
*?�Ti2` Re

LQ`K�HBxBM; ~Qrb

*?�Ti2`b R8 BMi`Q/m+2/ ;2M2`�iBp2 �/p2`b�`B�H M2irQ`Fb U:�LbVX h?2b2 �`2 ;2M2`�iBp2
KQ/2Hb i?�i T�bb � H�i2Mi p�`B�#H2 i?`Qm;? � /22T M2irQ`F iQ +`2�i2 � M2r b�KTH2X
:�Lb �`2 i`�BM2/ mbBM; i?2 T`BM+BTH2 i?�i i?2 b�KTH2b b?QmH/ #2 BM/BbiBM;mBb?�#H2 7`QK
`2�H /�i�X >Qr2p2`- i?2v /QMǶi /2}M2 � /Bbi`B#miBQM Qp2` /�i� 2t�KTH2bX >2M+2- Bi BbMǶi
bi`�B;?i7Q`r�`/ iQ �bb2bb i?2 T`Q#�#BHBiv i?�i � M2r 2t�KTH2 #2HQM;b iQ i?2 b�K2 /�i�b2iX

AM i?Bb +?�Ti2`- r2 /2b+`B#2 MQ`K�HBxBM; ~Qrb- r?B+? H2�`M � T`Q#�#BHBiv KQ/2H #v
i`�Mb7Q`KBM; � bBKTH2 /Bbi`B#miBQM BMiQ � KQ`2 +QKTHB+�i2/ QM2 mbBM; � /22T M2irQ`FX
LQ`K�HBxBM; ~Qrb +�M #Qi? b�KTH2 7`QK i?Bb /Bbi`B#miBQM �M/ 2p�Hm�i2 i?2 T`Q#�#BHBiv
Q7 M2r /�i� 2t�KTH2bX >Qr2p2`- i?2v `2[mB`2 bT2+B�HBx2/ �`+?Bi2+im`2, 2�+? H�v2` Kmbi
#2 BMp2`iB#H2X AM Qi?2` rQ`/b- Bi Kmbi #2 �#H2 iQ i`�Mb7Q`K /�i� BM #Qi? /B`2+iBQMbX

ReXR R. 2t�KTH2

LQ`K�HBxBM; ~Qrb �`2 T`Q#�#BHBbiB+ ;2M2`�iBp2 KQ/2Hb, i?2v }i � T`Q#�#BHBiv /Bbi`B#miBQM
iQ i`�BMBM; /�i� U};m`2 R9Xk#VX *QMbB/2` KQ/2HBM; � R. /Bbi`B#miBQM Pr(x)X LQ`K�HBxBM;
~Qrb bi�`i rBi? � bBKTH2 i`�+i�#H2 #�b2 /Bbi`B#miBQM Pr(z) Qp2` � H�i2Mi p�`B�#H2 z �M/
�TTHv � 7mM+iBQM x = 7[z,φ]- r?2`2 i?2 T�`�K2i2`b φ �`2 +?Qb2M bQ i?�i Pr(x) ?�b i?2
/2bB`2/ /Bbi`B#miBQM U};m`2 ReXRVX :2M2`�iBM; � M2r 2t�KTH2 x∗ Bb 2�bvc r2 /`�r z∗ 7`QK
i?2 #�b2 /2MbBiv �M/ T�bb i?Bb i?`Qm;? i?2 7mM+iBQM bQ i?�i x∗ = 7[z∗,φ]X

ReXRXR J2�bm`BM; T`Q#�#BHBiv

J2�bm`BM; i?2 T`Q#�#BHBiv Q7 � /�i� TQBMi x Bb KQ`2 +?�HH2M;BM;X *QMbB/2` �TTHvBM; �
7mM+iBQM 7[z,φ] iQ `�M/QK p�`B�#H2 z rBi? FMQrM /2MbBiv Pr(z)X h?2 T`Q#�#BHBiv /2MbBiv
rBHH /2+`2�b2 BM �`2�b i?�i �`2 bi`2i+?2/ #v i?2 7mM+iBQM- �M/ BM+`2�b2 BM �`2�b i?�i �`2
+QKT`2bb2/ bQ i?�i i?2 �`2� mM/2` i?2 M2r /Bbi`B#miBQM `2K�BMb QM2X h?2 /2;`22 iQ
r?B+? � 7mM+iBQM 7[z,φ] bi`2i+?2b Q` +QKT`2bb2b Bib BMTmi /2T2M/b QM i?2 K�;MBim/2 Q7
Bib ;`�/B2MiX A7 � bK�HH +?�M;2 iQ i?2 BMTmi +�mb2b � H�`;2` +?�M;2 BM i?2 QmiTmi- i?2M

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jy9 Re LQ`K�HBxBM; ~Qrb

6B;m`2 ReXR h`�Mb7Q`KBM; T`Q#�#BHBiv /Bbi`B#miBQMbX �V h?2 #�b2 /2MbBiv Bb �
bi�M/�`/ MQ`K�H /2}M2/ QM � H�i2Mi p�`B�#H2 zX #V h?Bb p�`B�#H2 Bb i`�Mb7Q`K2/
#v � 7mM+iBQM x = 7[z,φ] iQ � M2r p�`B�#H2 x- r?B+? +V ?�b � M2r /Bbi`B#miBQMX hQ
b�KTH2 7`QK i?Bb KQ/2H- r2 /`�r p�Hm2b z 7`QK i?2 #�b2 /2MbBiv U;`22M �M/ #`QrM
�``Qrb BM T�M2H U�V b?Qr irQ 2t�KTH2bVX q2 T�bb i?2b2 i?`Qm;? i?2 7mM+iBQM 7[z,φ]
�b b?QrM #v /Qii2/ �``Qrb BM T�M2H U#V iQ ;2M2`�i2 i?2 p�Hm2b Q7 x- r?B+? �`2
BM/B+�i2/ �b �``Qrb BM T�M2H U+VX

6B;m`2 ReXk h`�Mb7Q`KBM; /Bbi`B#miBQMbX h?2 #�b2 /2MbBiv U+v�M- #QiiQKV T�bb2b
i?`Qm;? � 7mM+iBQM U;`�v +m`p2- iQT `B;?iV iQ +`2�i2 i?2 KQ/2H /2MbBiv UQ`�M;2-
H27iVX *QMbB/2` /BpB/BM; i?2 #�b2 /2MbBiv BMiQ 2[m�H BMi2`p�Hb U;`�v p2`iB+�H HBM2bVX
h?2 T`Q#�#BHBiv K�bb #2ir22M �/D�+2Mi HBM2b Kmbi `2K�BM i?2 b�K2 �7i2` i`�Mb@
7Q`K�iBQMX h?2 +v�M@b?�/2/ `2;BQM T�bb2b i?`Qm;? � T�`i Q7 i?2 7mM+iBQM r?2`2
i?2 ;`�/B2Mi Bb H�`;2` i?�M QM2 �M/ bQ i?Bb `2;BQM Bb bi`2i+?2/X *QMb2[m2MiHv- i?2
?2B;?i Q7 i?2 Q`�M;2@b?�/2/ `2;BQM Kmbi #2 HQr2` bQ i?�i Bi `2i�BMb i?2 b�K2 �`2�
�b i?2 +v�M@b?�/2/ `2;BQMX AM Qi?2` TH�+2b U2X;X- z = −2V- i?2 ;`�/B2Mi Bb H2bb
i?�M QM2- �M/ i?2 KQ/2H /2MbBiv BM+`2�b2b `2H�iBp2 iQ i?2 #�b2 /2MbBivX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReXR R. 2t�KTH2 jy8

6B;m`2 ReXj AMp2`b2 K�TTBM; UMQ`K�HBxBM; /B`2+iBQMVX A7 i?2 7mM+iBQM Bb BMp2`iB#H2
i?2M BiǶb TQbbB#H2 iQ i`�Mb7Q`K i?2 KQ/2H /2MbBiv #�+F iQ i?2 Q`B;BM�H #�b2 /2MbBivX
h?2 T`Q#�#BHBiv Q7 � TQBMi x mM/2` i?2 KQ/2H /2MbBiv /2T2M/b BM T�`i QM i?2
T`Q#�#BHBiv Q7 i?2 2[mBp�H2Mi TQBMi z mM/2` i?2 #�b2 /2MbBiv Ub22 2[m�iBQM ReXRVX

Bi bi`2i+?2b i?2 7mM+iBQMX A7 � bK�HH +?�M;2 iQ i?2 BMTmi +�mb2b � bK�HH2` +?�M;2 BM i?2
QmiTmi- i?2M Bi +QKT`2bb2b i?2 7mM+iBQM U};m`2 ReXkVX

JQ`2 T`2+Bb2Hv- i?2 T`Q#�#BHBiv Q7 /�i� x mM/2` i?2 i`�Mb7Q`K2/ /Bbi`B#miBQM Bb,

Pr(x|φ) =

∣∣∣∣
∂7[z,φ]
∂z

∣∣∣∣
−1

· Pr(z), UReXRV

r?2`2 z = 7−1[x,φ] Bb i?2 H�i2Mi p�`B�#H2 i?�i +`2�i2/ xX h?2 i2`K Pr(z) Bb i?2 Q`B;BM�H
T`Q#�#BHBiv Q7 i?Bb H�i2Mi p�`B�#H2 mM/2` i?2 #�b2 /2MbBivX h?Bb Bb KQ/2`�i2/ �++Q`/BM;
iQ i?2 K�;MBim/2 Q7 i?2 /2`Bp�iBp2 Q7 i?2 7mM+iBQMX A7 i?Bb Bb ;`2�i2` i?�M QM2- i?2M i?2
T`Q#�#BHBiv /2+`2�b2bX A7 Bi Bb bK�HH2`- i?2 T`Q#�#BHBiv BM+`2�b2bX

ReXRXk 6Q`r�`/ �M/ BMp2`b2 K�TTBM;b

hQ /`�r b�KTH2b 7`QK i?2 /Bbi`B#miBQM- r2 M22/ i?2 7Q`r�`/ K�TTBM; x = 7[z,φ]- #mi iQ
K2�bm`2 i?2 HBF2HB?QQ/- r2 M22/ iQ +QKTmi2 i?2 BMp2`b2 z = 7−1[x,φ]X >2M+2- r2 M22/
iQ +?QQb2 7[z,φ] Dm/B+BQmbHv- bQ i?�i Bi Bb BMp2`iB#H2X S`Q#H2Kb ReXR@ReXk

h?2 7Q`r�`/ K�TTBM; Bb bQK2iBK2b i2`K2/ i?2 ;2M2`�iBp2 /B`2+iBQMX h?2 #�b2 /2MbBiv
Bb mbm�HHv +?Qb2M iQ #2 � bi�M/�`/ MQ`K�H /Bbi`B#miBQMX >2M+2- i?2 BMp2`b2 K�TTBM; Bb
i2`K2/ i?2 MQ`K�HBxBM; /B`2+iBQM- bBM+2 i?Bb i�F2b i?2 +QKTH2t /Bbi`B#miBQM Qp2` x �M/
im`Mb Bi BMiQ � MQ`K�H /Bbi`B#miBQM Qp2` z U};m`2 ReXjVX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jye Re LQ`K�HBxBM; ~Qrb

ReXRXj G2�`MBM;

hQ H2�`M i?2 /Bbi`B#miBQM- r2 }M/ T�`�K2i2`b φ i?�i K�tBKBx2 i?2 HBF2HB?QQ/ Q7 i?2
i`�BMBM; /�i� {xi}Ii=1 Q` 2[mBp�H2MiHv KBMBKBx2 i?2 M2;�iBp2 HQ; HBF2HB?QQ/,

φ̂ = argmax
φ

[
I∏

i=1

Pr(xi|φ)
]

= argmin
φ

[
I∑

i=1

− log [Pr(xi|φ)]
]

= argmin
φ

[
I∑

i=1

log

[∣∣∣∣
∂7[zi,φ]
∂zi

∣∣∣∣

]
− log [Pr(zi)]

]
, UReXkV

r?2`2 r2 ?�p2 ?�p2 �bbmK2/ i?�i i?2 /�i� �`2 BM/2T2M/2Mi �M/ B/2MiB+�HHv /Bbi`B#mi2/
BM i?2 }`bi HBM2 �M/ mb2/ i?2 HBF2HB?QQ/ /2}MBiBQM 7`QK 2[m�iBQM ReXR BM i?2 i?B`/ HBM2X

ReXk :2M2`�H +�b2

h?2 T`2pBQmb b2+iBQM /2p2HQT2/ � bBKTH2 R. 2t�KTH2 i?�i KQ/2H2/ � T`Q#�#BHBiv /Bb@
i`B#miBQM Pr(x) #v i`�Mb7Q`KBM; � bBKTH2` #�b2 /2MbBiv Pr(z)X q2 MQr 2ti2M/ i?Bb iQ
KmHiBp�`B�i2 /Bbi`B#miBQMb Pr(x) �M/ Pr(z)- �M/ �// i?2 +QKTHB+�iBQM i?�i i?2 i`�Mb7Q`@
K�iBQM Bb /2}M2/ #v � /22T M2m`�H M2irQ`FX

*QMbB/2` �TTHvBM; � 7mM+iBQM x = 7[z,φ] iQ � #�b2 /2MbBiv Pr(z)- r?2`2 z ∈ RD

�M/ 7[z,φ] Bb � /22T M2irQ`FX h?2 `2bmHiBM; p�`B�#H2 x ∈ RD ?�b � M2r /Bbi`B#miBQMX �
M2r b�KTH2 x∗ +�M #2 /`�rM 7`QK i?Bb /Bbi`B#miBQM #v UBV /`�rBM; � b�KTH2 z∗ 7`QK i?2
#�b2 /2MbBiv �M/ UBBV T�bbBM; i?Bb i?`Qm;? i?2 M2m`�H M2irQ`F bQ i?�i x∗ = 7[z∗,φ]X

"v �M�HQ;v rBi? 2[m�iBQM ReXR- i?2 HBF2HB?QQ/ Q7 � b�KTH2 mM/2` i?Bb /Bbi`B#miBQM Bb,

Pr(x|φ) =
∣∣∣∣
∂7[z,φ]
∂z

∣∣∣∣
−1

· Pr(z), UReXjV

r?2`2 z = 7−1[x,φ] Bb i?2 H�i2Mi p�`B�#H2 z i?�i +`2�i2/ xX h?2 }`bi i2`K Bb i?2 BM@
p2`b2 Q7 i?2 /2i2`KBM�Mi Q7 i?2 D × D C�+Q#B�M K�i`Bt ∂7[z,φ]/∂z r?B+? +QMi�BMb�TT2M/Bt *X8X8

.2i2`KBM�Mi

�TT2M/Bt *XeXR
C�+Q#B�M

i2`Kb ∂7i[z,φ]/∂zj �i TQbBiBQM (i, j)X Cmbi �b i?2 �#bQHmi2 /2`Bp�iBp2 K2�bm`2/ i?2 +?�M;2
Q7 �`2� �i � TQBMi QM � R. 7mM+iBQM r?2M i?2 7mM+iBQM r�b �TTHB2/- i?2 �#bQHmi2 /2i2`KB@
M�Mi K2�bm`2b i?2 +?�M;2 BM pQHmK2 �i � TQBMi BM i?2 KmHiBp�`B�i2 7mM+iBQMX h?2 b2+QM/
i2`K Bb T`Q#�#BHBiv Q7 i?2 H�i2Mi p�`B�#H2 mM/2` i?2 #�b2 /2MbBivX

ReXkXR 6Q`r�`/ K�TTBM; rBi? � /22T M2m`�H M2irQ`F

AM T`�+iB+2- i?2 7Q`r�`/ K�TTBM; 7[z,φ] Bb mbm�HHv /2}M2/ #v � M2m`�H M2irQ`F- +QMbBbiBM;
Q7 � b2`B2b Q7 H�v2`b 7k[•,φk] rBi? T�`�K2i2`b φk r?B+? �`2 +QKTQb2/ iQ;2i?2` �b,

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReXk :2M2`�H +�b2 jyd

6B;m`2 ReX9 6Q`r�`/ �M/ BMp2`b2 K�TTBM;b 7Q` � /22T M2m`�H M2irQ`FX h?2 #�b2
/2MbBiv UH27iV Bb ;`�/m�HHv i`�Mb7Q`K2/ #v i?2 M2irQ`F H�v2`b 71[•,φ1], 72[•,φ2], . . .
iQ +`2�i2 i?2 KQ/2H /2MbBivX 1�+? H�v2` Bb BMp2`iB#H2 �M/ r2 +�M 2[mBp�H2MiHv
i?BMF Q7 i?2 BMp2`b2 Q7 i?2 H�v2`b �b ;`�/m�HHv i`�Mb7Q`KBM; UQ` ǳ~QrBM;ǴV i?2
KQ/2H /2MbBiv #�+F iQ i?2 #�b2 /2MbBivX

x = 7[z,φ] = 7K
[
7K−1

[
. . . 72

[
71[z,φ1],φ2

]
, . . .φK−1

]
,φK

]
. UReX9V

h?2 BMp2`b2 K�TTBM; UMQ`K�HBxBM; /B`2+iBQMV Bb /2}M2/ #v i?2 +QKTQbBiBQM Q7 i?2 BMp2`b2
Q7 2�+? H�v2` 7−1

k [•,φk] �TTHB2/ BM i?2 QTTQbBi2 Q`/2`,

z = 7−1[x,φ] = 7−1
1

[
7−1
2

[
. . . 7−1

K−1

[
7−1
K [x,φK ],φK−1

]
, . . .φ2

]
,φ1

]
. UReX8V

h?2 #�b2 /2MbBiv Pr(z) Bb mbm�HHv /2}M2/ �b � KmHiBp�`B�i2 bi�M/�`/ MQ`K�H UBX2X- rBi?
K2�M x2`Q �M/ B/2MiBiv +Qp�`B�M+2VX >2M+2- i?2 2z2+i Q7 2�+? bm#b2[m2Mi BMp2`b2 H�v2` Bb
iQ ;`�/m�HHv KQp2 Q` ǳ~QrǴ i?2 /�i� /2MbBiv iQr�`/ i?Bb MQ`K�H /Bbi`B#miBQMX h?Bb ;Bp2b
`Bb2 iQ i?2 M�K2 ǳMQ`K�HBxBM; ~QrbǴX

h?2 C�+Q#B�M Q7 i?2 7Q`r�`/ K�TTBM; +�M #2 2tT`2bb2/ �b,

∂7[z,φ]
∂z

=
∂fK [fK−1,φK ]

∂fK−1
·
∂fK−1[fK−2,φK−1]

∂fK−2
. . .

∂f2[f1,φ2]

∂f1
· ∂f1[z,φ1]

∂z
, UReXeV

r?2`2 r2 ?�p2 Qp2`HQ�/2/ i?2 MQi�iBQM iQ K�F2 fk i?2 QmiTmi Q7 i?2 7mM+iBQM 7k[•,φk]X
h?2 �#bQHmi2 /2i2`KBM�Mi Q7 i?Bb C�+Q#B�M +�M #2 +QKTmi2/ #v i�FBM; i?2 T`Q/m+i Q7
i?2 BM/BpB/m�H �#bQHmi2 /2i2`KBM�Mib,

∣∣∣∣
∂7[z,φ]
∂z

∣∣∣∣ =
∣∣∣∣
∂fK [fK−1,φK ]

∂fK−1

∣∣∣∣ ·
∣∣∣∣
∂fK−1[fK−2,φK−1]

∂fK−2

∣∣∣∣ . . .
∣∣∣∣
∂f2[f1,φ2]

∂f1

∣∣∣∣ ·
∣∣∣∣
∂f1[z,φ1]

∂z

∣∣∣∣ .

UReXdV

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jy3 Re LQ`K�HBxBM; ~Qrb

h?2 �#bQHmi2 /2i2`KBM�Mi Q7 i?2 C�+Q#B�M Q7 i?2 BMp2`b2 K�TTBM; Bb 7QmM/ #v �TTHvBM;S`Q#H2K ReXj i?2 b�K2 `mH2 iQ 2[m�iBQM ReX8X Ai Bb i?2 `2+BT`Q+�H Q7 i?2 �#bQHmi2 /2i2`KBM�Mi BM i?2
7Q`r�`/ K�TTBM;X

q2 i`�BM MQ`K�HBxBM; ~Qrb rBi? � /�i�b2i {xi} Q7 I i`�BMBM; 2t�KTH2b mbBM; i?2
M2;�iBp2 HQ;@HBF2HB?QQ/ +`Bi2`BQM,

φ̂ = argmax

[
I∏

i=1

Pr(zi) ·
∣∣∣∣
∂7[zi,φ]
∂zi

∣∣∣∣
−1
]

= argmin

[
I∑

i=1

log

[∣∣∣∣
∂7[zi,φ]
∂zi

∣∣∣∣

]]
− log [Pr(zi)] , UReX3V

r?2`2 zi = 7−1[xi,φ]- Pr(zi) Bb K2�bm`2/ mM/2` i?2 #�b2 /Bbi`B#miBQM- �M/ i?2 �#bQHmi2
/2i2`KBM�Mi |∂7[zi,φ]/∂zi| Bb ;Bp2M #v 2[m�iBQM ReXdX

ReXkXk .2bB/2`�i� 7Q` M2irQ`F H�v2`b

h?2 i?2Q`v Q7 MQ`K�HBxBM; ~Qrb Bb bi`�B;?i7Q`r�`/X >Qr2p2`- 7Q` i?Bb iQ #2 T`�+iB+�H- r2
M22/ M2m`�H M2irQ`F H�v2`b 7k i?�i ?�p2 7Qm` T`QT2`iB2bX

RX *QHH2+iBp2Hv- � b2i Q7 M2irQ`F H�v2`b Kmbi #2 bm{+B2MiHv 2tT`2bbBp2 iQ K�T � KmH@
iBp�`B�i2 bi�M/�`/ MQ`K�H /Bbi`B#miBQM iQ �M �`#Bi`�`v /2MbBivX

kX h?2 M2irQ`F H�v2`b Kmbi #2 BMp2`iB#H2c 2�+? Kmbi /2}M2 � mMB[m2 QM2@iQ@QM2 K�T@
TBM; 7`QK �Mv BMTmi TQBMi iQ �M QmiTmi TQBMi U� #BD2+iBQMVX A7 KmHiBTH2 BMTmib r2`2�TT2M/Bt *XR

"BD2+iBQM K�TT2/ iQ i?2 b�K2 QmiTmi- i?2M i?2 BMp2`b2 rQmH/ #2 �K#B;mQmbX
jX Ai Kmbi #2 TQbbB#H2 iQ +QKTmi2 i?2 BMp2`b2 Q7 2�+? H�v2` 2{+B2MiHvX q2 M22/ iQ /Q

i?Bb 2p2`v iBK2 r2 2p�Hm�i2 i?2 HBF2HB?QQ/- i?Bb ?�TT2Mb `2T2�i2/Hv /m`BM; i`�BMBM;-
bQ i?2`2 Kmbi #2 � +HQb2/@7Q`K bQHmiBQM Q` � 7�bi �H;Q`Bi?K 7Q` i?2 BMp2`b2X

9X Ai �HbQ Kmbi #2 TQbbB#H2 iQ 2p�Hm�i2 i?2 /2i2`KBM�Mi Q7 i?2 C�+Q#B�M 2{+B2MiHv 7Q`
2Bi?2` i?2 7Q`r�`/ Q` BMp2`b2 K�TTBM;X

ReXj AMp2`iB#H2 M2irQ`F H�v2`b

q2 MQr /2b+`B#2 /Bz2`2Mi BMp2`iB#H2 M2irQ`F H�v2`b Q` ~Qrb 7Q` mb2 BM i?2b2 KQ/2HbX
q2 bi�`i rBi? HBM2�` �M/ 2H2K2MirBb2 ~QrbX h?2b2 �`2 2�bv iQ BMp2`i �M/ BiǶb TQbbB#H2
iQ +QKTmi2 i?2 /2i2`KBM�Mi Q7 i?2B` C�+Q#B�Mb #mi M2Bi?2` Bb bm{+B2MiHv 2tT`2bbBp2 iQ
/2b+`B#2 �`#Bi`�`v i`�Mb7Q`K�iBQMb Q7 i?2 #�b2 /2MbBivX >Qr2p2`- i?2v 7Q`K i?2 #mBH/BM;
#HQ+Fb Q7 +QmTHBM;- �miQ`2;`2bbBp2- �M/ `2bB/m�H ~Qrb- r?B+? �`2 �HH KQ`2 2tT`2bbBp2X

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReXj AMp2`iB#H2 M2irQ`F H�v2`b jyN

ReXjXR GBM2�` ~Qrb

� HBM2�` ~Qr ?�b i?2 7Q`K 7[h] = β +ΩhX A7 i?2 K�i`Bt Ω Bb BMp2`iB#H2 i?2M i?2 HBM2�`
i`�Mb7Q`K Bb BMp2`iB#H2X 6Q` Ω ∈ RD×D- i?2 +QKTmi�iBQM Q7 i?2 BMp2`b2 Bb O[D3]X h?2 �TT2M/Bt *Xd

"B; P MQi�iBQM/2i2`KBM�Mi Q7 i?2 C�+Q#B�M Bb Dmbi i?2 /2i2`KBM�Mi Q7 Ω- r?B+? +�M �HbQ #2 +QKTmi2/
BM O[D3]X h?Bb K2�Mb i?�i HBM2�` ~Qrb #2+QK2 2tT2MbBp2 �b i?2 /BK2MbBQM D BM+`2�b2bX

A7 i?2 K�i`Bt Ω i�F2b � bT2+B�H 7Q`K- i?2M BMp2`bBQM �M/ +QKTmi�iBQM Q7 i?2 /2i2`KB@ �TT2M/Bt *X8Xd
J�i`Bt ivT2bM�Mi #2+QK2b KQ`2 2{+B2Mi- #mi i?2 i`�Mb7Q`K�iBQM #2+QK2b H2bb ;2M2`�HX 6Q` 2t�KTH2-

/B�;QM�H K�i`B+2b `2[mB`2 QMHv O[D] +QKTmi�iBQM 7Q` i?2 BMp2`bBQM �M/ /2i2`KBM�Mi-
#mi i?2 2H2K2Mib Q7 h /QMǶi BMi2`�+iX P`i?Q;QM�H K�i`B+2b �`2 �HbQ KQ`2 2{+B2Mi iQ S`Q#H2K ReX9BMp2`i- �M/ i?2B` /2i2`KBM�Mi Bb }t2/- #mi i?2v /Q MQi �HHQr b+�HBM; Q7 i?2 BM/BpB/m�H
/BK2MbBQMbX h`B�M;mH�` K�i`B+2b �`2 KQ`2 T`�+iB+�Hc i?2v �`2 BMp2`iB#H2 mbBM; � T`Q+2bb
FMQrM �b #�+F@bm#biBimiBQM r?B+? Bb O[D2]- �M/ i?2 /2i2`KBM�Mi Bb Dmbi i?2 T`Q/m+i Q7
i?2 /B�;QM�H p�Hm2bX

PM2 r�v iQ K�F2 � HBM2�` ~Qr i?�i Bb ;2M2`�H- 2{+B2Mi iQ BMp2`i �M/ 7Q` r?B+? i?2
C�+Q#B�M +�M #2 +QKTmi2/ 2{+B2MiHv Bb iQ T�`�K2i2`Bx2 Bi /B`2+iHv BM i2`Kb Q7 i?2 Gl
/2+QKTQbBiBQMX AM Qi?2` rQ`/b- r2 mb2,

Ω = PL(U+D), UReXNV
r?2`2 P Bb � T`2/2i2`KBM2/ T2`Kmi�iBQM K�i`Bt- L Bb � HQr2` /B�;QM�H K�i`Bt- U Bb �M
mTT2` i`B�M;mH�` K�i`Bt rBi? x2`Qb QM i?2 /B�;QM�H �M/ D Bb � /B�;QM�H K�i`Bt i?�i
bmTTHB2b i?Qb2 KBbbBM; /B�;QM�H 2H2K2MibX h?Bb +�M #2 BMp2`i2/ BM O[D2] �M/ i?2 HQ;
/2i2`KBM�Mi Bb Dmbi i?2 bmK Q7 i?2 HQ; Q7 i?2 �#bQHmi2 p�Hm2b QM i?2 /B�;QM�H Q7 DX

lM7Q`imM�i2Hv- HBM2�` ~Qrb �`2 MQi bm{+B2MiHv 2tT`2bbBp2X q?2M � HBM2�` 7mM+@
iBQM 7[h] = β + Ωh Bb �TTHB2/ iQ MQ`K�HHv /Bbi`B#mi2/ BMTmi LQ`Kh[µ,Σ]- i?2M i?2
`2bmHi Bb �HbQ MQ`K�HHv /Bbi`B#mi2/ rBi? K2�M �M/ p�`B�M+2- β+Ωµ �M/ ΩΣΩT - `2bT2+@ S`Q#H2Kb ReX8@ReXeiBp2HvX >2M+2- Bi Bb MQi TQbbB#H2 iQ K�T � MQ`K�H /Bbi`B#miBQM iQ �M �`#Bi`�`v /2MbBiv
mbBM; HBM2�` ~Qrb �HQM2X

ReXjXk 1H2K2MirBb2 ~Qrb

aBM+2 HBM2�` ~Qrb �`2 MQi bm{+B2MiHv 2tT`2bbBp2- r2 Kmbi im`M iQ MQMHBM2�` ~QrbX h?2
bBKTH2bi Q7 i?2b2 �`2 2H2K2MirBb2 ~Qrb- r?B+? �TTHv � TQBMirBb2 MQMHBM2�` 7mM+iBQM 7[•,φ]
rBi? T�`�K2i2`b φ iQ 2�+? 2H2K2Mi Q7 i?2 BMTmi bQ i?�i,

7[h] = [7[h1,φ], 7[h2,φ], . . . 7[hD,φ]]T . UReXRyV
h?2 C�+Q#B�M ∂7[h]/∂h Bb /B�;QM�H bBM+2 i?2 dth BMTmi iQ 7[h] QMHv �z2+ib i?2 dth QmiTmiX
Aib /2i2`KBM�Mi Bb i?2 T`Q/m+i Q7 i?2 2Mi`B2b QM i?2 /B�;QM�H �M/ bQ,

∣∣∣∣
∂7[h]
∂h

∣∣∣∣ =
D∏

d=1

∣∣∣∣
∂7[hd]

∂hd

∣∣∣∣ . UReXRRV

h?2 7mM+iBQM 7[•,φ] +QmH/ #2 � }t2/ BMp2`iB#H2 MQMHBM2�`Biv HBF2 i?2 H2�Fv _2Gl
U};m`2 jXRjV BM r?B+? +�b2 i?2`2 �`2 MQ T�`�K2i2`b- Q` Bi K�v #2 �Mv T�`�K2i2`Bx2/ S`Q#H2K ReXd

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jRy Re LQ`K�HBxBM; ~Qrb

6B;m`2 ReX8 SB2+2rBb2@HBM2�` K�TTBM;X �M BMp2`iB#H2 TB2+2rBb2@HBM2�` K�T@
TBM; h′ = 7[h,φ] +�M #2 +`2�i2/ #v /BpB/BM; i?2 BMTmi /QK�BM h ∈ [0, 1] BMiQ K
2[m�HHv bBx2/ `2;BQMb U?2`2 K = 5VX 1�+? `2;BQM ?�b � bHQT2 rBi? T�`�K2i2` φkX
�V A7 i?2b2 T�`�K2i2`b �`2 TQbBiBp2 �M/ bmK iQ QM2- i?2M #V i?2 7mM+iBQM rBHH #2
BMp2`iB#H2 �M/ K�T iQ i?2 QmiTmi /QK�BM h′ ∈ [0, 1]X

BMp2`iB#H2 QM2@iQ@QM2 K�TTBM;X � bBKTH2 2t�KTH2 Bb � TB2+2rBb2@HBM2�` 7mM+iBQM rBi? K
`2;BQMb U};m`2 ReX8V r?B+? K�Tb [0, 1] iQ [0, 1] �b,

7[hd,φ] =

(
b−1∑

k=1

φk

)
+ (Khd − b)φb, UReXRkV

r?2`2 i?2 T�`�K2i2`b φ1,φ2, . . .φK �`2 TQbBiBp2 �M/ bmK iQ QM2- �M/ b = $Khd% Bb i?2
BM/2t Q7 i?2 #BM i?�i +QMi�BMb hdX h?2 }`bi i2`K Bb i?2 bmK Q7 �HH i?2 T`2+2/BM; #BMb- �M/
i?2 b2+QM/ i2`K `2T`2b2Mib i?2 T`QTQ`iBQM Q7 i?2 r�v i?`Qm;? i?2 +m``2Mi #BM i?�i hd

HB2bX h?Bb 7mM+iBQM Bb 2�bv iQ BMp2`i �M/ Bib ;`�/B2Mi +�M #2 +�H+mH�i2/ �HKQbi 2p2`vr?2`2XS`Q#H2K ReX3@ReXN h?2`2 �`2 K�Mv bBKBH�` b+?2K2b 7Q` +`2�iBM; bKQQi? 7mM+iBQMb- Q7i2M mbBM; bTHBM2b rBi?
T�`�K2i2`b i?�i 2Mbm`2 i?�i i?2 7mM+iBQM Bb KQMQiQMB+ �M/ ?2M+2 BMp2`iB#H2X

1H2K2MirBb2 ~Qrb �`2 MQMHBM2�` #mi /QMǶi KBt BMTmi /BK2MbBQMb- bQ i?2v +�MǶi +`2�i2
+Q``2H�iBQMb #2ir22M p�`B�#H2bX q?2M �Hi2`M�i2/ rBi? HBM2�` ~Qrb Ur?B+? /Q KBt /B@
K2MbBQMbV- KQ`2 +QKTH2t i`�Mb7Q`K�iBQMb +�M #2 KQ/2H2/- #mi- BM T`�+iB+2- 2H2K2MirBb2
~Qrb �`2 mb2/ �b +QKTQM2Mib Q7 KQ`2 +QKTH2t H�v2`b HBF2 +QmTHBM; ~QrbX

ReXjXj *QmTHBM; ~Qrb

*QmTHBM; ~Qrb /BpB/2 i?2 BMTmi h BMiQ irQ T�`ib bQ i?�i h = [h1,h2]T �M/ /2}M2 i?2
~Qr 7[h,φ] �b,

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReXj AMp2`iB#H2 M2irQ`F H�v2`b jRR

6B;m`2 ReXe *QmTHBM; ~QrbX �V h?2 BMTmi UQ`�M;2 p2+iQ`V Bb /BpB/2/ BMiQ h1

�M/ h2X h?2 }`bi T�`i h′
1 Q7 i?2 QmiTmi U+v�M p2+iQ`V Bb � +QTv Q7 h1X h?2

QmiTmi h′
2 Bb +`2�i2/ #v �TTHvBM; �M BMp2`iB#H2 i`�Mb7Q`K�iBQM ;[•,φ] iQ h2- r?2`2

i?2 T�`�K2i2`b φ �`2 i?2Kb2Hp2b � UMQi M2+2bb�`BHv BMp2`iB#H2V 7mM+iBQM Q7 h1X #V
AM i?2 BMp2`b2 K�TTBM;- h1 = h′

1X h?Bb �HHQrb mb iQ +�H+mH�i2 i?2 T�`�K2i2`b φ[h1]
�M/ i?2M �TTHv i?2 BMp2`b2 ;−1[h′

2,φ] iQ `2i`B2p2 h2X

h′
1 = h1

h′
2 = ;

[
h2,φ[h1]

]
. UReXRjV

>2`2 ;[•,φ] Bb �M 2H2K2MirBb2 ~Qr UQ` Qi?2` BMp2`iB#H2 H�v2`V rBi? T�`�K2i2`b φ[h1] i?�i
�`2 i?2Kb2Hp2b � MQMHBM2�` 7mM+iBQM Q7 i?2 BMTmib h1 U};m`2 ReXeVX h?2 7mM+iBQM φ[•] Bb
mbm�HHv � M2m`�H M2irQ`F Q7 bQK2 FBM/ �M/ /Q2b MQi ?�p2 iQ #2 BMp2`iB#H2X h?2 Q`B;BM�H
p�`B�#H2b +�M #2 `2+Qp2`2/ �b,

h1 = h′
1

h2 = ;−1
[
h′
2,φ[h1]

]
. UReXR9V

A7 i?2 7mM+iBQM ;[•,φ] Bb �M 2H2K2MirBb2 ~Qr- i?2M i?2 C�+Q#B�M rBHH #2 /B�;QM�H rBi? i?2
B/2MiBiv K�i`Bt BM i?2 iQT@H27i [m�/`�Mi �M/ i?2 /2`Bp�iBp2b Q7 i?2 2H2K2MirBb2 i`�Mb7Q`@
K�iBQM BM i?2 #QiiQK `B;?iX Aib /2i2`KBM�Mi Bb i?2 T`Q/m+i Q7 i?2b2 /B�;QM�H p�Hm2bX

h?2 BMp2`b2 �M/ C�+Q#B�M +�M #2 +QKTmi2/ 2{+B2MiHv- #mi i?Bb �TT`Q�+? QMHv i`�Mb@
7Q`Kb i?2 b2+QM/ ?�H7 Q7 i?2 T�`�K2i2`b BM � r�v i?�i /2T2M/b QM i?2 }`bi ?�H7X hQ K�F2
� KQ`2 ;2M2`�H i`�Mb7Q`K�iBQM- i?2 2H2K2Mib Q7 h �`2 `�M/QKHv b?m|2/ mbBM; T2`Kmi�@
iBQM K�i`B+2b #2ir22M H�v2`b- bQ 2p2`v p�`B�#H2 Bb mHiBK�i2Hv i`�Mb7Q`K2/ #v 2p2`v Qi?2`X �TT2M/Bt *X8X3

S2`Kmi�iBQM K�i`BtAM T`�+iB+2- i?2b2 T2`Kmi�iBQM K�i`B+2b �`2 /B{+mHi iQ H2�`MX >2M+2- i?2v �`2 BMBiB�HBx2/
`�M/QKHv �M/ i?2M 7`Qx2MX 6Q` bi`m+im`2/ /�i� HBF2 BK�;2b- i?2 +?�MM2Hb �`2 /BpB/2/ BMiQ
irQ ?�Hp2b h1 �M/ h2 �M/ T2`Kmi2/ #2ir22M H�v2`b mbBM; R×R +QMpQHmiBQMbX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jRk Re LQ`K�HBxBM; ~Qrb

6B;m`2 ReXd �miQ`2;`2bbBp2 ~QrbX h?2 BMTmi h UQ`�M;2 +QHmKMV �M/ QmiTmi h′

U+v�M +QHmKMV �`2 bTHBi BMiQ i?2B` +QMbiBim2Mi /BK2MbBQMb U?2`2 7Qm` /BK2MbBQMbVX
�V PmiTmi h′

1 Bb �M BMp2`iB#H2 i`�Mb7Q`K�iBQM Q7 BMTmi h1X PmiTmi h′
2 Bb �M BM@

p2`iB#H2 7mM+iBQM Q7 BMTmi h2 r?2`2 i?2 T�`�K2i2`b /2T2M/ QM h1X PmiTmi h′
3

Bb �M BMp2`iB#H2 7mM+iBQM Q7 BMTmi h3 r?2`2 i?2 T�`�K2i2`b /2T2M/ QM T`2pBQmb
BMTmib h′

1 �M/ h′
2 �M/ bQ QMX LQM2 Q7 i?2 QmiTmib /2T2M/ QM QM2 �MQi?2`- bQ

i?2v +�M #2 +QKTmi2/ BM T�`�HH2HX #V h?2 BMp2`b2 Q7 i?2 �miQ`2;`2bbBp2 ~Qr Bb
+QKTmi2/ mbBM; � bBKBH�` K2i?Q/ �b 7Q` +QmTHBM; ~QrbX >Qr2p2`- MQiB+2 i?�i iQ
+QKTmi2 h2 r2 Kmbi �H`2�/v FMQr h1- iQ +QKTmi2 h2- r2 Kmbi �H`2�/v FMQr h1

�M/ h2 �M/ bQ QMX *QMb2[m2MiHv- i?2 BMp2`b2 +�MMQi #2 +QKTmi2/ BM T�`�HH2HX

ReXjX9 �miQ`2;`2bbBp2 ~Qrb

�miQ`2;`2bbBp2 ~Qrb �`2 � ;2M2`�HBx�iBQM Q7 +QmTHBM; ~Qrb i?�i i`2�i 2�+? BMTmi /BK2MbBQM
�b � b2T�`�i2 ǳ#HQ+FǴ U};m`2 ReXdVX h?2v +QKTmi2 i?2 dth /BK2MbBQM Q7 i?2 QmiTmi h′

#�b2/ QM i?2 }`bi d−1 /BK2MbBQMb Q7 i?2 BMTmi h,

h′
d = ;

[
hd,φ[h1:d−1]

]
. UReXR8V

h?2 7mM+iBQM ;[•, •] Bb i2`K2/ i?2 i`�Mb7Q`K2`- R �M/ i?2 T�`�K2i2`b φ- φ[h1]- φ[h1, h2] . . .
�`2 i2`K2/ +QM/BiBQM2`bX �b 7Q` +QmTHBM; ~Qrb- i?2 i`�Mb7Q`K2` ;[•,φ] Kmbi #2 BMp2`iB#H2-
#mi i?2 +QM/BiBQM2`b φ[•] +�M i�F2 �Mv 7Q`K �M/ �`2 M2m`�H M2irQ`FbX A7 i?2 i`�Mb7Q`K2`
�M/ +QM/BiBQM2` �`2 bm{+B2MiHv ~2tB#H2- i?2M �miQ`2;`2bbBp2 ~Qrb �`2 mMBp2`b�H �TT`QtB@
K�iQ`b BM i?�i i?2v +�M `2T`2b2Mi �Mv T`Q#�#BHBiv /Bbi`B#miBQMX

AiǶb TQbbB#H2 iQ +QKTmi2 �HH Q7 i?2 2Mi`B2b Q7 i?2 QmiTmi h′ BM T�`�HH2H mbBM; � M2irQ`F
rBi? �TT`QT`B�i2 K�bFb bQ i?�i i?2 T�`�K2i2`b φ �i TQbBiBQM d QMHv /2T2M/ QM T`2pBQmb

Rh?Bb Bb MQi?BM; iQ /Q rBi? i?2 i`�Mb7Q`K2` H�v2`b /Bb+mbb2/ BM +?�Ti2` RkX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReXj AMp2`iB#H2 M2irQ`F H�v2`b jRj

TQbBiBQMbX h?Bb Bb FMQrM �b � K�bF2/ �miQ`2;`2bbBp2 ~QrX h?2 T`BM+BTH2 Bb p2`v bBKBH�` iQ
K�bF2/ b2H7@�ii2MiBQM Ub2+iBQM RkXdXkVc +QMM2+iBQMb i?�i `2H�i2 BMTmib iQ T`2pBQmb QmiTmib
�`2 T`mM2/X

AMp2`iBM; i?2 i`�Mb7Q`K�iBQM Bb H2bb 2{+B2MiX *QMbB/2` i?2 7Q`r�`/ K�TTBM;,

h′
1 = ;

[
h1,φ

]

h′
2 = ;

[
h2,φ[h1]

]

h′
3 = ;

[
h3,φ[h1:2]

]

h′
4 = ;

[
h4,φ[h1:3]

]
. UReXReV

h?Bb Kmbi #2 BMp2`i2/ b2[m2MiB�HHv mbBM; � bBKBH�` T`BM+BTH2 �b 7Q` +QmTHBM; ~Qrb,

h1 = ;−1
[
h′
1,φ

]

h2 = ;−1
[
h′
2,φ[h1]

]

h3 = ;−1
[
h′
3,φ[h1:2]

]

h4 = ;−1
[
h′
4,φ[h1:3]

]
. UReXRdV

h?Bb +�MǶi #2 /QM2 BM T�`�HH2H �b i?2 +QKTmi�iBQM 7Q` hd /2T2M/b QM h1:d−1 UBX2X- i?2
T�`iB�H `2bmHib bQ 7�`VX >2M+2- BMp2`bBQM Bb iBK2@+QMbmKBM; r?2M i?2 BMTmi Bb H�`;2X

ReXjX8 AMp2`b2 �miQ`2;`2bbBp2 ~Qrb

J�bF2/ �miQ`2;`2bbBp2 ~Qrb �`2 /2}M2/ BM i?2 MQ`K�HBxBM; UBMp2`b2V /B`2+iBQMX h?Bb Bb
`2[mB`2/ iQ 2p�Hm�i2 i?2 HBF2HB?QQ/ 2{+B2MiHv- �M/ ?2M+2 iQ H2�`M i?2 KQ/2HX >Qr2p2`-
b�KTHBM; `2[mB`2b i?2 7Q`r�`/ /B`2+iBQM- BM r?B+? 2�+? p�`B�#H2 Kmbi #2 +QKTmi2/ b2@
[m2MiB�HHv �i 2�+? H�v2`- r?B+? Bb bHQrX A7 r2 mb2 �M �miQ`2;`2bbBp2 ~Qr 7Q` i?2 7Q`r�`/
U;2M2`�iBp2V i`�Mb7Q`K�iBQM- i?2M b�KTHBM; Bb 2{+B2Mi- #mi +QKTmiBM; i?2 HBF2HB?QQ/ U�M/
i`�BMBM;V Bb bHQrX h?Bb Bb FMQrM �b �M BMp2`b2 �miQ`2;`2bbBp2 ~QrX

� i`B+F i?�i �HHQrb 7�bi H2�`MBM; �M/ �HbQ 7�bi U#mi �TT`QtBK�i2V b�KTHBM; Bb iQ
#mBH/ � K�bF2/ �miQ`2;`2bbBp2 ~Qr iQ H2�`M i?2 /Bbi`B#miBQM Ui?2 i2�+?2`V- �M/ i?2M mb2
i?Bb iQ i`�BM �M BMp2`b2 �miQ`2;`2bbBp2 ~Qr 7`QK r?B+? r2 +�M b�KTH2 2{+B2MiHv Ui?2
bim/2MiVX h?Bb `2[mB`2b � /Bz2`2Mi 7Q`Km�iBQM Q7 MQ`K�HBxBM; ~Qrb i?�i H2�`Mb 7`QK
�MQi?2` 7mM+iBQM `�i?2` i?�M � b2i Q7 b�KTH2b Ub22 b2+iBQM ReX8XjVX

ReXjXe _2bB/m�H ~Qrb, B_2pL2i

_2bB/m�H ~Qrb i�F2 i?2B` BMbTB`�iBQM 7`QK `2bB/m�H M2irQ`FbX h?2v /BpB/2 i?2 BMTmi BMiQ
irQ T�`ib h = [hT

1 ,h
T
2 ]

T U�b 7Q` +QmTHBM; ~QrbV �M/ /2}M2 i?2 QmiTmib �b,

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jR9 Re LQ`K�HBxBM; ~Qrb

6B;m`2 ReX3 _2bB/m�H ~QrbX �V �M BMp2`iB#H2 7mM+iBQM Bb +QKTmi2/ #v bTHBiiBM; i?2
BMTmi BMiQ h1 �M/ h2 �M/ +`2�iBM; irQ `2bB/m�H H�v2`bX AM i?2 }`bi- h2 Bb T`Q+2bb2/
�M/ h1 Bb �//2/X AM i?2 b2+QM/- i?2 `2bmHi Bb T`Q+2bb2/ �M/ h2 Bb �//2/X #V AM
i?2 `2p2`b2 K2+?�MBbK i?2 7mM+iBQMb �`2 +QKTmi2/ BM i?2 QTTQbBi2 Q`/2` �M/ i?2
�//BiBQM QT2`�iBQM #2+QK2b bm#i`�+iBQMX

h′
1 = h1 + 71[h2,φ1]

h′
2 = h2 + 72[h′

1,φ2], UReXR3V

r?2`2 f1[•,φ1] �M/ f2[•,φ2] �`2 irQ 7mM+iBQMb i?�i /Q MQi M2+2bb�`BHv ?�p2 iQ #2 BMp2`iB#H2
U};m`2 ReX3VX h?2 BMp2`b2 +�M #2 +QKTmi2/ #v `2p2`bBM; i?2 Q`/2` Q7 +QKTmi�iBQM,

h2 = 72[h′
1,φ1]− h′

2

h1 = 71[h2,φ2]− h′
1. UReXRNV

�b 7Q` +QmTHBM; ~Qrb- i?2 /BpBbBQM BMiQ #HQ+Fb `2bi`B+ib i?2 7�KBHv Q7 i`�Mb7Q`K�iBQMb
i?�i +�M #2 `2T`2b2Mi2/- �M/ ?2M+2 i?2 BMTmib �`2 T2`Kmi2/ #2ir22M H�v2`b bQ i?�i i?2
p�`B�#H2b +�M KBt BM �`#Bi`�`v r�vbX

h?Bb 7Q`KmH�iBQM +�M #2 BMp2`i2/ 2�bBHv #mi 7Q` ;2M2`�H 7mM+iBQMb f1[•,φ1] �M/ f2[•,φ2]-
i?2`2 Bb MQ 2{+B2Mi r�v iQ +QKTmi2 i?2 C�+Q#B�MX h?Bb 7Q`KmH�iBQM Bb bQK2iBK2b mb2/ iQS`Q#H2K ReXRy b�p2 K2KQ`v r?2M i`�BMBM; `2bB/m�H M2irQ`Fbc #2+�mb2 i?2 M2irQ`F Bb BMp2`iB#H2- i?2`2
Bb MQ M22/ iQ biQ`2 i?2 �+iBp�iBQMb �i 2�+? H�v2` BM i?2 7Q`r�`/ T�bbX

ReXjXd _2bB/m�H ~Qrb �M/ +QMi`�+iBQM K�TTBM;b, B_2bL2i

� /Bz2`2Mi �TT`Q�+? iQ 2tTHQBiBM; `2bB/m�H M2irQ`Fb Bb iQ miBHBx2 i?2 "�M�+? }t2/ TQBMi
i?2Q`2K Q` +QMi`�+iBQM K�TTBM; i?2Q`2K- r?B+? bi�i2b i?�i 2p2`v +QMi`�+iBQM K�TTBM;
?�b � }t2/ TQBMiX � +QMi`�+iBQM K�TTBM; 7[•] ?�b i?2 T`QT2`iv i?�i,

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReXj AMp2`iB#H2 M2irQ`F H�v2`b jR8

6B;m`2 ReXN *QMi`�+iBQM K�TTBM;bX A7 � 7mM+iBQM ?�b �M �#bQHmi2 bHQT2 Q7 H2bb i?�M
QM2 2p2`vr?2`2- i?2M Bi2`�iBM; i?2 7mM+iBQM +QMp2`;2b iQ � }t2/ TQBMi 7[z] = zX �V
ai�`iBM; �i z0- r2 2p�Hm�i2 z1 = 7[z0]X q2 i?2M T�bb z1 #�+F BMiQ i?2 7mM+iBQM �M/
Bi2`�i2X 1p2Mim�HHv- i?2 T`Q+2bb +QMp2`;2b iQ i?2 TQBMi r?2`2 7[z] = z UBX2X- r?2`2
i?2 7mM+iBQM +`Qbb2b i?2 /�b?2/ /B�;QM�H B/2MiBiv HBM2VX #V h?Bb +�M #2 mb2/ iQ
BMp2`i 2[m�iBQMb Q7 i?2 7Q`K y = z + 7[z] 7Q` � p�Hm2 y∗ #v MQiB+BM; i?�i i?2 }t2/
TQBMi Q7 y− f [z] Ur?2`2 i?2 Q`�M;2 HBM2 +`Qbb2b i?2 /�b?2/ B/2MiBiv HBM2V Bb �i i?2
b�K2 TQbBiBQM �b r?2`2 y∗ = z + 7[z]X

/Bbi
[
7[z′], 7[z]

]
< β · /Bbi

[
z′, z

]
∀ z, z′, UReXkyV

r?2`2 /Bbi[•, •] Bb � /Bbi�M+2 7mM+iBQM �M/ 0 < β < 1X q?2M � 7mM+iBQM rBi? i?Bb T`QT2`iv
Bb Bi2`�i2/ UBX2X- i?2 QmiTmi Bb `2T2�i2/Hv T�bb2/ #�+F BM �b �M BMTmiV- i?2 `2bmHi +QMp2`;2b
iQ � }t2/ TQBMi r?2`2 7[z] = z U};m`2 ReXNVX hQ mM/2`bi�M/ i?Bb- +QMbB/2` �TTHvBM; i?2
7mM+iBQM iQ #Qi? i?2 }t2/ TQBMi �M/ i?2 +m``2Mi TQbBiBQMc i?2 }t2/ TQBMi `2K�BMb bi�iB+- S`Q#H2K ReXRR#mi i?2 /Bbi�M+2 #2ir22M i?2 irQ Kmbi #2+QK2 bK�HH2`- �M/ bQ i?2 +m``2Mi TQbBiBQM Kmbi
;2i +HQb2` iQ i?2 }t2/ TQBMiX

h?Bb i?2Q`2K +�M #2 2tTHQBi2/ iQ BMp2`i �M 2[m�iBQM Q7 i?2 7Q`K,

y = z + 7[z] UReXkRV
B7 7[z] Bb � +QMi`�+iBQM K�TTBM;X AM Qi?2` rQ`/b- Bi +�M #2 mb2/ iQ }M/ i?2 z∗ i?�i K�Tb
iQ � ;Bp2M p�Hm2 y∗X h?Bb +�M #2 /QM2 #v bi�`iBM; rBi? �Mv TQBMi y0 �M/ Bi2`�iBM; z =
y∗ − 7[z]X h?Bb ?�b � }t2/ TQBMi �i z + 7[z] = y∗ U};m`2 ReXN#VX

h?2 b�K2 T`BM+BTH2 +�M #2 mb2/ iQ BMp2`i `2bB/m�H M2irQ`F H�v2`b Q7 i?2 7Q`K h′ =
h+7[h,φ] B7 r2 2Mbm`2 i?�i 7[h,φ] Bb � +QMi`�+iBQM K�TTBM;X AM T`�+iB+2- i?Bb K2�Mb i?�i �TT2M/Bt *Xk

GBTb+?Bix +QMbi�Mii?2 GBTb+?Bix +QMbi�Mi Kmbi #2 H2bb i?�M QM2X �bbmKBM; i?�i i?2 bHQT2 Q7 i?2 �+iBp�iBQM

�TT2M/Bt *X8X9
1B;2Mp�Hm2b

7mM+iBQMb Bb MQi ;`2�i2` i?�M QM2- i?Bb Bb 2[mBp�H2Mi iQ 2Mbm`BM; i?2 H�`;2bi 2B;2Mp�Hm2 Q7

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jRe Re LQ`K�HBxBM; ~Qrb

2�+? r2B;?i K�i`Bt Ω Kmbi #2 H2bb i?�M QM2X � +`m/2 r�v iQ /Q i?Bb Bb iQ 2Mbm`2 i?�i
i?2 �#bQHmi2 K�;MBim/2b Q7 i?2 r2B;?ib Ω �`2 bK�HH #v +HBTTBM; i?2KX

h?2 C�+Q#B�M /2i2`KBM�Mi +�MMQi #2 +QKTmi2/ 2�bBHv- #mi Bib HQ;�`Bi?K +�M #2 �T@
T`QtBK�i2/ #v mbBM; � b2`B2b Q7 i`B+FbX

log

[∣∣∣∣I+
∂7[h,φ]
∂h

∣∣∣∣

]
= i`�+2

[
log

[
I+

∂7[h,φ]
∂h

]]

=
∞∑

k=1

(−1)k−1i`�+2
[
∂7[h,φ]
∂h

]k
, UReXkkV

r?2`2 r2 ?�p2 mb2/ i?2 B/2MiBiv log[|A|] = i`�+2[log[A]] BM i?2 }`bi HBM2 �M/ 2tT�M/2/
i?Bb BMiQ � TQr2` b2`B2b BM i?2 b2+QM/ HBM2X

h?Bb b2`B2b Bb i`mM+�i2/ �M/ i?2 +QMbiBim2Mi i2`Kb +�M i?2M #2 2biBK�i2/ mbBM;
>mi+?BMbQMǶb i`�+2 2biBK�iQ`X *QMbB/2` � MQ`K�H `�M/QK p�`B�#H2 ε rBi? K2�M 0 �M/
p�`B�M+2 IX h?2 i`�+2 Q7 � K�i`Bt A +�M #2 2biBK�i2/ �b,

i`�+2[A] = i`�+2
[
AE

[
εεT

]]

= i`�+2
[
E
[
AεεT

]]

= E
[
i`�+2

[
AεεT

]]

= E
[
i`�+2

[
εTAε

]]

= E
[
εTAε

]
, UReXkjV

r?2`2 i?2 }`bi HBM2 Bb i`m2 #2+�mb2 E[εεT ] = IX h?2 b2+QM/ HBM2 /2`Bp2b 7`QK i?2 T`QT2`iB2b
Q7 i?2 2tT2+i�iBQM QT2`�iQ`X h?2 i?B`/ HBM2 +QK2b 7`QK i?2 HBM2�`Biv Q7 i?2 i`�+2 QT2`�iQ`X�TT2M/Bt *X8X8

h`�+2 h?2 7Qm`i? HBM2 Bb /m2 iQ i?2 BMp�`B�M+2 Q7 i?2 i`�+2 iQ +v+HB+ T2`Kmi�iBQMX h?2 }M�H HBM2
Bb i`m2 #2+�mb2 i?2 �`;mK2Mi BM i?2 7Qm`i? HBM2 Bb MQr � b+�H�`X q2 2biBK�i2 i?2 i`�+2
#v /`�rBM; b�KTH2b εi 7`QK Pr(ε),

i`�+2[A] = E
[
εTAε

]

≈ 1

I

I∑

i=1

εTi Aεi. UReXk9V

AM i?Bb r�v- r2 +�M �TT`QtBK�i2 i?2 i`�+2 Q7 i?2 TQr2`b Q7 i?2 h�vHQ` 2tT�MbBQM U2[m�iBQM
ReXkkV �M/ 2p�Hm�i2 i?2 HQ; T`Q#�#BHBivX

ReX9 JmHiB@b+�H2 ~Qrb

AM MQ`K�HBxBM; ~Qrb- i?2 H�i2Mi bT�+2 z Kmbi #2 i?2 b�K2 bBx2 �b i?2 /�i� bT�+2 x #mi
r2 FMQr i?�i M�im`�H /�i�b2ib +�M Q7i2M #2 /2b+`B#2/ #v 72r2` mM/2`HvBM; p�`B�#H2bX �i

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReX8 �TTHB+�iBQMb jRd

6B;m`2 ReXRy JmHiBb+�H2 ~QrbX h?2 H�i2Mi bT�+2 z Kmbi #2 i?2 b�K2 bBx2 �b i?2
KQ/2H /2MbBiv BM MQ`K�HBxBM; ~QrbX >Qr2p2`- Bi +�M #2 T�`iBiBQM2/ BMiQ b2p2`�H
+QKTQM2Mib- �M/ i?2b2 +�M #2 ;`�/m�HHv BMi`Q/m+2/ �i /Bz2`2Mi H�v2`bX h?Bb K�F2b
#Qi? /2MbBiv 2biBK�iBQM �M/ b�KTHBM; 7�bi2`X

bQK2 TQBMi r2 ?�p2 iQ BMi`Q/m+2 �HH Q7 i?2b2 p�`B�#H2b- #mi Bi Bb BM2{+B2Mi iQ T�bb i?2K
i?`Qm;? i?2 2MiB`2 M2irQ`FX h?2 H2�/b iQ i?2 B/2� Q7 KmHiB@b+�H2 ~Qrb U};m`2 ReXRyVX

AM i?2 ;2M2`�iBp2 /B`2+iBQM- KmHiB@b+�H2 ~Qrb T�`iBiBQM i?2 H�i2Mi p2+iQ` BMiQ z =
[z1, z2, . . . zN ]X h?2 }`bi T�`iBiBQM z1 Bb T`Q+2bb2/ #v � b2`B2b Q7 `2p2`bB#H2 H�v2`b rBi?
i?2 b�K2 /BK2MbBQM �b z1- mMiBH �i bQK2 TQBMi z2 Bb �TT2M/2/ �M/ Bb +QK#BM2/ rBi? i?2
}`bi T�`iBiBQMX h?Bb +QMiBMm2b mMiBH i?2 M2irQ`F Bb i?2 b�K2 bBx2 �b i?2 /�i� xX AM i?2
MQ`K�HBxBM; /B`2+iBQM- i?2 M2irQ`F bi�`ib �i i?2 7mHH /BK2MbBQM Q7 x #mi r?2M Bi `2�+?2b
i?2 TQBMi r?2`2 zn r�b �//2/- i?Bb Bb �bb2bb2/ �;�BMbi i?2 #�b2 /Bbi`B#miBQMX

ReX8 �TTHB+�iBQMb

AM i?Bb b2+iBQM- r2 +QMbB/2` i?`22 �TTHB+�iBQMb Q7 MQ`K�HBxBM; ~QrbX 6B`bi- r2 +QMbB/2`
KQ/2HBM; T`Q#�#BHBiv /2MbBiB2bX a2+QM/- r2 +QMbB/2` i?2 :GPq KQ/2H- r?B+? +�M #2
mb2/ iQ bvMi?2bBx2 BK�;2bX 6BM�HHv- r2 /Bb+mbb ?Qr MQ`K�HBxBM; ~Qrb +�M #2 mb2/ iQ
�TT`QtBK�i2 Qi?2` /Bbi`B#miBQMbX

ReX8XR JQ/2HBM; /2MbBiB2b

P7 i?2 7Qm` ;2M2`�iBp2 KQ/2Hb /Bb+mbb2/ BM i?Bb #QQF- MQ`K�HBxBM; ~Qrb Bb i?2 QMHv KQ/2H
i?�i +�M +QKTmi2 i?2 2t�+i HQ;@HBF2HB?QQ/ Q7 � M2r b�KTH2X :2M2`�iBp2 �/p2`b�`B�H

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jR3 Re LQ`K�HBxBM; ~Qrb

6B;m`2 ReXRR JQ/2HBM; /2MbBiB2bX �V hQv k. /�i� b�KTH2bX #V JQ/2H2/ /2MbBiv
mbBM; B_2bL2iX +@/V a2+QM/ 2t�KTH2X �/�Ti2/ 7`QK "2?`K�MM 2i �HX UkyRNV

M2irQ`Fb �`2 MQi T`Q#�#BHBbiB+- �M/ #Qi? p�`B�iBQM�H �miQ2M+Q/2`b �M/ /BzmbBQM KQ/2Hb
+�M QMHv `2im`M � HQr2` #QmM/ QM i?2 HBF2HB?QQ/Xk 6B;m`2 ReXRR /2TB+ib i?2 2biBK�i2/
T`Q#�#BHBiv /Bbi`B#miBQMb BM irQ iQv T`Q#H2Kb mbBM; B@_2bL2iX PM2 �TTHB+�iBQM Q7 /2MbBiv
2biBK�iBQM Bb �MQK�Hv /2i2+iBQMc i?2 /�i� /Bbi`B#miBQM Q7 � +H2�M /�i�b2i Bb /2b+`B#2/
mbBM; � MQ`K�HBxBM; ~Qr KQ/2HX L2r 2t�KTH2b rBi? HQr T`Q#�#BHBiv �`2 ~�;;2/ �b
QmiHB2`bX >Qr2p2`- +�miBQM Kmbi #2 mb2/ �b i?2`2 K�v 2tBbi QmiHB2`b rBi? ?B;? T`Q#�#BHBiv
i?�i /Q MQi 7�HH BM i?2 ivTB+�H b2i Ub22 };m`2 3XRjVX

ReX8Xk avMi?2bBb

:2M2`�iBp2 ~Qrb Q` :GPq Bb � MQ`K�HBxBM; ~Qr KQ/2H i?�i +�M +`2�i2 ?B;?@}/2HBiv
BK�;2b U};m`2 ReXRkV �M/ mb2b K�Mv Q7 i?2 B/2�b 7`QK i?Bb +?�Ti2`X Ai Bb 2�bB2bi mM/2`@
biQQ/ BM i?2 MQ`K�HBxBM; /B`2+iBQMX :GPq bi�`ib rBi? � 256× 256× 3 i2MbQ` +QMi�BMBM;
�M _:" BK�;2X Ai mb2b +QmTHBM; H�v2`b- BM r?B+? i?2 +?�MM2Hb �`2 T�`iBiBQM2/ BMiQ irQ
?�Hp2bX h?2 b2+QM/ ?�H7 Bb bm#D2+i iQ � /Bz2`2Mi �{M2 i`�Mb7Q`K �i 2�+? bT�iB�H TQbBiBQM-
r?2`2 i?2 T�`�K2i2`b Q7 i?2 �{M2 i`�Mb7Q`K�iBQM �`2 +QKTmi2/ #v � k. +QMpQHmiBQM�H
M2m`�H M2irQ`F `mM QM i?2 Qi?2` ?�H7 Q7 i?2 +?�MM2HbX h?2 +QmTHBM; H�v2`b �`2 �Hi2`M�i2/
rBi? 1× 1 +QMpQHmiBQMb- T�`�K2i2`Bx2/ �b Gl /2+QKTQbBiBQMb r?B+? KBt i?2 +?�MM2HbX

S2`BQ/B+�HHv- i?2 `2bQHmiBQM Bb ?�Hp2/ #v im`MBM; 2�+? 2×2 T�i+? BMiQ � bBM;H2 TQbBiBQM
rBi? 7Qm` iBK2b �b K�Mv +?�MM2HbX h?Bb Bb � KmHiB@b+�H2 ~Qr BM r?B+? � TQ`iBQM Q7 i?2
+?�MM2Hb �`2 T2`BQ/B+�HHv `2KQp2/ �M/ /B`2+iHv #2+QK2 T�`i Q7 i?2 H�i2Mi p2+iQ` zX aBM+2
BK�;2b �`2 /Bb+`2i2 /Bbi`B#miBQMb U/m2 iQ i?2 [m�MiBx�iBQM Q7 _:" p�Hm2bV- MQBb2 Bb �//2/
iQ i?2 BMTmib iQ T`2p2Mi i?2 HBF2HB?QQ/ BM+`2�bBM; rBi?Qmi #QmM/ /m`BM; H2�`MBM;X h?Bb
Bb FMQrM �b /2[m�MiBx�iBQMX

hQ b�KTH2 KQ`2 `2�HBbiB+ BK�;2b- i?2 :GPq KQ/2H b�KTH2b 7`QK i?2 #�b2 /2MbBiv
`�Bb2/ iQ � TQbBiBp2 TQr2`X h?Bb +?QQb2b 2t�KTH2b i?�i �`2 +HQb2` iQ i?2 +2Mi2` Q7 i?2

kh?2 HQr2` #QmM/ 7Q` /BzmbBQM KQ/2Hb +�M �+im�HHv #2 #2ii2` i?�M i?2 2t�+i +QKTmi�iBQM BM MQ`@
K�HBxBM; ~Qrb- #mi +QKTmi�iBQM Bb Km+? bHQr2` Ub22 +?�Ti2` R3VX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReX8 �TTHB+�iBQMb jRN

6B;m`2 ReXRk a�KTH2b 7`QK :GPq i`�BM2/ QM i?2 *2H2#� >Z /�i�b2i UE�``�b
2i �HX- kyR3VX h?2 b�KTH2b �`2 Q7 `2�bQM�#H2 [m�HBiv- �Hi?Qm;? :�Lb �M/ /BzmbBQM
KQ/2Hb T`Q/m+2 bmT2`BQ` `2bmHibX �/�Ti2/ 7`QK EBM;K� � .?�`Br�H UkyR3VX

6B;m`2 ReXRj AMi2`TQH�iBQM mbBM; :GPq KQ/2HX h?2 H27i �M/ `B;?i BK�;2b �`2 `2�H
T2QTH2X h?2 BMi2`K2/B�i2 BK�;2b r2`2 +QKTmi2/ #v T`QD2+iBM; i?2 `2�H BK�;2b iQ
i?2 H�i2Mi bT�+2- BMi2`TQH�iBM;- �M/ i?2M T`QD2+iBM; i?2 BMi2`TQH�i2/ TQBMib #�+F
iQ BK�;2 bT�+2X �/�Ti2/ 7`QK EBM;K� � .?�`Br�H UkyR3VX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jky Re LQ`K�HBxBM; ~Qrb

/2MbBiv- `�i?2` i?�M 7`QK i?2 i�BHbX h?Bb Bb � bBKBH�` iQ i?2 i`mM+�iBQM i`B+F BM :�Lb
U};m`2 R8XRyVX LQi�#Hv- i?2 b�KTH2b �`2 MQi �b ;QQ/ �b i?Qb2 7`QK :�Lb Q` /BzmbBQM
KQ/2HbX Ai Bb mMFMQrM r?2i?2` i?Bb Bb /m2 iQ � 7mM/�K2Mi�H `2bi`B+iBQM �bbQ+B�i2/ rBi?
BMp2`iB#H2 H�v2`b- Q` K2`2Hv #2+�mb2 H2bb `2b2�`+? 2zQ`i ?�b #22M BMp2bi2/ BM i?Bb ;Q�HX

6B;m`2 ReXRj b?Qrb �M 2t�KTH2 Q7 BMi2`TQH�iBQM mbBM; :GPqX hrQ H�i2Mi p2+iQ`b �`2
+QKTmi2/ #v i`�Mb7Q`KBM; irQ `2�H BK�;2b BM i?2 MQ`K�HBxBM; /B`2+iBQMX AMi2`K2/B�i2
TQBMib #2ir22M i?2b2 H�i2Mi p2+iQ`b �`2 +QKTmi2/ #v HBM2�` BMi2`TQH�iBQM- �M/ i?2b2 �`2
T`QD2+i2/ #�+F iQ BK�;2 bT�+2 mbBM; i?2 M2irQ`F BM i?2 ;2M2`�iBp2 /B`2+iBQMX h?2 `2bmHi
Bb � b2i Q7 BK�;2b i?�i BMi2`TQH�i2 `2�HBbiB+�HHv #2ir22M i?2 irQ `2�H QM2bX

ReX8Xj �TT`QtBK�iBM; Qi?2` /2MbBiv KQ/2Hb

LQ`K�HBxBM; ~Qrb +�M �HbQ H2�`M iQ ;2M2`�i2 b�KTH2b i?�i �TT`QtBK�i2 �M 2tBbiBM; /2MbBiv
r?B+? Bb 2�bv iQ 2p�Hm�i2 #mi /B{+mHi iQ b�KTH2 7`QKX AM i?Bb +QMi2ti- r2 /2MQi2 i?2
MQ`K�HBxBM; ~Qr Pr(x|φ) �b i?2 bim/2Mi �M/ i?2 i�`;2i /2MbBiv q(x) �b i?2 i2�+?2`X

hQ K�F2 T`Q;`2bb- r2 ;2M2`�i2 b�KTH2b xi 7`QK i?2 bim/2MiX aBM+2 r2 ;2M2`�i2/ i?2b2
b�KTH2b Qm`b2Hp2b- r2 FMQr i?2B` +Q``2bTQM/BM; H�i2Mi p�`B�#H2b zi �M/ r2 +�M +�H+mH�i2
i?2B` HBF2HB?QQ/ BM i?2 bim/2Mi KQ/2H rBi?Qmi BMp2`bBQMX h?mb r2 +�M mb2 � KQ/2H HBF2
� K�bF2/@�miQ`2;`2bbBp2 ~Qr r?2`2 BMp2`bBQM Bb bHQrX q2 /2}M2 � HQbb 7mM+iBQM #�b2/
QM i?2 `2p2`b2 EG /Bp2`;2M+2 i?�i 2M+Qm`�;2b i?2 bim/2Mi �M/ i2�+?2` HBF2HB?QQ/ iQ #2
B/2MiB+�H �M/ mb2 i?Bb iQ i`�BM i?2 bim/2Mi KQ/2H U};m`2 ReXR9V,

φ = argmin

[
EG
[

I∑

i=1

Pr(xi,φ)

∣∣∣∣

∣∣∣∣
1

I

I∑

i=1

q(xi)

]]
. UReXk8V

h?Bb �TT`Q�+? +QMi`�bib rBi? i?2 ivTB+�H mb2 Q7 MQ`K�HBxBM; ~Qrb iQ #mBH/ � T`Q#�@
#BHBiv KQ/2H Pr(xi,φ) Q7 /�i� i?�i +�K2 7`QK �M mMFMQrM /Bbi`B#miBQM rBi? b�KTH2b xi

mbBM; K�tBKmK HBF2HB?QQ/ r?B+? `2HB2b QM i?2 +`Qbb@2Mi`QTv i2`K 7`QK i?2 7Q`r�`/ EG
/Bp2`;2M+2 Ub2+iBQM 8XdV,

φ = argmin

[
EG
[
1

I

I∑

i=1

δ[x− xi]

∣∣∣∣

∣∣∣∣Pr(xi,φ)

]]
. UReXkeV

� bBKBH�` i`B+F Bb mb2/ iQ 2tTHQBi MQ`K�HBxBM; ~Qrb iQ KQ/2H i?2 TQbi2`BQ` BM p�`B�iBQM�H
�miQ@2M+Q/2`b Ub22 +?�Ti2` RdVX

ReXe amKK�`v

LQ`K�HBxBM; ~Qrb i`�Mb7Q`K � #�b2 /Bbi`B#miBQM Umbm�HHv � MQ`K�H /Bbi`B#miBQMV iQ +`2�i2
� M2r /2MbBivX h?2v ?�p2 i?2 �/p�Mi�;2 i?�i i?2v +�M #Qi? 2p�Hm�i2 i?2 HBF2HB?QQ/
Q7 b�KTH2b 2t�+iHv �M/ ;2M2`�i2 M2r b�KTH2bX >Qr2p2`- i?2v ?�p2 i?2 �`+?Bi2+im`�H
+QMbi`�BMi i?�i 2�+? H�v2` Kmbi #2 BMp2`iB#H2c r2 M22/ i?2 7Q`r�`/ i`�Mb7Q`K�iBQM iQ
;2M2`�i2 b�KTH2b- �M/ i?2 #�+Fr�`/ i`�Mb7Q`K�iBQM iQ 2p�Hm�i2 i?2 HBF2HB?QQ/bX

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



ReXe amKK�`v jkR
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6B;m`2 ReXR9 �TT`QtBK�iBM; /2MbBiv KQ/2HbX �V LQ`K�HHv r2 KQ/B7v i?2 ~Qr
KQ/2H iQ KBMBKBx2 i?2 EG /Bp2`;2M+2 iQ #V i?2 2KTB`B+�H /�i� /Bbi`B#miBQMX h?Bb
Bb 2[mBp�H2Mi iQ K�tBKmK HBF2HB?QQ/ }iiBM; Ub22 b2+iBQM 8XdVX +V >Qr2p2`- BM bQK2
+�b2b- r2 ?�p2 � i�`;2i /Bbi`B#miBQM KQ/2H r?2`2 r2 +�M 2p�Hm�i2 i?2 /2MbBiv U#mi
T2`?�Tb MQi /`�r b�KTH2b 2{+B2MiHvV- �M/ rBb? iQ i`�BM � MQ`K�HBxBM; ~Qr iQ
�TT`QtBK�i2 BiX /V >2`2 r2 KBMBKBx2 i?2 `2p2`b2 EG /Bp2`;2M+2 #2ir22M b�KTH2b
7`QK i?2 MQ`K�HBxBM; ~Qrb KQ/2H �M/ i?2 i�`;2i /Bbi`B#miBQMX

AiǶb �HbQ BKTQ`i�Mi i?�i i?2 C�+Q#B�M +�M #2 2biBK�i2/ 2{+B2MiHv iQ 2p�Hm�i2 i?2
HBF2HB?QQ/X h?Bb Bb T�`iB+mH�`Hv BKTQ`i�Mi �b i?2 HBF2HB?QQ/ Kmbi #2 2p�Hm�i2/ `2T2�i2/Hv
iQ H2�`M i?2 /2MbBivX >Qr2p2`- BMp2`iB#H2 H�v2`b �`2 biBHH mb27mH BM i?2B` QrM `B;?i 2p2M
r?2M i?2 C�+Q#B�M +�MMQi #2 2biBK�i2/ 2{+B2MiHvc i?2v `2/m+2 i?2 K2KQ`v `2[mB`2K2Mib
Q7 i`�BMBM; � K@H�v2` M2irQ`F 7`QK O[K] iQ O[1]X

h?Bb +?�Ti2` `2pB2r2/ BMp2`iB#H2 M2irQ`F H�v2`b Q` ~QrbX q2 +QMbB/2`2/ HBM2�` ~Qrb
�M/ 2H2K2MirBb2 ~Qrb- r?B+? �`2 bBKTH2 #mi BMbm{+B2MiHv 2tT`2bbBp2X h?2M r2 /2b+`B#2/
KQ`2 +QKTH2t ~Qrb bm+? �b +QmTHBM; ~Qrb- �miQ`2;`2bbBp2 ~Qrb- �M/ `2bB/m�H ~QrbX
6BM�HHv- r2 b?Qr2/ ?Qr MQ`K�HBxBM; ~Qrb +�M #2 mb2/ iQ 2biBK�i2 HBF2HB?QQ/b- ;2M2`�i2
�M/ BMi2`TQH�i2 #2ir22M BK�;2b- �M/ �TT`QtBK�i2 Qi?2` /Bbi`B#miBQMbX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jkk Re LQ`K�HBxBM; ~Qrb

LQi2b

LQ`K�HBxBM; ~Qrb r2`2 }`bi BMi`Q/m+2/ #v _2x2M/2 � JQ?�K2/ UkyR8V- #mi ?�/ BMi2HH2+im�H
�Mi2+2/2Mib BM i?2 rQ`F Q7 h�#�F � o�M/2M@1BDM/2M UkyRyV- h�#�F � hm`M2` UkyRjV- �M/
_BTT2H � �/�Kb UkyRjVX _2pB2rb Q7 MQ`K�HBxBM; ~Qrb +�M #2 7QmM/ BM EQ#vx2p 2i �HX UkykyV
�M/ S�T�K�F�`BQb 2i �HX UkykRVX EQ#vx2p 2i �HX UkykyV T`2b2Mi2/ � [m�MiBi�iBp2 +QKT�`BbQM Q7
K�Mv MQ`K�HBxBM; ~Qr �TT`Q�+?2b �M/ +QM+Hm/2/ i?�i i?2 6HQrYY KQ/2H U� +QmTHBM; ~Qr rBi?
� MQp2H 2H2K2MirBb2 i`�Mb7Q`K�iBQM �M/ Qi?2` BMMQp�iBQMbV T2`7Q`K2/ #2bi �i i?2 iBK2X

AMp2`iB#H2 M2irQ`F H�v2`b, AMp2`iB#H2 H�v2`b /2+`2�b2 i?2 K2KQ`v `2[mB`2K2Mib Q7 i?2 #�+F@
T`QT�;�iBQM �H;Q`Bi?Kc i?2 �+iBp�iBQMb BM i?2 7Q`r�`/ T�bb MQ HQM;2` M22/ iQ #2 biQ`2/- bBM+2
i?2v +�M #2 `2+QKTmi2/ BM i?2 #�+Fr�`/ T�bbX AM �//BiBQM iQ i?2 `2;mH�` M2irQ`F H�v2`b �M/
`2bB/m�H H�v2`b U:QK2x 2i �HX- kyRdc C�+Q#b2M 2i �HX- kyR3V /Bb+mbb2/ BM i?Bb +?�Ti2`- BMp2`iB#H2
H�v2`b ?�p2 #22M /2p2HQT2/ 7Q` ;`�T? M2m`�H M2irQ`Fb UGB 2i �HX- kykR�V- `2+m``2Mi M2m`�H M2i@
rQ`Fb UJ�+E�v 2i �HX- kyR3V- K�bF2/ +QMpQHmiBQMb UaQM; 2i �HX- kyRNV- l@L2ib U"`Ƀ;;2` 2i �HX-
kyRNc 1iK�MM 2i �HX- kykyV- �M/ i`�Mb7Q`K2`b UJ�M;�H�K 2i �HX- kykkVX

_�/B�H �M/ TH�M�` ~Qrb, h?2 Q`B;BM�H MQ`K�HBxBM; ~Qr T�T2` U_2x2M/2 � JQ?�K2/- kyR8V
mb2/ TH�M�` ~Qrb Ur?B+? +QMi`�+i Q` 2tT�M/ i?2 /Bbi`B#miBQM �HQM; +2`i�BM /BK2MbBQMbV �M/
`�/B�H ~Qrb Ur?B+? 2tT�M/ Q` +QMi`�+i �`QmM/ � +2`i�BM TQBMiVX AMp2`b2b 7Q` i?2b2 ~Qrb +�MǶi
#2 +QKTmi2/ 2�bBHv- #mi i?2v �`2 mb27mH 7Q` �TT`QtBK�iBM; /Bbi`B#miBQMb r?2`2 b�KTHBM; Bb bHQr
Q` r?2`2 i?2 HBF2HB?QQ/ +�M QMHv #2 2p�Hm�i2/ mT iQ �M mMFMQrM b+�HBM; 7�+iQ` U};m`2 ReXR9VX

�TTHB+�iBQMb, �TTHB+�iBQMb BM+Hm/2 BK�;2 ;2M2`�iBQM U>Q 2i �HX- kyRNc EBM;K� � .?�`Br�H-
kyR3V- MQBb2 KQ/2HBM; U�#/2H?�K2/ 2i �HX- kyRNV- pB/2Q ;2M2`�iBQM UEmK�` 2i �HX- kyRN#V- �m@
/BQ ;2M2`�iBQM U1bHBM; 2i �HX- kyRNc EBK 2i �HX- kyR3c S`2M;2` 2i �HX- kyRNV- ;`�T? ;2M2`�iBQM
UJ�/?�r� 2i �HX- kyRNV- BK�;2 +H�bbB}+�iBQM UEBK 2i �HX- kykRc J�+FQrB�F 2i �HX- kykRV- BK@
�;2 bi2;�MQ;`�T?v UGm 2i �HX- kykRV- bmT2`@`2bQHmiBQM Uum 2i �HX- kykyc qQH7 2i �HX- kykRc GB�M;
2i �HX- kykRV- bivH2 i`�Mb72` U�M 2i �HX- kykRV- KQiBQM bivH2 i`�Mb72` Uq2M 2i �HX- kykRV- j. b?�T2
KQ/2HBM; US�b+?�HB/Qm 2i �HX- kykRV- +QKT`2bbBQM Uw?�M; 2i �HX- kykR#V- b_:" iQ _�q BK�;2
+QMp2`bBQM UsBM; 2i �HX- kykRV- /2MQBbBM; UGBm 2i �HX- kykR#V- �MQK�Hv /2i2+iBQM Uum 2i �HX- kykRV-
BK�;2@iQ@BK�;2 i`�MbH�iBQM U�`/BxxQM2 2i �HX- kykyV- bvMi?2bBxBM; +2HH KB+`Qb+QTv BK�;2b mM/2`
/Bz2`2Mi KQH2+mH�` BMi2`p2MiBQMb Uu�M; 2i �HX- kykRV- �M/ HB;?i i`�MbTQ`i bBKmH�iBQM UJɃHH2`
2i �HX- kyRN#VX 6Q` �TTHB+�iBQMb mbBM; BK�;2 /�i�- MQBb2 Kmbi #2 �//2/ #27Q`2 H2�`MBM; bBM+2 i?2
BMTmib �`2 [m�MiBx2/ �M/ ?2M+2 /Bb+`2i2 Ub22 h?2Bb 2i �HX- kyReVX
_2x2M/2 � JQ?�K2/ UkyR8V mb2/ MQ`K�HBxBM; ~Qrb iQ KQ/2H i?2 TQbi2`BQ` BM o�1bX �#/�H
2i �HX UkykRV mb2/ MQ`K�HBxBM; ~Qrb iQ KQ/2H i?2 /Bbi`B#miBQM Q7 �ii`B#mi2b BM i?2 H�i2Mi bT�+2
Q7 aivH2:�L �M/ i?2M mb2/ i?2b2 /Bbi`B#miBQMb iQ bvbi2K�iB+�HHv +?�M;2 bT2+B}2/ �ii`B#mi2b BM
`2�H BK�;2bX qQH7 2i �HX UkykRV mb2 MQ`K�HBxBM; ~Qrb iQ H2�`M i?2 +QM/BiBQM�H BK�;2 Q7 � MQBbv
BMTmi BK�;2 ;Bp2M � +H2�M QM2 �M/ ?2M+2 bBKmH�i2 MQBbv /�i� i?�i +�M #2 mb2/ iQ i`�BM /2MQBbBM;
Q` bmT2`@`2bQHmiBQM KQ/2HbX
LQ`K�HBxBM; ~Qrb ?�p2 �HbQ 7QmM/ /Bp2`b2 mb2b BM T?vbB+b UE�Mr�` 2i �HX- kykyc Eƺ?H2` 2i �HX-
kykyc LQû 2i �HX- kyRNc qB`Mb#2`;2` 2i �HX- kykyc qQM; 2i �HX- kykyV- M�im`�H H�M;m�;2 T`Q+2bbBM;
Uh`�M 2i �HX- kyRNc wB2;H2` � _mb?- kyRNc w?Qm 2i �HX- kyRNc >2 2i �HX- kyR3c CBM 2i �HX- kyRNV- �M/
`2BM7Q`+2K2Mi H2�`MBM; Ua+?`Q2+F2` 2i �HX- kyRNc >��`MQD� 2i �HX- kyR3�c J�xQm`2 2i �HX- kykyc
q�`/ 2i �HX- kyRNc hQm�iB 2i �HX- kykyVX

GBM2�` ~Qrb, .B�;QM�H HBM2�` ~Qrb +�M `2T`2b2Mi MQ`K�HBx�iBQM i`�Mb7Q`K�iBQMb HBF2 "�i+?@
LQ`K U.BM? 2i �HX- kyReV �M/ �+iLQ`K UEBM;K� � .?�`Br�H- kyR3VX hQK+x�F � q2HHBM; UkyReV
BMp2biB;�i2/ +QK#BMBM; i`B�M;mH�` K�i`B+2b �M/ mbBM; Q`i?Q;QM�H i`�Mb7Q`K�iBQMb T�`�K2i2`Bx2/
#v i?2 >Qmb2?QH/2` i`�Mb7Q`KX EBM;K� � .?�`Br�H UkyR3V T`QTQb2/ i?2 Gl T�`�K2i2`Bx�iBQM
/2b+`B#2/ BM b2+iBQM ReX8XkX >QQ;2#QQK 2i �HX UkyRN#V T`QTQb2/ mbBM; i?2 Z_ /2+QKTQbBiBQM

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



LQi2b jkj

BMbi2�/- r?B+? /Q2b MQi `2[mB`2 T`2@/2i2`KBM2/ T2`Kmi�iBQM K�i`B+2bX *QMpQHmiBQMb �`2 HBM2�`
i`�Mb7Q`K�iBQMb U};m`2 RyX9V i?�i �`2 rB/2Hv mb2/ BM /22T H2�`MBM; #mi i?2B` BMp2`b2 �M/ /2i2`@
KBM�Mi �`2 MQi bi`�B;?i7Q`r�`/ iQ +QKTmi2X EBM;K� � .?�`Br�H UkyR3V mb2/ R×R +QMpQHmiBQMb
#mi i?Bb Bb 2z2+iBp2Hv � 7mHH HBM2�` i`�Mb7Q`K�iBQM i?�i Bb �TTHB2/ b2T�`�i2Hv �i 2�+? TQbBiBQMX
w?2M; 2i �HX UkyRdV BMi`Q/m+2/ *QMp6HQr- r?B+? r�b `2bi`B+i2/ iQ R. +QMpQHmiBQMbX >QQ;2#QQK
2i �HX UkyRN#V T`QpB/2/ KQ`2 ;2M2`�H bQHmiBQMb 7Q` KQ/2HBM; k. +QMpQHmiBQMb 2Bi?2` #v bi�+FBM;
iQ;2i?2` K�bF2/ �miQ`2;`2bbBp2 +QMpQHmiBQMb Q` #v QT2`�iBM; BM i?2 6Qm`B2` /QK�BMX

1H2K2MirBb2 ~Qrb �M/ +QmTHBM; 7mM+iBQMb, 1H2K2MirBb2 ~Qrb i`�Mb7Q`K 2�+? p�`B�#H2
BM/2T2M/2MiHv mbBM; i?2 b�K2 7mM+iBQM U#mi rBi? /Bz2`2Mi T�`�K2i2`b 7Q` 2�+? p�`B�#H2VX h?2
b�K2 ~Qrb +�M #2 mb2/ iQ 7Q`K i?2 +QmTHBM; 7mM+iBQMb BM +QmTHBM; �M/ �miQ@`2;`2bbBp2 ~Qrb-
BM r?B+? +�b2- i?2B` T�`�K2i2`b /2T2M/ QM i?2 T`2+2/BM; p�`B�#H2bX hQ #2 BMp2`iB#H2- i?2b2
7mM+iBQMb Kmbi #2 KQMQiQM2X
�M �//BiBp2 +QmTHBM; 7mM+iBQM U.BM? 2i �HX- kyR8V Dmbi �//b �M Qzb2i iQ i?2 p�`B�#H2X �{M2
+QmTHBM; 7mM+iBQMb b+�H2 i?2 p�`B�#H2 �M/ �// �M Qzb2i �M/ r2`2 mb2/ #v .BM? 2i �HX UkyR8V-
.BM? 2i �HX UkyReV- EBM;K� � .?�`Br�H UkyR3V- EBM;K� 2i �HX UkyReV- �M/ S�T�K�F�`BQb 2i �HX
UkyRdVX wB2;H2` � _mb? UkyRNV T`QTQb2 i?2 MQMHBM2�` b[m�`2/ ~Qr r?B+? Bb �M BMp2`iB#H2 `�iBQ
Q7 TQHvMQKB�Hb rBi? }p2 T�`�K2i2`bX *QMiBMmQmb KBtim`2 *.6b U>Q 2i �HX- kyRNV �TTHv �
KQMQiQM2 i`�Mb7Q`K�iBQM #�b2/ QM i?2 +mKmH�iBp2 /2MbBiv 7mM+iBQM U*.6V Q7 � KBtim`2 Q7 E
HQ;BbiB+b- TQbi@+QKTQb2/ #v �M BMp2`b2 HQ;BbiB+ bB;KQB/- b+�H2/- �M/ Qzb2iX
h?2 TB2+2rBb2@HBM2�` +QmTHBM; 7mM+iBQM U};m`2 ReX8V r�b /2p2HQT2/ #v JɃHH2` 2i �HX UkyRN#VX
aBM+2 i?2M- bvbi2Kb #�b2/ QM +m#B+ bTHBM2b U.m`F�M 2i �HX- kyRN�V- �M/ `�iBQM�H [m�/`�iB+
bTHBM2b U.m`F�M 2i �HX- kyRN#V ?�p2 #22M T`QTQb2/X >m�M; 2i �HX UkyR3�V BMi`Q/m+2/ M2m`�H
�miQ`2;`2bbBp2 ~Qrb- BM r?B+? i?2 7mM+iBQM Bb `2T`2b2Mi2/ #v � M2m`�H M2irQ`F i?�i T`Q/m+2b �
KQMQiQMB+ 7mM+iBQMX � bm{+B2Mi +QM/BiBQM Bb i?�i i?2 r2B;?ib �`2 �HH TQbBiBp2 �M/ i?2 �+iBp�iBQM
7mM+iBQMb �`2 KQMQiQM2X lM7Q`imM�i2Hv- Bi Bb ?�`/ iQ i`�BM � M2irQ`F rBi? i?2 +QMbi`�BMi i?�i
i?2 r2B;?ib �`2 TQbBiBp2 �M/ i?Bb H2/ iQ mM+QMbi`�BM2/ KQMQiQM2 M2m`�H M2irQ`Fb Uq2?2MF2H �
GQmTT2- kyRNV r?B+? KQ/2H bi`B+iHv TQbBiBp2 7mM+iBQMb �M/ i?2M BMi2;`�i2 i?2K MmK2`B+�HHv iQ
;2i � KQMQiQM2 7mM+iBQMX C�BMB 2i �HX UkyRNV +QMbi`m+i TQbBiBp2 7mM+iBQMb i?�i +�M #2 BMi2;`�i2/
BM +HQb2/@7Q`K #�b2/ QM � +H�bbB+ `2bmHi i?�i �HH TQbBiBp2 bBM;H2@p�`B�#H2 TQHvMQKB�Hb �`2 i?2 bmK
Q7 b[m�`2b Q7 TQHvMQKB�HbX 6BM�HHv- .BM? 2i �HX UkyRNV BMp2biB;�i2/ TB2+2rBb2 KQMQiQMB+ +QmTHBM;
7mM+iBQMbX

*QmTHBM; ~Qrb, .BM? 2i �HX UkyR8V BMi`Q/m+2/ +QmTHBM; ~Qrb BM r?B+? i?2 /BK2MbBQMb r2`2
bTHBi BM ?�H7 U};m`2 ReXeVX .BM? 2i �HX UkyReV BMi`Q/m+2/ _2�HLoS r?B+? T�`iBiBQM2/ i?2 BK�;2
BMTmi #v i�FBM; �Hi2`M�iBM; TBt2Hb Q` #HQ+Fb Q7 +?�MM2HbX .�b 2i �HX UkyRNV T`QTQb2/ b2H2+iBM;
72�im`2b 7Q` i?2 T`QT�;�i2/ T�`i #�b2/ QM i?2 K�;MBim/2 Q7 i?2 /2`Bp�iBp2bX .BM? 2i �HX UkyReV
BMi2`T`2i2/ KmHiBb+�H2 ~Qrb UBM r?B+? /BK2MbBQMb �`2 ;`�/m�HHv BMi`Q/m+2/V �b +QmTHBM; ~Qrb BM
r?B+? i?2 T�`�K2i2`b φ ?�p2 MQ /2T2M/2M+2 QM i?2 Qi?2` ?�H7 Q7 i?2 /�i�X E`mb2 2i �HX UkykRV
BMi`Q/m+2 � ?B2`�`+?B+�H 7Q`KmH�iBQM Q7 +QmTHBM; ~Qrb BM r?B+? 2�+? T�`iBiBQM Bb `2+m`bBp2Hv
/BpB/2/ BMiQ irQX :GPq U};m`2b ReXRkĜReXRjV r�b /2bB;M2/ #v EBM;K� � .?�`Br�H UkyR3V �M/
mb2b +QmTHBM; ~Qrb- �b /Q LA*1 U.BM? 2i �HX- kyR8V- _2�HLoS U.BM? 2i �HX- kyReV- 6HQq�p2L2i
UEBK 2i �HX- kyR3V- q�p2:HPq US`2M;2` 2i �HX- kyRNV- �M/ 6HQrYY U>Q 2i �HX- kyRNVX

�miQ`2;`2bbBp2 ~Qrb, EBM;K� 2i �HX UkyReV mb2/ �miQ`2;`2bbBp2 KQ/2Hb 7Q` MQ`K�HBxBM; ~QrbX
:2`K�BM 2i �HX UkyR8V /2p2HQT2/ � ;2M2`�H K2i?Q/ 7Q` K�bFBM; T`2pBQmb p�`B�#H2b �M/ i?Bb r�b
2tTHQBi2/ #v S�T�K�F�`BQb 2i �HX UkyRdV iQ +QKTmi2 �HH Q7 i?2 QmiTmib BM i?2 7Q`r�`/ /B`2+iBQM
bBKmHi�M2QmbHv BM K�bF2/ �miQ`2;`2bbBp2 ~QrbX EBM;K� 2i �HX UkyReV BMi`Q/m+2/ i?2 BMp2`b2
�miQ`2;`2bbBp2 ~QrX S�`�HH2H q�p2L2i Uo�M /2M PQ`/ 2i �HX- kyR3V /BbiBHH2/ q�p2L2i Uo�M /2M
PQ`/ 2i �HX- kyRe�V- r?B+? Bb � /Bz2`2Mi ivT2 Q7 ;2M2`�iBp2 KQ/2H 7Q` �m/BQ- BMiQ �M BMp2`b2
�miQ`2;`2bbBp2 ~Qr bQ i?�i b�KTHBM; rQmH/ #2 7�bi Ub22 };m`2 ReXR9+@/VX

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jk9 Re LQ`K�HBxBM; ~Qrb

_2bB/m�H ~Qrb, _2bB/m�H ~Qrb �`2 #�b2/ QM `2bB/m�H M2irQ`Fb U>2 2i �HX- kyRe�VX _2pL2ib
U:QK2x 2i �HX- kyRdV �M/ B_2pL2ib UC�+Q#b2M 2i �HX- kyR3V /BpB/2 i?2 BMTmi BMiQ irQ b2+iBQMb
U};m`2 ReX3V 2�+? Q7 r?B+? T�bb2b i?`Qm;? � `2bB/m�H M2irQ`FX h?2b2 M2irQ`Fb �`2 BMp2`iB#H2-
#mi i?2 C�+Q#B�M +�MMQi #2 +QKTmi2/ 2�bBHvX h?2 `2bB/m�H +QMM2+iBQM +�M #2 BMi2`T`2i2/ �b i?2
/Bb+`2iBx�iBQM Q7 �M Q`/BM�`v /Bz2`2MiB�H 2[m�iBQM �M/ i?Bb T2`bT2+iBp2 H2/ iQ /Bz2`2Mi BMp2`iB#H2
�`+?Bi2+im`2b U*?�M; 2i �HX- kyR3- kyRN�VX >Qr2p2`- i?2 C�+Q#B�M Q7 i?2b2 M2irQ`Fb +QmH/ biBHH MQi
#2 +QKTmi2/ 2{+B2MiHvX "2?`K�MM 2i �HX UkyRNV MQi2/ i?�i i?2 M2irQ`F +�M #2 BMp2`i2/ mbBM;
}t2/ TQBMi Bi2`�iBQMb B7 Bib GBTb+?Bix +QMbi�Mi r�b H2bb i?�M QM2X h?Bb H2/ iQ B_2bL2i- BM r?B+?
i?2 C�+Q#B�M +�M #2 2biBK�i2/ mbBM; >mi+?BMbQMǶb i`�+2 2biBK�iQ` U>mi+?BMbQM- RN3NVX *?2M
2i �HX UkyRNV `2KQp2/ i?2 #B�b BM/m+2/ #v i?2 i`mM+�iBQM Q7 i?2 TQr2` b2`B2b BM 2[m�iBQM ReXkk
#v mbBM; i?2 _mbbB�M _QmH2ii2 2biBK�iQ`X

AM}MBi2bBK�H ~Qrb, A7 `2bB/m�H M2irQ`Fb +�M #2 pB2r2/ �b � /Bb+`2iBx�iBQM Q7 �M Q`/BM�`v
/Bz2`2MiB�H 2[m�iBQM UP.1V- i?2M i?2 M2ti HQ;B+�H bi2T Bb iQ `2T`2b2Mi i?2 +?�M;2 BM i?2 p�`B�#H2b
/B`2+iHv #v �M P.1X h?2 M2m`�H P.1 r�b 2tTHQ`2/ #v *?2M 2i �HX UkyR32V �M/ 2tTHQBib bi�M/�`/
K2i?Q/b 7Q` 7Q`r�`/ �M/ #�+Fr�`/ T`QT�;�iBQM BM P.1bX h?2 C�+Q#B�M Bb MQ HQM;2` `2[mB`2/
iQ +QKTmi2 i?2 HBF2HB?QQ/c i?Bb Bb `2T`2b2Mi2/ #v � /Bz2`2Mi P.1 BM r?B+? i?2 +?�M;2 BM HQ;
T`Q#�#BHBiv Bb `2H�i2/ iQ i?2 i`�+2 Q7 i?2 /2`Bp�iBp2 Q7 i?2 7Q`r�`/ T`QT�;�iBQMX :`�i?rQ?H
2i �HX UkyRNV mb2/ i?2 >mi+?BMbQM 2biBK�iQ` iQ 2biBK�i2 i?2 i`�+2 �M/ bBKTHB}2/ i?Bb 7m`i?2`X
6BMH�v 2i �HX UkykyV �//2/ `2;mH�`Bx�iBQM i2`Kb iQ i?2 HQbb 7mM+iBQM i?�i K�F2 i`�BMBM; 2�bB2`-
�M/ .mTQMi 2i �HX UkyRNV �m;K2Mi2/ i?2 `2T`2b2Mi�iBQM iQ �HHQr i?2 M2m`�H P.1 iQ `2T`2b2Mi
� #`Q�/2` +H�bb Q7 /Bz2QKQ`T?BbKbX hx2M � _�;BMbFv UkyRNV �M/ S2Hm+?2iiB � 6�p�`Q UkykyV
`2TH�+2/ i?2 P.1b rBi? biQ+?�biB+ /Bz2`2MiB�H 2[m�iBQMbX

lMBp2`b�HBiv, h?2 mMBp2`b�HBiv T`QT2`iv `272`b iQ i?2 �#BHBiv Q7 � MQ`K�HBxBM; ~Qr iQ KQ/2H
�Mv T`Q#�#BHBiv /Bbi`B#miBQM �`#Bi`�`BHv r2HHX aQK2 ~Qrb U2X;X- TH�M�`- 2H2K2MirBb2V /Q MQi ?�p2
i?Bb T`QT2`ivX �miQ`2;`2bbBp2 ~Qrb +�M #2 b?QrM iQ ?�p2 i?2 mMBp2`b�HBiv T`QT2`iv r?2M i?2
+QmTHBM; 7mM+iBQM Bb � M2m`�H KQMQiQM2 M2irQ`F U>m�M; 2i �HX- kyR3�V- #�b2/ QM KQMQiQM2
TQHvMQKB�Hb UC�BMB 2i �HX- kykyV- Q` #�b2/ QM bTHBM2b UEQ#vx2p 2i �HX- kykyVX 6Q` /BK2MbBQM D-
� b2`B2b Q7 D +QmTHBM; ~Qrb +�M 7Q`K �M �miQ`2;`2bbBp2 ~QrX hQ mM/2`bi�M/ r?v- MQi2 i?�i
i?2 T�`iBiBQMBM; BMiQ irQ T�`ib h1 �M/ h2 K2�Mb i?�i �i �Mv ;Bp2M H�v2` h2 /2T2M/b QMHv QM
i?2 T`2pBQmb p�`B�#H2b U};m`2 ReXeVX >2M+2- B7 r2 BM+`2�b2 i?2 bBx2 Q7 h1 #v QM2 �i 2p2`v H�v2`
r2 +�M `2T`Q/m+2 �M �miQ`2;`2bbBp2 ~Qr �M/ i?2 `2bmHi Bb mMBp2`b�HX Ai Bb MQi FMQrM r?2i?2`
+QmTHBM; ~Qrb +�M #2 mMBp2`b�H rBi? H2bb i?�M D H�v2`bX >Qr2p2`- i?2v rQ`F r2HH BM T`�+iB+2
U2X;X- :GPqV- rBi?Qmi i?2 M22/ 7Q` i?Bb BM/m+2/ �miQ`2;`2bbBp2 bi`m+im`2X

Pi?2` rQ`F, �+iBp2 �`2�b Q7 `2b2�`+? BM MQ`K�HBxBM; ~Qrb BM+Hm/2 i?2 BMp2biB;�iBQM Q7 /Bb+`2i2
~Qrb U>QQ;2#QQK 2i �HX- kyRN�c h`�M 2i �HX- kyRNV- MQ`K�HBxBM; ~Qrb QM MQM@1m+HB/2�M K�MB7QH/b
U:2KB+B 2i �HX- kyRec q�M; � q�M;- kyRNV- �M/ 2[mBp�`B�Mi ~Qrb UEƺ?H2` 2i �HX- kykyc _2x2M/2
2i �HX- kyRNV r?B+? �BK iQ +`2�i2 /2MbBiB2b i?�i �`2 BMp�`B�Mi iQ 7�KBHB2b Q7 i`�Mb7Q`K�iBQMbX

S`Q#H2Kb

S`Q#H2K ReXR *QMbB/2` i`�Mb7Q`KBM; � mMB7Q`K #�b2 /2MbBiv /2}M2/ QM z ∈ [0, 1] mbBM; i?2
7mM+iBQM x = 7[z] = z2X 6BM/ �M 2tT`2bbBQM 7Q` i?2 i`�Mb7Q`K2/ /Bbi`B#miBQM Pr(x)X

S`Q#H2K ReXk *QMbB/2` i`�Mb7Q`KBM; � bi�M/�`/ MQ`K�H /Bbi`B#miBQM,

Pr(z) =
1√
2π

exp

[
−z2

2

]
, UReXkdV

rBi? i?2 7mM+iBQM,

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX



LQi2b jk8

x = 7[z] = 1
1 + exp[−z] . UReXk3V

6BM/ �M 2tT`2bbBQM 7Q` i?2 i`�Mb7Q`K2/ /Bbi`B#miBQM Pr(x)X

S`Q#H2K ReXj q`Bi2 2tT`2bbBQMb 7Q` i?2 C�+Q#B�M Q7 i?2 BMp2`b2 K�TTBM; z = 7−1[x,φ] �M/ i?2
�#bQHmi2 /2i2`KBM�Mi Q7 i?�i C�+Q#B�M BM 7Q`Kb bBKBH�` iQ 2[m�iBQM ReXe �M/ ReXdX

S`Q#H2K ReX9 *QKTmi2 i?2 BMp2`b2 �M/ i?2 /2i2`KBM�Mi Q7 i?2 7QHHQrBM; K�i`B+2b #v ?�M/,

Ω1 =





2 0 0 0
0 −5 0 0
0 0 1 0
0 0 0 2



 Ω2 =





1 0 0 0
2 4 0 0
1 −1 2 0
4 −2 −2 1



 . UReXkNV

S`Q#H2K ReX8 *QMbB/2` � `�M/QK p�`B�#H2 z rBi? K2�M µ �M/ p�`B�M+2 Σ i?�i Bb i`�Mb7Q`K2/
�b x = Az+ bX a?Qr i?�i E[x] = Aµ+ b �M/ o�`[x] = AΣAT X

S`Q#H2K ReXe S`Qp2 i?�i B7 x = 7[z] = Az + b �M/ Pr(z) = LQ`Kz[µ,Σ]- i?2M Pr(x) =
LQ`Kx[Aµ+ b,AΣAT ] mbBM; i?2 `2H�iBQM,

Pr(x) = S`(z) ·
∣∣∣∣
∂7−1[x]
∂x

∣∣∣∣ , UReXjyV

r?2`2 z = 7−1[x,φ] �M/ i?2 `2bmHi 7`QK T`Q#H2K ReX8X

S`Q#H2K ReXd h?2 G2�Fv _2Gl Bb /2}M2/ �b,

G_2Gl[z] =

{
0.1z z < 0

z z ≥ 0
. UReXjRV

q`Bi2 �M 2tT`2bbBQM 7Q` i?2 BMp2`b2 Q7 i?2 H2�Fv _2GlX q`Bi2 �M 2tT`2bbBQM 7Q` i?2 BMp2`b2
�#bQHmi2 /2i2`KBM�Mi Q7 i?2 C�+Q#B�M |∂7[z]/∂z|−1 7Q` �M 2H2K2MirBb2 i`�Mb7Q`K�iBQM x = 7[z]
Q7 i?2 KmHiBp�`B�i2 p�`B�#H2 z r?2`2,

7[z] =
[
G_2Gl[z1,φ],G_2Gl[z2,φ], . . .G_2Gl[zD,φ]

]T
. UReXjkV

S`Q#H2K ReX3 6BM/ i?2 BMp2`b2 7−1[h′,φ] Q7 i?2 TB2+2rBb2 HBM2�` 7mM+iBQM 7[h,φ] /2}M2/ BM 2[m�@
iBQM ReXRk- 7Q` i?2 /QK�BM h′ ∈ [0, 1]X *QMbB/2` �TTHvBM; i?Bb MQMHBM2�` 7mM+iBQM 2H2K2MirBb2
iQ �M BMTmi h = [h1, h2, . . . hD]T bQ i?�i 7[h] = [7[h1,φ], 7[h2,φ], . . . , 7[hD,φ]] q?�i Bb i?2 C�+Q@
#B�M ∂7[h]/∂h\ q?�i Bb i?2 /2i2`KBM�Mi Q7 i?2 C�+Q#B�M\

S`Q#H2K ReXN *QMbB/2` +QMbi`m+iBM; �M 2H2K2Mi@rBb2 ~Qr #�b2/ QM � +QMB+�H +QK#BM�iBQM Q7
bBMmbQB/b BM 2[m�HHv bT�+2/ #BMb,

h′ = 7[h,φ] = sin

[
Kh− b× π

2

]
φb +

b∑

k=1

φk, UReXjjV

r?2`2 b = &Kh' Bb i?2 #BM i?�i h 7�HHb BMiQ �M/ i?2 T�`�K2i2`b φk �`2 TQbBiBp2 �M/ bmK iQ QM2X
*QMbB/2` i?2 +�b2 r?2`2 K = 5 �M/ φ1 = 0.1,φ2 = 0.2,φ3 = 0.5,φ4 = 0.1,φ5 = 0.1X .`�r i?2
7mM+iBQM 7[h,φ]X .`�r i?2 BMp2`b2 7mM+iBQM 7−1[h′,φ]X

.`�7i, TH2�b2 b2M/ 2``�i� iQ m/H#QQFK�BH!;K�BHX+QKX



jke Re LQ`K�HBxBM; ~Qrb

6B;m`2 ReXR8 6mM+iBQMb 7Q` T`Q#H2K ReXRRX

S`Q#H2K ReXRy .`�r � TB+im`2 Q7 i?2 bi`m+im`2 Q7 i?2 C�+Q#B�M 7Q` i?2 7Q`r�`/ K�TTBM; Q7 i?2
`2bB/m�H ~Qr BM };m`2 ReX3 7Q` i?2 +�b2b r?2`2 71[•,φ1] �M/ 72[•,φ2] �`2 UBV � 7mHHv +QMM2+i2/
M2m`�H M2irQ`F- UBBV �M 2H2K2MirBb2 ~QrX

S`Q#H2K ReXRR 6Q` 2�+? Q7 i?2 7mM+iBQMb BM };m`2 ReXR8- /2b+`B#2 i?2 #2?�pBQ` B7 r2 T2`7Q`K �
}t2/ TQBMi Bi2`�iBQM z ← 7[z] bi�`iBM; �i TQBMi z0X 6Q` 2�+? +�b2- BM/B+�i2 r?2i?2` i?2 Bi2`�iBQMb
rBHH +QMp2`;2 iQ i?2 }t2/ TQBMi 7[z] = zX

S`Q#H2K ReXRk q`Bi2 Qmi i?2 2tT`2bbBQM 7Q` i?2 EG /Bp2`;2M+2 BM 2[m�iBQM ReXk8X q?v /Q2b Bi
MQi K�ii2` i?�i r2 +�M QMHv 2p�Hm�i2 i?2 TQbi2`BQ` T`Q#�#BHBiv mT iQ � b+�HBM; 7�+iQ` κ\ .Q2b
i?2 M2irQ`F ?�p2 iQ #2 BMp2`iB#H2 iQ KBMBKBx2 i?Bb HQbb 7mM+iBQM\ 1tTH�BM vQm` `2�bQMBM;X

h?Bb rQ`F Bb bm#D2+i iQ � *`2�iBp2 *QKKQMb **@"u@L*@L. HB+2Mb2X U*V JAh S`2bbX


