MATH 462 LECTURE NOTES
INNER PRODUCTS AND PROJECTIONS

ADAM M. OBERMAN

1. INNER PrRODUCTS

1.1. Review of analytic geometry. Review [DFO20, Chapter 3], sections 3.1-3.6

Definition of norms (normed vector space), 1-norm, 2-norm
Definition of inner products (inner product space)
Definition of PSD (symmetric, positive definite) matrix
Definition of a metric

Cauchy Schwartz inequality

Angle between two vectors: cosf =z y/||z||||y] .

1.2. Inner Products. Given two vectors, =, 2 € RY, the inner product is

d
rToz=1xz= E ;%
i=1

Definition 1.1. Let V' be a vector space and let B : V' x V' — R be a bilinear mapping that
takes two vectors and maps them onto a real number. Then

e B is called symmetric if B(z,y) = B(y,z) for all xz,y € V,
e B is called non-negative definite if

B(xz,z) >0, Ve eV,
e B is called positive definite, if it is non-negative definite, and if, in addition,
B(z,2) =0 <= =0

A positive definite, symmetric bilinear mapping B : V. x V' — R is called an inner product on V.
We typically write (z,y) instead of B(z,y). The pair (V, (-, -)) is called an inner product space.

Example 1.2. Given two vectors, z, 2 € RY, we can define a different inner product than the usual
one. For example, if we have positive vector a = (ay,...,aq) and rescale the variables,

T = (a121,...,a0q2q)
then we can define an inner product
(,2)g =0-2=(Mzx) - (Mzx), M = diag(a)
More generally, given any full rank matrix, M, we can define
(z,2)p = (Mz) - (M=),

Exercise 1.1. Prove that if M is full rank, then (x, z),;y = (Mx)- (Mz) is an inner product. Why
does M have to be full rank? Hint: show that if Mx = 0 for some nonzero z, then the positive
definite requirement fails.
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Example 1.3. Let A € R% Define B(z,z) = x'diag(\)z Then B is bilinear. Note if any
component of \ is negative, say \;, then B(e;,e;) = A\; < 0.

Exercise 1.2. Let A € RY, and let M be a full rank dxd matrix. Define B(x, z) = (Mz) " diag(A\)M z.
Show that B is a symmetric bilinear form. Show that B is non-negative definite if and only if
each component A is non-negative. Likewise, show that B is positive definite if and only if each
component of \ is positive.

1.3. Symmetric PSD matrices.

Definition 1.4. A symmetric matrix, P, is called non-negative definite if 27 Pz > 0 for all . A
non-negative definite matrix is called positive definite if 27 Pz = 0 only when 2 = 0.

Example 1.5. Let M be an d x d matrix.

Define P = M T M.

Then P is non-negative definite. If, in addition, M is full rank, then P is positive definite.
Example 1.6. For example, set M = [g é] Then P = E g} [(2) :ﬂ = {;l S] The matrix P
is non-negative definite. Note 2" Pz = (Mx)"(Mzx) which is non-negative, since it is ||v
v = Mz. An additional argument shows P is positive definite.

|? for

Example 1.7 (from textbook). Consider the matrices

9 6 9 6
Al:[ﬁ 5}’ AQ:{(& 3}'

A, is positive definite because it is symmetric and

q;TAlm:[xl xz][g g}[il}

= 922 + 122125 + 522 = (3, + 225)° + 22 > 0

for all z € V\{0}. In contrast, A, is symmetric but not positive definite because =" A,z =
922 4 122129 + 322 = (311 4 225)° — 22 can be less than 0, e.g., for x = [2, —3]7.

Remark 1.8. In the two dimensional example above, the proof was done by completing the square.
This is possible in two dimensions. However, the more general higher dimensional case is not so
easy. Instead, we have to rely on advanced linear algebra techniques.

1.4. Orthogonal Matrices and Matrix Factorizations. In order to determined if a matrix
is positive definite, we need to use advanced linear algebra techniques, in particular, matrix
factorizations. https://en.wikipedia.org/wiki/Matrix_decomposition

Two vectors v, z are called orthogonal if

v-z=0

The vector v is a unit vector if

I?=v-v=1

[v
A square matrix O is called orthonomal if each row of the matrix consists of unit vectors, which
are orthogonal. So the rows form an orthogonal basis of the IV = R
For every d x d real symmetric matrix, the eigenvalues are real and the eigenvectors can be
chosen real and orthonormal. Thus a real symmetric matrix A can be decomposed as

A=0"AO


https://en.wikipedia.org/wiki/Matrix_decomposition
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where Q is an orthogonal matrix whose columns are the real, orthonormal eigenvectors of A,
and A is a diagonal matrix whose entries are the eigenvalues of Al”

For example, if a matrix is PSD, then it can be factored as P = OTAO, where O orthogonal
and A is diagonal with positive numbers on the diagonal.

More generally, any real symmetric matrix, A, can be decomposed as

A=0"AO

where A is diagonal, but can have zero or negative values on the diagonal.

1.5. Matrix Factorizations and Outer product. Note when we write
A=0"AO

Let the row (column?) vectors of O be denotes vy, . .., vg.
We can also write A as
d
A= Z )\iUZ'/UiT
i=1
so that
d
Ar = Z Ai(v; - )
i=1

Example 1.9. if x = [1,2, 3] then
ple=1"+22+3"=14

but

Tr =

_1
W N =
D =N
O O W

Exercise 1.3. TODO: two dimensional example of this factorization.

2. ORTHOGONAL PROJECTIONS

Review [DFO20, Chapter 3], Section 3.8

e orthogonal vectors

e orthogonal projections

e projections onto line

e projections onto subspace

e projection matrices

e PSD Matrix factorization, P = OTAO, where O orthogonal and A is diagonal.

The projection onto a set S is defined to be
P(z) = mi —slI?
(z) = arg i |z — s

(when it is unique).
The projection is unique for any convex set, including linear and affine subspaces.
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2.1. Projection onto a line. A line in RY in the direction b € R? is determined by the
parametric equation

L=A{bt|teR}
The projection onto the line is defined by

P(z) = arg mtin |z — ot||

Minimizing this leads to

b (bt —z) =0
or ) )
X -
t=—7, P(z) =bt = —=b
1612 18]
We can write the projection as the linear operator
1
P=——bb"
16112

We can write the matrix representation as of the projection as
. R—
M = Proj, = —=bb
161l
Example 2.1. Example 3.10 (Projection onto a Line) Find the projection matrix P, onto the

line through the origin spanned by b = [ 1 2 2 ]T. Here b is a direction and a basis of the
one-dimensional subspace (line through origin). We obtain

T 1 12 2
L S R P A

Let us now choose a particular  and see whether it lies in the subspace spanned by b. For
T = [ 1 11 }T, the projection is

1 1 2 2 1 1 ) 1

my(x)=Prx=—|2 4 4 1 |==1]10 | €span || 2
9 9

2 4 4 1 10 2

Note that the application of P, to 7y (x) does not change anything, i.e., P,my(x) = my(x).
This is expected because according to Definition 3.10, we know that a projection matrix P,
satisfies P2x = P,z for all x.

—~

Remark 2.2. We can show that 7 () is an eigenvector of P, and the corresponding eigenvalue
is1.

Definition 2.3. Given x € R" and a linear subspace U, we define the projection

(V) Proj, (z) = arg min ||z — 2
yelU
This is the variational definition of the projection, as the closest point.

When U has a basis by, ..., b,, we can write the projection in the parametric form. Since any
vector y € U can be written as

P
y=» Abi=B\  B=[b,....b), A€ R
=1
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Then (V) is equivalent to
(P) Proj,(z) = argmin || BA — z|?
Y

€Rp

which we refer to as the parametric representation.
Reviewing vector calculus rules as above (which use math notation). Now returning to ML
notation, define f()\) = || BA — z||?, then

Vaf(A) =2BT(BX — x)

so the minimizer, A, of (P) solves

(1) B'BA=B'z
Here (1) is called the normal equation. Then y = B\ gives
(L) Proj,(z) = B(B'B)'B'x

We refer to (L) as the matrix representation of the projection. In particular,
Proj, = B(B'B)"'B"
2.2. Orthogonal Basis. If we use an orthonormal basis vy, ..., v,, and write
O=lvy,...,v)", pxn matrix
Then OTO = I is the p dimensional identity matrix, and (L) becomes
Proj, () = OOz
Remark 2.4. See examples in class or from [DFO20] of orthogonal projection matrices.

Here we see that
p p

M = Proj; = ZProjvi = Z%’%’T
i=1 i=1
which represents the projection matrix as a sum of one dimensional projections.

Example 2.5. Let U be the span of two vectors, by = [1,1,1]7, b, = [0,1,2]" in R3. Then ...,
the projection matrix is given in notes.

Form, using Gram-Schmidt, the orthonormal basis v; = —=[1,1,1]", vy = 75[~1,0,1]". Then
the projection matrix can be written as

Wl =
N | —

. T T
M = Proj; = v1v; + vavy =

_ =
==
— = =
+
_ O =
o o o
—_ O =

3. PRINCIPAL COMPONENTS ANALYSIS

Refer to [DFO20] Chapter 10. Refer to [SSBD14], Chapter 23 for proofs.
Given S™ = {x1,... 2z} with x; € R™.

Definition 3.1. The covariance matrix of S™ is given by

1 m
C:—E Tz,
m“
i=1
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Recall that M = za" is the rank 1 n x n matrix
M;; = z;z;.
The vector representation. Given S™ as above, form the m x d matrix
X =[x1,..., 2, € R™

and write
X' =[x/,...,z)] € R*™
Then the covariance matrix is given by the d x d matrix
C=X'XeR™

m

-

C = 5 x,
i=1

(which follows from the matrix representations above).

Definition 3.2. Given S™ with covariance matrix C. Let \; > Ay > --- > )\, > 0 be the

Where

non-negative eigenvalues of C' and let vq,...,v, be the corresponding eigenvectors. Then the
first p principal components are given by vy, ..., v,. Given a data point x, the PCA representation
of z is given by the projection onto the span of vy,..., v,
p p
Projy,(z) = Y Proj,,(v) = > (v z)v;
=1 =1

We have the following variational interpretation of PCA.

Definition 3.3. (Compression and recovery matrix) Let 1V be a compression matrix mapping the
data, vectors in R™ to RP, for p < n. Let U be a recovery matrix, mapping R” to R". For a
given dataset S™, with mean zero, define

1 m
2 LW,U,5™) = — " ||z, — UWa|?
() ( ? ) ) ml:]-”l. J:H

Theorem 3.4. Given S™, then the Compression-Recovery loss (2) is minimized by W =V and
U =V", whereV is the matrix of the first p eigenvectors of the covariance matrix of the data.

Proof. This theorem is proved in [SSBD14], Chapter 23. See also Calder notes. O
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