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Notes adapted from [MRT18, Chapter 14] and [SSBD14, Ch 13]

1. CONVEX ANALYSIS
1.1. Lipschitz and strong convexity (for functions).

Definition 1.1. The function f: W — R is Lipchitz continuous with constant CY, if

|f(wr) = flw2)] < Cpllwy —wsf|, VYwi,ws, €W

Definition 1.2. The function f : W C RY — R is A-strongly convex (on W), if f(w) — A||w]|?
is convex on V.

Exercise 1.1. Show that f A\ convex on R? means f(w) — A|jw — wq||? is convex for any w, € R?

Lemma 1.3. Suppose f is A-strongly convex. Let w* be a minimizer of f. Then

(SC) fw) = fw*) = Ao —w'?, Y

Remark 1.4. Intuition of this: consider f : R — R smooth. Then Taylor expansion around w*:
Fw* +v) = f(") + V(") -0+ 02 f"(w") /2 4+ O(v?)

Set A = f” for a local version of the inequality. So the global version of this idea given by strong
convexity.
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2. STABILITY THEORY SETUP

We are considering a supervised learning problem (classification or regression). For now, con-
sider the case of binary classification, or one dimensional regression. We may assume normalized
vector data X C [—1,1]¢ C RY. We assume labels are either Y C Ror ¥ = {—1,1}

Definition 2.1. Given the ML setup Z = X x ), and a class of functions H, h : X — ). A
learning algorithm is a operator A which takes a finite subset, Z C Z and returns a function

h=A(Z).

Note, in the parametric setting H = {h(z,w) | w € W}, so we have h,(x) = A(Z). We can
simply write w = A(Z).
Write z = (z,y) and for the dataset, S™ = {(x;, v;)}7, write

Z =21,y 2m) = ((x1, 1), -, (Trms Ym))

Definition 2.2 (bounded data). We say the learning problem (X)) is bounded if there exist
constants 7,1, such that

z]| <7y V2 € X,
and
ly| < Ty, VyeyY
We are given a loss function

(:Rx)Y —R*F
Example 2.3. In the case of regression,

fy)=(f—y)?

Example 2.4. For classification, with, Y = —1, 41, consider,

[, y= 1
s {—1og<1 Solf), y=—-1

3. STABILITY THEORY

Definition 3.1. Define the bounded linear hypotheses
Himw = {h(z,w)=w- -z |z € X, weW}

Let W C R? be a convex and bounded, with radius C,,.
Given a loss function /: R x )Y — R, define {: W x Z — R by

l(w,z) =lw-z,y)
Then, in this overloaded notation,

Uhy(z),y) =Ll(w-z,y) =Llw,z), Yh€E Hun
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3.1. Strongly convex losses. Given a loss function £ : R x ) — R, define ¢, : Z x Rt* - R
by
Cu(2,0) = L(w, 2,\) = L(w - 2,y) + Aw]|?

Lemma 3.2. Suppose ((s,y) is a convex function s, (for all z), and X > 0. Then {(w,z,\) is
A-strongly convex function of w, for all z = (x,y).

Proof. Class Notes / HW O

We say a loss is Lipschitz continuous if it is Lipschitz continuous as a function of w, independent
of z.

Definition 3.3. The loss /: W x Z — R is Lipchitz continuous with constant C,, if

(Lip) [0(w1, z) — L(ws, 2)| < Collwy —ws|, Ywi,wy € W,z € Z
Definition 3.4. Given a dataset Z = {z1,...,2,}, where each z; € Z. Given a loss function
/:R x )Y — RT Define for w € W,
1 m
Lw,Z,\) = — Y l(w,z)+ \wl|?
(w200 = 123t 2) + Al

3.2. Define stability.
Remark 3.5. In what follows, we will usually have g(m) = C/m

Definition 3.6 (Replace one Stability). Given ¢, p(z). Let Z,Z> be two datasets of size m,
which differ in exactly one element.
The operator A is replace one stable in w if there exists C',, > 0 such that

(51) 14(Z) ~ AZo)| = flwn — ] < &

The operator A is uniformly replace one stable in ¢ with rate 5(m), if there exists a function
B = B(m)
(1) [6(wn, ) — Ly, 2)| < B(m), ¥z € Z

The operator A is replace one stable in the expected loss, with rate 3(m), if there exists a
function 5 = [3(m) such that

(s2) LIA(Z)) - L(A(Z)) < B(m)
for all datasets 77, Z, of size m which differ by only one element.
3.3. Stability Theorem. Define
w; = A(Z;) = arg mivrl} L(w, Z;, \), i=1,2
we
Lemma 3.7. Suppose the loss is C; Lipschitz continuous. Then (S1) implies (1) and (S2) with
Cr = C,C,
Proof.
l(wy, z) — l(we, z) < Cyllwy — ws| by (Lip)

<0t by (S1)
m

The second result comes from taking expectations of the first inequality.
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Definition 3.8. Given the loss, /¢, the dataset, Z, and A > 0, define the regularized empirical
loss

1 — )
(REL) L(w.Z,)) = — ;aw,zi) + Al|w|

The regularized loss minimization problem is to set
(RLM) w = A(Z,\) = argmin L(w, Z, \)

Theorem 3.9. Given the loss ¢ : W x Z which is

(1) convex in w
(2) Lipschitz continuous in w, as defined by (Lip)

Then the regularized loss minimization problem, (RLM), is replace one stable in w with constant
Cw = Cy/ X\ and replace on stable in the expected loss, with constant C, = C} /A

Proof. Let 51, S, differ by one point,

(RO) Si={z1,-  Zm_1,21 }, Sy =121, Zm_1, 25}
Define wy, ws by (RLM),

w; = w;(S;, \) = argmui)n L(w,S;, A), i=1,2

Since £ is convex in w, L(w,S,\) is A-strongly convex in w. Thus, applying strong convexity of
(REL), and the definition of wq, w,, we obtain

M|wy — ws|* < L(wy, S1, \) — L(wy, S1, \) by (SC) and (RLM)

M|wy — ws|* < L(wy, Sa, \) — L(ws, Sz, \) by (SC) and (RLM)
Adding the two inequalities above,

2)||wy — wy|* < L(ws, S1,\) — L(wy, S1, A) + L(wy, Sa, \) — L(ws, Sz, \)
Using the fact that the datasets differ by only one point, we have

L(U)Q, Sl,)\) - L(’UJQ, SQ, /\) = % (E(wg, Zi) - E(wg,zé)) by (RO)
L(wy, S5, A) — L(wy, S1,A) = L (£(wy, 25) — L(wy, 21)) by (RO)

Combining the last three lines,
1

2X[Jwy —wy? < — (Uws, 21) = U(ws, 2) + Lwi, 25) = L(wr, 21))

Now apply the Lipschitz condition to obtain
U(ws, 21) — £(wr, 21) < Collwr — wo| by (Lip) at 2]

(s, 24) + C(wi, 24) < Collwn — ws by (Lip) at =,

Combining, gives
2C
2X[[wr —wo* < #le — ws

Simplify the last inequality to obtain
Cy
Am
as desired. The second result follows directly from Lemma 3.7. OJ

|wr —ws|| <
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Remark 3.10. This proof used a symmetric differences technique. We started by fixing the dataset
and changing w to get the first inequality. Later we fixed the w and changed the dataset to go
from L to /. Finally, we fixed the 2z and changed the w again to get another inequality.

4. LEARNING BOUNDS FOR STABLE ALGORITHMS
Definition 4.1. Define
2) B(S) = L(A(S)) — Ls(A(S))
to be the gap between the expected loss and the training loss of an algorithm.

Remark 4.2. The learning bounds for stable algorithms come from applying McDiarmid’s inequality
to ®. This is similar to what was done for Rademacher complexity bounds. We need to

(1) Show that & satisfies the bounded differences inequality
(2) Apply McDiarmid's inequality to ®
(3) Bound the expected value of ® and relate this to the quantity of interest (in this case,
stability).
4.1. Bounded differences.

Lemma 4.3. Let ® be defined by (2). Let A be a uniformly [3-stable algorithm (in expectation).
Suppose, in addition, that the loss is bounded by M. Then ®(S) satisfies the bounded difference
inequality

M
(3) [D(S51) — @(S2)| < 2B(m) + —

m
(where Sy, S, differ by one point).

Proof of Lemma 4.3 . Using local notation, since copied from [MRT18].
Let ® be defined for all samples S by

®(S) = R (hs) — Rs (hs)

Let S’ be another sample of size m with points drawn i.i.d. according to D that differs from S
by exactly one point. We denote that point by 2, in S, 2/, in S’ i.e.,

S=(21,.-s2m-1,2m) and S =(z1,...,2m 1,2)
By definition of ®, the following inequality holds:
(")~ ®(9)| < R (hs) - R (hs)| + |Rs (hs)) — Rs (hs)

We bound each of these two terms separately.
First, by the [-stability of A, (S2), we have

IR (hs) = R (hs)| = |E[L. (hs)] ~ E[L. <h5/>1\ . (hs) — L. (hs)[] < 8

E]|
m—1
( Lzl hsl ) + L (hsl)
=1
m—1
[( |L hs/ ) + }L 5' Z;n (hsl)
=1

Rs (hs) — Rgr (hs')

3=

IA
Sl




6 ADAM M. OBERMAN

Using the uniform f-stability of A, (1), for the first terms, along with boundedness of L, for the
last term, we have

-1

~ ~ m M M
RS (hs) — RSI (hg/) S ﬁ(m) + — S B(m) + —
m m
Thus, @ satisfies (3). O
In the next result, we take expectations of .
Lemma 4.4. Let O be defined by (2). Then

E oS)< E [[L.(hs) — L. (hs)|]

S~Dm S,z~Dm+1

Proof. Local notation scope: we are copying from Mohri, so using his notation.
Rewrite

®(S) = R(hs) — Rs(hs)
We now bound the expectation term, first noting that by linearity of expectation

Es[®(S)] = Es [R (hs)] - Es |Rs (hs)|

By definition of the generalization error,

JE[R(s) = E [E[L(hs)l] = E L (hs)
By the linearity of expectation,
~ 1 &
JE [Bs(hs)] = =" E (L. (hs)) = E I[L. (ho)]

1=

where the second equality follows from the fact that the z; are drawn i.i.d. and thus the expec-
tations Egpm [L., (hs)],i € [m], are all equal. The last expression in the equation above is the
expected loss of a hypothesis on one of its training points. We can rewrite it as

Eswpm [Ls, (hg)] = Egspm+r [L. (hg)]

where S’ is a sample of m points containing z extracted from the m + 1 points formed by S and
z. Thus,

LB @O =| E_(LGs)- B [L(hs)
< B [L(hs) - L. (hs)]
as desired. ]

Combining the lemma and the theorem, it means we can apply McDiarmid'’s inequality to ®(.5).
Thus we have

Theorem 4.5. Assume that the loss function L is bounded by M > 0. Let A be a uniformly
[-stable learning algorithm. Let S be a sample of m points drawn i.i.d. according to distribution
D. Then, with probability at least 1 — & over the sample S drawn, the following holds:

R (hs) < Rs (hs) + B+ (2mB + M)
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In particular, in the case 5 = C/m, we have

~ C log &
R(hs) < Rg (hs) + — + (2C + M :
(hs) < Rs (hs) + — + (20 + M)| [ o~
Proof. Use the two previous results, to apply McD inequality.
Also apply the uniform stable definition. O
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