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Traffic Simulation, Car–Following Model, Jamming Transition, Phase Transitions

Microscopic Modeling of Traffic Flow: Investigation of Collision Free Vehicle Dy-
namics

The continuous growth of road traffic volumes leads to significant environmental and
economical problems. For this reason there have been efforts for more than four decades
to understand the dynamics of traffic flow in order to find ways to optimize traffic with
respect to a reduction of environmental impacts and economical losses due to conges-
tion.

In this work a microscopic model of traffic flow is proposed that adds to the under-
standing of the different types of congestion that are found in traffic flow. The main
assumption the model is based on is the fact that in general vehicles move without col-
liding. From this property of vehicle motion a model can be derived that shows a rich
dynamics and proves to be in good agreement with empirical data.

The model is mainly characterized by the parameters describing typical acceleration
and deceleration capabilities of the vehicles. It closely resembles other well–known
models for certain choices of these parameters. By varying acceleration and decelera-
tion capabilities a thorough understanding of the dynamics of the model and the previ-
ously known special cases is gained.

Verkehrssimulation, Fahrzeugfolgemodelle, Staubildung, Phasenübergänge

Mikroskopische Modellierung des Verkehrsflusses: Untersuchung einer kollisions-
freien Fahrdynamik

Das anhaltende Wachstum des Straßenverkehrsvolumens führt in wirtschaftlicher und
umweltpolitischer Hinsicht zu spürbaren Problemen. Aus diesem Grund gibt es seit
mehr als vier Jahrzehnten Bemühungen, ein Verständnis für die Dynamik des Verkehrs-
flusses zu gewinnen, um hierauf aufbauend Wege zu einer Optimierung des Verkehrs
im Hinblick auf die Reduktion von Umweltbelastungen und wirtschaftlichen Verlusten
aufgrund von Überlastungserscheinungen zu finden.

In dieser Arbeit wird ein mikroskopisches Modell des Verkehrsflusses entwickelt, das
zu einem tieferen Verständnis der verschiedenen Überlastungszustände im Straßenver-
kehr beiträgt. Die grundlegende Annahme, auf der das Modell beruht, besteht in der
Tatsache, daß Fahrzeuge sich in der Regel kollisionsfrei bewegen. Aus dieser Eigen-
schaft der Fahrzeugbewegung kann ein Modell abgeleitet werden, das eine reichhaltige
Dynamik aufweist und sich in guter Übereinstimmung mit empirischen Daten befindet.

Das Modell wird hauptsächlich durch die Parameter charakterisiert, die typische Be-
schleunigungs– und Verzögerungsfähigkeiten der Fahrzeuge beschreiben. Für
spezielle Werte dieser Parameter wird das Modell anderen, bereits bekannten, Model-



len sehr ähnlich. Indem Beschleunigungs– und Verzögerungsfähigkeiten variiert wer-
den, läßt sich ein sehr gutes Verständnis für die Dynamik des Modells und seiner bereits
früher bekannten Spezialfälle erlangen.
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Chapter 1

Introduction

1.1 The problem of growing traffic demand

“The volume of vehicular traffic in the past several years has rapidly outstripped the
capacities of the nation’s highways. It has become increasingly necessary to under-
stand the dynamics of traffic flow and obtain a mathematical description of the process.”
These words, that could have been drawn from a recent work, actually originate from a
classical article by Greenberg [27], published in 1959. Since 1959, the amount of traffic
has increased continuously, and the problem of limited road capacity has been growing
worse ever since.

The increasing traffic volume and congestion effects in the road network have become a
severe environmental and economical problem. In Germany approximately 58% of the
CO–emissions, 18% of the CO2–emissions, and 46% of the NOx–emissions are caused
by road traffic. A significant fraction of this can be traced back to traffic jams, where
vehicles pollute the air without moving. Economically, enormous costs have to be at-
tributed to the delay times caused by traffic jams. It is quite obvious that measures have
to be taken to reduce the burden of an uncontrolled growth of traffic.

Unlike in 1959, environmental problems do not allow a further extension of the road
network to solve the ubiquitous capacity problems. Instead, more intelligent solutions,
that do not put any higher burden on the environment, have to be found.

A natural point to start out from is the notion that there are three types of traffic, namely
necessary traffic, unnecessary traffic and inefficient traffic. An optimization of neces-
sary traffic with respect to environmental aspects can only take place by reducing fuel
consumption and exhaust of vehicles and by supporting the use of public transport fa-
cilities. Unnecessary traffic can be reduced by optimizing logistics using fleet manage-
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2 1. INTRODUCTION

ment systems and applying methods of combinatorial otimization as well as by design-
ing urban planning in such a way that the need for transportation is minimized.

Inefficient traffic is the topic that is mainly addressed by this work. The benefit that each
individual can draw from a transportation network often deteriorates before the true
capacity of a network or a road segment is reached. It can be expected that increasing
efficiency at the same time improves the “level of service” of a network and reduces
environmental impacts of traffic. Numerous approaches have been proposed to address
this subject, examples of which are advanced traveler information systems, variable
message signs, and variable speed limits. In all approaches detailed information about
the state of the network or a road segment, as well as precise knowledge about the way
the system responds to traffic management measures, is of central importance. For this
reason a thorough knowledge of the dynamics of traffic in a network is necessary for
an optimal utilization of traffic management measures.

The prediction of the way a network responds to an operation before it is actually em-
ployed is just as important a prerequisite for optimized traffic management as the on-
line short–term–prediction of traffic loads. In both cases the modeling of traffic flow
and simulation techniques play a key role. This already has been seen by Greenberg in
1959 and continues to be true.

1.2 About this work

The field of traffic simulation has a long tradition. The first articles on this topic were
published in the nineteen–fifties [7, 24, 27, 31, 52]. Ever since, the field has been draw-
ing growing attention, and numerous approaches to the modeling of traffic flow have
been proposed. Today, there are many different modeling techniques that are in use.

There are two main problems about the large number of modeling approaches that are
available. Firstly, each model has got its specific range of application, for which it has
been designed, but little is generally known about the actual range of validity that a
model has. Secondly, the way that different models are interrelated is only known in
very few cases. These two facts are highly unsatisfactory from a theoretical, as well as
from a practical point of view. Despite the impressive number of traffic flow models it
has to be conceded that there is no such thing as a widely accepted theory of traffic flow
yet. Instead there are different “schools” that exist independently. For the practitioner
this has the consequence that it is very difficult to decide what model to use for a cer-
tain application and what computational effort is actually necessary to acquire reliable
results.

The main reasons responsible for this situation are quite obvious. Firstly, many ap-
proaches, especially the microscopic ones, are derived from more specific assumptions
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about the processes that take place in traffic flow than may be absolutely necessary.
These models are generally quite complex and contain a large number of free para-
meters, which makes it difficult to attribute specific properties of a model’s behavior
to specific properties of the model’s design. Secondly, the validation of the models is
generally performed only by comparing certain quantities of traffic flow in specific sit-
uations, as found from the model, to those found in reality and choosing the free pa-
rameters in such a way that the mean deviation is minimized. Typical examples of the
quantities considered for this kind of calibration are the average flow–density–relation
or the gap between vehicles in car following experiments. The problem about this is
that strictly quantitative considerations often do not lead to a qualitative understanding
of the phenomena found in traffic flow. Very often it cannot be distinguished clearly in
this way, whether a model actually captures the essentials of traffic flow correctly or if
it is merely the sufficient number of free parameters that allows to obtain a seemingly
satisfactory result for a specific situation. In addition, it can happen easily that a model
is calibrated to reproduce quantities that are of minor importance to the qualitative per-
formance of the model.

This work tries to perform a step towards overcoming the problems noted above. Here
a model approach will be proposed that is still simple enough to allow attributing model
properties to properties of the model’s design, but that captures essential qualitative
properties of traffic flow correctly. The influence that the different free parameters have
on the model performance will be studied systematically. The main focus of these in-
vestigations will be the qualitative behavior of the model. It will be seen that quantita-
tive agreement with reality is achieved easily after the qualitative aspects of traffic flow
have been understood.

Therefore the work will start by giving a short overview over the most important phe-
nomena found in traffic flow experimentally. It will be seen that, besides quantitative
properties of traffic flow, like the numerical value of a road’s capacity, there are certain
qualitative features of traffic flow that will help to judge the phenomena found in dif-
ferent models quite easily. In this way a sound basis for a thorough understanding of
the different traffic flow models is gained.

After that, one chapter is devoted to a short overview over traditional and more recent
approaches in traffic flow modeling.

Following this, a family of stochastic traffic flow models for single lane traffic will be
proposed, from which all models used in this work are derived.

A specific member of that model family will be considered after that. This model is
mainly characterized by three free parameters that describe acceleration and deceler-
ation capabilities of the vehicles as well as a stochastic element, introduced to model
imperfections in driving. Since quite different types of behavior are found, depending
on how the free parameters are chosen, this model will itself be referred to as a “model



4 1. INTRODUCTION

family” again, the members of which are characterized by the free parameters. The role
that these parameters play will be elucidated systematically by describing and compar-
ing the phenomena found for different choices of these parameters. It will be found that
three classes of models exist in this model family that show qualitatively different types
of macroscopic behavior. In the first class the formation of traffic jams corresponds to
a phase transition in the sense of physics, whereas the second class displays structure
formation, but rigorously no phase transition. The third class describes only unstruc-
tured flow. Some remarks on the role that stochasticity plays in the model family will
be made. It will be seen that the properties of the model depend on the stochastic model
element in an undesirably strong way. The knowledge about the qualitative properties
of traffic flow will allow a clear judgment of the different classes of the model family
concerning their ability to describe traffic.

The models that will be discussed up to that point use continuous space coordinates and
are discrete only with respect to time. Very often it is computationally more efficient,
to use integer coordinates only, so a cellular automaton model is obtained. Therefore
the cellular automaton models corresponding to the continuous models discussed so far
will be introduced. The effects of discretization will be discussed and it will be shown
that discretizing the systems can lead to a loss of important phenomena.

The strong dependence of all model properties on the introduction of an artificial noise
term will be the motivation for a simple approach to a deterministic model of jamming
in traffic flow. It will be shown that most model properties found in the stochastic case
can be resumed without the existence of a stochastic element in the model.

Before quantitative comparisons to real traffic flow data can be made, the model has to
be generalized to multilane traffic. This will be done while keeping the model still as
simple as possible. It will be seen that excellent qualitative and quantitative agreement
between the model and reality is obtained. Finally, the phenomenon of synchronized
flow will be discussed.



Chapter 2

Empirical properties of traffic flow

2.1 The fundamental diagram

Road traffic is a complex system consisting of a large number of individual agents, that
interact with each other. As an agent we want to adopt the “compound” subject made
of a driver and his or her car. In this work this subject will frequently be referred to
simply as “driver” or “car”. The way the agents move in traffic is determined by the
complex processes of human perception and decision making, by the way driver and
car interact, as well as technical restrictions imposed by the car the driver uses.

It is rather obvious that modeling traffic flow directly on the basis of the microscopic
details governing the motion of individual vehicles is impossible. However, there are
certain properties of traffic flow that do not depend on the details of the underlying
processes. One property of this kind is the fact that interactions between vehicles are
generally motivated by the intention not to collide with one another. It is very plausible
and has been confirmed by many empirical investigations [10, 27, 28] that this requires
the average velocity V in a locally homogeneous traffic flow to decrease with increas-
ing vehicle density �. If averages are taken, one may expect to find some functional
relation between V and �, for which we expect

dV(�)
d�

< 0 � (2.1)

For very small traffic densities the average velocity V approaches some finite value vmax,
whereas for the maximum density �max, when all vehicles are found bumper to bumper,
no motion is possible.

V(0) = vmax �

V(�max) = 0 �
(2.2)

5



6 2. EMPIRICAL PROPERTIES OF TRAFFIC FLOW

The corresponding average flux of vehicles Q(�) = �V(�), which is the average number
of vehicles passing a given cross section per unit time, is a function that vanishes at
� = 0 and � = �max and has a maximum at some intermediate density. The slope of this
function for small densities is given by vmax. The function Q(�) is usually referred to
as the fundamental diagram.

Besides the velocity in the free flow and the maximum density the fundamental dia-
gram is characterized by the maximum flow qmax. Different fundamental diagrams will
already look alike at a first glance if only these three parameters coincide. If the funda-
mental diagram of a model is compared to that of real traffic, the parameters �max and
vmax only prescribe the natural length– and time scale of the system. The only quantity
that is governed by the interactions is the maximum flow qmax. Generally, models have
one or more free parameters to adjust this quantity, so it is rather obvious that virtually
all microscopic models that describe collision free motion of vehicles seem to be able
to reproduce the fundamental diagram quite well at first sight.

The important conclusion, that has to be drawn from this, is the fact that these three
characteristic quantities of the fundamental diagram alone do not give much informa-
tion about the properties of traffic flow, neither are they sufficient to judge the validity
of a model.

In order to understand the validity of the dynamic properties of a traffic flow model,
dynamical phenomena of traffic flow will have to be compared to the corresponding
dynamical phenomena of the traffic flow model. Looking at the averaged fundamental
diagram can only give a first hint in this respect.

In the following two sections empirical findings by Kerner and Rehborn [38, 39, 40]
about traffic flow, that go far beyond the measurement of a fundamental diagram, will
be reported. The main empirical result is the fact that traffic flow can be found in three
qualitatively different states, that are denoted as free flow, synchronized flow, and jams.
The transitions the system performs between these states can be interpreted as first order
phase transitions [40]. Now a brief overview over the properties of the two congested
states, synchronized flow, and jams will be given.

2.2 Traffic jams

The most prominent structures known in traffic flow are traffic jams. In a traffic jam
the vehicle density is considerably higher than in the free flow. Correspondingly the
velocity and the flow in a traffic jam are very small, although usually non-vanishing.

The first important empirical result is that even under “pure” conditions, i.e. in the ab-
sence of ramps, road construction or other obstacles, a jam can develop and exist for a
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considerable period of time. For instance, Kerner and Rehborn tracked a jam for about
50 minutes. This means that the boundaries of jams show no tendency to flatten out by
any kind of “diffusion process”.

Jams move in upstream direction at a velocity that is determined by flow and density
upstream, downstream, and inside the jam. If these flows and densities are denoted by
�in, qin, �out, qout, �jam, and qjam, the velocity of the upstream and downstream front are
given by

vup = − qin−qjam

�jam−�in
�

vdown = − qout−qjam

�jam−�out

(2.3)

respectively. The velocity of the upstream front vup depends strongly on the inflow into
the jam, whereas the velocity of the downstream front vdown has been found to be inde-
pendent of the inflow conditions and is typically close to −15 km�h.

If inflow and outflow are equal, the jam does not change its size. Therefore situations
have been found empirically where jams moved more than 10 km in backward direction
without changing their size or shape significantly [38].

The flux out of the jam qout is an intrinsic property of the jam and does not depend on
the inflow conditions. Under similar road conditions, different jams have been found to
have almost the same outflows, even if the inflow conditions were substantially differ-
ent. So the downstream front of a jam always organizes to the same state, independent
of whether the jam is stationary or not. Sometimes sequences of moving jams are found
on a road. Since in this situation the inflow to all jams downstream of the first one is
the outflow of some other jam upstream, the downstream jams remain stationary (i.e.
they do not change size) for a long time. If multi-lane traffic is considered, the flux out
of the jam is different on different lanes. Typically the leftmost lane yields the highest,
the rightmost lane the lowest flux.

The maximum flux in free traffic qmax can be considerably higher than the outflow from
jams qout. Typical values for the passing lane are qout � 1800 veh��h and
qmax � 2700 veh��h. So qmax�qout � 1�5. The fact that the outflow from jams is con-
siderably lower than the maximum flow is often referred to as the capacity drop.

The flux out of a jam can be interpreted as a boundary flux of the existence of jams.
If the inflow is lower than this boundary flux, any jam will dissolve again, since under
these conditions the outflow from the jam would be higher than the inflow. If the inflow
to an existing jam is higher than this boundary flux, the jam grows. So systems that
display a laminar flow at densities above �out are obviously metastable, because on the
one hand they may continue to be laminar and on the other hand a sufficient perturbation
(a small jam) would grow inevitably.

Fig. (2.1) displays free flow and a jam in the flow–density plane, as measured using



8 2. EMPIRICAL PROPERTIES OF TRAFFIC FLOW

Figure 2.1: Free flow and a jam in the flow–density–plane. The picture has been sup-
plied by B.S. Kerner.

an induction loop. The figure has been taken from [39] with friendly support of the
authors. Points that correspond to the jam have been numbered according to the time
when they were measured, where consecutive points have been connected by a line.
Points 4,5, and 6 correspond to an average that has been taken over three minutes, to
obtain a good estimate of the density, even at a low flux. The line “I”, found in the
figure, represents the average path to which the downstream front of a jam organizes.

Obviously the empirical properties of traffic jams that are known go far beyond the no-
tion that some kind of clustering is found in traffic flow. In fact, it will be seen, when the
modeling approaches are discussed, that not all clustering phenomena are compatible
with the empirical properties of traffic jams.

2.3 Synchronized flow

Although jamming is the phenomenon possessing the greatest impact on the perfor-
mance of a road or a network, there are more properties that have to be considered.
In [39, 40] it has been shown that besides the well known states of “free flow” and
“jammed flow” there is a third class of states, denoted as “synchronized flow”. In syn-
chronized flow traffic is found under congested conditions, where interactions between
vehicles are significant, lane changes are rare and the velocities on both lanes are ap-
proximately equal. The average velocity in synchronized flow is considerably lower
than the velocity in the free flow.

If traffic is looked at in the (�� q)–plane, the free flow at low density shows a very simple
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behavior. In this regime the flow clearly is an increasing function of vehicle density. In
contrast to this, synchronized flow is very complex. If a time series of measurements of
� and q in synchronized flow is looked at, the system performs random translations in
the (�� q)–plane. In this state an increase of vehicle density can be accompanied by an
increase as well as a decrease of the flux. Obviously in the state of synchronized flow
disturbances can travel in downstream as well as in upstream direction. That means
there is a constant change between seemingly free and influenced motion of the vehi-
cles.

Note that this sort of congestion is substantially different from jamming, where traffic
flow has the strong tendency to organize in essentially the same way all the time.

0

1000

2000

3000

0 10 20 30 40 50 60 70

q[veh��h]

�[veh��km]

free
synchronized

Figure 2.2: Free and synchronized traffic on the Autobahn A 43 near Bochum. There
is one transition from free to synchronized flow and one transition back.

Fig. (2.2) shows free and synchronized flow in the (�� q)–plane for data gathered from
the Autobahn A43 near Bochum. In the synchronized regime consecutive points (with
respect to time) are connected by lines. Each point corresponds to an average taken over
one minute. The same type of measurement has first been performed near Frankfurt in
[39].
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Chapter 3

Known model approaches

3.1 Introduction

Modeling traffic flow allows a great variety of different model approaches for two rea-
sons. First, the details of traffic flow can be resolved to different extents, ranging from
the dynamics of averaged quantities down to individual vehicle motion. Secondly, no
first principles of traffic flow are known, from which models of different resolution
could be derived, so the field of traffic flow dynamics leaves room for a lot of sub-
stantially different ideas. Classifying existing models with respect to the latter, i.e. the
essentials of the traffic flow theory underlying a specific model is a quite difficult task
that can only be performed in parts within this work.

Nevertheless, the classification of the models with respect to their resolution is quite
straightforward and unequivocal. In general, microscopic models, which address the
subject by describing individual vehicle dynamics, and macroscopic models, which are
based on equations for averaged quantities like vehicle density and average flux, are
distinguished. There is a third class of models, often referred to as mesoscopic models,
that describes the vehicles using a mixture of macroscopic and microscopic dynamics.
In these models individual vehicle dynamics are governed by field quantities, like av-
erage vehicle density in the region where the vehicle moves, so every vehicle moves in
the “mean field” created by all the other vehicles.

Now a short overview over these model classes will be given.

11
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3.2 Microscopic models

3.2.1 Car–following

The idea of microscopic modeling of traffic flow is to describe the dynamics of each
individual vehicle as a function of the positions and velocities of the neighboring ve-
hicles. In general, the two dynamical processes of car–following and lane–changing
have to be considered. Since there are much more sophisticated methods for describ-
ing car–following than lane changes, we will start with a description of car–following
models, assuming a road with only one lane. Positions and velocities of all vehicles are
denoted by xi and vi respectively, where the index i rises in downstream direction.

Deriving a car following theory can obviously always start from the quite reasonable
assumption that a change of the velocity is only performed, if the momentary velocity
does not coincide with some desired velocity Vdes, which is determined by safety con-
siderations, legal restrictions and so on. The simplest dynamics that describes how a
driver tries to approach the desired velocity is that of a relaxation on some time scale
� :

dvi(t)
dt

=
Vdes − vi

�
(3.1)

Virtually all car following theories can be traced back to this simple idea. Usually, how-
ever, this dynamical relation is not interpreted as a relaxation process, but as a stimulus–
response–ansatz. In this case the reciprocal of � is usually referred to as the “sensitiv-
ity”. The models that will be discussed now only differ in the choice of Vdes and � .

Classical car–following–models

Almost all car following theories are based on the assumption that the motion of ve-
hicle i is governed exclusively by the motion of the preceding vehicle i + 1. Since a
steady state obviously requires the velocity of all vehicles to be equal (otherwise they
would collide), it seems natural to assume that the desired velocity of a car is equal to
the velocity of the car it is following, which would mean

dvi(t)
dt

=
vi+1(t) − vi(t)

�
� (3.2)

This dynamical equation was first proposed by Pipes [66]. It should be noted, how-
ever, that Pipes derived this equation by stating that the spacing between the vehicles
should increase linearly with speed and differentiating the resulting relation. Solving
this equation one immediately arrives at the conclusion that the steady state solution,
where all vehicles move at the same speed, is always stable so no clustering effects are
described.
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The steady state can be destabilized by introducing a finite reaction time �t, as done
by Chandler, Hermann, and Montroll [7], leading to a delay differential equation:

dvi(t)
dt

=
vi+1 − vi

� t−�t

� (3.3)

It is a well known fact that delay times tend to destabilize initially stable systems, so it
is not surprising that the steady state in this model becomes unstable, if �t�� is large
enough. The detailed analysis shows that the limit of stability is reached for �t�� =
1�2. Although spontaneous clustering is modeled in this way, the applicability of the
model is greatly restricted by the fact that the dynamics is independent of the distances
between the vehicles. From this fact two things follow directly. The first consequence
is that the vehicles collide in this model, the second is that there is no density depen-
dence of the vehicle dynamics, so the speed–density relation cannot be derived from
the model.

This problem was overcome by Gazis, Herman, and Potts [24] who introduced a depen-
dence of the relaxation time or, as they put it, the sensitivity, on the distance between
the vehicles.

dvi(t)
dt

= �
vi+1 − vi

xi+1 − xi t−�t

� (3.4)

Since the right hand side is the time derivative of � ln(xi+1 −xi), the model equations can
be integrated and the density–dependent homogeneous steady state solution is found to
be

v � ln

�
�jam

�

�
� (3.5)

where �jam is the jam density, for which the velocity vanishes. This result is in accor-
dance with Greenberg’s macroscopic theory [27]. Unfortunately, the velocity of the
homogeneous solution diverges as the vehicle density vanishes. However, since the
divergence is only logarithmic, the flux q = �v vanishes for vanishing density. So a
qualitatively correct fundamental diagram is obtained.

Edie [16] proposed that the sensitivity also depends on the momentary velocity of a ve-
hicle. He supposed that the sensitivity towards velocity again is inversely proportional
to spacing, leading to the dynamical equation

dvi(t)
dt

= ��vi(t)
vi+1 − vi

(xi+1 − xi)2
t−�t

� (3.6)

The most important point about Edie’s work however is that he was the first to suspect
that there is a discontinuity in the fundamental diagram, which led him to the idea to
differentiate between two different “modes of operation”, namely free flow and con-
gested flow, corresponding to two different values for the sensitivity ��.
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Gazis, Herman, and Rothery [23] formally unified and generalized all the above ap-
proaches by allowing the sensitivity to depend on arbitrary powers of spacing and ve-
locity:

dvi(t)
dt

= ��vi(t)
m vi+1 − vi

(xi+1 − xi)l
t−�t

� (3.7)

Here the exponents l and m are free parameters. However, determining these exponents
from empirical data proved to be difficult [23]. The dynamical equations can be inte-
grated directly to yield the speed–density–relation of a homogeneous flow. For m = 0
and l = 2, for example, a linear dependence between speed and density is found, which
coincides with the results of Greenshields [28].

The optimal velocity model

Of course, there can be choices of the desired velocity other than the velocity of the
leading car. Bando et al. [2, 3] assumed that the desired velocity is a function of the
distance between the vehicles under consideration:

dvi(t)
dt

=
Vdes(xi+1 − xi) − vi

� t

� (3.8)

The function Vdes(�x) has to vanish for �x → 0 and has to be bounded for �x →
�. Bando et al. chose the desired velocity to be Vdes(�x) = tanh(�x) and � to be
a constant. In this approach the speed–density–relation cannot be calculated from the
model equations, but has to be prescribed through Vdes.

Note that no explicit delay time has been introduced into this model. Still the model
describes spontaneous clustering of vehicles. It has been shown on a phenomenological
basis [42] that the qualitative dynamical properties of this model are almost exactly the
same as those of the macroscopic Kerner–Konhäuser–model [36, 37] and furthermore
compare very well with empirical observations.

Coupled map modeling and cellular automata

Instead of solving a differential equation for the velocities of the vehicles it is also pos-
sible to update the velocity in discrete time steps directly. This means that the velocity
of car i at time step t is calculated from the conditions ahead at time t −�t:

vi(t) = f (vi(t −�t)� vi+1(t −�t)� xi+1(t −�t) − xi(t −�t)� � � �) � (3.9)

An example of such a coupled map model is that of Yukawa et al. [82, 83]. The model
is deterministic, but the the function f is chosen in such a way that the dynamics of the
individual vehicles is chaotic.
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Another example of this model type is the model proposed by Gipps [25], who started
from considering braking distances of the vehicles and derived a safe (that means colli-
sion free) update scheme for the vehicle velocities from this. Under the assumption that
drivers underestimate the braking capabilities of the car they are following, the Gipps–
model can describe overreacting of drivers and correspondingly the existence of insta-
bilities in traffic flow.

The great advantage about this kind of modeling approach is the fact that it is compu-
tationally quite efficient, because no differential equation has to be solved. An even
faster model is obtained, if the model is discretized not only with respect to time, but
also with respect to the space coordinates. In this case a cellular automaton model of
traffic flow is obtained and the whole dynamics can be simulated using only integer
operations or even single bit coding. The first models of this kind were proposed by
Cremer and Ludwig [11] and Schütt [76].

The most prominent representative of this class of models, however, is the
Nagel–Schreckenberg–model [1, 57, 58, 62, 73, 75]. In this model the road is discretized
into cells corresponding to segments of about 7.5 meters length. A cell can either be
empty or be occupied by a vehicle. The velocity of a vehicle is an integer number,
namely the number of cells that the vehicle jumps per time step. Contrasting to most
other models discussed so far, the Nagel–Schreckenberg–model is a stochastic model
that incorporates imperfections of driving using a noise term in the update rules. The
model reproduces the empirical speed–density–relation and spontaneous clustering quite
well. The mechanisms governing the dynamics of this model will be discussed further
in this work.

The cellular automaton models are the first microscopic models that are computation-
ally efficient enough to be used in large road networks, even for real–time applications.

Subsequently there have been efforts to build a bridge between cellular automata and
space–continuous models and to perform other refinements to obtain quantitative agree-
ment with empirical data [5, 18, 19, 20, 44].

Modeling of human behavior

All models discussed so far are based on extremely simplified ideas about the way hu-
mans behave in traffic. In fact it may be suspected that some details of the model design
like the model of Gazis, Herman, and Potts can be traced back to considerations about
analytical tractability of the model rather than realism of the assumptions that are made
about human behavior.

For this reason other approaches to traffic flow have been proposed, that treat the “driver–
vehicle–system” in greater detail. For instance, the concept of perception thresholds
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was introduced by Michaels [55]. Based on the idea that drivers only react, if cer-
tain perception thresholds are exceeded, Todosiev [78] formulated the so called action–
point–model. In the same line the model proposed by Wiedemann [80] can be seen. In
this model different modes of operation are distinguished, for which different dynam-
ical equations are proposed. The Wiedemann approach has been developed further to
yield high fidelity models of individual driver behavior [53].

A completely different approach is that proposed by Rekersbrink [68], who modeled
the driver–vehicle system using fuzzy controllers.

Unfortunately, all models of this kind have in common that they are computationally
expensive and consequently are not applicable to large network problems. Rekersbrink,
for example reports that about 25 vehicles can be simulated in real–time using his model.

3.2.2 Lane changes

The topic of lane changes has been addressed much less in the literature than that of car–
following. Sparmann [77] performed a partly empirical and partly theoretical analysis
of lane changing on two–lane–freeways, while Leutzbach and Busch [51] performed
this kind of analysis for three–lane freeways. A model for the structure of lane–changing
decisions in urban driving situations, where traffic signals, obstructions and heavy ve-
hicles all exert an influence, has been developed by Gipps [26].

The generalization of the minimalistic rules used in cellular automaton models to multi-
lane traffic was done by Latour [50], Rickert et al. [71], Wagner et al. [79], and Chowd-
hury et al. [9].

3.3 Macroscopic models

In macroscopic approaches it is not the dynamics of individual vehicles that is consid-
ered, but the dynamics of quantities that only have a macroscopic meaning. In general,
the vehicle density �(x� t) and average velocity v(x� t) are considered, which are both
functions of space x and time t. These quantities are obtained by averaging over a re-
gion of sufficiently large spatial extent. Since the number of vehicles in a road segment
can only change by vehicles entering or leaving the segment, an equation of continuity
holds for � and v:

��

�t
+

�

�x
(�v) = 0 � (3.10)

The model equations are closed assuming one more relationship between density and
velocity. The simplest model of this kind was proposed by Lighthill and Whitham [52],
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where the velocity is assumed to be a function V(�) of the density, leading to the model
equation

��
�t + c(�)��

�x = 0 �

where

c(�) = d
d� (�V (�)) �

(3.11)

The model equation describes kinematic waves. The characteristics x(�), i.e. the places
where some prescribed density � is found, travel at the constant velocity c(�). This
model has been used very much in the last few decades. However, as pointed out by
Kerner [42], it is not capable of describing the properties of clusters in traffic flow cor-
rectly. Nevertheless, still other models for kinematic waves have been proposed [12,
13, 14, 63, 64, 65].

The main problem about the Lighthill–Whitham approach is that it assumes local equi-
librium. In general, one will have to replace the static relation v(x� t) = V(�(x� t)) by
a dynamic equation that describes the way vehicles accelerate. After works by Green-
berg [27] and Franklin [21], Payne formulated the dynamic equation for the velocity
in the way that is in use today. The idea is that the acceleration of a vehicle, which is
the total time derivative of the velocity field v(x� t), is described by a relaxation towards
a local equilibrium velocity and an anticipation term, which can be identified with the
pressure term in fluid dynamics. The idea that the pressure term describes anticipation
is motivated by the fact that this term can be derived by assuming that a driver at point
x adjusts to the conditions ahead at the point x + 1��, where the preceding car is found.
The resulting equation is

�v
�t

+ v
�v
�x

=
V(�) − v

�
−

c2
0

�

��

�x
� (3.12)

The left hand side of this equation is the total time derivative of the velocity, the first
term on the right hand side describes relaxation, the second term anticipation. Unfor-
tunately this model shows difficulties in the treatment of shock waves, because it de-
velops solutions that are discontinuous in space. Different approaches were proposed
to solve this problem [10, 72]. The most straightforward solution was given by Kühne,
who introduced an additional viscous term that prevents the formation of discontinu-
ities [47, 48, 49], the dynamical equation being

�v
�t

+ v
�v
�x

=
V(�) − v

�
−

c2
0

�

��

�x
+

1
�

�

�x

�
�
�v
�x

�
� (3.13)

Kerner and Konhäuser [36, 37] used structurally the same model as Kühne, and inves-
tigated the nonlinear dynamics of cluster formation thoroughly. A recent work by Hel-
bing [29] extends the Kerner–Konhäuser–theory by an equation for the velocity vari-
ance and takes into account that vehicles occupy a nonvanishing amount of space.



18 3. KNOWN MODEL APPROACHES

Similar models have also been formulated using discrete space coordinates right away
[10, 32], leading to coupled ordinary differential equations or even coupled maps (if a
forward discretization in time is used).

Finally, kinetic theories of vehicular traffic [67] should be mentioned, in which macro-
scopic equations are derived from assumptions about the microscopic mechanisms of
interaction between vehicles.

3.4 Mesoscopic models

Apart from microscopic and macroscopic models it is also possible to use “mixed” dy-
namics, where individual vehicles are moved according to dynamic laws that are gov-
erned by macroscopic quantities [35, 81]. These models combine the computational
efficiency of macroscopic models with the opportunity to derive properties that refer to
individual vehicles, like emissions, probability distributions for accelerations, individ-
ual travel times and so on.



Chapter 4

Model formulation

4.1 The general approach

In this work a modeling approach will be used that is not based on a model of human
perception and decision making, but rather addresses the subject by only using assump-
tions about very general properties of traffic flow. The idea behind this is, that there are
certain very general properties of traffic flow that govern the behavior of individuals
participating in traffic and that it is not the details of individual behavior from which
the macroscopic properties of traffic emerge.

If traffic flow is to be modeled on a microscopic scale, two types of motion of vehicles
have to be considered. The first type is the free motion of a vehicle, the second is the
motion of a vehicle while interaction with another vehicle takes place. Corresponding
to this, two main assumptions can be made. The main property of free motion is, that
the velocity at which a vehicle moves is bounded by some maximum velocity vmax:

v ≤ vmax � (4.1)

The maximum velocity can be interpreted as the desired velocity of the driver under
consideration.

The reason why vehicles interact at all, is the fact, that drivers have the intention not to
collide with any other car. So the second assumption we want to make is that, no matter
how interaction actually takes place on the level of perception and decision making, it
always turns out in such a way that the system remains free of collisions. So we assume
that a driver always chooses a velocity that is no higher than the maximum safe velocity
vsafe:

v ≤ vsafe � (4.2)
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The way the maximum safe velocity is determined specifies the way vehicles interact
and will be considered in the next section.

It is possible to formulate models on the basis of these two assumptions alone. How-
ever, it is quite reasonable to assume that positive and negative accelerations are bounded,
too:

−b ≤ dv
dt ≤ a �

a� b > 0�
(4.3)

It will be shown later on that this is in fact an essential ingredient, if the complexity of
traffic flow is to be described correctly.

In this work only models that are updated in discrete time steps�t will be considered.
For such models the above restrictions can be formulated as

v(t +�t) ≤ min[vmax� v(t) + a�t� vsafe] � (4.4)

where vsafe is calculated under the restriction

v(t +�t) ≥ v(t) − b�t � (4.5)

The complete information about how the individual vehicles interact is contained in the
way vsafe is calculated. Once vsafe is determined, inequality (4.4) constitutes an update
scheme for a traffic flow model, if the velocities of the vehicles are always chosen to
be the highest velocities compatible with the above restrictions.

4.2 Modeling of interactions

4.2.1 Time continuous description

To complete the traffic flow model, the interactions have to be modeled. We look at a
pair of cars, a leader at position xl with velocity vl and a follower at position xf with
velocity vf. If the vehicle length is l, the gap g between the vehicles is given by

g = xl − xf − l � (4.6)

As mentioned before, the reason for interaction is the intention of drivers to move with-
out colliding with any other car. That means the gap g always has to be nonnegative.
Unlike most modeling approaches, this work will not start with some assumption about
how a car’s acceleration can be calculated from the conditions in front of it, because col-
lision freeness is not fulfilled automatically in these approaches and is sometimes hard
to prove.
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Instead, we start by noting that in a time continuous model interacting vehicles certainly
do not collide if the gap g between the leading and the following vehicle is larger than
some nonnegative desired gap gdes once and obeys the dynamical inequality

dg
dt

≥
gdes − g
�des

� (4.7)

The desired relaxation time �des and the desired gap gdes may be functions of the gap
between the vehicles and their velocities. Specific expressions for these quantities will
be derived in the next section. The fact that collisions cannot occur in this model is
obvious, because for g = 0 the time derivative of g is always nonnegative if gdes is.
All the models considered in this work will be described by dynamical relations of this
kind.

However, the above inequality will not be used as an ad hoc assumption, but be derived
from a simple argument now. Consider the case of a leader and a follower with a gap g
between them at velocities vl and vf, respectively. The follower travels at a safe veloc-
ity, if the driver can, under any circumstances, bring the car to a complete stop before
colliding with the preceding vehicle. That means, if the follower has a reaction time �
and the braking distance of the vehicles from velocity v is given by the function d(v),
the situation is safe, if

d(vf) + vf� ≤ d(vl) + g � (4.8)

Note that d(v) is not necessarily the minimal physically possible braking distance, which
would be quadratic in v, but can be some other function that emerges from personal
ideas that drivers have about comfortable driving. The same holds for the reaction time,
which is not necessarily equal to the physiologically determined minimal reaction time.

Inverting this inequality with respect to vf would lead to a safe update rule for the ve-
locity of the follower. However, we will not do this directly for two reasons: Firstly,
the inversion would require the specification of d(v), which we will see is unnecessary.
Secondly it seems unreasonable and is definitely computationally inefficient to use a
driving strategy that requires anticipating the unlikely event of having to brake to a
complete stop at every time step. Therefore a Taylor series expansion of the braking
distance d(v) around the average velocity of the leader and the follower v̄ = (vl + vf)�2
is performed in the inequality. Obviously the even orders of the series cancel out from
the inequality and dropping only the third and higher order terms we get

d�(v̄)vf + �vf ≤ d�(v̄)vl + g� (4.9)

An interpretation of the derivative d�(v) can be given easily. Looking at a car deceler-
ating from velocity v to velocity 0 at some (not necessarily constant) rate v̇ = −b(v),
b(v) > 0 it can be seen that

d�(v) = − d
dv

0R
v

v�

b(v�)dv�

= v
b(v) �

(4.10)
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Now the safety condition can be restated as

vl − vf ≥
vl� − g

v̄
b(v̄) + �

� (4.11)

Note that
dg
dt

= vl − vf� (4.12)

So inequality (4.11) takes exactly the form of inequality (4.7) with the desired gap gdes =
vl� and desired relaxation time �des = �b + � , where �b = v̄�b(v̄) is determined by the
typical decelerations b that a driver is willing to use. Note that by deriving inequality
(4.11) considering nonvanishing braking distances, the effect of negative accelerations
being bounded by −b has been incorporated.

4.2.2 Discrete time steps

The inequalities derived so far have to be modified slightly to provide a scheme for
updates of the vehicles’ velocities in discrete time steps. The use of discrete time steps
also provides a crude model for effects of finite reaction time.

The most natural way to construct an update scheme from the safety condition is to
interpret the velocity vf in the expression for ġ(t) = vl(t) − vf(t) as the velocity of time
step t +�t leading to

vf(t +�t) ≤ vl(t) +
g(t) − gdes(t)

�des(t)
� (4.13)

The vehicles in the models considered in this work will obey this rule. The space co-
ordinate x of the cars will be updated according to

x(t +�t) = x(t) + v(t +�t)�t � (4.14)

We know that for�t → 0 and gdes ≥ 0 this rule guarantees safety. For finite�t safety
has to be checked again, however.

Having a gap g(t) between a pair of vehicles at time t, the gap at time t +�t is given by

g(t +�t) = g(t) +�t (vl (t +�t) − vf (t +�t)) � (4.15)

Inserting inequality (4.13) yields

	(t +�t) ≥ 	(t)
�

1 − �t
�b+�

�
+�t gdes(t)−vl(t)�t

�b+� �

where

	(t) = g(t) − vl(t)�t �

(4.16)
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So safety (g ≥ 0) is guaranteed, if 	(t = 0) ≥ 0 and

�t ≤ �

and

gdes ≥ vl�t

(4.17)

for t > 0. This, of course, is exactly the result that had to be expected. It only states
that the update rule is safe, if the true reaction time (i.e. the length of one time step) is
smaller than or equal to the reaction time that each driver assumes, when choosing a
driving strategy.

Before the model is finally formulated, we want to look at one more quantity, namely

	̂(t) = g(t) − gdes(t) � (4.18)

The time evolution of 	̂ is described by

	̂(t +�t) ≥ 	̂(t)(1 − �t
�b+� ) + 
 �

where


 = gdes(t) − gdes(t +�t) +�t (vl(t +�t) − vl(t)) �

(4.19)

	̂ can become negative, if 
 becomes negative. Assuming gdes to be a function of vl and
performing a Taylor series expansion of gdes around vl(t) yields


 =
�
�t −

g�des(vl)
vl

�
(vl(t +�t) − vl(t)) � (4.20)

So 
 becomes negative if the leading car accelerates and g�des(vl) is sufficiently large or
if the leading car slows down and g�des(vl) is sufficiently small. It will be shown later
that the latter is of importance for a deterministic theory of clustering in traffic flow.

We will call models, for which 	̂(0) > 0 implies 	̂(t) ≥ 0 for any t > 0, strictly free of
collisions, because in these models the gap can never become smaller than the desired
gap.

4.3 The model equations

So far only car following and free motion on a single lane have been considered. Lane
changes on multilane roads have not been covered and will be treated in the chapter
“Multilane traffic”. At the moment the model will be restricted to single lane traffic.
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It will be assumed that, apart from random fluctuations, every vehicle moves at the
highest velocity compatible with the restrictions stated above. In this way the model
can be formulated immediately, giving

vsafe(t) = vl(t) + g(t)−gdes(t)
�b+� �

vdes(t) = min[vmax� v(t) + a(v)�t� vsafe(t)] �

v(t +�t) = max[0� vdes(t) − �] �

x(t +�t) = x(t) + v�t �

(4.21)

The desired gap gdes can be chosen in different ways. This work will start out with a
model family, where the desired gap is chosen to be gdes = �vl and � is the reaction time
of the drivers. The time scale �b is defined as �b = v̄�b. Here the random perturbation
� > 0 has been introduced to allow for deviations from optimal driving. This perturba-
tion is assumed to be 
–correlated in time. The choice of �t and gdes is subject to the
restrictions (4.17). Every model considered in this work will be of the form (4.21).

For all simulations performed in this work the vehicles will be updated in parallel. If
not notified differently, periodic boundary conditions will be used.
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The Gipps–Family

5.1 Introduction

In [25] Gipps proposed a car following model that is based on the safety condition that
can be derived from considering the braking distances of individual cars (inequality
(4.8)). The update rule proposed by Gipps is slightly different from the one used here.
Gipps assumed the braking distances d(v) to be quadratic in v and solved the resulting
inequality for the velocity vl of the follower using the solution as the maximum safe
velocity for the next update.

Although the Gipps–model is in certain respects different from the approach presented
here, it parallels this approach in the respect that interactions are derived from consid-
ering braking distances. Therefore the models derived from inequality (4.8) will from
now on be referred to as the Gipps–family.

As shown before, interaction in these models is described using the maximum safe ve-
locity vsafe defined by

vsafe = vl(t) +
g(t) − vl(t)�

v̄
b(v̄) + �

� (5.1)

For the models that will be discussed now, some specializations will be made. The max-
imum acceleration a and deceleration b will be assumed to be constant (i.e. indepen-
dent of the velocity), the time step �t will be assumed to be equal to the reaction time
� . The unit of time will be the reaction time � , the unit of the space coordinates will
be the length of one car l, so � = l = 1. Here the “length” of a car is not its true physi-
cal length, but rather the space that a car typically occupies in a dense jam, which is a
slightly larger quantity.

Note that all models of this kind are strictly collision free, since gdes = vl.
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In the randomization step, each car will be slowed down by a random amount � that is
uniformly distributed between 0 and �a, where � is a parameter between 0 and 1. So
the update rules of the model are

vdes � min[vmax� v + a� vsafe] �

v � max[0� rand[vdes − �a� vdes]] �

x � x + v�

(5.2)

where vsafe is calculated from equation (5.1) and rand[x1� x2] denotes a random number
between x1 and x2.

There are four free parameters in this model: the maximum velocity vmax, the maximum
acceleration a, the maximum deceleration b, and the noise parameter �.

To get an idea of what size these parameters should typically have, we use the following
estimates for typical values of the parameters in SI–units:

� � 1s�
l � 7�5m�
vmax � 36m s−1�
a � 0�8m s−2�
b � 4�5m s−2�

(5.3)

These values have been drawn from data gathered in a car–following experiment that
will be discussed in the appendix. They only provide crude estimates of what values
of the free parameters should be expected and are not to be understood as results of a
serious parameter estimation procedure.

In the dimensionless form of the model (� = l = 1) the estimates correspond to

vmax � 5�
a � 0�1�
b � 0�6�

(5.4)

Our main interest will be focused on the qualitative macroscopic properties of the model
proposed here, because one cannot really expect to be able to capture the microscopic
details of vehicle motion correctly with a model of this simple structure. Acceleration
and deceleration of individual cars, however, are clearly a microscopic property of traf-
fic flow. Therefore the estimates of a and b, as presented so far, do not really mean very
much for the model immediately. This means that setting specific values for a and b can
only be justified from looking at the macroscopic properties of the model, even if find-
ing the parameters to be in the expected range surely would make the modeler feel a lot
more comfortable. For this reason the whole possible range of these parameters will be
looked at.



5.2. THE ROLE OF ACCELERATION AND DECELERATION 27

In contrast to this, the maximum velocity is a property with an obvious macroscopic
meaning. For example the slope of the fundamental diagram for low vehicle density,
when every vehicle moves at its desired velocity, is given by vmax. Therefore this para-
meter will not be considered a “free” parameter in the analysis of the model properties.

Now the role that the free parameters a, b, and � play, will be discussed systematically.
For this end the next sections are devoted to an investigation of the different types of
phenomena that are found, when the parameters a and b are varied in the ranges (0� vmax]
and (0��) respectively. Three different representatives from the model family will
be considered, which display three qualitatively different types of behavior. The three
representatives are the high acceleration limit (a = vmax), the high–deceleration–limit
(b → �) and low–acceleration–low–deceleration–models (a � vmax� b � vmax).

After that, the role of the randomization parameter � will be explained. In a few con-
cluding remarks the results are finally interpreted using a very simple, but very powerful
phenomenological picture of traffic flow.

5.2 The role of acceleration and deceleration

Before the features of the models are discussed, some remarks on the role that acceler-
ation and deceleration play with respect to interaction between the vehicles should be
made.

The parameters a and b determine typical acceleration and deceleration capabilities in
the model. Note, however, that due to the discreteness of the model in time the true
maximum deceleration b̂ is not equal to b itself, but some increasing function of b where
b̂(b = 0) = 0 and b̂(b → �) = vmax.

The ratio between typical accelerations and typical decelerations governs the complex
interplay between interaction and free motion. This can be seen by rewriting the safety
condition as

g(t) ≥ vl(t) + [vf(t + 1) − vl(t)]
� v̄

b
+ 1

�
� (5.5)

This conditions restricts vehicle motion. In other words a car interacts, i.e. it is hindered
by its predecessor, if the velocity it can reach in the next time step is high enough, to
violate this condition, i.e. if

g(t) ≤ vf(t) + a + (vf(t) + a − vl(t))
v̄
b
� (5.6)

The right hand side of inequality 5.6 can be interpreted as the range of interaction,
which is governed by the two parameters a and b. If b is small compared to v̄, which
means if the time it takes a car to come to a complete stop from v̄ is much larger than 1
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second, the last term typically dominates, so the interaction is long ranged. If b becomes
sufficiently large, the second term becomes small and only a “hard core” interaction of
range vf(t) + a remains. The sign of the second term is governed by the parameter a. If
a is larger than typical velocity differences between successive vehicles, the cars will
almost always interact.

Consider the case of a � b̂. In this case an interaction can slow a vehicle down far
enough that it loses contact to the leading vehicle and another interaction cannot take
place for a while. For models of this kind a rather complex behavior may be expected,
because a complex interplay between free motion and interaction will be found.

If, on the other hand, a � b̂, the fact that acceleration is bounded does not restrict ve-
hicle motion significantly. If we assume that traffic is dense enough so vehicles cannot
move at their maximum speed, the only restriction that is put on the motion of the vehi-
cles is due to interactions and the vehicles can be assumed to be interacting constantly.

5.3 The limit of high acceleration

5.3.1 Approximate model equations

If the vehicles’ motion is only restricted by interactions and the vehicles can be assumed
to be interacting constantly, the equations of motion take a rather simple form:

v(t + 1) = vl(t) + g(t)−vl(t)
�b(t)+1 − �(t) �

x(t + 1) = x(t) + v(t + 1) �
(5.7)

For ease of notation it will be assumed implicitly that �(t) is chosen in such a way that
no vehicle is slowed down to negative velocities, so � is always smaller or equal to the
other terms on the right hand side of the update rule.

As mentioned before, the equations can be rewritten in a more suggestive form using
the quantity 	 = g − vl:

v(t + 1) = vl(t) + �(t)
�b(t)+1 + �(t)

	(t + 1) = �b
�b+1 	(t) + �(t)�

(5.8)

These equations describe two processes that take place on different time scales. The
first process, described by the second equation, is a colored noise process on the time
scale �b + � , which typically corresponds to a few seconds in flowing highway traffic.
The first equation then describes the backward motion of the remaining disturbances,
which are gradually flattened out by a diffusion process, originating from the noise. So
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it is very plausible and confirmed by simulations that the equilibrium state of the system
is always homogeneous.

The velocity of the traveling waves and the average vehicle velocity can be calculated
now using a mean field type approximation.

5.3.2 Mean–field–approximation

The equilibrium value of 	 is calculated by averaging the second equation from (5.8)
with respect to time. If correlations between 	 and �b�(�b + 1) are neglected, averaging
yields

h	i = h�i
1−h�i �

where

� = �b
�b+1 �

(5.9)

Note that � is a function of the average velocity v̄ of two successive vehicles. To get
an estimate of the effect that fluctuations 
v̄ of v̄ have, � will be expanded around hvi,
yielding

h�i =
hvi
b

hvi
b + 1

−
1�

hvi
b + 1

�3 h
�

v̄
b

�2

i + � � � � (5.10)

Now it will be assumed that the solution hvi can be expanded in powers of the fluctua-
tions 
v̄, so the zeroth order of this expansion will be the mean field solution. Inserting
the definition of 	 into equation (5.9) and solving for hvi yields

hvi =
hgi − h�i
1 + h�i

b

+
h�i

b
�hgi + b

� h
v̄2i + � � � � (5.11)

Neglecting fluctuations obviously leads to an underestimation of the velocity. The error
will become the more significant the smaller b is.

In the mean field approximation small disturbances of long wavelength, that are slow
enough to allow the system to relax locally, travel in backward direction through the
system at the velocity

c = d
d� (v�)

= − 1+h�i
1+ h�i

b

�
(5.12)

where � = 1�(hgi + 1) is the density of the vehicles.

The approximation is expected to be valid as long as chances for vehicles to reach ve-
locity 0 or vmax are slim. For low densities the cars do not interact and travel at the mean
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speed
hvi = vmax − h�i � (5.13)

The mean gap hgic at which the transition from free flow to flow governed by interac-
tions is expected to take place is estimated equating the velocity in the free flow and
the mean–field solution, giving

hgic = vmax

�
1 +

h�i
b

�
−
h�i2

b
� (5.14)

Since velocities were assumed to be nonvanishing, the approximation is also expected
to break down for high densities, when hvi < h�i. One may apply the mean field ap-
proach to the limit of high density by noting that the noise h�i becomes a function of
the mean velocity, because a car cannot be slowed down to negative velocities. Now
the average perturbation for vanishing density will be denoted by h�0i, so h�0i ≥ h�i.

In quite straightforward calculations it can be shown that for hgi < 2h�0i + �2
0
b equation

(5.11) has to be replaced by

hgi = 2

�hvi
b

+ 1

�q
h�0ihvi −

hvi2
b

� (5.15)

to avoid negative velocities. Note, however, that fluctuations can no longer be neglected
in that case because v̄ and 
v̄ are of the same order of magnitude. So the mean field ap-
proximation is not valid there.

The first term of an asymptotic expansion for high densities can be given anyway. For
high densities the mean velocity and therefore �b approach zero. So the update rule to
leading order in �b and g simplifies to

v(t + 1) = g(t) − �(t) � (5.16)

Now � is not independent of g any more, because no car may be slowed down to neg-
ative velocities. For those cars having a gap g in front of them the mean velocity after
the update is therefore given by

hvigap=g =
g2

4h�0i � (5.17)

For very high densities it is plausible and confirmed by simulations that the gap distri-
bution becomes exponential, so hg2i = 2hgi2. At this point the mean–field approach is
wrong. This finally yields the asymptotic expression for the average velocity:

hvi =
hgi2
2h�0i � (5.18)

Terms of the order v̄�b have been dropped in (5.16), so the quality of the approxima-
tion becomes better with increasing b. Note also that this asymptotic expression differs
from the asymptotics of the mean–field result by a factor of two, due to the fact that
fluctuations have now been included.
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5.3.3 Simulation results

To check the quality of the approximation, the mean–field result will be compared to
simulations.

approximation
deterministic
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Figure 5.1: Comparison of the mean field approximation of the high acceleration limit
with the simulation for a = vmax = 3, b = 0�5, h�0i = 0�3 .

Fig. (5.1) shows the fundamental diagram, i.e. the flow q as a function of the density
�, for a model of the high acceleration limit, once as obtained from the mean–field–
approximation and once as obtained from simulations. The agreement is surprisingly
good. To show that the effects of the random perturbations are not small, but have been
captured correctly, the deterministic limit h�0i → 0 has been included in the figure.

To get an idea of for what ratios of a to b the approximation is valid, we define a measure
for the error of the approximate solution:


(a� b) = 2
qm − qs

qm + qs
� (5.19)

where qm and qs are the flows in the mean–field–approximation and in the simulation,
respectively. The flows are measured for a fixed global density that is on the one hand
high enough to get considerable interactions in the system and on the other hand low
enough to keep the number of stopped vehicles small. The sign of the error is kept to
show, whether the approximation underestimates or overestimates the true flow.

Fig. (5.2) shows the relative error of the mean field approximation 
(a� b) for a = 1 and
h�0i = 0�5, while (5.3) displays the corresponding proportion of interacting vehicles as
a function of b. Note that, since a = 1 was chosen, the model does no longer corre-
spond to the high–acceleration–limit. Three regimes can clearly be distinguished. For
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Figure 5.2: The relative deviation of the mean field solution of the high acceleration
limit from simulation results for hgi = 4, a = 1, vmax = 3, h�i = 0�5.
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Figure 5.3: The proportion of interacting cars for hgi = 4, a = 1, h�0i = 0�5.

b ≤ 1 the assumption that every vehicle interacts is expected to hold approximately.
In this range there is a region, where the approximation overestimates the true flow by
about ten percent. This error can be traced back to the fact that not all vehicles actu-
ally do interact. For very small b the error becomes negative. As stated above, this is
a consequence of the fact that fluctuations have been neglected in the approximation.

For b > 1 a strong increase of the error is encountered. At the same time the proportion
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of interacting vehicles drops dramatically. As will be seen later, this effect is a conse-
quence of the formation of traffic jams. It has been noted before, that the formation of
jams is not possible in the Gipps–family, if a sufficiently high proportion of the cars
do interact (a = vmax). So the phenomenon of structure formation obviously depends
on a balance between interaction and free motion. Note that the transition shown here
does not always take place at b = 1, but at a point that depends on the other model
parameters.
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Figure 5.4: The error of the mean field approximation of the high acceleration limit.
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Figure 5.5: The proportion of interacting cars in a state above the density of maximum
flow.

Fig. (5.4) displays the error 
(a� b) and Fig. (5.5) the corresponding proportion of in-
teracting cars as functions of a and b. Substantial errors are only found, if b is large
and a is sufficiently small. The decrease of the number of interacting vehicles due to
jamming can again be seen clearly.
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5.4 The high–deceleration–low–acceleration–

limit

5.4.1 Introduction

The next limit that will be looked at is the limit b → �, the limit that allows arbitrarily
high decelerations.

In this limit the safety condition reduces to

v(t + 1) ≤ g(t) � (5.20)

This condition is the well–known safety condition of the Nagel–Schreckenberg cellu-
lar automaton model of traffic flow. In fact, apart from the discreteness of the space
coordinates the Nagel–Schreckenberg–model is exactly identical to this limiting case
of the Gipps–family. The role that the discreteness of the space coordinate plays in the
Nagel–Schreckenberg–model will be clarified in the chapter on a cellular automaton
version of the model discussed here.
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Figure 5.6: The fundamental diagram of the high deceleration limit for vmax = 3, a =
� = 1.

Now the parameters a and � will be chosen in such a way that the approximation of
constantly interacting cars does no longer hold. As shown in the last section, a = 1 and
� = 1 are suitable for that purpose. The maximum velocity vmax is set to 3. Fig. (5.6)
shows the fundamental diagram of that model after averaging over the whole system.

Fig. (5.7) shows a space–time–plot of the model for a density above the density of
maximum flow. The system is started in an initially homogeneous state. It can be seen



5.4. THE HIGH–DECELERATION–LOW–ACCELERATION–LIMIT 35

0

50

100

150

200

250

300

350

400

0 50 100 150 200 250 300 350 400

t

x

Figure 5.7: Space–time–plot of a model started at an initially homogeneous configura-
tion.

clearly that the system separates spontaneously into regions of high density and regions
of low density. The regions of high density correspond to traffic jams, those of low den-
sity to free flow. The jams travel in backward direction at an approximately constant
velocity.

The formation of jams is a prominent feature of this model and will therefore be de-
scribed in greater detail now.

5.4.2 The jammed state

To characterize the jammed state quantitatively, the probability distribution of the gaps
between the vehicles will be looked at first. Fig. (5.8) shows this distribution for dif-
ferent densities at which the system displays macroscopic inhomogeneities. The distri-
bution clearly is bimodal. The two maxima of the distribution are located at the same
densities for the cases considered, only the relative height of the maxima varies.

This fact suggests that the cars can be found in two different states whose statistical
properties only vary slowly with global density. Assume that the global state can be
described as a combination of vehicles in a “free” and vehicles in a “jammed” state. If,
for a given density �, a proportion n(�) of the cars is found in the jammed state and a
proportion 1 − n(�) in the free state, any probability distribution P of the system can be
written as a linear combination of the corresponding distributions for the jammed state,
Pj, and the free state, Pf:

P = n(�)Pj + (1 − n(�))Pf � (5.21)
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Figure 5.8: The bimodal gap distribution in the presence of jams.

where Pj and Pf are independent of �. The overlap of these distributions is not neces-
sarily vanishing. Now assume that the gap distribution Pg can be written in the form of
eq. (5.21).

After acquiring a series of gap distributions Pk, k = 1� � � � �N from N simulations with
densities �k, the ansatz (5.21) can be used to calculate the gap distributions Pj and Pf

of the jammed and the free regions respectively. For this end a cost function

C(Pj�Pf) =
X

k

Z
dx(Pk(x) − nkPj(x) − (1 − nk)Pf(x))2 (5.22)

is defined, where nk is the proportion of jammed cars given by

nk =
hxif − 1

�k
+ 1

hxif − hxij � (5.23)

Here h� � �if and h� � �ij denote averages taken with respect to Pf and Pj respectively.

The distributions Pj and Pf are then chosen in such a way that the cost function is min-
imized under the restrictions

Pf ≥ 0� Pj ≥ 0 �

R
Pjdx =

R
Pfdx = 1 �

(5.24)

This approach has first been proposed in [44]. Apart from this the distributions Pj and
Pf can also be estimated using a microscopic criterion. For example, we may attribute
cars to a jam, if their velocity is lower than half of the maximum velocity.
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Figure 5.9: The gap distributions for the jammed and the free regions. A) macroscopic
criterion, B) microscopic criterion

Fig. (5.9) shows the gap distributions acquired from the optimization process described
above as well as the distributions acquired using the simple microscopic criterion v <
vmax�2. The two methods yield similar results.

The distributions Pf and Pj are worth a closer look. First, what may be a little unex-
pected, is the fact that the gap distribution of the free state assumes nonvanishing val-
ues down to gaps of size zero. In this respect the “free” state is substantially different
from really free conditions at very low densities, where there is a sharp cutoff at non-
vanishing values for the gap size. The small gaps originate from interactions between
cars that do not suffice to finally cause a jam. Clearly the number of such events in the
system is proportional to the number of cars in the free state as long as the density of
the free state does not change significantly. So it is not surprising that the ansatz (5.21)
attributes these events to the free state. From this the very important conclusion can be
drawn that the assumption that the system decomposes into two different states leads
directly to the conclusion that there are small gaps and consequently slow cars in the
free flow. This is a quite peculiar result, which will be supported by other observations
later.

Next the gap distribution for the jammed state Pj will be looked at. The distribution
exhibits a strange behavior near gaps of size vmax = 3, where more events are counted
than expected. One would normally expect an exponential tail for the gap distribution,
however, there are additional events that originate from the outflow regions of the jams.
Since the number of such events is proportional to the number of jammed cars as long
as the length distribution of the jams does not change too much, the ansatz attributes
them to the jammed state.
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From this, another important conclusion can be drawn. It is quite tempting to suspect
that the system decomposes into macroscopic phases that correspond to the jammed
and the free state. The idea that phase separation might occur in traffic flow already
has been expressed elsewhere [61]. However, if actually macroscopic phases existed
in this model, the “surface” effects at the downstream fronts of the jams should become
less pronounced with growing system size. This, however, is not the case here. So
apparently there is no such thing as macroscopic phases in this model.

This idea will be supported further by looking at the probability distributions Pn(n� t) of
the lengths of the jams, where n denotes the number of vehicles that a jam contains. If
macroscopic phases exist, the typical length scale of the jams should become arbitrarily
large in sufficiently large systems after sufficiently long periods of time.

For these calculations the following definition of a jam will be adopted. A connected
structure of vehicles, traveling at a velocity below a given threshold vthresh will be called
a jam, if this structure contains at least one stopped vehicle. The condition that at least
one stopped vehicle should be found in a jam is important to exclude small disturbances
in the free flow from the definition of jams. Without this condition a large number of
jams of size one would be found, that would dominate the length distribution. The
threshold velocity again is chosen to be vmax�2.

In the following simulations the system is started in a perfectly homogeneous state. The
simulations show that the length distributions Pn(n� t) for t → � and for large n is ap-
proximately proportional to the function n exp(−n�n0), where n0 characterizes the typ-
ical size of the jams (Fig. (5.10)).

Two quantities that can be used to characterize the typical length of jams are the average
length of jams hni and n0(t). Since it is numerically more stable, the average jam length
hni will be used here.

Fig. (5.11) displays this quantity for a system of length L = 10000, containing 2500
vehicles. The function has been calculated averaging over 25 independent systems. It
can be seen that hni does not grow arbitrarily, but approaches a finite value n�. The
difference n� − hni(t) shows a power law behavior. To eliminate finite size effects, n�
has been calculated for different system sizes, allowing the system to relax for different
periods of time. Fig. (5.12) displays hni as a function of the number of vehicles in
the system. The quantity hni has been calculated averaging over T time steps after the
system had been allowed to relax for T time steps, where T ranged from 103 to 106.

From the above calculations it can be concluded that no separation into macroscopic
phases is found for the models of the high–deceleration limit, although the system can
contain clusters of arbitrary size. Instead, there is a typical length of clusters, which
approaches a finite value for t → �.

Consequently it has to be concluded that the so called jamming transition is not a real
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Figure 5.10: The length distribution of the jams for vmax = 3, a = � = 1, � = 0�25 in the
high deceleration limit. The slope of ln(Pn(n)�n) describes the typical length scale of
the jams.
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Figure 5.11: The evolution of the average length of jams. hni approaches a finite value
n� for t → �. Model parameters: a = � = 1, vmax = 3, � = 0�25, L = 10000.

phase transition. A similar result has recently been found in the discrete Nagel–Schreckenberg–
model [17]. In that work, however, this result was derived from the behavior of a spatial
correlation function during the jamming transition.
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Figure 5.12: The average length of jams hni as a function of the system length L for
vmax = 3, a = � = 1, � = 0�25. Averages were taken over T time steps after allowing the
system to relax for T time steps.

5.4.3 The mechanism of microscopic jam formation

The mechanism of jam formation will now be explained in two steps. First, a semi-
quantitative analysis of the formation of small jams will be proposed and secondly, the
dynamics and growth of existing jams will be explained.

The first point that has to be made is the fact that slowing down of vehicles to a complete
stop due to interactions is a purely stochastic phenomenon in this model. An interacting
car with the gap g(t) in front of it, following a leader with velocity vl(t) has a velocity
v̂f before the randomization step given by

v̂f(t + 1) = g(t) ≥ vl(t) � (5.25)

So without the randomization step no car slows down to velocities lower than that of the
leader. Consequently the maximum loss of velocity (with respect to the vehicle in front)
in each interaction is given by the maximum random perturbation. If the randomization
step slows the vehicles down by an amount equally distributed between 0 and �a, the
number of interactions needed to obtain a stopped car in flowing traffic is roughly given
by vmax�(�a).

Fig. (5.13) displays an event, where this slowing down to a complete stop takes place.
For ease of understanding the road has been discretized in cells of length one and ve-
locities have been assumed to have only integer values like in a cellular automaton. In
that case the random noise slows down vehicles by the amount one with a certain prob-
ability. A situation is shown, where in a queue of vehicles that move at a gap equal to
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Figure 5.13: An example of how interaction can lead to a standstill.

their maximum velocity vmax = 3, one car slows down to velocity zero due to a combi-
nation of interactions and deliberate braking as a consequence of random fluctuations.
The cells where a car slowed down due to noise are shaded grey.

The kind of interaction shown in Fig. (5.13) can take place at any global density, no
matter how low it is. So we should expect to find stopped vehicles at arbitrarily low
densities. However, the probability of interactions decreases rapidly if the density be-
comes low.
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Figure 5.14: The gap distribution for almost free flow (vmax = 6� � = 0�05� � = a = 1).

Assume now that the density is low enough that the motion of vehicles is almost free
and interactions are rare. Fig. (5.14) shows the typical shape of the probability distri-
bution of the gaps for that case. It can be seen that this distribution is almost strictly
exponential with a cutoff at a gap g0 which is near the maximum velocity vmax. In a
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situation like that only the small fraction of cars that is found near the edge g0 can par-
ticipate in interactions. So in a system with the mean gap hgi the probability Pint of a
car to interact is to a good approximation inversely proportional to hgi − g0:

Pint � 1
hgi − g0

� (5.26)

To estimate the number of stopped cars, the following mechanism will be assumed:
A car can slow down to a velocity v − �v considerably lower than the mean velocity
in the free flow by first interacting with a car that moves at velocity v and then being
slowed down by�v in the randomization step. So for the probability P(v) to find a car
at velocity v the relation

P(v −�v) � P(v)Pint (5.27)

holds. Using the first order Taylor series expansion of the left hand side and inserting
the expression for Pint yields a first order differential equation for P(v), which is solved
to give

P(v) � e

�
1− �

hgi−g0

�
v
�v � (5.28)

where � is some unknown parameter. The assumptions made here only hold for a small
fraction of the vehicles, namely those that interact, so P(v) in the form (5.28) certainly
cannot be normalized. However, for velocities close to the mean free velocity the prob-
ability to find a car should become independent of g because the great majority of the
noninteracting cars stay close to the mean free velocity and serve as a reservoir for the
interacting cars. So instead of a normalization condition we have a boundary condition
for P(v) as v approaches the mean velocity in the free flow.

From this it can be concluded directly that the gap dependence of the probability P(0)
to find a stopped car has to be of the form

P(0) � e
�̂

hgi−g0 � (5.29)

where �̂ cannot be calculated from this simple analysis. It can be seen that the propor-
tion of stopped cars grows rapidly and finally diverges, as the mean gap hgi approaches
g0. Of course there is no divergence in reality, because the assumption that only few
cars interact, made for the derivation of this formula, breaks down before.

Fig. (5.15) displays P(0) on a logarithmic scale as a function of 1�(hgi − g0), where g0

was measured from a gap distribution at low densities. The functional dependence of
P(0) estimated from the simple argumentation is reproduced remarkably well for about
five orders of magnitude. For gaps close to g0 deviations are found, as expected.

Just looking at Fig. (5.15) one may underestimate, how rapid the change of P0 as a
function of the density takes place when the “critical” density �0 = 1�(g0 + 1) is ap-
proached. The simulation results displayed in the figure correspond to a change of P0



5.4. THE HIGH–DECELERATION–LOW–ACCELERATION–LIMIT 43

simulation

1e-09

1e-08

1e-07

1e-06

1e-05

0.0001

0.001

0.01

0.1

1

0 0.5 1 1.5 2 2.5 3

P(0)

(hgi − g0)−1

theory

Figure 5.15: The proportion of stopped vehicles for a = 1, � = 0�8 as a function of
1�(hgi − g0).

by three orders of magnitude within a density interval of only about 0�02. This rapid
change may easily be misinterpreted as indicating a phase transition. But first, as noted
before, different types of investigations have shown that there is no phase transition at
that point and secondly it has been shown here that the rapid change can be explained
within the picture of almost free vehicle motion.

5.4.4 Evolution of jams

Intuitively a structure found in traffic would be considered a traffic jam, if two proper-
ties are found. First there have to be stopped cars in this structure. Secondly the struc-
ture has to be large in the sense that a sufficient number of vehicles are involved. If
structures with these properties are found in the model, they at least look like traffic
jams.

In the last section it has been shown that interaction always makes a small fraction of
cars stop spontaneously. So all that remains to do is to show how these “microscopic”
jams that are continuously injected into the system can evolve into macroscopic struc-
tures. This can be seen using a simple argument, following Paczuski [57].

Consider a single jam. The probability distribution P(n� t) for the number n of cars in-
volved in the jam is determined by the balance of vehicles entering and leaving the jam:

P(n� t + 1) = (1 − rin − rout)P(n� t) + rinP(n − 1� t) + routP(n + 1� t) � (5.30)
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Here rin and rout are the rates, at which cars enter and leave the jam, respectively. The
parameter rin is mainly determined by the density upstream of the jam, while rout is an
intrinsic property of the jam.

If n is sufficiently large, this can be expanded to first order, yielding

�P
�t

= (rout − rin)
�P
�n

+
rin + rout

2
�2P
�n2

� (5.31)

If the global density is low enough so rout > rin, microscopic jams dissolve immediately.
This is exactly the case, where the approximation made in the last section, that cars
move almost freely, holds. When the density is high enough, the system will reach an
equilibrium state in which the inflow into any jam is simply the outflow from some other
jam upstream. In this state the first term on the right hand side of equation (5.31) van-
ishes and the probability distribution P(n� t) is described by a diffusion process. Note
that the norm of this distribution is not conserved if only n > 0 is considered, because
jams cannot only change size, but also dissolve.

However, from the fact that the equation is invariant under the scale transformation
(n → �n� � → �2� ), it can be seen immediately that the average number of cars in
surviving jams hni(t) evolves like

hni � pt � (5.32)

So if we look at an ensemble of jams, after a short while only large jams will remain.
If no new jams are created, even the large jams will finally dissolve. However, if there
is a mechanism to inject microscopic jams into the system, like in this model, the equi-
librium state will contain large structures.

The important conclusion that has to be drawn from this simple theory is that the ex-
istence of large structures of very slow cars does not depend on the actual traffic flow
dynamics, as long as there is some mechanism that injects stopped cars into the sys-
tem. So the fact that these structures can be found in the model considered here does
not necessarily mean that a model of real traffic jams has been found.

Still one question has to be answered. The above calculations have shown that the typi-
cal size of the jams does not grow like

p
t for large t as proposed from the random walk

argument, but instead approaches a finite limit. The reason for this is that in the random
walk argument the process of the branching of jams has been neglected. The branching
of a jam becomes the more likely the larger the jam is. This fact limits the growth of
the jams. Obviously the branching of jams and the stochastic dissolution of small jams
in favor of the large ones are competing effects that reach a dynamical equilibrium for
t → �.
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5.4.5 The outflow from jams

The evolution of jams is governed by the rates rin and rout at which vehicles enter and
leave the jams respectively. The random walk that the length of a jam performs is bi-
ased, if these rates are different, it is unbiased, if they are equal. The case rin < rout,
where a jam dissolves, has been noted. Still the question remains, whether the case
rin > rout is possible. This case would result in a positive bias, leading to an almost
deterministic growth of jams.

The answer can be given easily by looking at the fundamental diagram of the model.
Assume that the system can be described approximately by jammed regions displaying
a mean flow qj and free regions displaying a mean flow qf. In that case the global flow
in the system is given by

q(�) =
(� − �f) qj +

�
�j − �

�
qf

�j − �f
� (5.33)

So the fundamental diagram q(�) is a linear function of the density, that assumes the
value qf for � = �f and qj for � = �j. On the other hand we know that vehicles move
almost freely in the free flow, so qf � �f(vmax − �a�2). Consequently the point (�f� qf)
is found where the straight lines describing free and jammed flow intersect.
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Figure 5.16: The outflow from jams is higher than the maximal globally attainable flow.

Fig. (5.16) displays this point. We see that the model does not reproduce the capacity
drop of real traffic, because the outflow from jams is not lower than the maximum flow.
In fact, it is even higher than the maximum flow attainable in global averages taken
over long time intervals. This property may appear quite peculiar at first, but it simply
expresses the fact that the outflow from jams is unstable and always breaks down to
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form new jams. If a system is prepared at the global density �f, it therefore contains
small jams. However, these small jams have properties that are different from those of
large jams. For example, they obviously have an outflow density lower than �f.

The important point for the evolution of jams is the fact that a deterministic growth of
jams is impossible in this model because the average inflow into a jam can never be
larger than the average outflow from that jam. Consequently the only mechanism al-
lowing the effective growth of jams is the stochastic dissolution of small jams described
before.

5.4.6 Finite size effects

At this point some remarks on effects of very small system size should be made, be-
cause it is important to distinguish these effects from effects in infinite systems that
look similar and will be reported later.

It has been shown that the slowing down of vehicles to a complete stop always involves
a minimum number of interactions that is determined by the maximum velocity vmax

and the maximum deceleration due to the randomization step �a. Namely the minimum
number of interactions is an integer near vmax�(�a). It is very obvious that the mecha-
nism of bringing cars to a stop cannot work any more, if there are too few cars in the
system to provide a sufficient number of interactions.

This can lead to the phenomenon that the shape of the fundamental diagram changes
for very small systems. Fig (5.17) shows a sequence of fundamental diagrams for a
system with vmax�(�a) = 6 for different system sizes. The shape that the fundamental
diagram exhibits looks similar to that of models that exhibit metastable states of high
flow. Such models display a branched fundamental diagram and will be discussed in
the next section. The effect shown here can be distinguished clearly from the effects
in these models, because no second branch exists in the fundamental diagram and no
discontinuity is found. This has to be kept in mind, when metastability is discussed
later.

The finite size effect for a system containing N vehicles can be quantified looking at the
difference �q(N) between the maximum flow of that system and the maximum flow
for an infinite system. Fig. (5.17) displays the scaling of�q with the system size N. A
similar analysis has already been performed in [70].
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Figure 5.17: Shifting of the jamming point to higher densities in small systems con-
taining N cars. The quantity�q(N) is defined as the difference between the maximum
flow for a system of size N and the maximum flow for an infinite system.
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5.5 Low–acceleration–low–deceleration–models

5.5.1 Phase separation

The next case that will be looked at is the case of low acceleration and low decelera-
tion. We will now consider models for which the parameter b is small. The parameter a
will be chosen to be small enough so the approximations of the high acceleration limit
do not hold. Typical values of a and b considered in this section will be about of the
order of magnitude as the values estimated to be realistic at the beginning of the model
formulation (a = 0�2 and b = 0�6 for the following calculations). Since a is sufficiently
small, it can be expected that jam formation takes place.
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Figure 5.18: The early stage of a developing jam.

Indeed, taking a look at the space time plot in Fig. (5.18) shows that the system sepa-
rates into free and jammed regions at intermediate densities. It can be seen immediately
that the growth mechanism of the jam displayed here is fundamentally different from
that of the models of the high deceleration limit. The jam seems to grow almost de-
terministically. Obviously the average inflow into the jam is larger than the outflow
from it. Therefore such a jam can grow to an arbitrary size as long as the inflow is not
lowered.

Fig. (5.19) displays the average length of jams for that density as a function of the sys-
tem size after allowing the system to reach an equilibrium state. The average length of
the jams rises linearly with the length L of the system, if L is sufficiently large. For that
reason not hni itself, but hni�L is displayed in Fig. (5.19).
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Figure 5.19: The ratio of average jam length and system size as a function of system
size.

To create the figure a homogeneous state was prepared that will in the next section be
identified as a metastable state. Then a single car was perturbed which created a sin-
gle jam. No other jams developed, which explains the linear dependence of the jam
length on the system size. Deviations from linearity for small systems originate from
the transition region between jams and free flow. It can be seen easily that this leads
to a behavior of the form hni = � + 
�L. A function of this form has been fitted to the
data and included in the figure.

It is also possible to start the system at a density that is high enough so the homoge-
neous state is not metastable, but unstable. In that case a large number of jams develop
simultaneously. Once these jams are in equilibrium (i.e. inflow equals outflow), the
jams dissolve stochastically due to the random walk that their length performs, just like
in the high deceleration limit. In contrast to that limit, however, no new jams are cre-
ated, because the outflow from jams is stable, as will be shown later. So the number of
jams decreases until only one jam is left. This last jam cannot dissolve any more, be-
cause its inflow and outflow are no longer independent, so the random walk picture is
no longer valid. Fig. (5.20) displays the number of jams in a system that was started in
a homogeneous state at a density of � = 0�3, where the homogeneous flow is unstable.

For models of this kind the jamming transition is obviously a phase transition in a rigor-
ous sense and it is justified to denote the mechanism described here as phase separation.
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Figure 5.20: The number of jams in an initially homogeneous system as a function of
time.

5.5.2 Metastability

Fig. (5.21) shows the fundamental diagram for a model of this kind in the vicinity of
the point of maximum flow. The diagram has been calculated performing simulations
in a system of length 105, corresponding to about 750km of real road, averaging over
105 time steps, corresponding to roughly 28 hours of real time.

The striking property of this fundamental diagram is that it has got two branches. This
means that in an intermediate range of densities the flow is no longer defined uniquely
by the global density. Instead, the same global density can either lead to a homoge-
neous state of high flow or to a state containing macroscopic jams. The upper branch
of the fundamental diagram was calculated starting the system in an initially perfectly
homogeneous configuration. The lower one was calculated starting from an initially
inhomogeneous configuration.

If the system were deterministic, the upper branch obviously would be metastable and
the lower one stable, because in a state of the upper branch any small jam would in-
evitably grow. Due to the fact that the system is stochastic, however, there is also the
stochastic dissolution process mentioned before that allows transitions from the lower
branch to the upper branch. If the global density is close enough to �f in a finite system,
the rate, at which jams dissolve, finally becomes higher than the rate, at which jams are
created, so in long time averages the upper branch will appear to be stable. In infinite
systems this effect disappears, however, because the lifetime of the jams grows roughly
quadratically with their size.
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Figure 5.21: The branched fundamental diagram. The dotted line is an extrapolation
of the calculated part of lower branch, intersecting the upper branch at �f.Parameters
a = 0�2, b = 0�4, � = 1.

When calculating the fundamental diagram, one can, instead of creating a new system
for every density, just as well add vehicles to or remove vehicles from a system. If one
keeps adding vehicles to a homogeneous state, the system remains on the upper branch
of the fundamental diagram until it undergoes a transition to a jammed state, when the
density leaves the range of metastable states and enters the region, where homogeneous
states are unstable. After this transition the jams remain in the system, even if the vehi-
cles just added are removed again. The jams only disappear, when the density reaches
the point, where the two branches meet. In this way a hysteresis loop can be traced.

The point, where the upper and lower branch intersect, corresponds to the point where
the last jam dissolves, i.e. when the global density becomes equal to the density of the
free flow �f, which in equilibrium is equal to the density of the outflow from the jams.
We see that this density is considerably lower than the maximum density in the free
flow. Obviously this finally models the capacity drop correctly. Note also that qf is the
boundary flux for the existence of jams, so the outflow from jams is stable.

5.5.3 The outflow from jams and jamming dynamics

The fact that the outflow from jams is not maximal alters the jamming dynamics con-
siderably compared to the models of the high deceleration limit. In those models it has
been shown that jamming can be described quite well by assuming that microscopic
jams are injected into the system randomly, whose size n from that point on evolves
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performing a random walk. The model considered now displays fundamentally dif-
ferent dynamics. Consider a system in a state corresponding to the metastable upper
branch of the fundamental diagram. If a small jam occurs in this situation for whatever
reason, the outflow from this jam is smaller than the inflow, and the jam will grow in-
evitably until an equilibrium situation is reached, where inflow and outflow are equal
again.
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Figure 5.22: The reduced flux downstream of a jam.

Fig. (5.22) displays a situation of that kind. The flux is displayed as a function of the
space coordinate x. A small developing jam can be seen. The outflow is significantly
lower than the inflow, so the jam is growing. Due to the reduced density downstream
of the jam, interactions between the cars are much weaker and the flow is stable as can
be seen in Fig. (5.23).

It has been noted before that empirical traffic data show that there is no significant de-
pendence of the outflow from jams on the inflow conditions in real traffic. To check,
if this property is also found for the model proposed here, the following experiment is
performed. A jam is prepared at the initial density 1. Then vehicles are fed into the jam
at a prescribed inflow qin. The position where the cars are fed into the jam is kept at a
fixed distance from the upstream front of the jam. Downstream of the jam there is an
open boundary. The system is allowed to equilibrate until the outflow qout is stationary
and the whole jam consists of vehicles that have been introduced into the jam at the
prescribed inflow. Note that the state that is acquired in this way is not stationary in
the sense that the length of the jam is time independent. In general, the jam will either
increase or decrease due to the difference between inflow and outflow. In this setup qout

can only be, if at all, a function of the inflow qin.

Fig. (5.24) displays the outflow as a function of the inflow. If a linear dependence be-
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Figure 5.23: The reduced interactions downstream of a jam.
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Figure 5.24: The dependence of the outflow from a jam on the inflow.

tween the quantities is assumed, the derivative dqout�dqin is numerically found to be
(2� 5) � 10−4. So there is no significant dependence between inflow and outflow in this
model. At a first glance this may appear as a trivial result, but later a model will be
discussed that lacks this important property.
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5.6 The role of noise

5.6.1 Introduction

So far, it has been shown that there are two basic ingredients to a realistic model of
jamming. Firstly, vehicles have to be able to slow down in an interaction to a velo-
city slower than that of the preceding car. That means there has to be some mechanism
modeling overreactions. Secondly, the outflow from jams has to be lower than the max-
imum flow. In the model presented here it is the noise that is responsible for both of
these features, which will be shown now. The considerations are restricted to the low–
acceleration–low–deceleration–model, because this was the only case that displayed
realistic jamming dynamics.

This section is to be understood as a preparation for section 5.7, where the phenomena
found so far are interpreted in a unified, phenomenological framework.

5.6.2 The jamming point

First the mechanism of overreactions, that destabilizes dense traffic, is looked at. It has
been noted before that the quantity g − vl is always nonnegative, so the maximum safe
velocity is never lower than the velocity of the preceding car. The fact that drivers may
“overreact” is modeled only in the randomization step, where drivers deliberately slow
down to velocities lower than necessary. The probability that overreactions lead to a
breakdown of traffic rises with increasing density. For a given noise parameter � there
is a density �c(�), where traffic flow typically breaks down due to overreactions. Again,
this point cannot be defined rigorously, even if the breakdown is a true phase transition,
it can only be stated that the lifetime of the homogeneous state changes rapidly at �c. To
calculate �c approximately, a system is allowed to equilibrate for 106 time steps. After
that it is checked, whether stopped vehicles are found.

It is quite obvious that �c cannot become any larger than the jam density �j, because
jams contain stopped vehicles. Fig. (5.25) displays the quantity��c = �j − �c for the
model that was considered in the last section, too. The quantity��c vanishes for small
�.

5.6.3 The outflow from jams

As noted before the second important ingredient of a model of jamming is the fact that
the outflow from jams is not maximal.
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Figure 5.25: The difference between the density �c, where the homogeneous flow be-
comes unstable, and the density of the jams �j for a = 0�2, b = 0�6.

To show that the noise is also responsible for this, a single jam in equilibrium with free
traffic is looked at and the flow in the free region is measured. It has been shown before
that the outflow does not depend on the inflow, so this procedure determines the outflow
uniquely. The outflow qf can be compared to the maximum flow qmax.
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Figure 5.26: The difference between the maximum flow and the outflow from jams as
a function of the noise parameter � for a = 0�2, b = 0�6. The dashed line is a linear fit
to the simulation result.
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Fig. (5.26) displays�q = qmax −qf as a function of �. To a good approximation a linear
dependence is found. At the point, where �q vanishes, the metastable branch of the
fundamental diagram disappears and the type of jamming found in the empirical data
is no longer possible.

5.6.4 The homogeneous flow

So far the effects of noise on the outflow from jams and the point where jams appear
spontaneously have been discussed. Intuitively, it is quite obvious that noise also has an
effect on car following, if drivers are not escaping from a jam or overreacting in dense
traffic, but instead simply move in homogeneous traffic.

To describe these effects the concept of a (fictitious) perfectly homogeneous flow will
be introduced, for which the equally fictitious density dependent velocity V(�) is as-
sumed. It is quite important to understand that this relation is indeed purely imaginary,
because a perfectly homogeneous flow can never be realized in a stochastic system, es-
pecially in those regions where the homogeneous state is unstable. Switching the noise
off to be able to measure V(�), however, would change the properties of that function
itself.

So V(�) cannot be measured. Still it will be shown in the next section that it provides an
extremely helpful conceptual basis for understanding all the phenomena found so far.
In macroscopic models the concept of an equilibrium velocity V(�) is a little simpler,
because it represents a valid (although not necessarily stable) state there.

Although the relation V(�) cannot really be measured, the density dependent average
velocity hvi in a macroscopically homogeneous system with small fluctuations will be
a good approximation to it. To get an idea of the effects of noise on this relation, we
look at the mean field result of the high acceleration limit presented in eq. (5.11) as
an example. Remember systems in that limit only evolved into macroscopically ho-
mogeneous states. For the deterministic case we would arrive at hvi = hgi = 1�� − 1.
The leading effect of the fluctuations for hgi � h�i is an increase of the time headway
�h = hgi�hvi to

�h � 1 +
h�i
b

(5.34)

So the drivers basically behave, as if their reaction time were greater than it actually is.
Simulations show that an increase of the time headway is in fact the dominating effect
of noise in the “homogeneous” flow, also if the mean field approximation does not hold.
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5.7 Model classes in the Gipps–family

5.7.1 Introduction

In the preceding sections the phenomena that are found in the Gipps–family have been
described. It has been shown that, depending on how the free parameters are chosen,
the model either displays phase separation in a rigorous sense or formation of only finite
structures or no structure formation at all.
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Figure 5.27: Schematic sketch of the characteristic quantities of a model.

Now the phenomena found so far are interpreted in a common framework. In this way
an overview over the model family can be given. We start from the idea that the prop-
erties of each model are determined by the density dependence of the average velocity
V(�) in a fictitious homogeneous flow, as well as the densities �j and �f of jams and
free regions, respectively, and the density �c, where a homogeneous flow becomes un-
stable and displays a significant number of stopped cars. A similar approach has been
presented in the analysis of macroscopic models [37].

Fig. (5.27) displays the characteristic quantities except �c. Obviously the system can
decompose into macroscopic regions of free flow and jammed flow only, if the density
is in the interval �f < � < �j.

Whether or not it actually does decompose, depends on the position of the point �c,
where homogeneous traffic becomes unstable. Quite obviously �c cannot become any
larger than �j. If these densities become equal, jams cannot be formed any longer. The
two cases that have to be considered now are �c > �f and �c < �f.
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Figure 5.28: Schematic representation of the two basic types of behavior that are found.
The dashed line corresponds to unstable homogeneous states.



5.7. MODEL CLASSES IN THE GIPPS–FAMILY 59

If �c > �f, the outflow from jams is stable and the system decomposes into macroscopic
regions of free and jammed flow. In this case the capacity drop and correspondingly
metastable states are found. This is exactly the type of behavior found for the low–
acceleration–low–deceleration models. Models of this kind will be denoted as models
of type I. If, on the other hand �c < �f, the outflow from jams is unstable, so no large
regions of free traffic can develop, in the presence of jams. The whole upper part of
the fundamental diagram is missing in that case. This is exactly the type of behavior
found for the high deceleration limit, which will be denoted as a model of type II from
now on. Fig. (5.28) displays the two different types of fundamental diagrams that are
obtained, if averages over the complete system are taken.

It has been noted before that the complexity in these models is mediated by the fluc-
tuations introduced in the randomization step. If these fluctuations are made smaller
the models degenerate. However, they do so in different ways depending on whether
a model of type I or of type II is considered. For a model of type I �c approaches �j,
whereas it approaches �f for a model of type II. In both cases no more structure forma-
tion is possible. Models that do not display any structure formation (but are not neces-
sarily deterministic) will be denoted as models of type III.

Now two things remain to be done. First it has to be found out, which models of the
Gipps–family display structure formation and which models do not. Secondly it has to
be checked, for which models �c < �f and for which models �c > �f holds.

5.7.2 The existence of jams

The analysis starts with the investigation of structure formation. To characterize, whether
or not a flow is structured, a suitable order parameter has to be defined that indicates the
existence of jams. In analogy to thermodynamics of critical points for fluids it seems
reasonable, to use the difference of the densities in the jam and the free flow as an order
parameter:

�� = �j − �f (5.35)

The main difficulty is the definition of these densities. We saw that even in cases where
structures are found in traffic flow (like the high deceleration limit), there is not neces-
sarily a unique way of defining what a jam actually is, because in general no real phase
transition between free and jammed states takes place. This may be less problematic
practically, if�� is large and the statistical properties of jammed and free cars can be
distinguished clearly.

If, however, �� becomes small, the overlap of statistical distributions of jammed and
free traffic becomes large. So from just looking at a single car it cannot be defined
clearly, whether or not it is part of a jam.
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It has been shown that the typical size of the structures that are found is much greater
than one, so it will be tolerable to exclude very small structures from the definition of
a jam. The criterion used here to decide whether or not a car is found in a jam, will be
the vehicle’s velocity. So a threshold velocity vthresh is defined and a car is considered to
be jammed, if more than half of the n nearest neighbors (including the car itself) have
got a velocity below vthresh. The threshold velocity has to be chosen in such a way that
it is much higher than the average velocity in a jam and much lower than the average
velocity in the free flow. For this reason it is taken to be vmax�2. The density is chosen
in such a way that half of the cars are attributed to jams. In this way it is ensured that the
statistical weight of vehicles in jams and free vehicles is equal. The density of the jams
and the free flow finally is determined by averaging over the gap in front of jammed
and free vehicles, respectively.
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Figure 5.29: The density difference between jammed and free flow. System length L =
2000, � = 1, relaxation and measurement over 104 time steps, jams were identified
considering n=5 nearest neighbors.

As it is not known a priori, what densities are found in jams and free flow, the condition
that an equal number of vehicles be in jams and free flow leads to an iterative scheme
for the calculation of the densities. Fig. (5.29) displays the quantity�� as a function of
the parameters a and b. The contour line in the a–b–plane corresponds to the line where
�� = 0�1. In this case the noise parameter � was held fixed, so the absolute amount of
noise introduced into the system is proportional to a.

The quantity�� does not vanish exactly. This is a consequence of the fact that there is
a correlation between the momentary velocity of the cars in the immediate vicinity of
a vehicle and the gap in front of that vehicle, even in unstructured flow. So the crite-
rion used here will have the tendency to attribute smaller gaps to jammed flow, even if
there is no structure formation. This effect can be made arbitrarily small by letting the
number n of nearest neighbors that are considered go to infinity. However, the larger n
is, the more small jams are not captured. For this reason a tradeoff has to be made. For
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the calculations presented here n = 5 has been chosen.

The calculations have shown that two different kinds of models can be distinguished
clearly. The models with the ratio of a to b being large enough only exhibit macroscop-
ically homogeneous flow as described for the high acceleration limit. If this ratio be-
comes small enough, spontaneous structure formation is found. Remember, however,
that this does not necessarily mean that a true phase transition is found. It is worth-
while noting that it has been found for the discrete Nagel–Schreckenberg–model that
for the case vmax = a = 1 no structure formation is possible, whereas the classical choice
vmax = 5� a = 1 leads to spontaneous formation of jams. This result is in accordance
with the results presented here.

5.7.3 Stability of the outflow from jams

It has been shown that the character of the jamming mechanism and the question, whether
jamming corresponds to a phase transition, depends on the question, whether or not the
outflow from large jams is stable, i.e. whether or not �f < �c. This property is checked
easily for the model family by preparing systems at a global density equal to that of the
free flow (i.e. the outflow from jams) and counting the number of stopped vehicles in
that state.

We know that for the high deceleration limit there is a nonvanishing probability to find
such cars in this kind of system The proportion of stopped vehicles again will be de-
noted by P0.
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Figure 5.30: The proportion of stopped vehicles in the “free” flow

Fig. (5.30) displays P0 as a function of a and b. Calculations have only been performed
in the region, where structure formation has been found, because elsewhere �f is not
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well defined. To check structure formation, the criterion�� ≥ 0�1 has been used. The
contour line �� = 0�1 can be found in the diagram. It can be seen that P0 is nonvan-
ishing everywhere except in a small region where a and b are small. In this region the
outflow from jams is stable.

5.7.4 Model classes

The results of the last sections can be summarized rather concisely by drawing a dia-
gram that distinguishes the different types of models. The boundaries in this diagram
are the contour lines, where the order parameters P0 and�� acquire some small thresh-
old value (P0 = 0�001� �� = 0�1). Fig. (5.31) shows such a diagram that was created
combining the calculations presented above.
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Figure 5.31: Model classes in the Gipps–family.

The diagram distinguishes three different types of models.

Models of class III (where the high acceleration limit is found) never display any struc-
ture formation. The equilibrium state of these models is always macroscopically homo-
geneous. Obviously real traffic cannot be described using models of this kind, because
the important phenomenon of jamming cannot be described.

Models of class II (where the high deceleration/low acceleration limit is found) display
spontaneous formation of structures. However, these structures do not grow arbitrarily
and the jamming transition is no phase transition. The outflow from jams is unstable
for these models.
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This is different in models of class I. These models display jams with a stable outflow,
and macroscopic phase separation is found. Models of this kind also show the impor-
tant phenomenon of metastability. This means that the equilibrium state of the system
is not determined uniquely by the global density in the system. Instead the same density
can either lead to a partly congested state, where all vehicles are affected by interactions
but remain in a macroscopically homogeneous state or to a state displaying jamming
phenomena.

Thinking of the empirical properties described at the beginning of this work, it is rather
clear that only models of class I describe traffic in a qualitatively correct way. Note
that the set of parameters a and b that have been estimated at the very beginning of the
analysis would indeed correspond to a model of class I.

5.8 Concluding remarks

It has been shown that a small part of the model family discussed in this chapter is able
to model the qualitative properties of traffic jams quite well. This part corresponds to
model parameters where accelerations and decelerations are bounded by values that
represent realistic vehicle dynamics.

It has been shown that the model properties are not very robust. If accelerations or de-
celerations are allowed to become arbitrarily large, which of course is unrealistic on the
level of vehicle dynamics, the macroscopic behavior of the model becomes unrealistic
as well.

Furthermore it has been shown that the whole structure of the model behavior is me-
diated by the fluctuations introduced by the randomization step. Since the fluctuations
are characterized only by a single parameter, it is quite difficult to isolate the differ-
ent effects that the fluctuations have. Nevertheless, the effects can be interpreted in a
phenomenological framework quite nicely, if the following effects are attributed to the
fluctuations: The randomization step is responsible for

• the shape of the flow–density–relation in a (fictitious) homogeneous flow,

• disturbances of the homogeneous flow,

• overreactions of drivers, leading to instabilities,

• the density of jams and the outflow from jams,

• the stochastic dissolution of jams.
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If the randomization is omitted or the noise parameter � is made sufficiently small, the
rich structure of the model dynamics degenerates and no significant property of traffic
flow can be described any more. The way the model degenerates is different for the
different model classes. For a model of class I �c approaches �j, for a model of class II
it approaches �f. Correspondingly, qf approaches qmax from below for models of class
I and from above for models of class II.

One may feel uncomfortable with the fact that the whole structure of the model proper-
ties depends on artificial fluctuations that cannot be justified from real car following be-
havior (see car following experiment in Appendix (B)). The fluctuations also mask the
fact that for the high–deceleration–limit no realistic jamming dynamics and no phase
transition are found, because they produce some kind of structure formation by brute
force. For this reason it will be tried to model certain parts of the effects of noise ex-
plicitly in order to obtain a deterministic model of jamming.

Before that, however, some remarks will be made on a cellular automaton version of
the model proposed here.



Chapter 6

Discrete space coordinates

6.1 Spatial discretization of the model

Up to this point only models with continuous space coordinates have been considered.
However, the Nagel–Schreckenberg– model, which is the best–known traffic flow model
discrete in time and space, has been referred to, frequently. The discreteness of the
space coordinate can bear significant computational advantages, because operations on
integer numbers can in general be performed much more efficiently than floating point
operations. The actual speedup in computational performance that can be acquired by
discretizing the system, however, strongly depends on the architecture of the processor
used.

Before a discretized version of our model can be used with confidence, the effects of
discretization will have to be investigated thoroughly. This will now be done by propos-
ing a series of models with discrete space coordinates that bears the continuous formu-
lation as a limiting case. Up to now the space l that a car occupies in a dense jam has
been used as the unit length, now it is assumed that there is some other unit length and
l is an integer multiple of this unit length. The unit of time will remain unchanged.
Each model will be characterized by the parameters l, vmax, a, and b and a parameter
describing the randomization step, as before.

The parameters l and vmax, just like the space coordinate x and the velocity v, will be
assumed to be integer numbers. The maximum deceleration due to the randomization
step is now called�vr instead of �a and is an integer number between 0 and a.

65
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The update rules of the model will be given by

vdes � min[vmax� v + a� vsafe] �

v � max[0� rand[vdes −�vr� vdes]] �

x � x + v �

(6.1)

Here only the case�vr = a will be considered, corresponding to � = 1 in the continuous
model. The safe velocity vsafe can now, instead of being calculated, be looked up in a ta-
ble of moderate size. The safe velocity in the Gipps family was given by an expression
of the form

vsafe = vl +�v(g − vl� vl + vs) �

where

�v(x� y) = x
y

2b +1 �

(6.2)

So a two–dimensional lookup table can be used. The largest distance, for which any
interaction can take place is grange = vmax(vmax�(2b) + 1). So the size of the lookup table
will have to be grange 	 2vmax. The entries of the table are calculated taking the nearest
integer to the value for�v that would be obtained for the continuous model. Due to the
fact that �v can be larger in the discrete than in the continuous case due to rounding,
the safety condition vs < g can be violated and has to be checked explicitly.

It is obvious that the continuous case is recovered by letting vmax, a, b, and l go to infinity
with the ratios between l and the other parameters held fixed. If we set l = a = 1 and
let b → �, the Nagel–Schreckenberg–model is recovered.

The coarsest possible discretization is prescribed by the smallest length scale in the sys-
tem. It has been shown that this is, at least for the models of interest, given by the maxi-
mum acceleration a (remember the time step was set to unity). So the coarsest discrete
model corresponding to a continuous model with the parameters a = 0�2, b = 0�8,
vmax = 6, and l = 1 would have the parameters a = 1, b = 4, vmax = 30, and l = 5.
Different resolutions are obtained taking integer multiples of these parameters.

6.2 The effects of discretization

First the coarsest discretization a = 1 will be considered and be compared to the corre-
sponding continuous model. Fig (6.1) shows the fundamental diagram of the continu-
ous model described by the parameters vmax = 3, amax = 1�3, and bmax = 1. In addition,
the fundamental diagram of the coarsest discrete model corresponding to this (vmax = 9,
amax = 1, bmax = 3, l = 3) is displayed.



6.2. THE EFFECTS OF DISCRETIZATION 67

continuous, lower branch
coarsest discretization

0

0.1

0.2

0.3

0.4

0.5

0.6

0 0.2 0.4 0.6 0.8 1

q

�

continuous, upper branch

Figure 6.1: Comparison of the continuous model and the corresponding coarsest dis-
cretization.

Three significant differences between the models are found. First, no metastability is
found for the discrete model, although the fundamental diagram for the continuous model
is branched. Secondly, the behavior for high densities is different. For density � → 1
the slope of the fundamental diagram vanishes in the continuous case, whereas it re-
mains nonvanishing in the discrete model. Thirdly, the capacity in the discrete case is
significantly lower than even the outflow from jams in the continuous model.

The latter can be understood considering the free flow statistics of both models. In [44]
it has been pointed out that the outflow from jams is determined by the variance of the
acceleration of a freely accelerating car. In the discrete case the variance is higher than
in the continuous case, because in the discrete model the cars are slowed down by either
zero or one in the randomization step, while the whole range between zero and one is
covered uniformly in the continuous case. If the acceleration variance is adjusted to be
equal in both cases, the outflows from jams become almost equal again in both models.

The next point of interest is the limit of high density. It has been shown before that in
the continuous case the mean velocity becomes a quadratic function of the mean gap
at very high densities. The same kind of argument used for the continuous model can
now be used for the discrete model, as well. At very high densities the cars with gap
g in front of them will have a velocity equal to g before the randomization step. If the
density is high enough, only gaps of size zero and one will remain, so half of the cars
having a nonvanishing gap in front of them will be slowed down and come to a stop in
the randomization step, while the rest keeps velocity g. So the mean velocity of cars
with gap g in front of them is g�2 after the randomization. Averaging over all vehicles
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we arrive at the asymptotic behavior of the flow:

qdiscr =
1 − �

2
� (6.3)

For the continuous case it has been shown before that

qcont =
(1 − �)2

�
� (6.4)

In the limit of high density the discrete and the continuous model are found in com-
pletely different states. In the discrete case the jams are dense except for “holes” of
size one that are passed from each vehicle to its successor. This leads to an efficient
use of the holes, whereas in the continuous case holes of varying size are found, which
are in the presence of noise used less efficiently. Since true roads are not discretized,
the efficient use of the holes in the discrete case is rather unrealistic. Traffic flow data
as well indicate that the slope of the fundamental diagram becomes smaller for high
densities [43].

The high density behavior may not appear to be very important for the macroscopic
properties of the model at a first glance . However, it obviously determines the behavior
of cars in jams and therefore is of importance for the way cars escape from jams.
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Figure 6.2: Sequence of discrete models converging towards the continuous limit.

Finally, to show that the discrete models proposed here actually bear the continuous
model as a limiting case, Fig. (6.2) displays the fundamental diagrams of a series of
models of increasing resolution, converging towards the continuous limit. It can be
seen that the second branch in the fundamental diagram appears immediately as the
resolution is doubled. So obviously the coarsest discretization is qualitatively different
from all the other resolutions and the continuous case.
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It has to be stressed again that the actual computational efficiency of the discrete model
strongly depends on the architecture of the computer used and the minimum size of the
lookup table prescribed by a. Remember that the size of the lookup table was approxi-
mately grange	2vmax, where grange is quadratic in vmax. So doubling the resolution of the
automaton will lead to eight times as many entries in the table. The calculations pre-
sented here have been performed on a Sun Ultra Sparc Processor. On that processor the
fully continuous model was running about ten percent slower than the coarsest discrete
model, however significantly faster than the discrete model acquired after doubling the
resolution.

Summing things up it can be said that it has been shown that discretizing the system
may change the macroscopic properties of the model significantly. The coarsest dis-
cretization is fundamentally different from all other discretizations and the continuous
limit. The reason for this is found in the way noise is introduced into the system. In the
case that the maximum acceleration is set to one, the holes in dense traffic are used in
the possibly most efficient way. This is the only case where no branched fundamental
diagrams are found. The analysis presented in this chapter once more underlines the
prominent role that noise plays in the models proposed so far. The model properties
depend on the way noise is introduced in a most sensitive way.

Therefore, now a deterministic model will be proposed that allows the description of
jamming and metastability without the introduction of a randomization step. In the
framework of this model it will also be possible to understand qualitatively, why the
coarsest cellular automaton models and the corresponding continuous models show dif-
ferent types of behavior and what role the car–following behavior at high densities plays
for jamming dynamics.



70 6. DISCRETE SPACE COORDINATES



Chapter 7

Deterministic jamming

7.1 Introduction

In the last chapters a family of stochastic models of traffic flow has been proposed. It
has been shown that some models of that family display phenomena that look similar
to jamming in real traffic flow. However, all models had in common that model per-
formance depended crucially on the introduction of an unrealistically high noise term.
This is a somewhat undesirable feature, because the noise cannot be attributed to any-
thing in real traffic flow. It would be very desirable to find a model which has got the
intrinsic ability to display jams and metastability independent of the noise introduced.
In such a model noise would be responsible for the generation of microscopic “jam nu-
clei” that would then evolve into macroscopic jams independent of the noise, driven
solely by the inner dynamics of the model.

The very obvious fact that a microscopic jam always evolves into a macroscopic one,
if its outflow is smaller than its inflow, has been discussed before. If jams in a model
display the property of a reduced outflow, the model should therefore show spontaneous
jamming as well as metastability. This fact is independent of the question, whether or
not any stochasticity is introduced into the system.

Now a deterministic model will be discussed that shows most of the phenomena known
from the stochastic models of class I as defined in section 5.7.4 without the introduc-
tion of noise. The basic idea of the model formulation will be the following. Instead
of describing the effects of imperfections in the way drivers react using a noise term,
some of the effects of noise in the stochastic model will be captured introducing an “ef-
fective desired gap” ĝdes, which is different from the optimal desired gap vl�t used so
far. In this way it will be possible to explain the phenomenon of jamming in a purely
deterministic way.

71
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7.2 The effective desired gap

When the model family discussed in this work was formulated, a velocity dependent
“desired gap” gdes was introduced, which was in the Gipps family chosen to be vl� ,
where vl is the velocity of the leading car and � is the reaction time. In the deterministic
case the minimum time headway between successive vehicles in homogeneous traffic
would be equal to � , in stochastic models it is significantly larger.

It is not very far fetched to try to describe the effects of noise by introducing an effective
desired gap ĝd. This quantity can be measured by averaging over the gaps that are found
between pairs of vehicles for which vf(t +�t) � vl(t).
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Figure 7.1: The effective desired gap for a continuous model and its coarsest discretiza-
tion.

Fig. (7.1) displays the effective desired gap measured in this way, once for a continuous
model with a = 0�5 and b = 1 and once for the corresponding coarsest discretization.
The condition vf(t + �t) � vl(t) was checked before the randomization step for the
following car. For the discrete model the velocities have been rescaled to the corre-
sponding velocities of the continuous model to make it easier to compare the functions
displayed.

The slopes of the curves (corresponding to the time headways) that are found for high
velocities are different in the two cases due to the differences of the velocity variance as
reported above. The functions are almost strictly linear for all but very low velocities.
For velocities lower than a, however, the functions deviate from the linear velocity de-
pendence substantially. Due to the fact that a prescribes the smallest length scale in the
discrete model, this deviation is only significant for v = 0 in the discrete case.
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This difference between the continuous model and its coarsest discretization is respon-
sible for the fact that no metastable states can appear in the discrete model, as will be
explained in the next section.

The deviation of the function ĝdes(v) from linearity for small values of v is not just a
specific property of the model proposed here, but arises from the fact that gaps never
become negative. At high velocities the gap for a given velocity may fluctuate symmet-
rically around its average. At lower velocities an asymmetry is imposed by the condi-
tion that gaps are nonnegative, which immediately leads to the effect of an increase of
the effective desired gap.

For this reason the same behavior should also be found on real highways. Indeed, this
behavior has been reported in the literature, see for example [54].

When a deterministic model is formulated, the deviation of the velocity dependent de-
sired gap from linearity will have to be taken into account.

7.3 Deterministic car following and escaping

from jams

To indicate, how jamming can occur within the framework of the modeling approach
presented in this work, even in the deterministic case, a few remarks on deterministic
car–following and escaping from jams have to be made.

Consider a pair of vehicles. In equilibrium the cars can follow each other safely at a
time headway �h that is equal to the reaction time � .

�h = � (7.1)

When cars escape from a jam, they can do this safely at a time headway equal to � , too.
In this case the outflow from the jam is equal to the maximum flow. However, there is
no a priori reason why the delay time �esc in the process of escaping from jams should
be exactly equal to � . In fact it has been shown in the last section that the strict non-
negativity of the gap imposes a boundary condition that leads to an effective increase of
the gap at low velocities, thus increasing the escape time. Therefore �esc may be some
time constant greater or equal to � :

�esc ≥ � � (7.2)

The ratio between the outflow from jams and the maximum flow is then given approx-
imately by

qout

qmax
� �

�esc
≤ 1 � (7.3)
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So the outflow is reduced, if the escape time is larger than the reaction time. This simple
fact has been pointed out by Kerner [41].

Yet, how can the existence of two different time scales be modeled in the framework of
the model proposed here? Consider two cars in the model, initially standing in a jam
bumper to bumper (g = 0). As usual, the velocities of the cars are denoted by vl and vf.
Assume that at time t = 0 both cars are still standing. After the time T, when the two
cars have escaped from the jam and accelerated (in discrete time steps of length�t = 1,
as usual) to some final velocity v(T), the gap between them is given by

g(T) =
TP

t=0
(vl(t) − vf(t))

= vl(T) +
TP

t=1
(vl(t − 1) − vf(t))


 vl(T) +� �

(7.4)

From this, the approximate relation (7.3) can be resumed. However, we want to inter-
pret this equation in a different way. A flow reduction in the outflow through a reduction
of the density can only be achieved, if the second term� in the expression for the final
gap (7.4) is positive.

Now consider the safety condition once more:

vf(t + 1) ≤ vl(t) +
g(t) − gdes(t)

�r(t)
� (7.5)

Obviously the safety condition forces � to become positive only if g − gdes becomes
negative. However, we saw that in the Gipps family this can never happen, so the de-
terministic outflow from jams in the Gipps family is always equal to the maximum flow.

The fact that the true gap never becomes smaller than the desired gap appears some-
what unrealistic, and in the beginning it has been mentioned that not all collision free
models do possess this property. If gdes is assumed to be a function of the velocity of
the car in front, for example, the gap g can become smaller than gdes during a phase of
deceleration, if

�t −
g�des(vl)

vl
> 0 � (7.6)

as shown in chapter 4. Note that in the Gipps family the left hand side of this inequality
always vanished, so the inequality could not be fulfilled. However, if the slope of the
desired gap as a function of the velocity of the vehicle in front becomes small enough,
as is the case for the “effective” desired gap noted above, the inequality can be fulfilled
and deterministic jamming can be expected.
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7.4 A deterministic model of jamming

The model considered now only differs from the models of the Gipps family in the
choice of gdes(vl) and the fact that the random perturbations have been eliminated. Again
we set�t = � = 1. So the model equations are given by

v(t + 1) = min[v(t) + a� vmax� vl(t) + g(t)−gdes(vl)
�b(t)+1 ] �

x(t + 1) = x(t) + v(t + 1) �
(7.7)

where �b is defined as in the Gipps family and gdes is chosen to be the effective desired
gap ĝdes(v) found for the stochastic model. For reasons of consistency with�t = � = 1,
however, ĝdes(v) has to be rescaled to yield slope 1 for high velocities.
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Figure 7.2: Space–time–plot of the deterministic model for a random initial configura-
tion.

Fig. (7.2) displays a space–time plot of a model state of high density. The system was
started in an initial configuration, where the position of every vehicle had been chosen
randomly. Clearly phase separation is found, although no noise is present.

The velocity of the downstream front of the jam fluctuates due to the fact that the den-
sity within the jam is not constant. Quite in contrast to the stochastic model, this model
appears to show a strong dependence of the outflow from a jam on the inflow condi-
tions (this will be shown in the next section). This fact is quite remarkable and can be
considered a major weakness of this model.

Next, the fundamental diagram is looked at. Fig. (7.3) shows the fundamental diagram
in the interesting range of densities. The diagram was calculated starting the system
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Figure 7.3: Fundamental diagram for the deterministic model of jamming.

from different random initial configurations and averaging over a time interval of 5000
time steps after a relaxation of 5000 time steps. We see the remarkable fact that the
fundamental diagram again is branched. Due to the fact that the outflow from the jams
is lower than the maximum flow, this result is not surprising.

Now it also becomes clear qualitatively, why the behavior of the coarsest discretization
in the stochastic model was qualitatively different from discrete models of higher res-
olution and the continuous model. In the coarsest discretization a car never “sees” the
deviations of the velocity dependence of ĝdes from linearity as long as the predecessor
moves (vl > 0). If we used a corresponding discrete deterministic model of that kind,
where gdes is derived from ĝdes, the gap could never become smaller than the desired
gap as long as the predecessor moves. Consequently the deviation of ĝdes from the lin-
ear velocity dependence would have no effect on the way cars escape from jams and
the escape time therefore would be equal to the time headway at high velocities. So no
deterministic jamming would be possible in that case.

7.5 Outflow from jams

As already done for the stochastic model, the outflow from the jam qout can be inves-
tigated as a function of the inflow qin. Again, a homogeneous flow will be introduced
into a jam at a prescribed distance from the upstream front of the jam.

Fig. (7.4) displays the results. This time a strong dependence between inflow and out-
flow is found. The outflow depends on the inflow in a quite peculiar way. This is even
more surprising considering the fact that the density in the jam is a quantity that in-
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Figure 7.4: The flux out of the jam depends strongly on the inflow.

creases smoothly with increasing inflow ( Fig. (7.5)).
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Figure 7.5: The density in the jam as a function of the inflow.

To understand the strange behavior of the outflow, we express the outflow as a function
of the average escape time �esc and the density in the jam �jam. For this end the velocity
of the downstream front is written in two different ways:

vdown = − 1
�esc�jam

vdown = − qout−qjam

�jam−�out

(7.8)

The simulations show that qjam vanishes in the deterministic model. Equating these ex-
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pressions and taking into account that �out = qout�vmax one arrives at

qout =
1

�esc + 1
�jamvmax

� (7.9)

The decisive question is, what escape times are possible in a time discrete determinis-
tic system. In the steady state the average downstream front of the jam will be some
stationary moving profile. If the dynamics of escaping from jams within this stationary
average profile are periodic with period p, that means, if the car with the index n + p
escapes from the jam in the same way as the car with index n, then the average escape
time is given by

�esc =
1
p

pX
i=1

�i � (7.10)

where �i are the individual escape times. Note that �i can only assume integer values
due to the discreteness of the time step. So �esc is restricted to rational values as long
as there is a finite period p.
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Figure 7.6: The measured escape time.

Fig. (7.6) displays the measured escape time as acquired by solving eq. (7.9) for �esc

and inserting the measured outflow and jam density. Note that the fact that �esc takes
the form of a “devil’s staircase” is not a specific property of the car following behavior,
but arises from the discreteness of the model in time.

It could be shown in this chapter that jamming and the existence of metastable states
can be explained within the framework of a purely deterministic model. The jamming
transition this time again is a true phase transition. However, the model shows the great
weakness that the outflow from jams strongly depends on the inflow conditions. For
this reason the validity of the model is limited. Due to the fact that the stochastic model
of jamming did not exhibit this weakness the deterministic model will not be considered
any more in this work.



Chapter 8

Multilane traffic

8.1 The distribution of maximum velocities

Up to now only systems with a uniform maximum velocity of the vehicles have been
considered. For single lane traffic it is indeed a reasonable assumption that all maxi-
mum velocities are approximately the same, because fast vehicles are trapped behind
slow vehicles anyway, so drivers might adjust their maximum velocity to that of their
predecessor. If a probability distribution for the maximum velocity is used that is dif-
ferent from a 
–function, the faster vehicles will build up queues behind the slower
vehicles. These queues are usually referred to as platoons.

In multilane traffic this is substantially different. Here, there is a constant interplay be-
tween platooning due to the fact that the desired maximum velocities are different and
the dissolution of platoons due to passing. If the maximum velocity is equal for all cars
in multilane traffic, there is no point in passing. For this reason the question, whether
or not quantities like the densities and flows on both lanes are modeled realistically,
depends crucially on the correct choice of the maximum velocity distributions.

Consequently, for all calculations that will be performed in this section, distributions
for the maximum velocity will be used that have been drawn from induction loop data
under conditions of very light traffic. The probability distributions have been measured
separately for trucks and cars, so effects that depend on the proportion of trucks in the
system can be considered.

Fig. (8.1) shows the velocity distributions obtained from induction loops on the Au-
tobahn A1 in Nordrhein–Westfalen, once for conditions of light traffic (density below
5 veh./km) and once for dense traffic (density above 30 veh./km). It can be seen that
the probability distribution of the trucks resembles that of the cars under conditions

79
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Figure 8.1: The velocity distributions as measured on the A1 under conditions of light
and heavy traffic

of heavy traffic, because no vehicle can move at the desired speed. If traffic is light
enough, however, so every vehicle can move almost freely, these distributions differ
substantially. The distributions measured for light traffic are used as approximations
for the distributions of maximum velocities in the simulations of this chapter.

8.2 Generalization of the model

So far only single lane traffic has been modeled. In reality, however, this situation is
hardly ever found on highways. Instead, a road generally is made up of two or more
lanes, which allow vehicles to pass. So the model will have to be generalized to multi-
lane traffic.

After the generalization the time update will consist of three steps. In the first step
lane changes are performed in the way specified below, in the second step the veloc-
ities are adjusted as specified in the single lane model, and in the third step the vehicles
are moved according to their new velocity.

The generalization to multilane traffic is done in a straightforward way. To model mul-
tilane traffic, the car following model proposed so far will be used and be supplemented
by lane changing rules. Remember that the whole car following model was developed
on the basis of the assumption that velocity, acceleration, and deceleration are bounded
and that the system is free of collisions. Now the same simple approach can be used to
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describe lane changes. We will refer to the slow lane as the “right lane” and the passing
lane as the “left lane”.

The model formulation is based on a few very simple assumptions:

• A lane change is performed, if it is favorable and safe.

• Passing on the right side is allowed only under congested conditions.

• There is a small probability pchange that a safe lane change is performed, even if
it is not favorable.

Now the terms used in the above rules have to be specified. For this end the follow-
ing notation will be adopted: The variables g, vl and vsafe will keep their meaning, the
superscript � � �(o) will denote these quantities taken with respect to the respective other
lane.

For uncongested conditions the left lane is devoted to passing. In that case a lane change
to the left is favorable, if a driver cannot go as fast as desired i.e. if vsafe < vmax. A
change to the right lane is favorable, if a driver is neither following a car on the left
lane nor passing a car on the right lane, i.e. if vsafe > vmax and v(o)

safe > vmax.

Under congested conditions the situation of a driver cannot be improved significantly
by changing lanes. Since passing on the right side is no longer prohibited then, both
lanes are equally attractive for the drivers. Therefore a lane change is not favorable
under congested conditions.

The simplest way to keep a vehicle on the right lane from passing a vehicle on the left
lane is to treat the preceding car on the left lane in the same way, as if it were found
on the right lane. That means, one demands v(t + 1) < v(o)

safe(t) in the velocity update.
However, it is certainly not desirable to have a car on the right lane brake hard due
to the small gap g(o) that may arise if it has just been passed by another vehicle. This
situation can be excluded quite easily. Remember that the car following rules always
guaranteed that g − vl ≥ 0. So if the predecessor on the left lane is treated in the same
way as the predecessor on the right lane, the situation g(o) − v(o)

l < 0 can only arise from
being passed. Therefore we only demand v(t + 1) < v(o)

safe(t), if g(o) − v(o)
l ≥ 0.

Finally, a situation will be assumed to correspond to a congested state, if the safe veloc-
ities, taken with respect to both lanes, are found below some sufficiently low threshold
vthresh. The rules are summarized once more in a pseudo-code form (rand denotes a
random number between 0 and 1):
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• Lane changes:

congested = (vsafe < vthresh) and (v(o)
safe < vthresh)

favorable(right→left) = (vsafe < vmax) and (not congested)
favorable(left→right) = (vsafe ≥ vmax) and (v(o)

safe ≥ vmax)

if ((favorable(i → j) or (rand < pchange)) and safe(i → j))
then change(i → j).

• Passing on the right side: For vehicles on the right lane apply

if (v > v(o)
safe) and (not congested)

then v � v(o)
safe.

To complete the model, it has to be defined, what a safe lane change is. In single lane
traffic the system remains free of collisions if g−vl is fulfilled once in the whole system
and the velocity v(t + 1) of each car is chosen in such a way that v(t + 1) < vsafe(t). The
choice of vsafe was motivated by the intention that a driver can always avoid a collision
using only limited braking capabilities b.

Now a lane change will be assumed to be safe, if after the lane change each vehicle is
found in a situation that is compatible with safe car following in single lane traffic. That
means we require that after the lane change the conditions

g − vl > 0
and
v(t) − b ≤ vsafe(t)

(8.1)

hold in the whole system.

Note that, if these conditions are used, drivers allow themselves to make the successive
driver on the lane they are changing to brake as a direct consequence of the lane change.
This is, of course, a quite aggressive driving strategy. At a first glance it might appear
more appropriate to use a more cautious strategy by requiring, for example, that no one
is hindered by the lane change. This would lead to the condition that v(t) + a ≤ vsafe(t)
holds in the whole system after the lane change. If such a cautious safety rule is used,
however, a problem arises that will be denoted as “desynchronization”. This means
that systems of intermediate density decompose into almost free flow on the left and
congested flow on the right lane, because the slow vehicles on the right lane, which are
stuck in congested flow, do not dare change lanes, because they do not want to hinder
the vehicles that are speeding by on the left lane. This state is never found in real traffic,
so the aggressive lane changing rules seem to be more realistic.
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Figure 8.2: Small disturbances in dense traffic: If drivers are assumed to change lanes
cautiously without hindering other drivers, the system desynchronizes at perturbations.
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To illustrate desynchronization, Fig. (8.2) displays three different pictures of dense traf-
fic at approximately the same density. The first displays induction loop data drawn from
the Autobahn A43 near Bochum, the second corresponds to the model proposed here,
using the “reckless” safety condition v(t)−b ≤ vsafe(t), the third displays the same model,
where only the safety condition for lane changes has been changed to the more cautious
condition v(t) + a ≤ vsafe. It can be seen that the cautious strategy leads to wrong re-
sults, because the system desynchronizes at perturbations. This means that far too few
vehicles use the left lane.

It has to be noted, however, that the effect of desynchronization becomes less pronounced,
if a narrower distribution of maximum velocities is used. So the observation that less
aggressive lane changing rules lead to desynchronization is not universal, but only ap-
plies for systems with sufficiently wide distributions of maximum velocities.

The lane changing rules are not symmetric for the two lanes, because one lane is de-
voted to passing. An important feature of the rules proposed here is the fact that a car
stays on the left lane not only, if it is passing another car, but also, if it is following an-
other car. This rule has first been proposed in [79] and will be responsible for the so
called lane usage inversion, which means that for intermediate densities more cars are
found on the left lane than on the right lane.

Note that the rules do not allow that a change to the right and a change to the left are
favorable at the same time. For this reason the rules can readily be used not only for
two lanes, but for any number of lanes. In that case the terms “right” and ”left” lane
have a relative meaning.

8.3 Comparison to empirical data

8.3.1 Clustering

Before a quantitative comparison is performed, some qualitative properties of the model
will be looked at. To make it possible to compare the dynamics of the model to that of
real traffic, the data will be gathered in the same way in the simulation as in real traf-
fic. That means, the data is collected at a fixed cross section, which corresponds to an
induction loop, and averages over sixty seconds are taken. This experimental setup is
exactly the same as that used in [38].

In all simulations again a measured distribution of maximum velocities is used. The
following values for the free parameters are used: a = 0�2, b = 0�6, � = 1, pchange = 0�01,
vthresh = 1�5. The parameter values were drawn from a quantitative comparison to traffic
flow data that will be described in the next section.
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Figure 8.3: Free flow and a jam in the flow–density diagram. The numbers denote the
time that each point in the jam corresponds to.

Fig. (8.3) displays free flow and a cluster in the flow–density plane. Successive points
(in time) that correspond to the jam are connected by lines to display the time evolution
of the system. The numbers in the figure denote the time (expressed in minutes) after
the appearance of the jam that each point corresponds to. Note that within the jam, flow
and density have been averaged over a few minutes to obtain a reliable estimate of the
density.

The behavior of the jam is qualitatively exactly the same as described in [38, 39]. The
outflow qout from the jam is significantly lower than the maximum flow. The down-
stream front of the jam organizes approximately to the line between the points (�out� qout)
and (1� 0).

Quite obviously traffic jams are described well by this model. It has been noted before,
however, that, besides free flow and jams, traffic can also be found in a state of synchro-
nized flow. This state will be discussed in more detail later in this chapter. So far it has
to be conceded that the model does not show a sign of synchronized flow. Since most
congested situations correspond to synchronized flow rather than real traffic jams (as
found by looking at data from highways in Nordrhein–Westfalen) this restricts the ap-
plicability of the model significantly. At the end of the chapter a further generalization
of the model will be proposed that is able to model synchronized flow as well.
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8.3.2 Quantitative comparison

For practical applications it is important that the model does not only reproduce the
properties of traffic qualitatively, but also shows quantitative agreement. To show that
this model does indeed reproduce traffic flow data in a quantitatively correct way, data
from induction loops on the Autobahn A43 have been gathered. The A43 has two lanes
for each direction. The quantities of interest for the model calibration are the fluxes
qright and qleft on the right and the left lane respectively, as well as the left lane usage
Pleft, which is defined as the proportion of vehicles found on the left lane.

The noise parameter � is set to � = 1, the probability that an unfavorable lane change
is performed is set to pchange = 0�01, because for this parameter value the models prop-
erties are relatively insensitive to changes of that parameter. The parameters vthresh, a,
and b are chosen in such a way that deviations between simulation and experiment are
minimized.

The distribution of maximum velocities have been taken from measurements performed
at night, when traffic volumes were low. The measured quantities qleft, qright, and Pleft

have been averaged for every density separately. Due to averaging, all the information
about the inner dynamics of jams is lost (that is why a qualitative discussion of the dy-
namics has been presented before), but a quantitative comparison becomes much easier.

The system is started at different global densities. To determine the proportion of trucks
that has to be used in the simulations runs, we use the fact that longtime averages of the
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density and the proportion of trucks are correlated. This phenomenon has to do with
the fact that the proportion of trucks is typically higher at night, when low densities are
found. So the proportion of trucks introduced into the system for a given global density
will be chosen to be equal to the average value found for this density in the induction
loop data.
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Figure 8.5: The left lane usage as a function of the density.

Fig. (8.4) displays the flux on the right and the left lane separately, once as drawn from
induction loops on the A 43 and once as simulated. The agreement is excellent. The
same holds for the proportion of vehicles Pleft that are found on the left lane, as dis-
played in Fig. (8.5).

In Appendix B the quantitative performance of the model on a microscopic scale is dis-
cussed. The model performs surprisingly well, even in a car–following experiment.
That experiment, however, refers to single lane traffic again.

8.4 Modeling of synchronized flow

The phenomenon of synchronized flow has been described shortly at the beginning of
this work. The term “synchronized” flow may be a little misleading, because the fact
that both lanes are approximately synchronized (i.e. average velocities are approxi-
mately the same on both lanes) is not the most important property of this state of traffic
flow. Instead, what is most striking, is the fact that the system performs random trans-
lations in the flow–density plane. That means an increase of the density can be accom-
panied by an increase as well as a decrease of the flux. This is quite surprising at first,
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because on the one hand synchronized traffic is quite dense, so the average velocity of
the vehicles is very low due to interactions, and on the other hand the fact that an in-
crease in density is sometimes accompanied by an increase of the flux indicates that
vehicles move seemingly uninfluenced.

This kind of state appears in traffic flow, when traffic is dense enough, so vehicles al-
most cannot pass any more. In this kind of state there is no point in trying to move any
faster than the average velocity, because fast vehicles are trapped behind the slower
ones anyway. In this kind of situation one may suspect that drivers are more willing to
give up some of their maximum safe velocity, because they can anytime make up easily
for any loss in velocity. So the state of synchronized flow seems to be characterized by
a complex interplay between interaction and free motion.
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Figure 8.6: Free and synchronized flow in the generalized model.

With the above interpretation the model discussed so far can be generalized to show
synchronized flow. The key point is that a way has to be found to make drivers who
move in congested flow give up some space deliberately, so they appear to be uninflu-
enced for a while. A simple way to do this is to make drivers who have had to slow
down due to an interaction resume their old driving strategy and acceleration capabil-
ities not immediately, but only after a few seconds. Using the quantities a and vdes as
defined before in this work an effective maximum acceleration aeff can be defined as

aeff(t + 1) = max[0� �a + (1 − �)(vdes(t) − v(t))] � (8.2)

where � is a parameter between 0 and 1. For � = 1 the ordinary model is restored.

In the model equations, that have been discussed before, the parameter a, which re-
stricts accelerations, is then simply replaced by aeff. Equation (8.2) has got the follow-
ing meaning. For a freely accelerating vehicle obviously vdes(t) − v(t)) = aeff(t) holds
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after a has been replaced. If that vehicle continues to accelerate freely, the quantity aeff

relaxes towards a on the time scale 1��, which may be a few seconds. If, however, a ve-
hicle is hindered by some other vehicle, aeff becomes small and it will take the vehicle
approximately the time 1�� to resume the maximum acceleration capabilities again.
For this reason a vehicle that just had to slow down due to an interaction is likely to
move uninfluenced for a while, even in dense traffic. Of course there are many ways
to model the seemingly uninfluenced motion of a vehicle in dense traffic. For exam-
ple it would be possible to modify the maximum velocity or to choose a different noise
parameter � in dense traffic.

Fig. (8.6) displays free and synchronized traffic in the resulting model, where � was
set to 0�1. The figure displays two kinds of situations. First a large number of sample
points from free traffic have been taken. Then a situation was prepared in such a way
that traffic of density 0�4 was surrounded by free traffic. Then the system was allowed
to run for 105 time steps. As found in empirical data [39] the region of synchronized
flow showed no tendency to dissolve in the simulation. After 105 time steps the time
evolution of the system in the flow–density plane was recorded. One transition from
free to synchronized flow and one transition back to free flow can be seen clearly. As
found in empirical data, traffic never recovers from congestion, i.e. the outflow from
synchronized flow is significantly lower than the maximum flow.

It has to be stressed that this model of synchronized flow is far from being the final
explanation for this very important phenomenon. It remains for future work to develop
theories of similar quality, as those known for jams.



90 8. MULTILANE TRAFFIC



Chapter 9

Concluding remarks

9.1 Summary

Empirical observations [38, 39] have shown that traffic flow can assume three qualita-
tively different states, namely free flow, synchronized flow, and a jammed state. When
traffic flow changes its state, it performs a transition that has been interpreted as a first
order phase transition [40]. Instead of seeking to get quantitative agreement between
reality and a traffic flow model for specific situations, the aim of any modeling effort
should be to reproduce the qualitative properties of the phase transitions in traffic flow
first.

The primary focus of this work was the description of jams. Empirically, jams have
been found to have the following properties:

1. Traffic jams can develop and exist under “pure” conditions, i.e. in the absence of
any obstacles.

2. The flux out of a jam is not maximal.

3. The outflow from jams is stable.

4. The outflow from jams and the velocity of the downstream front do not depend
on the inflow conditions.

5. There are metastable states of high flow.

To describe jamming, a family of stochastic microscopic traffic flow models has been
proposed, that has been derived from quite general and simple assumptions about traf-
fic. Depending on how the free parameters characterizing acceleration and deceleration
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capabilities are chosen, three qualitatively different classes of models are obtained. The
model classes can be characterized by referring to the properties mentioned above as
follows:

• Class I:

– Accelerations and decelerations realistic, i.e. long ranged interactions.

– All above properties of jams are modeled correctly,

– the jamming transition is a first order phase transition.

• Class II:

– Decelerations are unbounded, i.e. short ranged interactions.

– Properties 2,3, and 5 of jams are not reproduced,

– the jamming transition is no phase transition.

• Class III:

– Accelerations are unbounded.

– No jams exist.

From a phenomenological point of view also other models can be attributed to these
classes. Phenomenologically the macroscopic Kerner–Konhäuser–model [37], the mi-
croscopic Bando–model [2], and some cellular automaton models using so called “slow–
to–start–rules” [74, 4], that have recently been developed, are all models of class I,
too. The Nagel–Schreckenberg–model [58], which is, apart from the discreteness of
the space coordinate, identical to the high deceleration limit discussed here, is a model
of class II. The stochastic version of the Fukui–Ishibashi model [22], which is apart
from the discreteness of the space coordinate, identical to the high–acceleration–high–
deceleration–limit of the model proposed in this work, is a model of class III.

A generalization of the model proposed in this work to multilane traffic has proven to
show qualitative as well as quantitative agreement with empirical data.

Finally, the phenomenon of synchronized flow has been considered, using a model gen-
eralization that allows drivers to give up speed deliberately under congested conditions.
In this way the fact that perturbations can travel in forward and in backward direction
in synchronized flow could be modeled.
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9.2 Conclusion and Outlook

The family of stochastic models proposed in this work incorporates effects of limited
acceleration and deceleration capabilities of the vehicles. If realistic values of accelera-
tion and deceleration are assigned to the vehicles, the model describes cluster formation
very well. Unfortunately, not even the qualitative properties of the model are very ro-
bust. Every simplification discussed in this work (high acceleration, high deceleration,
coarse spatial discretization) destroyed the ability of the model to describe jamming
correctly.

The same happens if the stochastic component is removed from the model. In that case
the model degenerates and the rich structure of the model dynamics disappears. The
reason for this is that none of the properties that govern the qualitative appearance of
traffic flow, like overreactions and reduced outflow from jams, has been modeled ex-
plicitly in the deterministic part of the car following rules. Instead, the structure of the
model dynamics is mediated exclusively by the fluctuations that are introduced ad hoc
through the randomization step. If these fluctuations are eliminated, none of the prop-
erties of traffic flow is modeled correctly any more.

Considering the fact, that none of the phenomena the model describes correctly proved
to be of essentially stochastic nature, it seems doubtful that the exclusive role that sto-
chasticity plays in the model is favorable. The fact that the large random fluctuations
are not found in real traffic flow (see for instance car following experiment, discussed
in the appendix) adds to this impression. The attempt presented in this work to develop
a deterministic model of jamming was only partly successful, because escaping of the
vehicles from jams was not modeled correctly. Therefore some future work should be
devoted to the question, which phenomena actually do require a stochastic approach
and which phenomena do not. It would be desirable to restrict the role of the stochas-
tic parts of the model to those phenomena that actually are stochastic like the random
generation of small jam “seeds”.

The second question that is still open is the description of synchronized flow. A large
proportion of congestion phenomena in real–world traffic correspond to synchronized
flow. Still there is, to the authors knowledge, no work that addresses this topic explic-
itly, so far. Existing work concentrates exclusively on traffic jams rather than synchro-
nized flow. One reason for this might be that the qualitative differences between these
two states of traffic were unknown before Kerner’s and Rehborn’s work [39] in 1996.
The modification of the model discussed here leads to synchronized traffic, yet there
are probably more natural mechanisms than the one assumed here to reach that state.
Certainly one of the most important and challenging topics for future work will be the
development of a unified theory of jams and synchronized flow.

In this work a first step towards a unified view of different traffic flow theories could
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be performed by classifying model behavior in a qualitative, phenomenological frame-
work. In this way models as diverse as the Kerner–Konhäuser–model, the Bando–model,
the Nagel–Schreckenberg–model, and different models from the model family proposed
here could be discussed and judged in a unified way. This work should be pursued in
two ways. First some deeper analysis should be performed as for how far the model
proposed here actually parallels the macroscopic Kerner–Konhäuser–theory and where
significant differences are found. Secondly some work should be devoted to a phenom-
enological classification of other microscopic and macroscopic models, in order to ob-
tain a better understanding for the relative merits of different approaches.



Appendix A

Remarks on the model

A.1 Update rules

To specify the model used in this work once more, the core part of two possible model
implementations is presented.

A.1.1 Single lane traffic

The following program is a car–oriented implementation of the model in C. The vari-
ables v[i] and x[i] denote the velocity of and the gap in front of car i, respectively. The
update scheme is due to Peter Wagner. It is assumed that other parts of the program
supply the values for a, b, vmax and NCARS.

inline float newV(float g, float vf, float vl)
{
float vnext, vsafe;
if (vf < vmax - a) vnext = vf + a;
else vnext = vmax;
vsafe = vl + (g-vl)/((vl+vf)/two_b + 1);
if (vnext > vsafe) vnext = vsafe;
vnext -= frandom()*epsilon_a;
if (vnext < 0) vnext = 0;
return vnext;

}

void update()
{
int i, nCars1=NCARS-1;

float v0 = v[0];
v[0] = newV(x[0],v[0],v[1]);
for (i=1; i<nCars1; i++)
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{
v[i] = newV(x[i],v[i],v[i+1]);
x[i-1] += (v[i] - v[i-1]);

}
v[nCars1] = newV(x[0],v[nCars1],v0);
x[nCars1-1] += (v[nCars1] - v[nCars1-1]);
x[nCars1] += (v[0] - v[nCars1]);

}

A.1.2 Twolane traffic

The following code provides an implementation of the twolane model in C++ (all meth-
ods that do not specify the model have been omitted). The code has not been optimized
with respect to computational efficiency, but rather is supposed to be easily readable.
For this reason it is different from the code used, when the actual calculations were
performed.

The Classes Simulator and Car for a twolane model are defined as

class Simulator
{
protected:
Car ***site;
Car ***newsite;

int length;
int nLanes;

float vThreshold;
float pchange;
int maxLook;
...

};

class Car
{
friend class Simulator;
protected:
float x;
float v;
float vnext;
float vmax;
float amax;
float bmax;
float epsilon;
...

};

The methods that define the update rules are given as follows:

void Simulator::advance()
{



A.1. UPDATE RULES 97

laneChange();
adjust();
move();

}

void Simulator::laneChange()
{
Car *cptr, *pred[2], *succ[2];
float gf[2], gb[2], vSafe[2];
int fromLane, toLane;
for (int lane=0; lane<=1; lane++)
memset (newsite[lane], 0, length * sizeof (Car *));

for(toLane=0, fromLane=1; toLane<=1; toLane++, fromLane--)
for(int i=0; i<=length-1; i++)
{
cptr = site[fromLane][i];
if(cptr)

{
look(cptr, i, 1, pred, gf);
getSafeVelocity(cptr, pred[fromLane], gf[fromLane], &vSafe[fromLane]);
getSafeVelocity(cptr, pred[toLane], gf[toLane], &vSafe[toLane]);

if (wishToChange(i, fromLane, toLane, vSafe))
{

look(cptr, i, -1, succ, gb);
if ((changePossible(cptr, pred[toLane], succ[toLane],

gf[toLane], gb[toLane]))
&& (!site[toLane][i]))

newsite[toLane][i] = cptr;
else

newsite[fromLane][i] = cptr;
}

else
newsite[fromLane][i] = cptr;

}
}

Car ***help = site;
site = newsite;
newsite = help;

}

void Simulator::adjust()
{
Car *pred[2];
float gf[2], vSafe;

for(int lane = 0; lane<=1; lane++)
for(int i=0; i<=length-1; i++)
{
Car *cptr = site[lane][i];
if(cptr)

{
look(cptr, i, 1, pred, gf);
getSafeVelocity(cptr, pred[lane], gf[lane], &vSafe);

if (cptr->v < cptr->vmax - cptr->amax)
cptr->vnext = cptr->v + cptr->amax;

else cptr->vnext = cptr->vmax;
if (cptr->vnext > vSafe) cptr->vnext = vSafe;
if ((lane == 0) && (pred[1]) &&(pred[1]->v<= gf[1]))

{
float vSafe_o;
getSafeVelocity(cptr, pred[1], gf[1], &vSafe_o);
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int notCongested = ((vSafe >= vThreshold) || (vSafe_o >= vThreshold));
if ((notCongested) && (vSafe_o < cptr->vnext))

cptr->vnext = vSafe_o;
}

cptr->vnext -= frandom()*cptr->amax*cptr->epsilon;
if (cptr->vnext<0) cptr->vnext = 0;

}
}

}

void Simulator::move()
{
for (int lane=0; lane<=1; lane++) memset (newsite[lane], 0, length * sizeof (Car *));

for(int lane=0; lane<=nLanes-1; lane++)
for(int i=0; i<=length-1; i++)

{
Car *cptr = site[lane][i];
if (cptr)

{
cptr->v = cptr->vnext;
cptr->x += cptr->vnext;
if (cptr->x >= length) cptr->x -= length;
newsite[lane][(int)(cptr->x)] = cptr;

}
}

Car ***help;
help = site;
site = newsite;
newsite = help;

}

int Simulator::changePossible(Car *cptr, Car *pred, Car *succ, float gf, float gb)
{
float vSafe;
int _changePossible = 1;
if (succ)
{
getSafeVelocity(succ, cptr, gb, &vSafe);
_changePossible = ((vSafe >= succ->v-succ->bmax) && (gb >= cptr->v));

}
if (_changePossible)
{
getSafeVelocity(cptr, pred, gf, &vSafe);
if (pred)
_changePossible = ((vSafe >= cptr->v-cptr->bmax) && (gf >= pred->v));

}
return _changePossible;

}

int Simulator::wishToChange(int i, int fromLane, int toLane, float *vSafe)
{
int _wishToChange = 0;
Car *cptr = site[fromLane][i];

if ((vSafe[fromLane] < vThreshold) && (vSafe[toLane] < vThreshold))
return (frandom() < pchange);

if (toLane == 1)
_wishToChange = ((vSafe[fromLane] < cptr->vmax) || (frandom()<pchange));

else
_wishToChange = (((vSafe[1] > cptr->vmax) && (vSafe[0] > cptr->vmax))

||(frandom()<pchange));
return _wishToChange;
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}

void Simulator::getSafeVelocity(Car *cptr1, Car*cptr2, float gap, float *vSafe)
{
if (cptr2 == NULL) *vSafe = cptr1->vmax + 1;
else
*vSafe = cptr2->v +
(gap - cptr2->v)/(cptr1->v + cptr2->v)/cptr1->bmax + 1);
/* constant 0.5 in 0.5*(cptr1->v + cptr2->v)/cptr1->bmax included in bmax*/

}

void Simulator::look(Car *cptr, int i, int direction, Car **succ, float *g)
{
int counter = 0;
for(int lane=0; lane<=nLanes-1; lane++)
{
int index = i + direction;
if (index < 0) index += length;
if (index > length-1) index -= length;

while ((site[lane][index] == NULL) && (counter < maxLook))
{

counter ++;
index += direction;
if (index < 0) index += length;
if (index > length-1) index -= length;

}
succ[lane] = site[lane][index];
if (succ[lane])
{
g[lane] = direction*(succ[lane]->x - cptr->x) - 1;
if (g[lane] < -1) g[lane] += length;

}
else
g[lane] = maxLook;

}
}

The implementation displayed here performs about 1 Million Updates(site–oriented)
per second on an Ultra Sparc Processor at a density of � = 0�1 .

A.2 Computational performance

To get a good estimate of what the computational expense is that is necessary to run the
different models discussed here, a car–oriented implementation of the model is consid-
ered for single lane traffic. This is done, because in a site–oriented implementation most
of the computing time is wasted searching the system for vehicles. A thorough analysis
of computational aspects of different models will be found in [33]. Here, only very few
results of that work, which was done by S. Janz, are reported.

Three different models are compared here.

• Model 1: continuous model, using full safety condition (Gipps–family),
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• Model 2: continuous model, using Nagel-Schreckenberg-condition (i.e. high de-
celeration limit),

• Model 3: discrete Nagel–Schreckenberg–Model.

The results have been obtained on one 167 MHz Sun Ultra–Sparc–processor. The per-
formance is expressed in MUPS (Million Updates Per Second). Corresponding to the
car oriented implementation, the updates of the vehicles, instead of sites are measured.
Since a density of � = 0�1 was used, the corresponding site–oriented update rate is ten
times higher. The results are:

• Model 1: 2.40 MUPS

• Model 2: 2.79 MUPS

• Model 3: 4.34 MUPS

It can be seen that the differences in computational costs are tolerable. If less optimized
code is used, the differences between the models become even smaller. The same holds
for different resolutions of discrete models. The actual computational expense of higher
resolutions depends strongly on the parameter values of a and b, but generally it can be
said that for reasonable parameter values any resolution higher than the coarsest has no
computational advantages, compared to the corresponding continuous model.



Appendix B

A car–following experiment

Very often, car following experiments are used to calibrate and validate microscopic
models of traffic flow. This method appears particularly appropriate for very detailed
models of the driver’s behavior, like the Wiedemann model. It has been noted before
that the model proposed in this work cannot be considered a very precise model of ac-
tual drivers’ behavior, so one cannot really expect it to perform well in a car following
experiment. Anyway, such an experiment will be considered now.
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Figure B.1: Velocity of the lead vehicle and headway between the vehicles in the car
following experiment as functions of time.

The experimental setup is as follows. Two cars are considered, that follow one another
in an urban driving situation. The velocities of both vehicles, as well as the gap be-
tween the vehicles, are measured as functions of time. In the corresponding simulation
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the velocity vl(t) of the leading vehicle is prescribed, and for every time step the veloc-
ity of the following vehicle is updated according to the rules 5.2. Fig. (B.1) displays
the velocity of the leading vehicle and the distance between the two cars. It is impor-
tant to note that the headway shows a discontinuity after roughly 150 seconds, where
it performs a jump in upward direction. This means that the lead vehicle changed at
that point of the experiment due to a lane change. This point is important, when model
performances are judged.

To judge, how car following is captured in the model proposed here, the parameters
that proved to be successful in the description of macroscopic properties of traffic flow
a = 0�2, b= 0�6, and � = 1 are used. The way the model performs is compared to results
obtained from a much more detailed model, based on the Wiedemann approach [53].
The quantity that is looked at is the deviation between the simulated and the measured
headway�g = gsim − gexp.
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Figure B.2: The deviation of the simulated gap between the vehicles from the measured
one in a Wiedemann-like model and the model proposed in this work.

Fig. (B.2) displays �g once for the Wiedemann–type model and once for the model
proposed here. It can be seen that the model proposed here performs about equally
well as the much more complicated and computationally quite expensive model of the
Wiedemann–type, which runs slower by roughly a factor of 1000. The only point, where
the model proposed here performs much worse is in the vicinity of the lane change.
Considering the fact that the average of the relative deviation of the gap is 43% and
37% for the model proposed here and the Wiedemann model respectively, one has to
concede that none of the models really works satisfactorily.

Apart from this it is important to note that model performance on this microscopic level
is not very meaningful with respect to the model properties on a macroscopic scale.
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For example, the dynamics of jam formation in the Wiedemann model is, in contrast to
that of the model proposed here, quite unrealistic, although it performs slightly better
in the car following experiment. On this background the common practice to judge the
validity of a model from car following experiments appears doubtful.
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Figure B.3: Measured and simulated velocity profile of the follower vehicle. The fluc-
tuations in the model are larger than those in reality.

Finally, one remark about the fluctuations originating from the randomization step should
be made. Fig. (B.3) displays the measured velocity profile of the follower car together
with the corresponding velocity profile obtained from the simulation for a range of sixty
seconds. It is seen that the fluctuations in the model do not correspond to any fluctua-
tions in reality. This is not of great importance for the model performance, however it
shows clearly that the use of a randomization step cannot be motivated from observa-
tions in real driving situations, but is a purely theoretical concept.
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Deutsche Zusammenfassung

In der vorliegenden Arbeit werden verschiedene mikroskopische Modelle zur Beschrei-
bung des Verkehrsflusses auf Straßen vorgeschlagen und diskutiert.

Ausgangspunkt der Betrachtungen sind empirische Untersuchungen zur Dynamik des
Verkehrsflusses durch Kerner und Rehborn [38, 39]. Dort wurde nachgewiesen, daß
Straßenverkehr in drei qualitativ verschiedenen Zuständen, nämlich dem Zustand des
freien Verkehrs, des synchronisierten Verkehrs und des Staus vorgefunden werden kann.
Die Übergänge zwischen verschiedenen Verkehrszuständen sind in [40] als Phasen-
übergänge erster Ordnung interpretiert worden.

Staus sind, abgesehen von Ihrer offensichtlichen Eigenschaft, einen Verkehrsfluß ho-
her Dichte und niedriger Geschwindigkeit zu besitzen, durch folgende Eigenschaften
charakterisiert:

1. Staus können auch in Abwesenheit irgendwelcher Hindernisse entstehen und
lange Zeit existieren.

2. Der Fluß aus dem Stau ist deutlich niedriger als der maximale Fluß.

3. Der Fluß aus dem Stau ist stabil.

4. Der Fluß aus dem Stau und die Geschwindigkeit der flußabwärtigen Staufront
hängen nicht vom Fluß in den Stau ab.

5. Es gibt metastabile Zustände hohen Flusses.

Ziel dieser Arbeit ist die Abbildung der qualitativen und quantitativen Eigenschaften
des Verkehrs, basierend auf einer Simulation der Dynamik einzelner Fahrzeuge. Bei
der Modellierung der Einzelfahrzeugdynamik wird auf einen minimalen Satz von Re-
geln zurückgegriffen, der aus wenigen Grundannahmen über den Verkehrsfluß abge-
leitet wird. Diese Grundanahmen sind: 1) Geschwindigkeit und Beschleunigung der
Fahrzeuge sind begrenzt. 2) Die Wechselwirkung von Fahrzeugen führt zur kollisions-
freien Bewegung im Verkehr. 3) Jedes Fahrzeug bewegt sich (von stochastischen Fluk-
tuationen abgesehen) mit der höchsten Geschwindigkeit, die mit obigen Restriktionen
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kompatibel ist. Aus diesen Annahmen wird eine Familie von Modellen abgeleitet, die
jeweils durch einen geschwindigkeitsabhängigen Wunschabstand und eine geschwin-
digkeitsabhängige Relaxationszeit der Fahrdynamik charakterisiert sind.

Eine Spezialisierung dieser Modellfamilie führt auf eine hier als Gipps–Familie be-
zeichnete Unterfamilie. Hierbei handelt es sich letztlich um ein einziges Modell, das
durch die freien Parameter a und b, die typische Beschleunigungs– bzw. Verzögerungs-
fähigkeiten der Einzelfahrzeuge bezeichnen, charakterisiert wird. Je nach Wahl der
freien Parameter a und b und der Maximalgeschwindigkeit der Fahrzeuge vmax zeigt
das Modell drei qualitativ unterschiedliche Verhaltensweisen, die durch eine Einteilung
der “Modellfamilie” in drei Klassen phänomenologisch jeweils gleichartiger Modelle
charakterisiert wird.

• Klasse I:

– a und b bezüglich empirisch bekannter Fahrdynamik realistisch, langreich-
weitige Wechselwirkung.

– Alle o.g. Eigenschaften des Staus werden korrekt abgebildet.

– Der Übergang in den gestauten Zustand ist ein Phasenübergang.

• Klasse II:

– b groß, kurze Bremswege, kurzreichweitige Wechselwirkung.

– Eigenschaften 2,3 und 5 der Staus werden nicht abgebildet.

– Der Übergang in den gestauten Zustand ist kein Phasenübergang.

• Klasse III:

– a groß, Beschleunigung begrenzt Fahrdynamik nicht wesentlich.

– System bildet keine Staus.

Phänomenologisch gesehen sind der Klasse I neben dem hier vorgeschlagenen Modell
auch das makroskopische Kerner–Konhäuser–Modell [36, 37], neuere Zellularautomaten-
modelle [74, 4] und (mit Einschränkungen bezüglich der Eigenschaft 4) auch das Optimal–
Velocity–Model von Bando et al. [2] sowie ein ebenfalls in dieser Arbeit entwickeltes
deterministisches Verkehrsflußmodell zuzuordnen. Klassische Zellularautomatenmo-
delle des Verkehrsflusses, wie das Nagel–Schreckenberg–Modell [58] sind den Klassen
II und III zuzuordnen.

Für eine praktische Anwendung, beispielsweise im Bereich des Verkehrsmanagements
auf Schnellstraßen, sind nur Modelle der Klasse I geeignet, weil die anderen beiden
Klassen die Dynamik der Stauentwicklung falsch oder gar nicht abbilden.
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Das in dieser Arbeit entwickelte Modell des Einspurverkehrs läßt sich in einfacher Weise
unter Wahrung der qualitativen Modelleigenschaften auf Mehrspurverkehr verallge-
meinern. Nach dieser Verallgemeinerung wird eine exzellente quantitative Überein-
stimmung der Modelleigenschaften mit empirisch ermittelten Daten der Verkehrsdy-
namik erreicht.

Das wichtige Phänomen des synchronisierten Verkehrs läßt sich im Rahmen dieser Mo-
dellierung jedoch nicht beschreiben. Aus diesem Grund wird eine Modifikation des
Modells vorgeschlagen, mit der synchronisierter Verkehr nachgebildet werden kann.
Ausgangspunkt der Überlegungen ist die Tatsache, daß im synchronisierten Verkehr
Überholvorgänge kaum möglich und zumindest nicht sinnvoll sind, so daß kein Fahrer
damit rechnen kann, seine Wunschgeschwindigkeit zu erreichen. Wird angenommen,
daß hieraus ein zeitweiliger Verzicht der Fahrer auf die maximal mögliche Geschwin-
digkeit folgt, so können die für den synchronisierten Verkehr charakteristischen zu-
fälligen Translationen des Verkehrszustandes im Fluß–Dichte–Diagramm nachgebildet
werden.
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