 QTTQbBi2 MQK2M+H�im`2 iQ MQ`K�HBxBM; ~Qrb- r?2`2 i?2 BMp2`b2 K�TTBM; KQp2b
7`QK i?2 /�i� iQ i?2 H�i2Mi p�`B�#H2- �M/ i?2 7Q`r�`/ K�TTBM; KQp2b #�+F �;�BMX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3Xk 1M+Q/2` U7Q`r�`/ T`Q+2bbV j8R

6B;m`2 R3Xk 6Q`r�`/ T`Q+2bbX �V q2 +QMbB/2` QM2@/BK2MbBQM�H /�i� x rBi? T =
100 H�i2Mi p�`B�#H2b z1, . . . , z100 �M/ � β = 0.03 �i �HH bi2TbX h?`22 p�Hm2b
Q7 x UQ`�M;2- ;`22M- �M/ ;`�vV �`2 BMBiB�HBx2/ UiQT `QrVX h?2b2 �`2 T`QT�;�i2/
i?`Qm;? z1, . . . , z100X �i 2�+? bi2T- i?2 p�`B�#H2 Bb mT/�i2/ #v �ii2Mm�iBM; Bib
p�Hm2 #v

√
1− β �M/ �//BM; MQBb2 rBi? p�`B�M+2 β U2[m�iBQM R3XRVX �++Q`/BM;Hv-

i?2 i?`22 2t�KTH2b MQBbBHv T`QT�;�i2 i?`Qm;? i?2 p�`B�#H2b rBi? � i2M/2M+v iQ
KQp2 iQr�`/b x2`QX #V h?2 +QM/BiBQM�H T`Q#�#BHBiB2b Pr(z1|x) �M/ Pr(zt|zt−1) �`2
MQ`K�H /Bbi`B#miBQMb rBi? � K2�M i?�i Bb bHB;?iHv +HQb2` iQ x2`Q i?�M i?2 +m``2Mi
TQBMi �M/ � }t2/ p�`B�M+2 βt U2[m�iBQM R3XkVX

q(z1|x) = LQ`Kz1

[√
1− β1x,β1I

]
UR3XkV

q(zt|zt−1) = LQ`Kzt

[√
1− βtzt−1,βtI

]
∀ t ∈ 2, . . . , T.

qBi? bm{+B2Mi bi2Tb T - �HH i`�+2b Q7 i?2 Q`B;BM�H /�i� �`2 `2KQp2/- �M/ q(zT |x) = q(zT ) S`Q#H2K R3XR#2+QK2b � bi�M/�`/ MQ`K�H /Bbi`B#miBQMX
h?2 DQBMi /Bbi`B#miBQM Q7 �HH Q7 i?2 H�i2Mi p�`B�#H2b z1, z2, . . . , zT ;Bp2M BMTmi x Bb,

q(z1...T |x) = q(z1|x)
T∏

t=2

q(zt|zt−1). UR3XjV

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



j8k R3 .BzmbBQM KQ/2Hb

6B;m`2 R3Xj .BzmbBQM F2`M2HX �V h?2 TQBMi x∗ = −2.0 Bb T`QT�;�i2/ i?`Qm;?
i?2 H�i2Mi p�`B�#H2b mbBM; 2[m�iBQM R3XR U}p2 T�i?b b?QrM BM ;`�vVX h?2 /BzmbBQM
F2`M2H q(zt|x∗) Bb i?2 T`Q#�#BHBiv /Bbi`B#miBQM Qp2` p�`B�#H2 zt ;Bp2M i?�i r2 bi�`i2/
7`QK x∗X Ai +�M #2 +QKTmi2/ BM +HQb2/@7Q`K �M/ Bb � MQ`K�H /Bbi`B#miBQM r?Qb2
K2�M KQp2b iQr�`/b x2`Q �M/ r?Qb2 p�`B�M+2 BM+`2�b2b �b t BM+`2�b2bX >2�iK�T
b?Qrb q(zt|x∗) 7Q` 2�+? p�`B�#H2X *v�M HBM2b b?Qr ±2 bi�M/�`/ /2pB�iBQMb Q7 i?2
MQ`K�HX #V h?2 /BzmbBQM F2`M2H q(zt|x∗) Bb b?QrM 2tTHB+BiHv 7Q` t = 20, 40, 80X AM
T`�+iB+2- i?Bb K2�Mb Bib 2�bv iQ b�KTH2 � H�i2Mi p�`B�#H2 zt +Q``2bTQM/BM; iQ �
;Bp2M x∗ rBi?Qmi +QKTmiBM; i?2 BMi2`K2/B�i2 p�`B�#H2b z1, . . . , zt−1X

6B;m`2 R3X9 J�`;BM�H /Bbi`B#miBQMbX �V :Bp2M �M BMBiB�H /2MbBiv Pr(x) rBi? K2�M
x2`Q �M/ bi�M/�`/ /2pB�iBQM QM2- i?2 /BzmbBQM T`Q+2bb ;`�/m�HHv #Hm`b i?2 /Bbi`B@
#miBQM �b Bi T�bb2b i?`Qm;? i?2 H�i2Mi p�`B�#H2b zt �M/ KQp2b Bi iQr�`/b � bi�M/�`/
MQ`K�H /Bbi`B#miBQMX 1�+? ?Q`BxQMi�H HBM2 Q7 ?2�iK�T `2T`2b2Mib K�`;BM�H /Bbi`B@
#miBQM Pr(x) UiQT `QrV Q` q(zt) U`2K�BMBM; `QrbVX #V h?2 iQT ;`�T? b?Qrb i?2
BMBiB�H /Bbi`B#miBQM Pr(x)X h?2 Qi?2` irQ ;`�T?b b?Qr i?2 K�`;BM�H /Bbi`B#m@
iBQMb q(z20) �M/ q(z60)- `2bT2+iBp2HvX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3Xk 1M+Q/2` U7Q`r�`/ T`Q+2bbV j8j

R3XkXR .BzmbBQM F2`M2H q(zt|x)

hQ i`�BM i?2 /2+Q/2` iQ BMp2`i i?Bb T`Q+2bb- r2 rBHH mb2 KmHiBTH2 b�KTH2b zt 7Q` i?2
b�K2 2t�KTH2 xX >Qr2p2`- ;2M2`�iBM; i?2b2 b2[m2MiB�HHv mbBM; 2[m�iBQM R3XR Bb iBK2@
+QMbmKBM; r?2M t Bb H�`;2X 6Q`imM�i2Hv- i?2`2 Bb � +HQb2/@7Q`K 2tT`2bbBQM 7Q` q(zt|x)-
r?B+? �HHQrb mb iQ /B`2+iHv /`�r b�KTH2b zt ;Bp2M BMBiB�H /�i� TQBMi x rBi?Qmi +QKTmiBM;
i?2 BMi2`K2/B�i2 p�`B�#H2bX h?Bb Bb FMQrM �b i?2 /BzmbBQM F2`M2H U};m`2 R3XjVX

hQ /2`Bp2 �M 2tT`2bbBQM 7Q` q(zt|x)- +QMbB/2` i?2 }`bi irQ bi2Tb Q7 i?2 7Q`r�`/ T`Q+2bb,

z1 =
√
1− β1 · x+

√
β1 · ε1

z2 =
√
1− β2 · z1 +

√
β2 · ε2. UR3X9V

am#biBimiBM; i?2 }`bi 2[m�iBQM BMiQ i?2 b2+QM/- r2 ;2i,

z2 =
√
1− β2

(√
1− β1 · x+

√
β1 · ε1

)
+
√
β2 · ε2 UR3X8V

=
√
1− β2

(√
1− β1 · x+

√
1− (1− β1) · ε1

)
+
√
β2 · ε2

=
√
(1− β2)(1− β1) · x+

√
1− β2 − (1− β2)(1− β1) · ε1 +

√
β2 · ε2.

h?2 H�bi irQ i2`Kb �`2 BM/2T2M/2Mi b�KTH2b 7`QK K2�M x2`Q MQ`K�H /Bbi`B#miBQMb rBi?
p�`B�M+2b 1 − β2 − (1 − β2)(1 − β1) �M/ β2- `2bT2+iBp2HvX h?2 K2�M Q7 i?Bb bmK Bb x2`Q- S`Q#H2K R3Xk�M/ Bib p�`B�M+2 Bb i?2 bmK Q7 i?2 +QKTQM2Mi p�`B�M+2b Ub22 T`Q#H2K R3XkV- bQ,

z2 =
√
(1− β2)(1− β1) · x+

√
1− (1− β2)(1− β1) · ε, UR3XeV

r?2`2 ε Bb �HbQ � b�KTH2 7`QK � bi�M/�`/ MQ`K�H /Bbi`B#miBQMX
A7 r2 +QMiBMm2 i?Bb T`Q+2bb #v bm#biBimiBM; i?Bb 2[m�iBQM BMiQ i?2 2tT`2bbBQM 7Q` z3

�M/ bQ QM- r2 +�M b?Qr i?�i, S`Q#H2K R3Xj

zt =
√
αt · x+

√
1− αt · ε, UR3XdV

r?2`2 αt =
∏t

s=1 1− βsX q2 +�M 2[mBp�H2MiHv r`Bi2 i?Bb BM T`Q#�#BHBbiB+ 7Q`K,

q(zt|x) = LQ`Kzt [
√
αt · x, (1− αt)I] . UR3X3V

6Q` �Mv bi�`iBM; /�i� TQBMi x- p�`B�#H2 zt Bb MQ`K�HHv /Bbi`B#mi2/ rBi? � FMQrM K2�M
�M/ p�`B�M+2X *QMb2[m2MiHv- B7 r2 /QMǶi +�`2 �#Qmi i?2 ?BbiQ`v Q7 i?2 2pQHmiBQM i?`Qm;?
i?2 BMi2`K2/B�i2 p�`B�#H2b- Bi Bb 2�bv iQ ;2M2`�i2 b�KTH2b 7`QK q(zt|x)X

R3XkXk J�`;BM�H /Bbi`B#miBQMb q(zt)

h?2 K�`;BM�H /Bbi`B#miBQM q(zt) Bb i?2 T`Q#�#BHBiv Q7 Q#b2`pBM; � p�Hm2 Q7 zt ;Bp2M i?2
/Bbi`B#miBQM Q7 TQbbB#H2 bi�`iBM; TQBMib x �M/ i?2 TQbbB#H2 /BzmbBQM T�i?b 7Q` 2�+? bi�`iBM;

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



j89 R3 .BzmbBQM KQ/2Hb

TQBMi U};m`2 R3X9VX Ai +�M #2 +QKTmi2/ #v +QMbB/2`BM; i?2 DQBMi /Bbi`B#miBQM q(x, z1...t)
�M/ K�`;BM�HBxBM; Qp2` �HH i?2 p�`B�#H2b 2t+2Ti zt,

q(zt) =

∫ ∫
q(z1...t,x)dz1...t−1dx

=

∫ ∫
q(z1...t|x)Pr(x)dz1...t−1dx, UR3XNV

r?2`2 q(z1...t|x) r�b /2}M2/ BM 2[m�iBQM R3XjX
>Qr2p2`- bBM+2 r2 MQr ?�p2 �M 2tT`2bbBQM 7Q` i?2 /BzmbBQM F2`M2H q(zt|x) i?�i ǳbFBTbǴ

i?2 BMi2`p2MBM; p�`B�#H2b- r2 +�M 2[mBp�H2MiHv r`Bi2,

q(zt) =

∫
q(zt|x)Pr(x)dx. UR3XRyV

>2M+2- B7 r2 b�KTH2 `2T2�i2/Hv 7`QK i?2 /�i� /Bbi`B#miBQM Pr(x)- �M/ bmT2`BKTQb2 i?2
/BzmbBQM F2`M2H q(zt|x) QM 2�+? b�KTH2- i?2 `2bmHi Bb i?2 K�`;BM�H /Bbi`B#miBQM q(zt) U};@
m`2 R3X9VX >Qr2p2`- i?2 K�`;BM�H /Bbi`B#miBQM +�MMQi #2 r`Bii2M BM +HQb2/ 7`QK #2+�mb2
r2 /QMǶi FMQr i?2 Q`B;BM�H /�i� /Bbi`B#miBQM Pr(x)X

R3XkXj *QM/BiBQM�H /Bbi`B#miBQM q(zt−1|zt)

q2 /2}M2/ i?2 +QM/BiBQM�H T`Q#�#BHBiv q(zt|zt−1) �b i?2 KBtBM; T`Q+2bb U2[m�iBQM R3XkVX
hQ `2p2`b2 i?Bb T`Q+2bb r2 �TTHv "�v2bǶ `mH2,

q(zt−1|zt) =
q(zt|zt−1)q(zt−1)

q(zt)
. UR3XRRV

h?Bb Bb BMi`�+i�#H2 bBM+2 r2 +�MMQi +QKTmi2 i?2 K�`;BM�H /Bbi`B#miBQM q(zt−1)X h?Bb
K�i+?2b Qm` BMimBiBQMc r2 �`2 KBtBM; i?2 Q`B;BM�H /�i� 2t�KTH2 rBi? MQBb2 �i 2�+? bi�;2-
�M/ i?2`2 Bb MQ r�v iQ `2p2`b2 i?Bb mMH2bb r2 FM2r i?2 bi�`iBM; TQBMiX

6Q` i?Bb bBKTH2 R. 2t�KTH2- BiǶb TQbbB#H2 iQ 2p�Hm�i2 i?2b2 /Bbi`B#miBQMb MmK2`B@
+�HHv U};m`2 R3X8VX AM ;2M2`�H- i?2B` 7Q`K Bb +QKTH2t- #mi BM K�Mv +�b2b i?2v �`2 r2HH@
�TT`QtBK�i2/ #v � MQ`K�H /Bbi`B#miBQMX h?Bb Bb BKTQ`i�Mi #2+�mb2 r?2M r2 #mBH/ i?2
/2+Q/2`- r2 rBHH �TT`QtBK�i2 i?2 `2p2`b2 T`Q+2bb mbBM; � MQ`K�H /Bbi`B#miBQMX

R3XkX9 *QM/BiBQM�H /BzmbBQM /Bbi`B#miBQM q(zt−1|zt,x)

h?2`2 Bb QM2 }M�H /Bbi`B#miBQM `2H�i2/ iQ i?2 2M+Q/2` iQ +QMbB/2`X q2 MQi2/ �#Qp2 i?�i
r2 +QmH/ MQi }M/ i?2 +QM/BiBQM�H /Bbi`B#miBQM q(zt−1|zt) #2+�mb2 r2 /Q MQi FMQr i?2
K�`;BM�H /Bbi`B#miBQM q(zt−1)X >Qr2p2`- B7 r2 FMQr i?2 bi�`iBM; p�`B�#H2 x- i?2M r2
/Q FMQr i?2 /Bbi`B#miBQM q(zt−1|x) �i i?2 iBK2 #27Q`2X h?Bb Bb Dmbi i?2 /BzmbBQM F2`M2H
U};m`2 R3XjV �M/ Bi Bb MQ`K�HHv /Bbi`B#mi2/X

>2M+2- Bi Bb TQbbB#H2 iQ +QKTmi2 i?2 +QM/BiBQM�H /BzmbBQM /Bbi`B#miBQM q(zt−1|zt,x)
BM +HQb2/ 7Q`K U};m`2 R3XeV, h?Bb /Bbi`B#miBQM Bb mb2/ iQ i`�BM i?2 /2+Q/2`X Ai Bb i?2

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3Xk 1M+Q/2` U7Q`r�`/ T`Q+2bbV j88

6B;m`2 R3X8 *QM/BiBQM�H /Bbi`B#miBQM q(zt−1|zt)X �V h?2 K�`;BM�H /2MbBiB2b q(zt)
rBi? i?`22 TQBMib z∗t ?B;?HB;?i2/X #V h?2 T`Q#�#BHBiv q(zt−1|z∗t ) U+v�M +m`p2bV Bb
+QKTmi2/ pB� "�v2bǶ `mH2 �M/ Bb T`QTQ`iBQM�H iQ q(z∗t |zt−1)q(zt−1)X AM ;2M2`�H-
Bi Bb MQi MQ`K�HHv /Bbi`B#mi2/ UiQT ;`�T?V- �Hi?Qm;? Q7i2M i?2 MQ`K�H Bb � ;QQ/
�TT`QtBK�iBQM U#QiiQK irQ ;`�T?bVX h?2 }`bi +QMi`B#miBM; i2`K q(z∗t |zt−1) Bb
MQ`K�H U2[m�iBQM R3XkV rBi? � K2�M i?�i Bb bHB;?iHv 7m`i?2` 7`QK x2`Q i?�M z∗t
U#`QrM +m`p2bVX h?2 b2+QM/ i2`K Bb i?2 K�`;BM�H /2MbBiv q(zt−1) U;`�v +m`p2bVX

6B;m`2 R3Xe *QM/BiBQM�H /Bbi`B#miBQM q(zt−1|zt, x)X �V .BzmbBQM F2`M2H 7Q` x∗ =
−2.1 rBi? i?`22 TQBMib z∗t ?B;?HB;?i2/X #V h?2 T`Q#�#BHBiv q(zt−1|z∗t , x∗) Bb +QK@
Tmi2/ pB� "�v2bǶ `mH2 �M/ Bb T`QTQ`iBQM�H iQ q(z∗t |zt−1)q(zt−1|x∗)X h?Bb Bb MQ`K�HHv
/Bbi`B#mi2/ �M/ +�M #2 +QKTmi2/ BM +HQb2/ 7Q`KX h?2 }`bi i2`K q(z∗t |zt−1) Bb MQ`@
K�H rBi? � K2�M i?�i Bb bHB;?iHv 7m`i?2` 7`QK x2`Q i?�M z∗t U#`QrM +m`p2bVX h?2
b2+QM/ i2`K Bb i?2 /BzmbBQM F2`M2H q(zt−1|x∗) U;`�v +m`p2bVX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



j8e R3 .BzmbBQM KQ/2Hb

/Bbi`B#miBQM Qp2` zt−1 r?2M r2 FMQr i?2 +m``2Mi H�i2Mi p�`B�#H2 zt �M/ i?2 i`�BMBM;
/�i� 2t�KTH2 x Ur?B+?- Q7 +Qm`b2- r2 /Q r?2M i`�BMBM;VX hQ +QKTmi2 �M 2tT`2bbBQM
7Q` q(zt−1|zt,x) r2 bi�`i rBi? "�v2bǶ `mH2,

q(zt−1|zt,x) =
q(zt|zt−1,x)q(zt−1|x)

q(zt|x)
UR3XRkV

∝ q(zt|zt−1)q(zt−1|x)

= LQ`Kzt

[√
1− βt · zt−1,βtI

]
LQ`Kzt−1

[√
αt−1 · x, (1− αt−1)I

]

= LQ`Kzt−1

[
1√

1− βt
zt,

βt
1− βt

I

]
LQ`Kzt−1

[√
αt−1 · x, (1− αt−1)I

]

r?2`2 #2ir22M i?2 }`bi irQ HBM2b r2 ?�p2 mb2/ i?2 7�+i i?�i q(zt|zt−1,x) = q(zt|zt−1)
#2+�mb2 i?2 /BzmbBQM T`Q+2bb Bb J�`FQp �M/ �HH BM7Q`K�iBQM �#Qmi zt Bb +�Tim`2/ #v zt−1X
"2ir22M HBM2b i?`22 �M/ 7Qm` r2 mb2 i?2 :�mbbB�M B/2MiBivS`Q#H2K R3X9

LQ`Kv [Aw,B] ∝ LQ`Kw

[(
ATB−1A

)−1
ATB−1v,

(
ATB−1A

)−1
]
, UR3XRjV

iQ `2r`Bi2 i?2 }`bi /Bbi`B#miBQM BM i2`Kb Q7 zt−1X q2 i?2M mb2 � b2+QM/ :�mbbB�M B/2MiBiv,S`Q#H2K R3X8

LQ`Kw[a,A] · LQ`Kw[b,B] ∝ UR3XR9V
LQ`Kw

[(
A−1 +B−1

)−1
(A−1a+B−1b),

(
A−1 +B−1

)−1
]
,

iQ +QK#BM2 i?2 irQ MQ`K�H /Bbi`B#miBQMb BM zt−1 r?B+? ;Bp2b,

q(zt−1|zt,x) = LQ`Kzt−1

[
(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt
1− αt

x,
βt(1− αt−1)

1− αt
I

]
.UR3XR8V

LQi2 i?�i i?2 +QMbi�Mib Q7 T`QTQ`iBQM�HBiv BM 2[m�iBQMb R3XRk- R3XRj- �M/ R3XR9 Kmbi
+�M+2H Qmi- bBM+2 i?2 }M�H `2bmHi Bb �H`2�/v � +Q``2+iHv MQ`K�HBx2/ T`Q#�#BHBiv /Bbi`B#miBQMX

R3Xj .2+Q/2` KQ/2H U`2p2`b2 T`Q+2bbV

q?2M r2 H2�`M � /BzmbBQM KQ/2H- r2 H2�`M i?2 `2p2`b2 T`Q+2bbX AM Qi?2` rQ`/b- r2
H2�`M � b2`B2b Q7 T`Q#�#BHBbiB+ K�TTBM;b #�+F 7`QK H�i2Mi p�`B�#H2 zT iQ zT−1- 7`QK zT−1

iQ zT−2 �M/ bQ QM mMiBH r2 `2�+? i?2 /�i� xX h?2 i`m2 `2p2`b2 /Bbi`B#miBQMb q(zt−1|zt)
Q7 i?2 /BzmbBQM T`Q+2bb �`2 +QKTH2t KmHiB@KQ/�H /Bbi`B#miBQMb U};m`2 R3X8V i?�i /2T2M/
QM i?2 /�i� /Bbi`B#miBQM Pr(x)X q2 �TT`QtBK�i2 i?2b2 �b MQ`K�H /Bbi`B#miBQMb,

Pr(zT ) = LQ`KzT [0, I]

Pr(zt−1|zt,φt) = LQ`Kzt−1

[
7t[zt,φt],σ

2
t I
]

Pr(x|z1,φ1) = LQ`Kx

[
71[z1,φ1],σ

1
t I
]
, UR3XReV

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3X9 h`�BMBM; j8d

r?2`2 7t[zt,φ1] Bb � M2m`�H M2irQ`F i?�i +QKTmi2b i?2 K2�M Q7 i?2 MQ`K�H /Bbi`B#miBQM BM
i?2 2biBK�i2/ K�TTBM; 7`QK zt−1 iQ i?2 bm#b2[m2Mi H�i2Mi p�`B�#H2 ztX h?2 i2`Kb {σ2

t }
�`2 T`2/2i2`KBM2/X A7 i?2 ?vT2`T�`�K2i2`b βt BM i?2 /BzmbBQM T`Q+2bb �`2 +HQb2 iQ QM2
U�M/ i?2 MmK#2` Q7 iBK2 bi2Tb T Bb H�`;2V- i?2M i?Bb MQ`K�H �TT`QtBK�iBQM rBHH #2
`2�bQM�#H2X

q2 ;2M2`�i2 M2r 2t�KTH2b 7`QK Pr(x) mbBM; �M+2bi`�H b�KTHBM;X q2 bi�`i #v
/`�rBM; zT 7`QK Pr(zT )X h?2M r2 b�KTH2 zT−1 7`QK Pr(zT−1|zT ,φT )- zT−2 7`QK
Pr(zT−2|zT−1,φT−1) �M/ bQ QM mMiBH r2 }M�HHv ;2M2`�i2 x 7`QK Pr(x|z1,φ1)X

R3X9 h`�BMBM;

h?2 DQBMi /Bbi`B#miBQM Q7 i?2 Q#b2`p2/ p�`B�#H2 x �M/ i?2 H�i2Mi p�`B�#H2b {zt} Bb,

Pr(x, z1...T |φ1...T ) = Pr(x|z1,φ1)
T∏

t=2

Pr(zt−1|zt,φt) · Pr(zT ). UR3XRdV

h?2 HBF2HB?QQ/ Q7 i?2 T�`�K2i2`b Pr(x|φ1...T ) Bb 7QmM/ #v K�`;BM�HBxBM; Qp2` i?2 H�i2Mi �TT2M/Bt "XRXk
J�`;BM�HBx�iBQMp�`B�#H2b,

Pr(x|φ1...T ) =

∫
Pr(x, z1...T |φ1...T )dz1...T . UR3XR3V

hQ i`�BM i?2 KQ/2H- r2 K�tBKBx2 i?2 HQ; HBF2HB?QQ/ Q7 i?2 i`�BMBM; /�i� {xi} rBi?
`2bT2+i iQ i?2 T�`�K2i2`b φ,

φ̂1...t = argmax
φ1...T

[
I∑

i=1

[
log
[
Pr(xi|φ1...T )

]]
]
. UR3XRNV

q2 +�MǶi K�tBKBx2 i?Bb /B`2+iHv #2+�mb2 i?2 K�`;BM�HBx�iBQM BM 2[m�iBQM R3XR3 Bb BM@
i`�+i�#H2X >2M+2- r2 mb2 C2Mb2MǶb BM2[m�HBiv iQ /2}M2 � HQr2` #QmM/ QM i?2 HBF2HB?QQ/
�M/ QTiBKBx2 i?2 T�`�K2i2`b {φt} rBi? `2bT2+i iQ i?Bb #QmM/ 2t�+iHv �b r2 /B/ 7Q` i?2
o�1 Ub22 b2+iBQM RdXjXRVX

R3X9XR 1pB/2M+2 HQr2` #QmM/ U1G"PV

hQ /2`Bp2 i?2 HQr2` #QmM/- r2 KmHiBTHv �M/ /BpB/2 i?2 HQ; HBF2HB?QQ/ #v i?2 2M+Q/2`
/Bbi`B#miBQM q(z1...T |x) �M/ �TTHv C2Mb2MǶb BM2[m�HBiv 7Q` i?2 +QM+�p2 HQ;�`Bi?K 7mM+iBQM,

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



j83 R3 .BzmbBQM KQ/2Hb

log [Pr(x,φ1...T )] = log

[∫
Pr(x, z1...T |φ1...T )dz1...T

]

= log

[∫
q(z1...T |x)

Pr(x, z1...T |φ1...T )

q(z1...T |x)
dz1...T

]

≥
∫

q(z1...T |x) log
[
Pr(x, z1...T |φ1...T )

q(z1...T |x)

]
dz1...T . UR3XkyV

h?Bb ;Bp2b mb i?2 2pB/2M+2 HQr2` #QmM/ U1G"PV,

1G"P[φ1...T ] =

∫
q(z1...T |x) log

[
Pr(x, z1...T |φ1...T )

q(z1...T |x)

]
dz1...T . UR3XkRV

AM i?2 o�1- i?2 2M+Q/2` q(φ) �TT`QtBK�i2b i?2 TQbi2`BQ` /Bbi`B#miBQM Qp2` i?2 H�i2Mi
p�`B�#H2b iQ K�F2 i?2 #QmM/ iB;?i- �M/ i?2 /2+Q/2` K�tBKBx2b i?Bb #QmM/ U};m`2 RdXRyVX
AM /BzmbBQM KQ/2Hb- i?2 /2+Q/2` Kmbi /Q �HH i?2 rQ`F- bBM+2 i?2 2M+Q/2` ?�b MQ T�@
`�K2i2`bX Ai K�F2b i?2 #QmM/ iB;?i2` #v #Qi? UBV +?�M;BM; Bib T�`�K2i2`b bQ i?�i i?2
bi�iB+ 2M+Q/2` /Q2b �TT`QtBK�i2 i?2 TQbi2`BQ` Pr(z1...T |x,φ1...T )- �M/ UBBV QTiBKBxBM; Bib
T�`�K2i2`b rBi? `2bT2+i iQ i?�i #QmM/ Ub22 };m`2 RdXeVX

R3X9Xk aBKTHB7vBM; i?2 1G"P

q2 MQr K�MBTmH�i2 i?2 HQ; i2`K 7`QK i?2 1G"P BMiQ i?2 }M�H 7Q`K i?�i r2 rBHH QT@
iBKBx2X q2 }`bi bm#biBimi2 BM i?2 /2}MBiBQMb 7Q` i?2 MmK2`�iQ` �M/ /2MQKBM�iQ`- 7`QK
2[m�iBQMb R3XRd �M/ R3Xj- `2bT2+iBp2Hv,

log

[
Pr(x, z1...T |φ1...T )

q(z1...T |x)

]
= log

[
Pr(x|z1,φ1)

∏T
t=2 Pr(zt−1|zt,φt) · Pr(zT )

q(z1|x)
∏T

t=2 q(zt|zt−1)

]
UR3XkkV

= log

[
Pr(x|z1,φ1)

q(z1|x)

]
+log

[∏T
t=2 Pr(zt−1|zt,φt)∏T

t=2 q(zt|zt−1)

]
+log

[
Pr(zT )

]
.

h?2M r2 2tT�M/ i?2 /2MQKBM�iQ` Q7 i?2 b2+QM/ i2`K,

q(zt|zt−1) = q(zt|zt−1,x) =
q(zt−1|zt,x)q(zt|x)

q(zt−1|x)
, UR3XkjV

r?2`2 i?2 }`bi 2[m�HBiv 7QHHQrb #2+�mb2 �HH Q7 i?2 BM7Q`K�iBQM �#Qmi p�`B�#H2 zt Bb 2M@
+QKT�bb2/ BM zt−1 �M/ bQ i?2 2ti`� +QM/BiBQMBM; QM i?2 /�i� x Bb B``2H2p�MiX h?2 b2+QM/�TT2M/Bt "XRX9

"�v2bǶ `mH2 2[m�HBiv Bb � bi`�B;?i7Q`r�`/ �TTHB+�iBQM Q7 "�v2bǶ `mH2X
am#biBimiBM; i?Bb `2bmHi #�+F BM- r2 ?�p2,

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3X9 h`�BMBM; j8N

log

[
Pr(x, z1...T |φ1...T )

q(z1...T |x)

]

= log

[
Pr(x|z1,φ1)

q(z1|x)

]
+ log

[∏T
t=2 Pr(zt−1|zt,φt)∏T
t=2 q(zt−1|zt,x)

· q(zt−1|x)
q(zt|x)

]
+ log

[
Pr(zt)

]

= log [Pr(x|z1,φ1)] + log

[∏T
t=2 Pr(zt−1|zt,φt)∏T
t=2 q(zt−1|zt,x)

]
+ log

[
Pr(zt)

q(zT |x)

]

≈ log [Pr(x|z1,φ1)] +
T∑

t=2

log

[
Pr(zt−1|zt,φt)

q(zt−1|zt,x)

]
, UR3Xk9V

r?2`2 �HH #mi irQ Q7 i?2 i2`Kb BM i?2 bmK Q7 i?2 `�iBQ q(zt−1|x)/q(zt|x) +�M+2H Qmi
#2ir22M HBM2b irQ �M/ i?`22 H2�pBM; QMHv q(z1|x) �M/ q(zT |x)X h?2 H�bi i2`K BM i?2 i?B`/
HBM2 Bb �TT`QtBK�i2Hv log[1] = 0- bBM+2 i?2 `2bmHi Q7 i?2 7Q`r�`/ T`Q+2bb q(zT |x) b?QmH/
#2 � bi�M/�`/ MQ`K�H /Bbi`B#miBQM �M/ bQ Bb i?2 T`BQ` Pr(zT )X

h?2 bBKTHB}2/ 1G"P Bb ?2M+2,

1G"P[φ1...T ] =

∫
q(z1...T |x) log

[
Pr(x, z1...T |φ1...T )

q(z1...T |x)

]
dz1...T UR3Xk8V

≈
∫

q(z1...T |x)
(
log [Pr(x|z1,φ1)] +

T∑

t=2

log

[
Pr(zt−1|zt,φt)

q(zt−1|zt,x)

])
dz1...T

= Eq(z1|x)

[
log [Pr(x|z1,φ1)]

]
−

T∑

t=2

.KL

[
Pr(zt−1|zt,φt)||q(zt−1|zt,x)

]
.

r?2`2 r2 ?�p2 bm#biBimi2/ BM i?2 /2}MBiBQM Q7 q(z1...T |x) 7`QK 2[m�iBQM R3Xj #2ir22M �TT2M/Bt "X8XR
EG /Bp2`;2M+2HBM2b irQ �M/ i?`22 �M/ BMi2;`�i2/ Qmi i?2 B``2H2p�Mi i2`KbX h?2 b2+QM/ i2`K `2bmHib

7`QK i?2 /2}MBiBQM Q7 EG@/Bp2`;2M+2X

R3X9Xj �M�HvxBM; i?2 1G"P

h?2 }`bi T`Q#�#BHBiv i2`K BM i?2 1G"P r�b /2}M2/ BM 2[m�iBQM R3XRe,

Pr(x|z1,φ1) = LQ`Kx

[
71[z1,φ1],σ

2
t I
]
, UR3XkeV

�M/ Bb 2[mBp�H2Mi iQ i?2 `2+QMbi`m+iBQM i2`K BM i?2 o�1X h?2 1G"P rBHH #2 H�`;2` B7
i?2 KQ/2H T`2/B+iBQM K�i+?2b i?2 Q#b2`p2/ /�i�X �b 7Q` i?2 o�1- r2 rBHH �TT`QtBK�i2
i?2 2tT2+i�iBQM Qp2` i?2 HQ; Q7 i?Bb [m�MiBiv mbBM; � JQMi2@*�`HQ 2biBK�i2 Ub22 2[m�@
iBQMb RdXkkĜRdXkjV- BM r?B+? r2 2biBK�i2 i?2 2tT2+i�iBQM rBi? � b�KTH2 7`QK q(z1|x)X

h?2 EG@/Bp2`;2M+2 i2`Kb BM i?2 1G"P K2�bm`2 i?2 /Bbi�M+2 #2ir22M Pr(zt−1|zt,φt)
�M/ q(zt−1|zt,x) r?B+? r2`2 /2}M2/ BM 2[m�iBQMb R3XRe �M/ R3XR8- `2bT2+iBp2Hv,

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jey R3 .BzmbBQM KQ/2Hb

6B;m`2 R3Xd 6Bii2/ JQ/2HX �V AM/BpB/m�H b�KTH2b +�M #2 ;2M2`�i2/ #v b�K@
THBM; 7`QK i?2 bi�M/�`/ MQ`K�H /Bbi`B#miBQM Pr(zT ) �M/ i?2M b�KTHBM; zT−1

7`QK Pr(zT−1|zT ) = LQ`KzT−1 [7T [zT ,φT ],σ
2
T I] �M/ bQ QM mMiBH r2 `2�+? x U}p2

T�i?b b?QrMVX h?2 2biBK�i2/ K�`;BM�H /2MbBiB2b U?2�iK�TV �`2 i?2 �;;`2;�iBQM
Q7 i?2b2 b�KTH2b- �M/ �`2 bBKBH�` iQ i?2 i`m2 K�`;BM�H /2MbBiB2b U};m`2 R3X9VX #V
h?2 2biBK�i2/ /Bbi`B#miBQM Pr(zt−1|zt) U#`QrM +m`p2V Bb � `2�bQM�#H2 �TT`QtB@
K�iBQM iQ i?2 i`m2 TQbi2`BQ` Q7 i?2 /BzmbBQM KQ/2H q(zt−1|zt) U+v�M +m`p2V 7`QK
};m`2 R3X8X h?2 K�`;BM�H /Bbi`B#miBQMb Pr(zt) �M/ q(zt) Q7 i?2 2biBK�i2/ �M/
i`m2 KQ/2Hb U/�`F #Hm2 �M/ ;`�v +m`p2b- `2bT2+iBp2HvV �`2 �HbQ bBKBH�`X

Pr(zt−1|zt,φt) = LQ`Kzt−1

[
7t[zt,φt],σ

2
t I
]

UR3XkdV

q(zt−1|zt,x) = LQ`Kzt−1

[
(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt
1− αt

x,
βt(1− αt−1)

1− αt
I

]
.

h?2 EG@/Bp2`;2M+2 #2ir22M irQ MQ`K�H /Bbi`B#miBQMb ?�b � +HQb2/ 7Q`K 2tT`2bbBQMX JQ`2@�TT2M/Bt "X8X9
EG /Bp2`;2M+2

#2ir22M MQ`K�H
/Bbi`B#miBQMb

Qp2`- K�Mv Q7 i?2 i2`Kb BM i?Bb 2tT`2bbBQM /Q MQi /2T2M/ QM φ Ub22 T`Q#H2K R3XeV- �M/

S`Q#H2K R3Xe

i?2 2tT`2bbBQM bBKTHB}2b iQ i?2 b[m�`2/ /Bz2`2M+2 #2ir22M i?2 K2�Mb,

DKL

[
Pr(zt−1|zt,φt)||q(zt−1|zt,x)

]
= UR3Xk3V

1

2σ2
t

∥∥∥∥
(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt
1− αt

x− 7t[zt,φt]

∥∥∥∥
2

+ C,

r?2`2 C Bb � +QMbi�MiX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3X8 _2T�`�K2i2`Bx�iBQM Q7 HQbb 7mM+iBQM jeR

6B;m`2 R3X3 6Bii2/ KQ/2H `2bmHibX *v�M
�M/ #`QrM +m`p2b �`2 Q`B;BM�H �M/ 2biB@
K�i2/ /2MbBiB2b �M/ +Q``2bTQM/ iQ i?2
iQT `Qrb Q7 };m`2b R3X8 �M/ R3Xd- `2bT2+@
iBp2HvX o2`iB+�H #�`b �`2 #BMM2/ b�KTH2b
7`QK i?2 KQ/2H- ;2M2`�i2/ #v T`QT�;�i@
BM; #�+F b�KTH2b Pr(zT ) �b b?QrM 7Q`
i?2 }p2 T�i?b BM };m`2 R3XdX

R3X9X9 .BzmbBQM HQbb 7mM+iBQM

hQ }i i?2 KQ/2H- r2 K�tBKBx2 i?2 1G"P rBi? `2bT2+i iQ i?2 T�`�K2i2`b φ1...T X q2
`2+�bi i?Bb �b � KBMBKBx�iBQM #v KmHiBTHvBM; rBi? KBMmb QM2 iQ ;Bp2 i?2 HQbb 7mM+iBQM,

L[φ] =
I∑

i=1

(
`2+QMbi`m+iBQM i2`K︷ ︸︸ ︷

− log
[
LQ`Kxi

[
71[zi1,φ1],σ

2
1I
]]

UR3XkNV

+
T∑

t=2

1

2σ2
t

∥∥∥∥

(
(1− αt−1)

1− αt

√
1− βtzit +

√
αt−1βt
1− αt

xi

)

︸ ︷︷ ︸
K2�M Q7 q(zt−1|zt,x)

− 7t[zit,φt]

︸ ︷︷ ︸
T`2/B+i2/ zt−1

∥∥∥∥
2)

,

r?2`2 xi Bb i?2 ith /�i� TQBMi �M/ zit Bb i?2 �bbQ+B�i2/ H�i2Mi p�`B�#H2 �i /BzmbBQM bi2T tX

R3X9X8 h`�BMBM; T`Q+2/m`2

h?Bb HQbb 7mM+iBQM +�M #2 mb2/ iQ i`�BM � M2irQ`F 7Q` 2�+? /BzmbBQM iBK2 bi2TX Ai KBMBKBx2b
i?2 /Bz2`2M+2 #2ir22M i?2 2biBK�i2 7t[zt,φt] Q7 i?2 ?B//2M p�`B�#H2 �i i?2 T`2pBQmb iBK2
bi2T �M/ i?2 KQbi HBF2Hv p�Hm2 i?�i Bi iQQF ;Bp2M i?2 ;`QmM/ i`mi? /2@MQBb2/ /�i� xX

6B;m`2b R3Xd �M/ R3X3 b?Qr i?2 }ii2/ `2p2`b2 T`Q+2bb 7Q` i?2 bBKTH2 R. 2t�KTH2X
h?Bb KQ/2H r�b i`�BM2/ #v UBV i�FBM; � H�`;2 /�i�b2i Q7 2t�KTH2b x 7`QK i?2 Q`B;BM�H
/2MbBiv- UBBV mbBM; i?2 /BzmbBQM F2`M2H iQ T`2/B+i K�Mv +Q``2bTQM/BM; p�Hm2b 7Q` i?2 H�i2Mi
p�`B�#H2 �i iBK2 zt- �M/ i?2M UBBBV i`�BMBM; � b2`B2b Q7 KQ/2Hb 7t[zt,φt] iQ KBMBKBx2 i?2
HQbb 7mM+iBQM BM 2[m�iBQM R3XkNX h?2b2 KQ/2Hb r2`2 MQMT�`�K2i`B+ UBX2X- HQQFmT i�#H2b
`2H�iBM; R. BMTmi iQ R. QmiTmiV- #mi KQ`2 ivTB+�HHv i?2v rQmH/ #2 /22T M2m`�H M2irQ`FbX

R3X8 _2T�`�K2i2`Bx�iBQM Q7 HQbb 7mM+iBQM

�Hi?Qm;? i?2 HQbb 7mM+iBQM BM 2[m�iBQM R3XkN +�M #2 mb2/- /BzmbBQM KQ/2Hb ?�p2 #22M
7QmM/ iQ rQ`F #2ii2` rBi? � /Bz2`2Mi T�`�K2i2`Bx�iBQMc i?2 HQbb 7mM+iBQM Bb KQ/B}2/ bQ

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jek R3 .BzmbBQM KQ/2Hb

i?�i i?2 KQ/2H �BKb iQ T`2/B+i i?2 MQBb2 i?�i r�b KBt2/ rBi? i?2 Q`B;BM�H /�i� 2t�KTH2
iQ +`2�i2 i?2 +m``2Mi p�`B�#H2X a2+iBQM R3X8XR /Bb+mbb2b `2T�`�K2i2`BxBM; i?2 i�`;2i U}`bi
irQ i2`Kb BM b2+QM/ HBM2 Q7 2[m�iBQM R3XkNV �M/ b2+iBQM R3X8Xk /Bb+mbb2b `2T�`�K2i2`BxBM;
i?2 M2irQ`F UH�bi i2`K BM b2+QM/ HBM2 Q7 2[m�iBQM R3XkNVX

R3X8XR _2T�`�K2i2`Bx�iBQM Q7 i�`;2i

h?2 Q`B;BM�H /BzmbBQM mT/�i2 r�b ;Bp2M #v,

zt =
√
αtx+

√
1− αtε, UR3XjyV

�M/ bQ i?2 /�i� i2`K x BM 2[m�iBQM R3Xk3- +�M #2 2tT`2bb2/ �b i?2 /Bzmb2/ BK�;2 KBMmb
i?2 MQBb2 i?�i r�b �//2/ iQ Bi,

x =
1
√
αt

zt −
√
1− αt√
αt

ε. UR3XjRV

am#biBimiBM; i?Bb BMiQ i?2 i�`;2i i2`Kb 7`QK 2[m�iBQM R3XkN ;Bp2b,

(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt
1− αt

x = UR3XjkV

(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt
1− αt

(
1
√
αt

zt −
√
1− αt√
αt

ε

)

(1− αt−1)

1− αt

√
1− βtzt +

βt
1− αt

(
1√

1− βt
zt −

√
1− αt√
1− βt

ε

)
,

r?2`2 r2 ?�p2 mb2/ i?2 7�+i i?�i √αt/
√
αt−1 =

√
1− βt #2ir22M i?2 b2+QM/ �M/ i?B`/S`Q#H2K R3Xd HBM2bX aBKTHB7vBM; 7m`i?2`- r2 ;2i,

(1− αt−1)

1− αt

√
1− βtzt +

√
αt−1βt
1− αt

x = UR3XjjV
(
(1− αt−1)

√
1− βt

1− αt
+

βt
(1− αt)

√
1− βt

)
zt −

βt√
1− αt

√
1− βt

ε

(
(1− αt−1)(1− βt)
(1− αt)

√
1− βt

+
βt

(1− αt)
√
1− βt

)
zt −

βt√
1− αt

√
1− βt

ε

(1− αt−1)(1− βt) + βt
(1− αt)

√
1− βt

zt −
βt√

1− αt
√
1− βt

ε

1− αt

(1− αt)
√
1− βt

zt −
βt√

1− αt
√
1− βt

ε

1√
1− βt

zt −
βt√

1− αt
√
1− βt

ε,

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3X8 _2T�`�K2i2`Bx�iBQM Q7 HQbb 7mM+iBQM jej

r?2`2 r2 ?�p2 KmHiBTHB2/ i?2 MmK2`�iQ` �M/ /2MQKBM�iQ` Q7 i?2 }`bi i2`K #v
√
1− βt

#2ir22M HBM2b irQ �M/ i?`22- �M/ KmHiBTHB2/ Qmi i?2 i2`Kb �M/ bBKTHB}2/ i?2 MmK2`�iQ`
BM i?2 }`bi i2`K #2ir22M HBM2b i?`22 �M/ 7Qm`X S`Q#H2K R3X3am#biBimiBM; i?Bb #�+F BMiQ i?2 HQbb 7mM+iBQM r2 ?�p2,

L[φ] =
I∑

i=1

− log
[
LQ`Kxi

[
71[zi1,φ1],σ

2
1I
]]

UR3Xj9V

+
T∑

t=2

1

2σ2
t

∥∥∥∥

(
1√

1− βt
zit −

βt√
1− αt

√
1− βt

ε

)
− 7t[zit,φt]

∥∥∥∥
2

.

R3X8Xk _2T�`�K2i2`Bx�iBQM Q7 M2irQ`F

LQr r2 `2TH�+2 i?2 KQ/2H ẑt−1 = 7t[zt,φt]- rBi? � M2r KQ/2H ε̂ = ;t[zt,φt]- r?B+?
T`2/B+ib i?2 MQBb2 ε i?�i r�b KBt2/ rBi? x iQ +`2�i2 zt,

7t[zt,φt] =
1√

1− βt
zt −

βt√
1− αt

√
1− βt

;t[zt,φt]. UR3Xj8V

am#biBimiBM; i?2 M2r KQ/2H BMiQ 2[m�iBQM R3Xj9 T`Q/m+2b i?2 +`Bi2`BQM,

L[φ] =
I∑

i=1

− log
[
LQ`Kxi

[
71[zi1,φ1],σ

2
1I
]]

+
T∑

t=2

β2
t

(1− αt)(1− βt)2σ2
t

∥∥∥;t[zit,φt]− εit
∥∥∥
2
.

UR3XjeV

h?2 HQ; MQ`K�H +�M 2[mBp�H2MiHv #2 r`Bii2M �b � H2�bi b[m�`2b HQbb THmb � +QMbi�Mi Ci,

L[φ] =
I∑

i=1

1

2σ2
1

∥∥∥xi − 71[zi1,φ1]
∥∥∥
2
+

T∑

t=2

β2
t

(1− αt)(1− βt)2σ2
t

∥∥∥;t[zit,φt]− εit
∥∥∥
2
+ Ci.

am#biBimiBM; BM i?2 /2}MBiBQMb Q7 x �M/ 7t[zt,φt] 7`QK 2[m�iBQMb R3XjR �M/ R3Xj8- `2bT2+@ S`Q#H2K R3XNiBp2Hv- i?2 }`bi i2`K bBKTHB}2b iQ,

1

2σ2
1

∥∥∥xi − 71[zi1,φ1]
∥∥∥
2
=

1

2σ2
1

∥∥∥
β1√

1− α1
√
1− β1

;1[zi1,φ1]−
β1√

1− α1
√
1− β1

εi1
∥∥∥
2
.

UR3XjdV
�//BM; i?Bb #�+F iQ i?2 }M�H HQbb 7mM+iBQM vB2H/b,

L[φ] =
I∑

i=1

T∑

t=1

β2
t

(1− αt)(1− βt)2σ2
t

∥∥∥;t[zit,φt]− εit
∥∥∥
2
, UR3Xj3V

r?2`2 r2 ?�p2 /Bb`2;�`/2/ i?2 �//BiBp2 +QMbi�Mib CiX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



je9 R3 .BzmbBQM KQ/2Hb

�H;Q`Bi?K R3XR, .BzmbBQM KQ/2H i`�BMBM;
AMTmi, h`�BMBM; /�i� x
PmiTmi, JQ/2H T�`�K2i2`b φt

`2T2�i
7Q` i ∈ B /Q ff 6Q` 2p2`v i`�BMBM; 2t�KTH2 BM/2t BM #�i+?

t ∼ lMB7Q`K[1, . . . T ] ff a�KTH2 `�M/QK iBK2bi2T
ε ∼ LQ`K[0, I] ff a�KTH2 MQBb2

$i =
∥∥∥;t

[√
αtxi +

√
1− αtε,φt

]
− ε
∥∥∥
2

ff *QKTmi2 BM/BpB/m�H HQbb

�++mKmH�i2 HQbb2b 7Q` #�i+? �M/ i�F2 ;`�/B2Mi bi2T
mMiBH +QMp2`;2/

r?2`2 i?2 HQ; MQ`K�H ?�b #22M `2TH�+2/ #v � H2�bi b[m�`2b i2`K THmb �M �//BiBp2 +QM@
bi�Mi C Ub22 b2+iBQM 8XjXRVX AM T`�+iB+2- i?2 b+�HBM; 7�+iQ`b Ur?B+? KB;?i #2 /Bz2`2Mi �i
2�+? iBK2 bi2TV �`2 B;MQ`2/ ;BpBM; �M 2p2M bBKTH2` 7Q`KmH�iBQM,

L[φ] =
I∑

i=1

T∑

t=1

∥∥∥;t[zit,φt]− εit
∥∥∥
2

UR3XjNV

=
I∑

i=1

T∑

t=1

∥∥∥;t

[√
αtxi +

√
1− αtεit,φt

]
− εit

∥∥∥
2
,

r?2`2 r2 ?�p2 `2r`Bii2M zt mbBM; i?2 /BzmbBQM F2`M2H U2[m�iBQM R3XjyV BM i?2 b2+QM/ HBM2X

R3Xe AKTH2K2Mi�iBQM

h?Bb H2�/b iQ bi`�B;?i7Q`r�`/ �H;Q`Bi?Kb 7Q` #Qi? i`�BMBM; i?2 KQ/2H U�H;Q`Bi?K R3XRV
�M/ b�KTHBM; U�H;Q`Bi?K R3XkVX h?2 i`�BMBM; �H;Q`Bi?K ?�b i?2 �/p�Mi�;2b i?�i Bi Bb
UBV bBKTH2 iQ BKTH2K2Mi �M/ UBBV M�im`�HHv �m;K2Mib i?2 /�i�b2ic r2 +�M `2mb2 2p2`v
Q`B;BM�H /�i� TQBMi xi �b K�Mv iBK2b �b r2 r�Mi �i 2�+? iBK2 bi2T rBi? /Bz2`2Mi MQBb2
BMbi�MiB�iBQMb εX h?2 b�KTHBM; �H;Q`Bi?K ?�b i?2 /Bb�/p�Mi�;2 i?�i Bi `2[mB`2b b2`B�H
T`Q+2bbBM; Q7 K�Mv M2m`�H M2irQ`Fb ;t[zt,φt]- �M/ Bb ?2M+2 iBK2 +QMbmKBM;X

R3XeXR �TTHB+�iBQM iQ BK�;2b

h?2 2�`Hv bm++2bb2b Q7 /BzmbBQM KQ/2Hb r2`2 BM KQ/2HBM; BK�;2 /�i�X >2`2- r2 M22/ iQ
+QMbi`m+i KQ/2Hb i?�i +�M i�F2 � MQBbv BK�;2 �M/ T`2/B+i i?2 MQBb2 i?�i r�b �//2/ iQ
Bi �i 2�+? bi�;2X h?2 Q#pBQmb �`+?Bi2+im`�H +?QB+2 7Q` i?Bb BK�;2@iQ@BK�;2 K�TTBM; Bb �M
2M+Q/2`@/2+Q/2` KQ/2H bBKBH�` iQ i?2 l@L2iX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3Xe AKTH2K2Mi�iBQM je8

�H;Q`Bi?K R3Xk, a�KTHBM;
AMTmi, JQ/2H- ;t[•,φt]
PmiTmi, a�KTH2- x
zT ∼ LQ`Kz[0, I] ff a�KTH2 H�bi H�i2Mi p�`B�#H2
7Q` t = T . . . 2 /Q

ẑt−1 = 1√
1−βt

zt − βt√
1−αt

√
1−βt

;t[zt,φt] ff S`2/B+i T`2pBQmb H�i2Mi p�`B�#H2
ε ∼ LQ`Kε[0, I] ff .`�r M2r MQBb2 p2+iQ`
zt−1 = ẑt−1 + σtε ff �// MQBb2 iQ T`2pBQmb H�i2Mi p�`B�#H2

x = 1√
1−β1

z1 − β1√
1−α1

√
1−β1

;1[z1,φ1] ff :2M2`�i2 b�KTH2 7`QK z1 rBi?Qmi MQBb2

6B;m`2 R3XN l@L2i �b mb2/ BM /BzmbBQM KQ/2Hb 7Q` BK�;2bX h?2 M2irQ`F �BKb iQ
T`2/B+i i?2 MQBb2 i?�i r�b �//2/ iQ i?2 BK�;2X Ai +QMbBbib Q7 �M 2M+Q/2` r?B+?
`2/m+2b i?2 b+�H2 �M/ BM+`2�b2b i?2 MmK#2` Q7 +?�MM2Hb �M/ � /2+Q/2` r?B+? BM@
+`2�b2b i?2 b+�H2 �M/ `2/m+2b i?2 MmK#2` Q7 +?�MM2HbX h?2 2M+Q/2` `2T`2b2Mi�iBQMb
�`2 +QM+�i2M�i2/ iQ i?2B` T�`iM2` BM i?2 /2+Q/2`X *QMM2+iBQMb #2ir22M �/D�+2Mi
`2T`2b2Mi�iBQMb +QMbBbi Q7 `2bB/m�H #HQ+Fb- �M/ T2`BQ/B+ ;HQ#�H b2H7@�ii2MiBQM BM
r?B+? 2p2`v bT�iB�H TQbBiBQM BMi2`�+ib rBi? 2p2`v Qi?2` bT�iB�H TQbBiBQMX � bBM;H2
M2irQ`F Bb mb2/ 7Q` �HH iBK2 bi2Tb- #v T�bbBM; � bBMmbQB/�H iBK2 2K#2//BM; U};@
m`2 RkX8V i?`Qm;? � b?�HHQr M2m`�H M2irQ`F �M/ �//BM; i?2 `2bmHi iQ i?2 +?�MM2Hb
�i 2p2`v bT�iB�H TQbBiBQM �i 2p2`v bi�;2 Q7 i?2 l@L2iX

>Qr2p2`- i?2`2 K�v #2 � p2`v H�`;2 MmK#2` Q7 /BzmbBQM bi2Tb- �M/ i`�BMBM; �M/ biQ`BM;
i?Bb K�Mv l@L2ib Bb BM2{+B2MiX h?2 bQHmiBQM Bb iQ i`�BM � bBM;H2 l@L2i i?�i �HbQ i�F2b �
T`2/2i2`KBM2/ p2+iQ` `2T`2b2MiBM; i?2 iBK2 bi2T �b BMTmi U};m`2 R3XNVX AM T`�+iB+2- i?Bb
Bb `2bBx2/ iQ K�i+? i?2 MmK#2` Q7 +?�MM2Hb �i 2�+? bi�;2 Q7 i?2 l@L2i �M/ mb2/ iQ Qzb2i
�M/fQ` b+�H2 i?2 `2T`2b2Mi�iBQM �i 2�+? bT�iB�H TQbBiBQMX

h?2 HQ;B+ 7Q` ?�pBM; bQ K�Mv iBK2 bi2Tb Bb i?�i i?2 +QM/BiBQM�H T`Q#�#BHBiB2b q(zt−1|zt)
#2+QK2 +HQb2` iQ MQ`K�HHv /Bbi`B#mi2/ r?2M i?2 ?vT2`T�`�K2i2`b βt �`2 +HQb2 iQ x2`Q �M/
bQ i?2 p�`B�iBQM�H �TT`QtBK�iBQM Bb +HQb2`X >Qr2p2`- BM T`�+iB+2- i?Bb K�F2b b�KTHBM; p2`v
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jee R3 .BzmbBQM KQ/2Hb

6B;m`2 R3XRy .Bz2`2Mi /BzmbBQM T`Q+2bb2b i?�i �`2 �HH +QKT�iB#H2 rBi? i?2 b�K2
KQ/2HX �V >BbiQ;`�K Q7 b�KTH2b ;2M2`�i2/ 7`QK `2@T�`�K2i2`Bx2/ KQ/2H THQii2/
�HQM;bB/2 ;`QmM/ i`mi? /2MbBiv +m`p2X #V 6Bp2 b�KTH2/ i`�D2+iQ`B2b bmT2`BKTQb2/
QM ;`QmM/ i`mi? K�`;BM�H /Bbi`B#miBQMb U};m`2 R3X8V h?2 b�K2 i`�BM2/ KQ/2H
Bb +QKT�iB#H2 rBi? � 7�KBHv Q7 /BzmbBQM KQ/2Hb U�M/ +Q``2bTQM/BM; mT/�i2b BM
i?2 QTTQbBi2 /B`2+iBQMV- BM+Hm/BM; i?2 /2MQBbBM; /BzmbBQM BKTHB+Bi U..AJV KQ/2H-
r?B+? Bb /2i2`KBMBbiB+ �M/ /Q2b MQi �// MQBb2 �i 2�+? bi2TX +V >BbiQ;`�K Q7
b�KTH2b 7`QK ..AJ KQ/2HX /V 6Bp2 i`�D2+iQ`B2b 7`QK ..AJ KQ/2HX h?2 b�K2
KQ/2H Bb �HbQ +QKT�iB#H2 rBi? �++2H2`�i2/ /BzmbBQM KQ/2Hb i?�i bFBT BM72`2M+2
bi2Tb 7Q` BM+`2�b2/ b�KTHBM; bT22/X 2V >BbiQ;`�K Q7 b�KTH2b 7`QK �++2H2`�i2/
KQ/2HX 7V 6Bp2 i`�D2+iQ`B2b 7`QK �++2H2`�i2/ KQ/2HX

bHQrX q2 KB;?i ?�p2 iQ `mM i?2 l@L2i KQ/2H i?`Qm;? T =1000 bi2Tb iQ ;2M2`�i2 ;QQ/
BK�;2bX

R3XeXk AKT`QpBM; ;2M2`�iBQM bT22/

h?2 HQbb 7mM+iBQM U2[m�iBQM R3XjNV `2[mB`2b i?2 /BzmbBQM F2`M2H iQ ?�p2 i?2 7Q`K q(zt|x) =
LQ`K[

√
αtx,

√
1− αt·I]X h?2 b�K2 HQbb 7mM+iBQM rBHH #2 p�HB/ 7Q` �Mv 7Q`r�`/ T`Q+2bb rBi?

i?Bb `2H�iBQM �M/ i?2`2 �`2 � 7�KBHv Q7 bm+? +QKT�iB#H2 T`Q+2bb2bX h?2b2 �`2 �HH QTiBKBx2/
#v i?2 b�K2 HQbb 7mM+iBQM- #mi ?�p2 /Bz2`2Mi `mH2b 7Q` i?2 7Q`r�`/ T`Q+2bb- �M/ /Bz2`2Mi
+Q``2bTQM/BM; `mH2b 7Q` ?Qr iQ mb2 i?2 2biBK�i2/ MQBb2 ;[zt,φt] iQ 2biBK�i2 zt−1 7`QK zt
BM i?2 `2p2`b2 T`Q+2bb U};m`2 R3XRyVX

�KQM; i?Bb 7�KBHv �`2 /2MQBbBM; /BzmbBQM BKTHB+Bi KQ/2Hb- r?B+? �`2 MQ HQM;2`
biQ+?�biB+ �7i2` i?2 }`bi bi2T 7`QK x iQ z1 �M/ �++2H2`�i2/ b�KTHBM; KQ/2Hb r?2`2 i?2

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3Xe AKTH2K2Mi�iBQM jed

7Q`r�`/ T`Q+2bb Bb /2}M2/ QMHv QM � bm#@b2[m2M+2 Q7 iBK2 bi2TbX h?Bb �HHQrb � `2p2`b2
T`Q+2bb i?�i bFBTb iBK2 bi2Tb �M/ ?2M+2 K�F2b b�KTHBM; Km+? KQ`2 2{+B2Mic ;QQ/ b�K@
TH2b +�M #2 +`2�i2/ rBi? 8y iBK2 bi2Tb r?2M i?2 7Q`r�`/ T`Q+2bb Bb MQ HQM;2` biQ+?�biB+X
h?Bb Bb Km+? 7�bi2` i?�M #27Q`2 #mi biBHH bHQr2` i?�M KQbi Qi?2` ;2M2`�iBp2 KQ/2HbX

R3XeXj *QM/BiBQM�H ;2M2`�iBQM

A7 i?2 /�i� ?�b �bbQ+B�i2/ H�#2Hb c- i?2M i?2b2 +�M #2 2tTHQBi2/ iQ +QMi`QH i?2 ;2M2`�iBQMX
aQK2iBK2b i?Bb +�M BKT`Qp2 ;2M2`�iBQM `2bmHib BM :�Lb �M/ r2 KB;?i 2tT2+i i?Bb iQ
#2 i?2 +�b2 BM /BzmbBQM KQ/2Hb �b r2HHc BiǶb 2�bB2` iQ /2MQBb2 �M BK�;2 B7 vQm ?�p2 bQK2
BM7Q`K�iBQM �#Qmi r?�i i?�i BK�;2 +QMi�BMbX PM2 �TT`Q�+? iQ +QM/BiBQM�H bvMi?2bBb BM
:�Lb Bb +H�bbB}2` ;mB/�M+2X h?Bb KQ/B}2b i?2 /2MQBbBM; mT/�i2 7`QK zt iQ zt−1 iQ i�F2
BMiQ �++QmMi �//BiBQM�H BM7Q`K�iBQM cX AM T`�+iB+2- i?Bb K2�Mb �//BM; �M 2ti`� i2`K BMiQ
i?2 }M�H mT/�i2 bi2T BM �H;Q`Bi?K R3Xk iQ,

zt−1 = ẑt−1 + σ2
t

∂ log
[
Pr(c|zt)

]

∂zt
+ σtε. UR3X9yV

h?2 M2r i2`K /2T2M/b QM i?2 ;`�/B2Mi Q7 � +H�bbB}2` Pr(c|zt) i?�i Bb #�b2/ QM i?2
H�i2Mi p�`B�#H2 ztX h?Bb K�Tb 72�im`2b 7`QK i?2 /QrMb�KTHBM; ?�H7 Q7 i?2 l@L2i iQ i?2
+H�bb cX GBF2 i?2 l@L2i - Bi Bb mbm�HHv b?�`2/ �+`Qbb �HH iBK2@bi2Tb �M/ i�F2b iBK2 �b �M
BMTmiX h?2 mT/�i2 7`QK zt iQ zt−1 MQr K�F2b i?2 +H�bb c KQ`2 HBF2HvX

*H�bbB}2`@7`22 ;mB/�M+2 �pQB/b H2�`MBM; � b2T�`�i2 +H�bbB}2` Pr(c|zt)- #mi BMbi2�/
BM+Q`TQ`�i2b +H�bb BM7Q`K�iBQM BMiQ i?2 K�BM KQ/2H ;t[zt,φt, c]X AM T`�+iB+2- i?Bb mbm�HHv
i�F2b i?2 7Q`K Q7 �//BM; �M 2K#2//BM; #�b2/ QM c iQ i?2 H�v2`b Q7 i?2 l@L2i BM � bBKBH�`
r�v iQ ?Qr i?2 iBK2 bi2T Bb �//2/ Ub22 };m`2 R3XNVX h?Bb KQ/2H Bb DQBMiHv i`�BM2/ QM
+QM/BiBQM�H �M/ mM+QM/BiBQM�H Q#D2+iBp2b #v `�M/QKHv /`QTTBM; i?2 +H�bb BM7Q`K�iBQM
/m`BM; i`�BMBM;X >2M+2- Bi +�M #Qi? ;2M2`�i2 mM+QM/BiBQM�H Q` +QM/BiBQM�H /�i� 2t�KTH2b
�i i2bi iBK2 Q` �Mv r2B;?i2/ +QK#BM�iBQM Q7 i?2 irQX h?Bb #`BM;b � bm`T`BbBM; �/p�Mi�;2c
B7 i?2 +QM/BiBQMBM; BM7Q`K�iBQM Bb Qp2`@r2B;?i2/- i?2M i?2 KQ/2H i2M/b iQ T`Q/m+2 p2`v
?B;? [m�HBiv- #mi bHB;?iHv bi2`2QivTB+�H 2t�KTH2bX h?Bb Bb bQK2r?�i �M�HQ;Qmb iQ i?2 mb2
Q7 i`mM+�iBQM BM :�Lb U};m`2 R8XRyVX

R3XeX9 AKT`QpBM; ;2M2`�iBQM [m�HBiv

�b 7Q` Qi?2` ;2M2`�iBp2 KQ/2Hb- i?2 ?B;?2bi [m�HBiv `2bmHib `2bmHi 7`QK �TTHvBM; � +QK#B@
M�iBQM Q7 i`B+Fb �M/ 2ti2MbBQMb iQ i?2 #�bB+ KQ/2HX 6B`bi- BiǶb #22M MQi2/ i?�i Bi �HbQ ?2HTb
iQ 2biBK�i2 i?2 p�`B�M+2b σ2

t Q7 i?2 `2p2`b2 T`Q+2bb �b r2HH �b i?2 K2�M UBX2X- i?2 rB/i?b
Q7 i?2 #`QrM MQ`K�H /Bbi`B#miBQMb BM };m`2 R3XdVX h?Bb T�`iB+mH�`Hv BKT`Qp2b i?2 `2bmHib
r?2M b�KTHBM; rBi? 72r2` bi2TbX a2+QM/- BiǶb TQbbB#H2 iQ KQ/B7v i?2 MQBb2 b+?2/mH2 BM
i?2 7Q`r�`/ T`Q+2bb bQ i?�i βt p�`B2b �i 2�+? bi2T- �M/ i?Bb +�M BKT`Qp2 `2bmHibX

h?B`/- iQ ;2M2`�i2 ?B;? `2bQHmiBQM BK�;2b- � +�b+�/2 Q7 /BzmbBQM KQ/2Hb Bb mb2/X h?2
}`bi +`2�i2b � HQr `2bQHmiBQM BK�;2 UTQbbB#Hv ;mB/2/ #v +H�bb BM7Q`K�iBQMVX h?2 bm#b2@
[m2Mi /BzmbBQM KQ/2Hb ;2M2`�i2 T`Q;`2bbBp2Hv ?B;?2` `2bQHmiBQM BK�;2bX h?2v +QM/BiBQM

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



je3 R3 .BzmbBQM KQ/2Hb

6B;m`2 R3XRR *�b+�/2/ +QM/BiBQM�H ;2M2`�iBQM #�b2/ QM � i2ti T`QKTiX �V � /Bzm@
bBQM KQ/2H +QMbBbiBM; Q7 � b2`B2b Q7 l@L2ib Bb mb2/ iQ ;2M2`�i2 � e9×e9 BK�;2X #V
h?Bb ;2M2`�iBQM Bb +QM/BiBQM2/ QM � b2Mi2M+2 2K#2//BM; +QKTmi2/ #v � H�M;m�;2
KQ/2HX +V � ?B;?2` `2bQHmiBQM k8e×k8e BK�;2 Bb ;2M2`�i2/ �M/ +QM/BiBQM2/ QM i?2
bK�HH2` BK�;2 �M/ i?2 i2ti 2M+Q/BM;X /V h?Bb Bb `2T2�i2/ iQ +`2�i2 � Ryk9×Ryk9
BK�;2X 2V 6BM�H BK�;2 b2[m2M+2X �/�Ti2/ 7`QK a�?�`B� 2i �HX Ukykk#VX

QM i?2 HQr2` `2bQHmiBQM BK�;2 #v `2bBxBM; i?Bb �M/ �TT2M/BM; Bi iQ i?2 H�v2`b Q7 i?2
+QMbiBim2Mi l@L2i- �b r2HH �b �Mv Qi?2` +H�bb BM7Q`K�iBQM U};m`2 R3XRRVX

*QK#BMBM; �HH Q7 i?2b2 i2+?MB[m2b �HHQrb ;2M2`�iBQM Q7 p2`v ?B;? [m�HBiv BK�;2bX
6B;m`2 R3XRk b?Qrb 2t�KTH2b Q7 BK�;2b ;2M2`�i2/ 7`QK � KQ/2H +QM/BiBQM2/ QM i?2 AK�@
;2L2i +H�bbX Ai Bb T�`iB+mH�`Hv BKT`2bbBp2 i?�i i?2 b�K2 KQ/2H +�M H2�`M iQ ;2M2`�i2 bm+?
/Bp2`b2 +H�bb2bX 6B;m`2 R3XRj b?Qrb BK�;2b ;2M2`�i2/ 7`QK � KQ/2H i?�i Bb i`�BM2/ iQ
+QM/BiBQM QM i2ti +�TiBQMb 2M+Q/2/ #v � H�M;m�;2 KQ/2H HBF2 "1_h- r?B+? �`2 BMb2`i2/
BMiQ i?2 KQ/2H BM i?2 b�K2 r�v �b i?2 iBK2 bi2T �M/ HQr2` `2bQHmiBQM BK�;2b U};m`2b R3XN
�M/ R3XRRVX h?Bb `2bmHib BM p2`v `2�HBbiB+ BK�;2b i?�i �;`22 rBi? i?2 +�TiBQMX aBM+2 i?2
/BzmbBQM KQ/2H Bb #v Bib M�im`2 biQ+?�biB+- BiǶb TQbbB#H2 iQ ;2M2`�i2 KmHiBTH2 BK�;2b i?�i
�`2 +QM/BiBQM2/ QM i?2 b�K2 +�TiBQMX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



R3Xe AKTH2K2Mi�iBQM jeN

6B;m`2 R3XRk *QM/BiBQM�H ;2M2`�iBQM mbBM; +H�bbB}2` ;mB/�M+2X AK�;2 b�KTH2b
+QM/BiBQM2/ QM /Bz2`2Mi AK�;2L2i +H�bb2bX h?2 b�K2 KQ/2H T`Q/m+2b ?B;? [m�HBiv
b�KTH2b Q7 ?B;?Hv p�`B2/ BK�;2 +H�bb2bX �/�Ti2/ 7`QK .?�`Br�H � LB+?QH UkykRVX

6B;m`2 R3XRj *QM/BiBQM�H ;2M2`�iBQM mbBM; i2ti T`QKTibX avMi?2bBx2/ BK�;2b
7`QK � +�b+�/2/ ;2M2`�iBQM 7`�K2rQ`F- +QM/BiBQM2/ QM � i2ti T`QKTi 2M+Q/2/ #v
� H�`;2 H�M;m�;2 KQ/2HX h?2 biQ+?�biB+ KQ/2H +�M T`Q/m+2 K�Mv /Bz2`2Mi BK�;2b
+QKT�iB#H2 rBi? i?2 T`QKTiX h?2 KQ/2H +�M +QmMi Q#D2+ib- �M/ BM+Q`TQ`�i2 i2ti
BMiQ BK�;2bX �/�Ti2/ 7`QK a�?�`B� 2i �HX Ukykk#VX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jdy R3 .BzmbBQM KQ/2Hb

R3Xd amKK�`v

.BzmbBQM KQ/2Hb K�T i?2 /�i� 2t�KTH2b i?`Qm;? � b2`B2b Q7 H�i2Mi p�`B�#H2b #v `2T2�i@
2/Hv #H2M/BM; i?2 +m``2Mi `2T`2b2Mi�iBQM rBi? `�M/QK MQBb2X �7i2` bm{+B2Mi bi2Tb- i?2
`2T`2b2Mi�iBQM #2+QK2b BM/BbiBM;mBb?�#H2 7`QK r?Bi2 MQBb2X aBM+2 i?2b2 bi2Tb �`2 bK�HH-
i?2 `2p2`b2 /2MQBbBM; T`Q+2bb �i 2�+? bi2T +�M #2 �TT`QtBK�i2/ rBi? � MQ`K�H /Bbi`B#m@
iBQM- �M/ T`2/B+i2/ #v � /22T H2�`MBM; KQ/2HX h?2 HQbb 7mM+iBQM Bb #�b2/ QM i?2 2pB/2M+2
HQr2` #QmM/ U1G"PV- �M/ mHiBK�i2Hv `2bmHib BM � bBKTH2 H2�bi@b[m�`2b 7Q`KmH�iBQMX

6Q` BK�;2 ;2M2`�iBQM- 2�+? /2MQBbBM; bi2T Bb BKTH2K2Mi2/ mbBM; � l@L2i- bQ b�KTHBM;
Bb bHQr +QKT�`2/ iQ Qi?2` ;2M2`�iBp2 KQ/2HbX hQ BKT`Qp2 ;2M2`�iBQM bT22/- BiǶb TQbbB#H2
iQ +?�M;2 i?2 /BzmbBQM KQ/2H iQ � /2i2`KBMBbiB+ 7Q`KmH�iBQM �M/ ?2`2 b�KTHBM; rBi?
72r2` bi2Tb rQ`Fb r2HHX a2p2`�H K2i?Q/b ?�p2 #22M T`QTQb2/ iQ +QM/BiBQM ;2M2`�iBQM
QM +H�bb BM7Q`K�iBQM- BK�;2b- �M/ i2ti BM7Q`K�iBQMX *QK#BMBM; i?2b2 K2i?Q/b T`Q/m+2b
p2`v BKT`2bbBp2 i2ti@iQ@BK�;2 bvMi?2bBbX

LQi2b

.2MQBbBM; /BzmbBQM KQ/2Hb r2`2 BMi`Q/m+2/ #v aQ?H@.B+Fbi2BM 2i �HX UkyR8V- �M/ 2�`Hv `2H�i2/
rQ`F #�b2/ QM b+Q`2@K�i+?BM; r�b +�``B2/ Qmi #v aQM; � 1`KQM UkyRNVX >Q 2i �HX UkykyV
T`Q/m+2/ BK�;2 b�KTH2b i?�i r2`2 +QKT2iBiBp2 rBi? :�Lb �M/ FB+F@bi�`i2/ � r�p2 Q7 BMi2`2bi
BM i?Bb �`2�X JQbi Q7 i?2 2tTQbBiBQM BM i?Bb +?�Ti2` BM+Hm/BM; i?2 Q`B;BM�H 7Q`KmH�iBQM �M/
i?2 `2T�`�K2i2`Bx�iBQM Bb /2`Bp2/ 7`QK i?Bb T�T2`X .?�`Br�H � LB+?QH UkykRV BKT`Qp2/ QM i?2
[m�HBiv Q7 i?2b2 `2bmHib �M/ b?Qr2/ 7Q` i?2 }`bi iBK2 i?�i BK�;2b 7`QK /BzmbBQM KQ/2Hb r2`2
[m�MiBi�iBp2Hv bmT2`BQ` iQ :�L KQ/2Hb BM i2`Kb Q7 6`û+?2i AM+2TiBQM .Bbi�M+2X �i i?2 iBK2
Q7 r`BiBM;- i?2 bi�i2@Q7@i?2@�`i `2bmHib 7Q` +QM/BiBQM�H BK�;2 bvMi?2bBb ?�p2 #22M �+?B2p2/ #v
E�``�b 2i �HX UkykkVX am`p2vb Q7 /2MQBbBM; /BzmbBQM KQ/2Hb +�M #2 7QmM/ BM *`QBiQ`m 2i �HX
UkykkV- *�Q 2i �HX UkykkV- GmQ UkykkV- �M/ u�M; 2i �HX UkykkVX

�TTHB+�iBQMb 7Q` BK�;2b, �TTHB+�iBQMb Q7 /BzmbBQM KQ/2Hb BM+Hm/2 i2ti@iQ@BK�;2 ;2M2`�iBQM
ULB+?QH 2i �HX- kykkc _�K2b? 2i �HX- kykkc a�?�`B� 2i �HX- kykk#V- BK�;2@iQ@BK�;2 i�bFb bm+?
�b +QHQ`Bx�iBQM- BMT�BMiBM;- mM+`QTTBM; �M/ `2biQ`�iBQM Ua�?�`B� 2i �HX- kykk�V- bmT2`@`2bQHmiBQM
Ua�?�`B� 2i �HX- kykk+V- BK�;2 2/BiBM; U>2`ix 2i �HX- kykkc J2M; 2i �HX- kykRV- `2KQpBM; �/p2`b�`B�H
T2`im`#�iBQMb ULB2 2i �HX- kykkV- b2K�MiB+ b2;K2Mi�iBQM U"�`�M+?mF 2i �HX- kykkV- �M/ K2/B+�H
BK�;BM; UaQM; 2i �HX- kykR#c *?mM; � u2- kykkc *?mM; 2i �HX- kykkc S2M; 2i �HX- kykkc sB2 � GB-
kykkc GmQ 2i �HX- kykkV r?2`2 i?2 /BzmbBQM KQ/2H Bb bQK2iBK2b mb2/ �b � T`BQ`X

.Bz2`2Mi /�i� ivT2b, .BzmbBQM KQ/2Hb ?�p2 �HbQ #22M �TTHB2/ iQ pB/2Q /�i� U>Q 2i �HX- kykk#c
>�`p2v 2i �HX- kykkc u�M; 2i �HX- kykkc >ƺTT2 2i �HX- kykkc oQH2iB 2i �HX- kykkV 7Q` ;2M2`�iBQM- T�bi
�M/ 7mim`2 7`�K2 T`2/B+iBQM- �M/ BMi2`TQH�iBQMX h?2v ?�p2 #22M mb2/ 7Q` j. b?�T2 ;2M2`�iBQM
Uw?Qm 2i �HX- kykRc GmQ � >m- kykRV- �M/ `2+2MiHv � i2+?MB[m2 ?�b #22M BMi`Q/m+2/ iQ ;2M2`�i2
j. KQ/2Hb mbBM; QMHv � k. i2ti@iQ@BK�;2 /BzmbBQM KQ/2H USQQH2 2i �HX- kykjVX �mbiBM 2i �HX
UkykRV �M/ >QQ;2#QQK 2i �HX UkykRV BMp2biB;�i2/ /BzmbBQM KQ/2Hb 7Q` /Bb+`2i2 /�i�X EQM; 2i �HX
UkykRV �M/ *?2M 2i �HX UkykR/V �TTHB2/ /BzmbBQM KQ/2Hb iQ �m/BQ /�i�X

�Hi2`M�iBp2b iQ /2MQBbBM;, h?2 /BzmbBQM KQ/2Hb BM i?Bb +?�Ti2` KBt MQBb2 rBi? i?2 /�i� �M/
#mBH/ � KQ/2H iQ ;`�/m�HHv /2MQBb2 i?2 `2bmHiX >Qr2p2`- /2;`�/BM; i?2 BK�;2 mbBM; MQBb2 Bb MQi
M2+2bb�`vX _Bbb�M2M 2i �HX UkykkV /2pBb2/ � K2i?Q/ i?�i T`Q;`2bbBp2Hv #Hm``2/ i?2 BK�;2 �M/

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



LQi2b jdR

"�Mb�H 2i �HX UkykkV b?Qr i?�i i?2 b�K2 B/2�b rQ`F rBi? � H�`;2 7�KBHv Q7 /2;`�/�iBQMb r?B+?
/Q MQi ?�p2 iQ #2 biQ+?�biB+X h?2b2 BM+Hm/2 K�bFBM;- KQ`T?BM;- #Hm``BM;- �M/ TBt2H�iBM;X

*QKT�`BbQM iQ Qi?2` ;2M2`�iBp2 KQ/2Hb, .BzmbBQM KQ/2Hb bvMi?2bBx2 ?B;?2` [m�HBiv BK@
�;2b i?�M Qi?2` ;2M2`�iBp2 KQ/2Hb �M/ �`2 bBKTH2 iQ i`�BMX h?2v +�M #2 i?Qm;?i Q7 �b � bT2+B�H
+�b2 Q7 � ?B2`�`+?B+�H o�1 Uo�?/�i � E�mix- kykyc aǠM/2`#v 2i �HX- kyRe#V r?2`2 i?2 2M+Q/2`
Bb }t2/ �M/ i?2 H�i2Mi bT�+2 Bb i?2 b�K2 bBx2 �b i?2 /�i�X h?2v �`2 T`Q#�#BHBbiB+- #mi HBF2 i?2
o�1 +�M QMHv +QKTmi2 � HQr2` #QmM/ QM i?2 HBF2HB?QQ/ Q7 � /�i� TQBMiX >Qr2p2`- EBM;K�
2i �HX UkykRV b?Qr i?�i i?Bb HQr2` #QmM/ BKT`Qp2b QM i?2 2t�+i HQ; HBF2HB?QQ/b 7Q` i2bi /�i�
7`QK MQ`K�HBxBM; ~Qrb �M/ �miQ`2;`2bbBp2 KQ/2HbX h?2 K�BM /Bb�/p�Mi�;2b Q7 /BzmbBQM KQ/2Hb
Bb i?�i i?2v �`2 bHQr �M/ i?�i i?2 H�i2Mi bT�+2 ?�b MQ b2K�MiB+ BMi2`T`2i�iBQMX

AKT`QpBM; [m�HBiv, J�Mv i2+?MB[m2b ?�p2 #22M T`QTQb2/ iQ BKT`Qp2 BK�;2 [m�HBivX h?2b2
BM+Hm/2 i?2 `2T�`�K2i2`Bx�iBQM Q7 i?2 M2irQ`F /2b+`B#2/ BM b2+iBQM R3X8 �M/ i?2 2[m�H@r2B;?iBM;
Q7 i?2 bm#b2[m2Mi i2`Kb U>Q 2i �HX- kykyVX *?QB 2i �HX UkykkV bm#b2[m2MiHv BMp2biB;�i2/ /Bz2`2Mi
r2B;?iBM;b Q7 i2`Kb BM i?2 HQbb 7mM+iBQMX
EBM;K� 2i �HX UkykRV BKT`Qp2/ i?2 i2bi HQ;@HBF2HB?QQ/ Q7 i?2 KQ/2H #v H2�`MBM; i?2 /2MQBbBM;
r2B;?ib βtX *QMp2`b2Hv- LB+?QH � .?�`Br�H UkykRV BKT`Qp2/ T2`7Q`K�M+2 #v H2�`MBM; b2T�`�i2
p�`B�M+2b σ2 Q7 i?2 /2MQBbBM; 2biBK�i2 �i 2�+? iBK2 bi2T BM �//BiBQM iQ i?2 K2�MX "�Q 2i �HX
UkykkV b?Qr ?Qr iQ H2�`M i?2 p�`B�M+2b �7i2` i`�BMBM; i?2 KQ/2HX
>Q 2i �HX Ukykk�V /2p2HQT2/ i?2 +�b+�/2/ K2i?Q/ 7Q` T`Q/m+BM; p2`v ?B;? `2bQHmiBQM BK�;2b
U};m`2 R3XRRVX hQ T`2p2Mi �`iB7�+ib BM HQr2` `2bQHmiBQM BK�;2b #2BM; T`QT�;�i2/ i?2 ?B;?2`
`2bQHmiBQMb- i?2v BMi`Q/m+2/ MQBb2 +QM/BiBQMBM; �m;K2Mi�iBQMc ?2`2- i?2 HQr2` `2bQHmiBQM BK�;2
Bb /2;`�/2/ #v �//BM; MQBb2 iQ i?2 +QM/BiBQMBM; BK�;2 �i 2�+? i`�BMBM; bi2TX h?Bb `2/m+2b i?2
`2HB�M+2 QM i?2 2t�+i /2i�BHb Q7 i?2 HQr2` `2bQHmiBQM BK�;2 /m`BM; i`�BMBM;X Ai Bb /QM2 /m`BM;
BM72`2M+2- �M/ ?2`2 r?2`2 i?2 #2bi MQBb2 H2p2H Bb +?Qb2M #v br22TBM; Qp2` /Bz2`2Mi p�Hm2bX

AKT`QpBM; bT22/, PM2 Q7 i?2 K�DQ` /`�r#�+Fb Q7 /BzmbBQM KQ/2Hb Bb i?�i i?2v i�F2 � HQM;
iBK2 iQ i`�BM �M/ b�KTH2 7`QKX ai�#H2 /BzmbBQM U_QK#�+? 2i �HX- kykkV T`QD2+ib i?2 Q`B;BM�H
/�i� iQ � bK�HH2` H�i2Mi bT�+2 mbBM; � +QMp2MiBQM�H o�1 �M/ i?2M `mMb i?2 /BzmbBQM T`Q+2bb BM
i?Bb bK�HH2` bT�+2X h?Bb ?�b i?2 �/p�Mi�;2b Q7 `2/m+BM; i?2 /BK2MbBQM�HBiv Q7 i?2 i`�BMBM; /�i�
7Q` i?2 /BzmbBQM T`Q+2bb- �M/ �HHQrBM; Qi?2` /�i� ivT2b Ui2ti- ;`�T?b- 2i+XV iQ #2 /2b+`B#2/ #v
/BzmbBQM KQ/2HbX o�?/�i 2i �HX UkykRV �TTHB2/ � bBKBH�` �TT`Q�+?X
aQM; 2i �HX UkykR�V b?Qr2/ i?�i �M 2MiB`2 7�KBHv Q7 /BzmbBQM T`Q+2bb2b �`2 +QKT�iB#H2 rBi? i?2
i`�BMBM; Q#D2+iBp2X JQbi Q7 i?2b2 T`Q+2bbb �`2 MQM@J�`FQpB�M UBX2X- i?2 /BzmbBQM bi2T /Q2b MQi
QMHv /2T2M/ QM i?2 `2bmHib Q7 i?2 T`2pBQmb bi2TVX PM2 Q7 i?2b2 KQ/2Hb Bb i?2 /2MQBbBM; /BzmbBQM
BKTHB+Bi KQ/2H U..AJV BM r?B+? i?2 mT/�i2b �`2 MQi biQ+?�biB+ U};m`2 R3XRy#VX h?Bb KQ/2H
Bb �K2M�#H2 iQ i�FBM; H�`;2` bi2Tb U};m`2 R3XRy#V rBi?Qmi BM/m+BM; H�`;2 2``Q`bX Ai 2z2+iBp2Hv
+QMp2`ib i?2 KQ/2H BMiQ �M Q`/BM�`v /Bz2`2MiB�H 2[m�iBQM UP.1V BM r?B+? i?2 i`�D2+iQ`B2b ?�p2
HQr +m`p�im`2- �M/ �HHQrb 2{+B2Mi MmK2`B+�H K2i?Q/b 7Q` bQHpBM; P.1b iQ #2 �TTHB2/X
aQM; 2i �HX UkykR+V T`QTQb2 +QMp2`iBM; i?2 mM/2`HvBM; biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMb BMiQ �
T`Q#�#BHBiv ~Qr P.1 r?B+? ?�b i?2 b�K2 K�`;BM�H /Bbi`B#miBQMb �b i?2 Q`B;BM�H T`Q+2bbX o�?@
/�i 2i �HX UkykRV- sB�Q 2i �HX Ukykk#V- �M/ E�``�b 2i �HX UkykkV �HH 2tTHQBi i2+?MB[m2b 7Q` bQHpBM;
P.1b iQ bT22/ mT bvMi?2bBbX E�``�b 2i �HX UkykkV B/2MiB}2/ i?2 #2bi@T2`7Q`KBM; iBK2 /Bb+`2iBx�@
iBQM 7Q` b�KTHBM;- �M/ 2p�Hm�i2/ /Bz2`2Mi b�KTH2` b+?2/mH2bX h?2 `2bmHib Q7 i?2b2 �M/ Qi?2`
BKT`Qp2K2Mib ?�b #22M � bB;MB}+�Mi /`QT BM bi2Tb `2[mB`2/ /m`BM; bvMi?2bBbX
a�KTHBM; Bb bHQr #2+�mb2 K�Mv bK�HH /BzmbBQM bi2Tb �`2 `2[mB`2/ iQ 2Mbm`2 i?�i i?2 TQbi2`BQ`
/Bbi`B#miBQM Pr(zt−1|zt) Bb +HQb2 iQ :�mbbB�M U};m`2 R3X8V- �M/ bQ i?2 p�`B�iBQM�H :�mbbB�M
/Bbi`B#miBQM Bb �TT`QT`B�i2X A7 r2 mb2 � KQ/2H i?�i /2b+`B#2b � KQ`2 +QKTH2t /Bbi`B#miBQM �i
2�+? /2MQBbBM; bi2T- i?2M r2 +�M mb2 72r2` /BzmbBQM bi2Tb BM i?2 }`bi TH�+2X hQ i?Bb 2M/- sB�Q
2i �HX Ukykk#V ?�p2 BMp2biB;�i2/ mbBM; +QM/BiBQM�H :�L KQ/2Hb �M/ :�Q 2i �HX UkykRV BMp2biB;�i2/

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jdk R3 .BzmbBQM KQ/2Hb

mbBM; +QM/BiBQM�H 2M2`;v #�b2/ KQ/2HbX �Hi?Qm;? i?2b2 KQ/2Hb +�MMQi /2b+`B#2 i?2 Q`B;BM�H /�i�
/Bbi`B#miBQM- i?2v bm{+2 iQ T`2/B+i i?2 UKm+? bBKTH2`V `2p2`b2 /BzmbBQM bi2TX
a�HBK�Mb � >Q UkykkV /BbiBHH2/ �/D�+2Mi bi2Tb Q7 i?2 /2MQBbBM; T`Q+2bb BMiQ � bBM;H2 bi2T iQ bT22/
mT bvMi?2bBbX .Q+F?Q`M 2i �HX UkykkV BMi`Q/m+2/ KQK2MimK BMiQ i?2 /BzmbBQM T`Q+2bbX h?Bb
K�F2b i?2 i`�D2+iQ`B2b bKQQi?2` �M/ bQ KQ`2 �K2M�#H2 iQ +Q�`b2 b�KTHBM;X

*QM/BiBQM�H ;2M2`�iBQM, .?�`Br�H � LB+?QH UkykRV BMi`Q/m+2/ +H�bbB}2` ;mB/�M+2- BM r?B+? �
+H�bbB}2` H2�`M2/ iQ B/2MiB7v i?2 +�i2;Q`v Q7 Q#D2+i #2BM; bvMi?2bBx2/ �i 2�+? bi2T- �M/ i?Bb Bb mb2/
iQ #B�b i?2 /2MQBbBM; mT/�i2 iQr�`/b i?�i +H�bbX h?Bb rQ`Fb r2HH- #mi i`�BMBM; � b2T�`�i2 +H�bbB}2`
Bb 2tT2MbBp2X *H�bbB}2` 7`22 ;mB/�M+2 U>Q � a�HBK�Mb- kykkV +QM+m``2MiHv i`�BMb +QM/BiBQM�H �M/
mM+QM/BiBQM�H /2MQBbBM; KQ/2Hb #v /`QTTBM; i?2 +H�bb BM7Q`K�iBQM bQK2 T`QTQ`iBQM Q7 i?2 iBK2
BM � T`Q+2bb �FBM iQ /`QTQmiX h?Bb i2+?MB[m2 �HHQrb +QMi`QH Q7 i?2 `2H�iBp2 +QMi`B#miBQMb Q7 i?2
+QM/BiBQM�H �M/ mM+QM/BiBQM�H +QKTQM2MibX "v Qp2`@r2B;?iBM; i?2 +QM/BiBQM�H +QKTQM2Mi- i?2
KQ/2H T`Q/m+2b KQ`2 ivTB+�H �M/ `2�HBbiB+ b�KTH2bX
h?2 bi�M/�`/ i2+?MB[m2 7Q` +QM/BiBQMBM; QM BK�;2b Bb iQ �TT2M/ i?2 U`2bBx2/V BK�;2 iQ i?2
/Bz2`2Mi H�v2`b Q7 i?2 l@L2iX 6Q` 2t�KTH2- i?Bb r�b mb2/ BM i?2 +�b+�/2/ ;2M2`�iBQM T`Q+2bb
7Q` bmT2`@`2bQHmiBQM U>Q 2i �HX- kykk�VX *?QB 2i �HX UkykRV T`QpB/2 � K2i?Q/ 7Q` +QM/BiBQMBM;
QM BK�;2b BM �M mM+QM/BiBQM�H /BzmbBQM KQ/2H #v K�i+?BM; i?2 H�i2Mi p�`B�#H2b rBi? i?Qb2 Q7
� +QM/BiBQMBM; BK�;2X h?2 bi�M/�`/ i2+?MB[m2 7Q` +QM/BiBQMBM; QM i2ti Bb iQ HBM2�`Hv i`�Mb7Q`K
i?2 i2ti iQ i?2 b�K2 bBx2 �b i?2 l@L2i H�v2` �M/ i?2M �// Bi iQ i?2 `2T`2b2Mi�iBQM BM i?2 b�K2
r�v i?�i i?2 iBK2 2K#2//BM; Bb BMi`Q/m+2/ U};m`2 R3XNVX

h2ti@iQ@BK�;2, "27Q`2 /BzmbBQM KQ/2Hb- bi�i2@Q7@i?2@�`i i2ti@iQ@BK�;2 bvbi2Kb r2`2 #�b2/
QM i`�Mb7Q`K2`b U_�K2b? 2i �HX- kykRVX :GA.1 ULB+?QH 2i �HX- kykkV �M/ .�HH·1 k U_�K2b?
2i �HX- kykkV #Qi? +QM/BiBQM2/ QM 2K#2//BM;b 7`QK i?2 *GAS KQ/2H U_�/7Q`/ 2i �HX- kykRV
r?B+? ;2M2`�i2b DQBMi 2K#2//BM;b 7Q` i2ti �M/ BK�;2 /�i�X AK�;2M Ua�?�`B� 2i �HX- kykk#V
b?Qr2/ i?�i i2ti 2K#2//BM;b 7`QK � H�`;2 H�M;m�;2 KQ/2H +QmH/ T`Q/m+2 2p2M #2ii2` `2bmHib
Ub22 };m`2 R3XRjVX h?2 b�K2 �mi?Q`b BMi`Q/m+2/ � #2M+?K�`F U.`�r"2M+?V r?B+? Bb /2bB;M2/
iQ 2p�Hm�i2 i?2 �#BHBiv Q7 � KQ/2H iQ `2M/2` +QHQ`b- MmK#2`b Q7 Q#D2+ib- bT�iB�H `2H�iBQMb �M/
Qi?2` +?�`�+i2`BbiB+bX 62M; 2i �HX UkykkV ?�p2 /2p2HQT2/ � *?BM2b2 i2ti@iQ@BK�;2 KQ/2HX

*QMM2+iBQMb iQ Qi?2` KQ/2Hb, h?Bb +?�Ti2` /2b+`B#2/ /BzmbBQM KQ/2Hb �b ?B2`�`+?B+�H p�`B@
�iBQM�H �miQ2M+Q/2`b #2+�mb2 i?Bb �TT`Q�+? +QMM2+ib KQbi +HQb2Hv rBi? i?2 Qi?2` T�`ib Q7 i?Bb
#QQFX >Qr2p2`- /BzmbBQM KQ/2Hb �HbQ ?�p2 +HQb2 +QMM2+iBQMb rBi? biQ+?�biB+ /Bz2`2MiB�H 2[m�@
iBQMb U+QMbB/2` i?2 T�i?b BM };m`2 R3X8V �M/ rBi? b+Q`2 K�i+?BM; UaQM; � 1`KQM- kyRN- kykyVX
aQM; 2i �HX UkykR+V T`2b2Mi2/ � 7`�K2rQ`F #�b2/ QM biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMb i?�i 2M@
+QKT�bb2b #Qi? i?2 /2MQBbBM; �M/ b+Q`2 K�i+?BM; BMi2`T`2i�iBQMbX .BzmbBQM KQ/2Hb �HbQ ?�p2
+HQb2 +QMM2+iBQMb iQ MQ`K�HBxBM; ~Qrb Uw?�M; � *?2M- kykRVX u�M; 2i �HX UkykkV T`2b2Mi �M
Qp2`pB2r Q7 i?2 `2H�iBQM #2ir22M /BzmbBQM KQ/2Hb �M/ Qi?2` ;2M2`�iBp2 �TT`Q�+?2bX

S`Q#H2Kb
S`Q#H2K R3XR a?Qr i?�i B7 o�`[xt−1] = I �M/ r2 mb2 i?2 mT/�i2,

xt =
√

1− βt · xt−1 +
√
βt · εt, UR3X9RV

i?2M o�`[xt] = I �M/ bQ i?2 p�`B�M+2 bi�vb i?2 b�K2X

S`Q#H2K R3Xk *QMbB/2` i?2 p�`B�#H2,

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



LQi2b jdj

z = a · ε1 + b · ε2, UR3X9kV
r?2`2 #Qi? ε1 �M/ ε2 �`2 /`�rM 7`QK BM/2T2M/2Mi bi�M/�`/ MQ`K�H /Bbi`B#miBQMb rBi? K2�M
x2`Q �M/ mMBi p�`B�M+2X a?Qr i?�i,

E[z] = 0

o�`[z] = a2 + b2, UR3X9jV

�M/ bQ r2 +QmH/ 2[mBp�H2MiHv +QKTmi2 z =
√
a2 + b2 · ε r?2`2 ε Bb �HbQ /`�rM 7`QK � bi�M/�`/

MQ`K�H /Bbi`B#miBQMX

S`Q#H2K R3Xj *QMiBMm2 i?2 T`Q+2bb BM 2[m�iBQM R3X8 iQ b?Qr i?�i,

x3 =
3∏

s=1

√
1− βs · x+

√√√√1−
3∏

s=1

(1− βs) · ε. UR3X99V

S`Q#H2K R3X9 S`Qp2 i?2 `2H�iBQM,

LQ`Kv [Aw,B] ∝ LQ`Kw

[
(ATB−1A)−1ATB−1v, (ATB−1A)−1

]
. UR3X98V

S`Q#H2K R3X8 S`Qp2 i?2 `2H�iBQM,

LQ`Kx[a,A]LQ`Kx[b,B] ∝ UR3X9eV
LQ`Kx

[
(A−1 +B−1)−1(A−1a+B−1b)(A−1 +B−1)−1

]
.

S`Q#H2K R3Xe
h?2 EG@/Bp2`;2M+2 #2ir22M irQ MQ`K�H /Bbi`B#miBQMb Bb ;Bp2M #v,

DKL

[
LQ`Kw[a,A]

∣∣∣
∣∣∣LQ`Kw[b,B]

]
= UR3X9dV

1
2

(
i`
[
B−1A

]
− d+ (a− b)TB−1(a− b) + log

[
|B|
|A|

])
.

am#biBimi2 i?2 /2}MBiBQMb 7`QK 2[m�iBQM R3Xkd BMiQ i?Bb 2tT`2bbBQM �M/ b?Qr i?�i i?2 QMHv i2`K
i?�i /2T2M/b QM i?2 T�`�K2i2`b φ Bb i?2 }`bi i2`K 7`QK 2[m�iBQM R3Xk3X

S`Q#H2K R3Xd A7 αt =
∏t

s=1 1− βs- i?2M b?Qr i?�i,
√
αt−1

αt
=
√

1− βt. UR3X93V

S`Q#H2K R3X3 A7 αt =
∏t

s=1 1− βs- i?2M b?Qr i?�i,

(1− αt−1)(1− βt) + βt
(1− αt)

√
1− βt

=
1− αt

(1− αt)
√
1− βt

. UR3X9NV

S`Q#H2K R3XN S`Qp2 2[m�iBQM R3XjdX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX


