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Abstract

An analytical polarization curve of the cathode side of a PEM fuel cell is derived.
The curve results from approximate solution of the system of equations for the
cathode catalyst layer (CCL) performance and it takes into account the oxygen
and proton transport losses in the CCL, and the oxygen transport loss in the
GDL. Fitting of the model equation to recently published polarization data is
performed and the parameters resulted from fitting are discussed. Processing
of accelerated stress testing results using the model equation is demonstrated.



1 Introduction

An equilibrium (open–circuit) potential of the oxygen reduction reaction (ORR)
at standard conditions is 1.23 V, while potential of an ORR–based PEM fuel
cell at a working current of 1 A cm−2 is nearly twice lower. Understanding the
contributions of various processes to the potential loss of ≃ 600 mV is crucial
for the PEMFC technology.

It is well known that the largest loss originates from the cathode catalyst
layer (CCL), which converts proton current into electron current with the aid of
oxygen molecules. Generally, the potential loss in the CCL is due to the sluggish
kinetics of the ORR and due to the imperfect transport of ORR participants
(proton and oxygen) in the porous layers.

The system of equations describing performance of the CCL with a solid
polymer electrolyte has been analyzed in pioneering works of Perry, Newman
and Cairns [1], and Eikerling and Kornyshev [2]. A generalized version of this
system has the form [3]

∂j
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Here j is the local proton current density, x is the distance from the membrane,
i∗ is the volumetric exchange current density (per unit CCL volume, A cm−3), c
is the local oxygen concentration, cref is its reference (inlet) concentration, η is
the local overpotential, b is the Tafel slope, σt is the CCL proton conductivity, D
is the oxygen diffusion coefficient in the CCL and j0 is the cell current density.
The subscripts 0 and 1 mark the values at the membrane/CCL, and at the
CCL/GDL interface, respectively (Figure 1).

Solution to the system (1)–(3) determines the CCL polarization curve η0(j0),
which shows how much of the open–circuit potential needs to be spent to convert
the cell current density j0 from ionic to electronic form. Obviously, an analytical
function η0(j0), which takes into account the basic kinetic and transport losses
on the cathode side is of fundamental interest for PEM fuel cell studies.

Over the past two decades, the system (1)–(3) has been a subject of numer-
ous, mainly numerical studies (see e.g. [4, 5] and a review [6]). This system is a
nonlinear boundary value problem requiring iterations, which makes numerical
solution to this system a rather time–consuming procedure. In addition, for
certain combination of parameters solution of this system does not exist. These
factors limit the use of numerical codes for the system (1)–(3) in polarization
curve fitting algorithms, which require multiple calls of the system solvers. An
analytical solution to this system, which could accelerate the curve fitting pro-
cedure by several orders of magnitude is highly desirable.

A general analytical solution to (1)–(3) has not been found yet. Analytical
solutions to this system have been derived in the limiting cases of ideal proton
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transport, or ideal oxygen transport in the CCL [2, 7, 8, 9, 3]. A most general
analytical solution to the problem derived so far describes the case of arbitrary
proton transport and small oxygen transport limitations [10]; this case typically
takes place at sufficiently small cell currents. Unfortunately, at large cell cur-
rents, i.e., under severe oxygen transport limitations, the solution [10] leads to
unphysical results.

The model (1)–(3) treats CL as a quasi–homogenous media with the effective
transport and kinetic coefficients. In the past decade, a more detailed flooded
agglomerate model (FAM) for the CCL performance has been developed, which
takes into account structural features of the CCL [4, 11, 12, 13]. However, the
question of whether these structural features (agglomerates) need to be taken
into account remains open [14].

Below, we derive an approximate analytical solution for the CCL polariza-
tion curve η0(j0). This solution takes into account proton and oxygen transport
losses in the active layer, and the potential loss due to the oxygen transport in
the GDL. The resulting explicit relation contains kinetic and transport param-
eters of the CCL and the oxygen diffusion coefficient in the GDL. We show that
the model equation fits well recent experimental polarization curves [13] and
we discuss the cell parameters resulting from fitting. Finally, we use the model
equation to analyze the polarization curves before and after accelerated stress
testing reported in [15].

2 Model

2.1 Dimensionless equations and the first integral

To simplify calculations, we introduce the dimensionless variables

x̃ =
x

lt
, η̃ =

η

b
, j̃ =

j

j∗
, c̃ =

c

cref
, D̃ =

D

D∗
(4)

Here lt is the CCL thickness and

j∗ =
σtb

lt
, D∗ =

σtb

4Fcref
(5)

are the scaling parameters for the current density and diffusion coefficient, re-
spectively.

With these variables, Eqs.(1)–(3) take the form

ε2
∂j̃

∂x̃
= −c̃ sinh η̃ (6)

j̃ = −∂η̃
∂x̃

(7)

D̃
∂c̃

∂x̃
= j̃0 − j̃ (8)
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where ε is the Newman’s dimensionless reaction penetration depth

ε =

√
σtb

2i∗l2t
(9)

Physically, Eq.(6) shows that the proton current j̃ decays toward the GDL at a
Butler–Volmer rate of the ORR given by the right side of this equation. Eq.(7)
is the Ohm’s law relating local j̃ to the gradient of overpotential η̃. Eq.(8)
follows from the oxygen mass balance equation in the CCL with the Fick’s law
for the diffusion flux.

Replacing in Eq.(8) j̃ by −∂η̃/∂x̃ and integrating the resulting equation, we
get

D̃(c̃1 − c̃0) + (η̃0 − η̃1) = j̃0. (10)

Consider the case of small j̃0; it is easy to show, that in this case the proton
current is linear in x̃ [3]:

j̃ = j̃0(1− x̃) (11)

Substituting this into Eq.(8) and integrating, we find

D̃(c̃1 − c̃0) =
j̃0
2

(12)

Using this result in Eq.(10) we see that at small currents, the following relation
holds

η̃0 − η̃1 =
j̃0
2

(13)

Thus, at j̃0 ≪ 1, the drop of overpotential over the CCL thickness is linear in
the cell current density.

2.2 The case of fast oxygen transport in the CCL

This case provides the basic polarization equation, which will be corrected in
the next Section for the finite oxygen transport loss. A model for performance
of the CCL with ideal oxygen transport has been considered in [3]; here we
derive a simpler explicit polarization curve.

Formally, fast oxygen transport is equivalent to D̃ → ∞. With this, we can
omit Eq.(8) and set c̃ = c̃1 in Eq.(6). Multiplying Eqs.(6) and (7) together, we
obtain

ε2j̃
∂j̃

∂x̃
= c̃1 sinh η̃

∂η̃

∂x̃
or

ε2
∂(j̃2)

∂x̃
= 2c̃1

∂(cosh η̃)

∂x̃
.

Integrating this equation, we get

2c̃1 cosh η̃0 − 2c̃1 cosh η̃1 = ε2j̃20 , (14)
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If the cell current is small, Eq.(13) allows us to eliminate η̃1 from Eq.(14), which
yields

ε2j̃20 = 2c̃1
[
cosh η̃0 − cosh

(
η̃0 − j̃0/2

)]
(15)

Suppose for a moment that this equation holds also for large cell currents,
when η̃0, η̃1 ≫ 1. Replacing in Eq.(15) cosh by the leading exponent yields
ε2j̃20 = c̃1

[
exp η̃0 − exp

(
η̃0 − j̃0/2

)]
. Solving this equation for η̃0 we obtain

η̃0 = ln

(
ε2j̃20

c̃1
(
1− exp(−j̃0/2)

)) (16)

Eq.(16) is an approximate polarization curve of the CCL with fast oxygen trans-
port. If the cell current is small, the exponent in Eq.(16) can be expanded;
retaining the linear term, we come to

η̃0 = ln

(
2ε2j̃0
c̃1

)
(17)

which is a standard Tafel equation. In the opposite limit of large j̃0, the exponent
in Eq.(16) can be neglected, and this equation reduces to

η̃0 = 2 ln

(
εj̃0√
c̃1

)
(18)

which is a high–current polarization curve [3]. The factor 2 in Eq.(18) exhibits
doubling of the apparent Tafel slope due to poor proton transport. Note that
Eq.(18) can be derived directly from Eq.(14) by neglecting cosh η̃1 and keeping
only the leading exponent in the term cosh η̃0.

Validity of Eq.(16) for the small and large currents has a simple explana-
tion: the trick with the substitution of the low–current Eq.(13) into the general
equation (14) is required at small currents only. At high currents, cosh η̃1 in
Eq.(14) can simply be neglected, which is equivalent to neglecting the term
exp(−j̃0/2) in Eq.(16) at large currents. The analytical polarization curve (16)
is indistinguishable with the exact numerical solution of the system (6), (7)
(Figure 2).

An elementary formal extension of Eq.(16)

η̃0 = arcsinh

(
ε2j̃20

2c̃1
(
1− exp(−j̃0/2)

)) (19)

allows us to use the latter equation down to j̃0 = 0. This form of the polarization
curve is useful in curve fitting (see below). Note that expansion of Eq.(19) over
j̃0 gives a correct linear polarization curve η̃0 = ε2j̃0/c̃1 for j̃0 → 0. Thus,
Eq.(19) approximates the exact polarization curve of the CCL with ideal oxygen
transport in the whole range of cell currents.
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For further references we note, that the x̃–shape of the oxygen diffusion–free
overpotential η̃0 is given by [3]

η̃0(x̃) = ln

(
ε2β2

c̃1

(
1 + tan2

(
β

2
(1− x̃)

)))
(20)

Here the superscript 0 marks the zero–order (oxygen transport–free) solution,
and the parameter β is a solution to equation [3]

β tan

(
β

2

)
= j̃0, 0 ≤ β < π (21)

An accurate approximation to the exact numerical β gives the following func-
tion [10] (see also Appendix)

β =

√
2j̃0

1 +
√

1.12j̃0 exp
(√

2j̃0

) +
πj̃0

2 + j̃0
(22)

Our next goal is to find a contribution to the polarization overpotential due to
finite rate of the oxygen transport in the CCL.

2.3 Finite rate of oxygen transport in the CCL

Eq.(19) corresponds to infinite oxygen diffusivity of the CCL. To find correction
to this equation due to a finite D̃, consider a system of equations, which follows
from (6)–(8):

2ε2
∂2η̃

∂x̃2
= c̃ exp η̃ (23)

2ε2D̃
∂2c̃

∂x̃2
= c̃ exp η̃ (24)

Eq.(23) is obtained by substitution of Eq.(7) into Eq.(6). Eq.(24) is derived by
differentiation of Eq.(8) over x̃ and expressing ∂j̃/∂x̃ in the resulting equation
through Eq.(6). Note that on the right sides of Eqs.(23), (24) we keep only lead-
ing exponent in the expression for sinh, as the effects of poor oxygen transport
are significant only at large cell currents corresponding to overpotentials η̃ > 2.

Consider a following expansion of the solution to (23), (24):

η̃ = η̃0(x̃) + ξη̃1(x̃) (25)

c̃ = c̃1 + ξc̃1(x̃) (26)

where

ξ =
1

ε2D̃
(27)

Note that the zero–order solution corresponds to ε2D̃ → ∞, which is equivalent
to ξ = 0. The zero–order overpotential η̃0 is given by (20), while the zero–
order concentration is simply constant c̃0 ≡ c̃1. The functions η̃1 and c̃1 are
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the first–order corrections, which take into account finite oxygen diffusivity D̃
of the system.

The parameter ξ is small; indeed, with ε ∼ 102–103 and D̃ ∼ 1, we have
ξ ∼ 10−4–10−6. Eqs.(25) and (26) can thus be considered as the two terms in
expansion of the solution to the full problem (23), (24) over the parameter ξ.

Substituting Eqs.(25) and (26) into Eqs.(23), (24), we get

2ε2
∂2η̃0

∂x̃2
+ 2ε2ξ

∂2η̃1

∂x̃2
= (c̃1 + ξc̃1) exp(η̃0)(1 + ξη̃1) (28)

2
∂2c̃1
∂x̃2

+ 2ξ
∂2c̃1

∂x̃2
= ξ(c̃1 + ξc̃1) exp(η̃0)(1 + ξη̃1) (29)

Taking into account that ∂2c̃1/∂x̃
2 = 0, subtracting the zero–order equation

2ε2∂2η̃0/∂x̃2 = c̃1 exp η̃
0 from Eq.(28), collecting the terms with the first power

of ξ and neglecting the high–order terms, we get a system of equations for
corrections η̃1 and c̃1:

2ε2
∂2η̃1

∂x̃2
= (c̃1 + c̃1η̃

1) exp η̃0 (30)

2
∂2c̃1

∂x̃2
= c̃1 exp η̃

0 (31)

As can be seen, Eq.(31) decouples from the system. Substituting (20) for η̃0

into Eq.(31), we get

2
∂2c̃1

∂x̃2
= ε2β2

(
1 + tan2

(
β

2
(1− x̃)

))
(32)

Solution to this equation is subjected to the boundary conditions c̃1(1) = 0,
∂c̃1/∂x̃|x̃=0 = 0. The first condition means that the oxygen concentration at the
CCL/GDL interface remains unchanged when the oxygen diffusion is “switched
on”; the second condition expresses zero oxygen flux in the membrane. With
these conditions, solution to Eq.(32) is

c̃1 = −ε2j̃0(1− x̃) + ε2 ln

(
1 + tan2

(
β

2
(1− x̃)

))
(33)

where we have used Eq.(21).
With this c̃1, Eq.(30) can be transformed to

4

β2
cos2

(
β

2
(1− x̃)

)
∂2η̃1

∂x̃2

= −ε2j̃0(1− x̃) + ε2 ln

(
1 + tan2

(
β

2
(1− x̃)

))
+ c̃1η̃

1 (34)

The boundary conditions to this equation are ∂η̃1/∂x̃|x̃=0 = ∂η̃1/∂x̃|x̃=1 = 0.
The first condition means that the current j̃0 = −∂η̃0/∂x̃|0 is fixed; the second
condition follows from the zero proton current at the CCL/GDL interface.
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Unfortunately, the exact solution to Eq.(34) leads to rather cumbersome
expressions containing quadratures (Appendix). A much simpler approximate
solution to this equation at x̃ = 0, which is necessary for the polarization curve,
can be derived using the following arguments. From (21) it follows, that at large
cell currents β → π, and hence at x̃ = 0, the cos–function on the left side of
Eq.(34) is close to zero. This means, that at x̃ = 0, the right side of Eq.(34) is
also close to zero. Equating the right side to zero, solving for η̃1, setting x̃ = 0
in the resulting expression and dividing it by ε2D̃, we come to

η̃D =
1

D̃c̃1

(
j̃0 − ln

(
1 +

j̃20
β2

))
(35)

where η̃D = η̃1(0)/(ε2D̃) is the overpotential due to finite rate of oxygen trans-
port in the CCL, and we have used Eq.(21).

Adding this potential loss to Eq.(19), we finally get the total polarization
overpotential of the CCL

η̃0 = arcsinh

(
ε2j̃20

c̃1
(
1− exp(−j̃0/2)

))+
1

D̃c̃1

(
j̃0 − ln

(
1 +

j̃20
β2

))
(36)

This equation takes into account all the potential losses in the CCL: the first
term accounts for the ORR activation overpotential and the proton transport
loss, while the second term represents the oxygen transport loss 1.

The analytical CCL polarization curve Eq.(36) is compared to the exact
numerical solution of the system (6)–(7) in Figure 3. A “reference” value of
Dref = 1.37 · 10−3 cm2 s−1 is taken from the measurements [16]. The curves in
Figure 3 correspond to the indicated ratios D/Dref . Clearly, as this ratio tends
to infinity, the analytical and numerical results tend to the oxygen diffusion–free
polarization curve (19). Note that with the decrease in D, the overpotential
due to the oxygen transport increases, and the accuracy of the model drops.
Nonetheless, for the currents j̃0 . 1, the model works well down to D/Dref as
small as 0.1 (Figure 3).

Eq.(36) can be used for fitting the experimental polarization curves provided
that (i) the oxygen stoichiometry is large and (ii) the potential loss due to oxygen
transport in the GDL is small. Validity of the second condition is usually a priori
not known; however, it can be relaxed by incorporating the respective transport
loss into the polarization equation, as discussed in the next Section.

2.4 Cell polarization curve

Eq.(36) contains the oxygen concentration c̃1 at the CCL/GDL interface. Re-
lating c̃1 to the oxygen concentration in the channel c̃h allows us to take into

1Note, that though the second term in Eq.(36) vanishes at j̃0 → 0, the exact dependence
of the transport overpotential at small currents is, in fact, quadratic in j̃0. This can be shown
by calculating the limit j̃0 → 0 in the polarization equation of [10].
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account the potential loss due to the oxygen transport in the GDL. A simple lin-
ear oxygen diffusion equation in the GDL leads to the following relation between
c̃1 and c̃h:

c̃1 = c̃h −
j̃0

j̃∗lim
= c̃h

(
1− j̃0

j̃∗limc̃h

)
(37)

Here

j∗lim =
4FDbc

∗
h

lb
(38)

is the limiting current density due to oxygen transport in the GDL at the channel
inlet, c∗h is the inlet oxygen concentration, Db is the oxygen diffusion coefficient
in the GDL of a thickness lb

2.
Substitution of Eq.(37) into (36) gives the polarization curve of the PEMFC

cathode side. It is advisable to write this curve in the form

η̃0 = arcsinh

(
ε2j̃20

2c̃h
(
1− exp(−j̃0/2)

))

+
1

c̃hD̃

(
j̃0 − ln

(
1 +

j̃20
β2

))(
1− j̃0

j̃∗limc̃h

)−1

− ln

(
1− j̃0

j̃∗limc̃h

)
(39)

The first term on the right side of Eq.(39) gives the potential loss due to
the combined effect of ORR activation and proton transport in the CCL. The
second term represents the overhead due to the oxygen transport in the CCL.
The last term gives the potential loss due to the oxygen transport in the GDL.

The cell potential is given by

Vcell = Voc − η0 −RΩj0 (40)

where Voc is the open–circuit potential and RΩ accumulates the membrane and
contact ohmic resistivities. Model polarization curves demonstrating the effect
of the finite oxygen diffusivity on the curve shape are shown in Figure 4. As can
be seen, the curve with the fast oxygen diffusion in the CCL exhibits a steep
change (“knee”) close to the oxygen–limiting current density in the GDL. How-
ever, with lowering of D, the curve becomes more smooth, particularly in the
so–called “mass–transport” region. This figure also compares the approximate

2In modern MEAs, a GDL is typically a two–layer structure consisting of the GDL itself
and a microporous layer (MPL) located between the GDL and CCL. In this case, Db in
Eq.(37) should be treated as an average diffusion coefficient related to the GDL and MPL
oxygen diffusivities DGDL and DMPL as

lb

Db
=

lGDL

DGDL
+

lMPL

DMPL

Here lb = lGDL + lMPL is a sum of the GDL and MPL thicknesses.
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curve calculated with η̃D given by Eq.(35) to the more accurate curve calculated
with η̃D given by Eq.(45). As can be seen, for the reference Dref the differ-
ence between the two curves is marginal, however, for strongly flooded CCL
(D = 0.1 ·Dref ) the approximate equation tends to overestimate the transport
potential loss, still giving a physically meaningful result.

3 Model at work: Results and discussion

3.1 Polarization curve fitting

Recently, a set of PEMFC polarization curves corresponding to different op-
erating temperatures, pressures and relative humidities of the inlet gases has
been published [13]. Eq.(39) has been transformed into dimensional form using
Eqs.(4):

η0 = b arcsinh

(
(j0/jσ)

2

2(ch/cref ) (1− exp(−j0/(2j∗)))

)
+

σtb
2

4FDch

(
j0
j∗

− ln

(
1 +

j20
j2∗β

2

))(
1− j0

j∗lim(ch/cref )

)−1

− b ln

(
1− j0

j∗lim(ch/cref )

)
(41)

where
jσ =

√
2i∗σtb (42)

and Eq.(40) has been fitted to the data [13] obtained at the normal pressure
of 1 bar and the cell temperature of 353 K. Ref. [13] reports two polarization
curves corresponding to different humidities of the inlet gases.

Fitting has been performed using an intrinsic Mapler procedure Nonlin-
earFit. In a first step, the fitting has been done with i∗, Db, b, σt, RΩ, and D
declared as fitting parameters. The results show that for both the curves, the
Tafel slope is close to 30 mV; at T = 353 K this translates to the ORR transfer
coefficient α = 1.0, which is a widely accepted in literature value (see page 4687
in [6] and the references therein).

In addition, for both the curves, the fitting procedure has been quite in-
sensitive to the CCL proton conductivity σt, giving the numbers exceeding
0.03 S cm−1. This means that the conductivity σt is high, it does not affect
the CCL performance and the exact number cannot be captured by the model.
For further calculations, a value of 0.03 S cm−1 was fixed, which agrees with
the measurements [?, ?]. Assuming that the proton transport does not affect
the activation polarization, the potential loss due to finite proton conductivity
is ηp = ltj0/(3σt). With σt = 0.03 S cm−1, lt = 10−3 cm and j0 = 2 A cm−2,
(the right end of the polarization curve) we get ηp = 22 mV. Smallness of this
value supports the assumption that the proton transport in the CCL of [13] is
fast.
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In the next step, the indicated values of b and σt were fixed, while the other
parameters remained variable. The common for the curves b and σt are listed
in Table 1, while the curve–specific parameters are gathered in Table 2. The
results of fitting are shown in Figure 5.

For both the curves, fitting yields very close values of the exchange current
density of i∗ ≃ 10−3 A cm−3 (Table 2). This value of i∗ is nearly two orders of
magnitude less, than the one obtained in [13] from the same set of curves using
a flooded agglomerate model. Note that as discussed in [13], their value is an
order of magnitude higher, than expected; thus, the values of i∗ indicated in
Table 2 could be closer to reality.

The ohmic cell resistivities RΩ are 0.13 and 0.21 Ω cm2 for the curves 1 and 2,
respectively. This variation can be attributed to lower membrane conductivity
due to the lower amount of water in the inlet gases for the curve 2. Note that
the cell resistivity may, in general, vary with the cell current density, due to
variation of the membrane water content. As this effect is out of the scope of
the model above, it can be recommended to perform fitting of the IR–corrected
polarization curve with RΩ = 0 in Eq.(40).

The GDL oxygen diffusivity is fairly constant: 0.026 and 0.023 cm2 s−1 for
the curves 1 and 2, respectively (Table 2). Taking the oxygen diffusivity in air
in the order of Dfree = 0.2 cm2 s−1, and using the equation for Bruggemann

correction Db = Dfreeϵ
3/2
GDL, for the effective GDL porosity we get ϵGDL ≃ 0.26.

This low value suggests that close to the limiting current density, the GDL is
partially flooded 3.

The CCL oxygen diffusivities resulting from fitting are 1.4 · 10−4 and 2.1 ·
10−4 cm2 s−1 for the curves 1 and 2, respectively (Table 2). Direct measurement
of D in a dry Nafion–based catalyst layer gave an order of magnitude larger
D = 1.37 · 10−3 cm2 s−1 [16]. Note, however, that D strongly depends on the
amount of liquid water in the CCL: lower liquid saturation leads to higher D,
the trend, correctly captured by the model (Table 2). The results of fitting
suggest excessive flooding of the CCL.

Figure 6 shows the overpotentials corresponding to the terms in Eq.(39) for
the curve 2. At a typical working current of 1 A cm−2, the ratio of activa-
tion:resistive:CCL transport losses is about 2:1:0.1. The transport loss in the
GDL is negligible. Note, that the potential loss due to oxygen transport in the
CCL dramatically increases with the growth of the cell current density.

3.2 Analysis of accelerated stress testing results

Another possible application of Eq.(39) is analysis of the cell polarization curves
before and after accelerated stress testing (AST). Various AST protocols have
been suggested to simulate PEMFC aging in real operating conditions [17, 18].
Recently, Fairweather et al. have published the results of the AST aimed to

3With the “dry” GDL porosity of 0.7, the effective porosity of 0.26 means that 60% of
the GDL volume is flooded. This is not surprising, as this estimate is correct at the limiting
current density. Far from the limiting current, the oxygen diffusivity in the GDL cannot be
determined, as the respective transport loss is negligible.
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study the effect of carbon corrosion in the CCL on the cell performance [15].
The cell was subjected to 320–min 1.3 V fixed potential hold, leading to fast
carbon support corrosion in the CCL. The polarization curves of the cell “BC”
before and after the testing are shown in Figure 7 (points).

Eqs.(40), (39) have been fitted to these polarization data (Figure 7, lines)
and the resulting parameters are listed in Table 3. For both the curves, we fixed
the open–circuit cell potential at 1.1 V and the Tafel slope at 30 mV. The latter
value agrees with b ≃ 32 mV following from the impedance spectra in Figure
3c of [15]. Note that the exact value of Voc is not reported in [15]; however,
variation of this value only changes the absolute values of the exchange current
density before and after the AST, not changing their ratio.

The post–mortem analysis have shown dramatic thinning of the CCL as a
result of carbon support corrosion; the active layer thickness has dropped from
11.5 µm to 3.5 µm (Table 3). In addition, electrochemical measurements have
shown ca. 2.5–fold decrease of the Pt active surface area after the AST 4; the
value of i∗ for the aged cell has been reduced accordingly (Table 3).

Fitting parameters show two striking changes in the aged CCL: 40 times
lower proton conductivity and 15–fold decrease in the oxygen diffusivity (Ta-
ble 3). Note that the GDL oxygen diffusivity in the aged cell has dropped by a
factor of 1.5 only, which is beyond the model accuracy. Note also that the initial
CCL oxygen diffusivity (Table 3) correlates with the data in Table 2, and the
initial proton conductivity of 0.045 S cm−1 is not far from the literature value
of 0.03 S cm−1 [?, ?].

An extremely low value of the proton conductivity in the aged CCL should
result in a large high–frequency proton resistivity, which is seen in an impedance
spectrum as a projection of a straight 45◦ HF line onto the real axis. This
resistivity is Rσ = lt/(3σt); with the data for aged cell from Table 3 we obtain
Rσ ≃ 0.1 Ω cm2. The respective EIS spectrum (Figure 3a in [15]) seemingly
exhibits this value of Rσ (for the detailed analysis of the EIS spectrum, a zoomed
plot of the HF region is required).

The dramatic changes in proton conductivity and oxygen diffusivity along
with almost three–fold decrease in the exchange current indicate catastrophic
damage of the porous media, which loses porosity and connectivity of the Nafion
cluster due to carbon corrosion. These losses are accompanied by the loss of the
electrochemically active area, seemingly due to Pt particles agglomeration.

The Maple worksheet with the curve fitting procedure for the data discussed
in this Section is available at:
https://dl.dropboxusercontent.com/u/79521302/Curve Fitting.mw

3.3 Discussion

Parameter ξ is very small (ξ ≃ 10−4–10−6), and it is independent of the cell
current density j̃0. These two factors provide fast convergence of the expansion
series in parameter ξ. In other words, the two–term expansion in Eqs.(25),

4This value is obtained from extrapotation of the data in Figure 5a of [15]
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(26) works well regardless of the cell current j̃0. At a fixed ε, accuracy of
this expansion itself depends on the value of D̃ only. An increasing with j̃0
deviation of the analytical polarization curve from the exact numerical curve
(Figure 3) is mainly due to the approximate character of the solution to Eq.(30)
at x̃ = 0 given by Eq.(35). However, for any set of parameters, the approximate
polarization curve does not lead to physically unrealistic results. In contrast,
the model [10] gives the curve with negative cell resistance for large current
and/or low CCL oxygen diffusivity.

What are the limits of validity of Eq.(36)? Clearly, a necessary (though not
sufficient) condition is smallness of the second term as compared to the first
term in this equation. Taking the leading–order approximation for the oxygen
transport losses j̃0/(D̃c̃1), and the high–current form (18) of the first term, we
get the following estimate

j̃0

D̃c̃1
≪ ln

(
ε2j̃20
c̃1

)
(43)

In contrast to the model [10], this equation does not require the left side to be
small as compared to unity. Instead, for e.g., D̃ ≃ 1, c̃1 ≃ 1, and ε ≃ 103,
Eq.(43) holds up to j̃0/(D̃c̃1) ≃ 2, i.e., for currents up to j̃0 ≃ 2, which for the
PEM fuel cell covers the typical range of working current densities.

The results of polarization curves fitting should be taken with certain skep-
ticism. The major problem is that some of the parameters in Eq.(39) are in-
terrelated, i.e., the effects they have on a curve are quite similar. The fitting
procedure cannot distinguish these effects; as a result, one parameter could be
larger, while the other lower than their respective real values. Nonetheless,
the fact that a reasonable set of parameters fits well the curves gives certain
confidence that the model works.

Note that some of the parameters appearing in Eq.(41) may have different
values in different regions of the cell potential. For example, the Tafel slope b
could change with the cell potential due to the change in the rate–determining
step of the ORR; the diffusion coefficient D may depend on the cell current
density due to the variation of liquid saturation in the CCL. Our goal, however,
is to describe the cell polarization curve by a single equation with some effective
parameters. The usefulness of this approach is best seen when this equation is
applied to the accelerated stress data. It enables to understand the relative vari-
ation of effective parameters as a result of cell aging. In particular, the effective
b does not change due to carbon corrosion, while D changes dramatically.

Any independent information on the cell parameters would be quite useful,
as this information lowers the number of fitting parameters, which makes fitting
more reliable. A promising approach is a combination of polarization curve
fitting and impedance spectroscopy of the cell. EIS, in principle, can give some
of the parameters appearing in Eq.(39), and these can either be used in fitting
procedure to determine the other parameters, or they could be verified using the
curve fitting. Note that fitting of several polarization curves gives much more
reliable results than fitting of a single curve.
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It is worth mentioning that Eq.(39) transforms to exact solution of the prob-
lem in the limiting cases of fast oxygen diffusion in the CCL, fast oxygen trans-
port in the GDL, fast proton transport in the CCL, and for any combination of
the aforementioned cases. In the case of strong oxygen transport limitation in
the CCL and ideal proton conductivity, Eq.(39) gives correct numbers; however,
it does not reduce to the exact analytical result derived in [19] for this case.

Eq.(39) could be useful in numerical modeling of PEM fuel cells and stacks.
This equation takes into account virtually all the processes contributing to the
potential loss in the cell. It includes a minimal number of parameters (i∗, b,
σt, D, RΩ, and Db), which describe the cell function. Note that this equation
accounts for the through–plane processes only, i.e., it is valid either locally, or,
if applied to the whole cell, in the limit of large stoichiometry λ of the oxygen
flow. Fitting this equation to the cell experimental polarization data obtained
at small λ may lead to misleading results.

4 Conclusions

An approximate analytical expression for the PEM fuel cell polarization curve
is derived from the system of conservation equations. The curve takes into
account the ORR activation, proton transport, and oxygen transport losses
in the catalyst layer and GDL. In the case of ideal oxygen transport, the curve
reduces to the exact asymptotic solution of the problem. Analytical polarization
curve has been fitted to recent experimental polarization curves of the PEMFC.
The parameters resulted from fitting agree reasonably well with the literature
data. The model was used to analyze the results of recent experiments on
accelerated stress testing (320–min cell hold at potential of 1.3 V). Fitting of
the pristine and aged polarization curves shows dramatic lowering of the CCL
proton conductivity and oxygen diffusivity due to carbon corrosion.

Appendix

Exact solution to Eq.(34)

Eq.(34) can be integrated using the change of variables

ỹ = − ln

(
1 + sin (β(1− x̃)/2)

cos (β(1− x̃)/2)

)
(44)

With this, the left side of Eq.(34) transforms to ∂2η̃/∂ỹ2, i.e., it does not contain
a y–dependent factor. The right side must be transformed using the solution of
Eq.(44) for x̃.
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The equation for η̃D, which follows from the exact solution to Eq.(34) is

η̃D =
2ψ

√
c̃1

β
√
c̃1D̃

(
ψ
√
2c̃1 − 1

)
×
∫ 0

− lnψ

cosh
(√

c̃1 t
)[

2j̃0 arccos

(
2et

e2t + 1

)
+ β ln

(
4e2t

(e2t + 1)2

)]
dt (45)

where

ψ =
1 + sin(β/2)

cos(β/2)

Note that depending on a number of fitting parameters, curve fitting with the
function (45) which includes quadrature could be a rather time–consuming pro-
cedure (3–5 minutes per curve on a modern PC).

Solution to equation for β, Eq.(21)

A more elegant approximate analytical solution to Eq.(21) provides a method
of analytical iteration. To apply this method, we transform Eq.(21) to a form
suitable for iterations:

βn = 2arctan

(
j̃0
βn−1

)
(46)

where n is an iteration number. As a zero approximation, we take β0 =
√
2j̃0,

which is the exact solution to Eq.(21) at j̃0 ≪ 1. Applying Eq.(46) successively,
we find

β1 = 2arctan

(
j̃0√
2j̃0

)

β2 = 2arctan

 j̃0

2 arctan

(√
2j̃0
2

)


. . .

A good accuracy (Figure 8) comparable to Eq.(22) provides β ≃ β4 given by

β4 = 2arctan



j̃0

2 arctan

 j̃0

2 arctan

 j̃0

2 arctan

(√
2j̃0
2

)





(47)
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In spite of attractiveness of Eq.(47), it leads to three times slower codes, as
compared to a “working horse” (22).
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Figure captions

1. Schematic of the cathode catalyst layer and the shapes of proton j and
electron je current densities, the local ORR overpotential η and oxygen
concentration c. Note that the proton current in membrane j0 is the cell
current and the total voltage loss in the system is η0.

2. Polarization curves of the CCL with fast oxygen diffusion. Points – the
numerical solution to a problem (6), (7) with the constant oxygen concen-
tration c̃ = c̃1 = 1 in the CCL. Solid curve – analytical Eq.(16), dashed
curves – the exact analytical low– and high–current solutions.

3. Exact numerical (points) and analytical, Eq.(36) (solid lines) polarization
curves of the cathode catalyst layer with the finite rate of oxygen trans-
port. The indicated parameter for the curves is the ratio D/Dref , where
Dref = 1.37 ·10−3 cm2 s−1 is the CCL oxygen diffusivity measured in [16].
Solid red line – the curve for the infinitely fast oxygen transport in the
CCL, Eq.(16).

4. Model polarization curves of the cell, demonstrating the effect of the indi-
cated CCL oxygen diffusivity on the curve shape. Solid curves correspond
to the approximate Eq.(35); dotted curves are calculated with η̃D given
by Eq.(45). Reference oxygen diffusivity is Dref = 1.37 · 10−3 cm2 s−1.
To emphasize the effect of D, the cell ohmic resistivity is set to zero. The
other parameters are: b = 0.05 V, Voc = 1.2 V, Db = 0.05 cm2 s−1,
i∗ = 0.01 A cm−3, lt = 0.001 cm, lb = 0.025 cm, σt = 0.03 Ω−1 cm−1,
c1 = 7.36 · 10−6 mol cm−3.

5. Points - experiment [13], lines – Eq.(40) with η0 given by Eq.(39). The
experimental conditions and oxygen diffusion coefficients are listed in Ta-
ble 2. Common for all the curves fitting parameters are collected in Ta-
ble 1.

6. Overpotentials for the curve 2 in Figure 5.

7. Experimental (points from Figure 2 of Ref [15]) and model (lines) po-
larization curves of the cell before and after accelerated stress testing.
Parameters resulted from fitting are listed in Table 3.

8. The exact numerical solution to Eq.(21) (solid line) and the approximate
analytical solution Eq.(47) (dotted line).
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GDL thickness lb, cm 0.025 (250 µm) [13]
CCL thickness lt, cm 0.001 (10 µm) [13]
Membrane thickness lm, cm 0.0025 (25 µm) [13]
Oxygen concentration c∗h (p = 1 bar), mol cm−3 7.36 · 10−6

Cell open–circuit potential Voc, V 1.145 [13]
Fitting parameters

CCL proton conductivity σt, Ω
−1 cm−1 0.03

Tafel slope b, V 0.03

Table 1: Common parameters for the curves in Figure 5.

Curve 1 2
RHA:RHC 0.7:0.7 0.5:0.5

i∗, A cm−3 0.817 · 10−3 0.942 · 10−3

RΩ, Ω cm2 0.126 0.207

Db, cm
2 s−1 0.0259 0.0227

D, cm2 s−1 1.36 · 10−4 2.13 · 10−4

Table 2: Fitting parameters for the model polarization curves in Figure 5. The
second row shows relative humidities of the anode and cathode in the format
RHA:RHC. Cell temperature is 353 K, pressure is 1 bar.

initial aged
lt, µm 11.5 3.5

Assumed parameters
lb, µm 250 250
b, V 0.03 0.03
Voc, V 1.1 1.1

Fitting parameters

i∗, A cm−3 0.96 · 10−2 0.384 · 10−2

RΩ, Ω cm2 0.0 0.0

σt, Ω
−1 cm−1 4.5 · 10−2 0.11 · 10−2

Db, cm
2 s−1 0.015 0.010

D, cm2 s−1 1.57 · 10−4 0.11 · 10−4

Table 3: Fitting parameters for the initial and aged model polarization curves
in Figure 7. For the cell operating conditions see [15]. In accordance with the
ECSA measurements [15], the exchange current density for the aged cell was
taken to be 2.5 times less than the value for the pristine cell.
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Figure 1: Schematic of the cathode catalyst layer and the shapes of proton
j and electron je current densities, the local ORR overpotential η and oxygen
concentration c. Note that the proton current in membrane j0 is the cell current
and the total voltage loss in the system is η0.

19



O
v
e

rp
o

te
n

ti
a

l 
/ 
b

Current density / j*

2
0
)ln(2 jε ɶ

0
)2 ln( jεɶ

0.01 0.1 1 10 100
5

10

15

20
analytical

exact numerical
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Figure 4: Model polarization curves of the cell, demonstrating the effect of the
indicated CCL oxygen diffusivity on the curve shape. Solid curves correspond to
the approximate Eq.(35); dotted curves are calculated with η̃D given by Eq.(45).
Reference oxygen diffusivity is Dref = 1.37 · 10−3 cm2 s−1. To emphasize the
effect of D, the cell ohmic resistivity is set to zero. The other parameters are:
b = 0.05 V, Voc = 1.2 V, Db = 0.05 cm2 s−1, i∗ = 0.01 A cm−3, lt = 0.001 cm,
lb = 0.025 cm, σt = 0.03 Ω−1 cm−1, c1 = 7.36 · 10−6 mol cm−3.
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Figure 5: Points - experiment [13], lines – Eq.(40) with η0 given by Eq.(39). The
experimental conditions and oxygen diffusion coefficients are listed in Table 2.
Common for all the curves fitting parameters are collected in Table 1.
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Figure 7: Experimental (points from Figure 2 of Ref [15]) and model (lines)
polarization curves of the cell before and after accelerated stress testing. Pa-
rameters resulted from fitting are listed in Table 3.
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Nomenclature

˜ Marks dimensionless variables
b Tafel slope (V)
c Oxygen molar concentration (mol cm−3)
ch Oxygen concentration in the channel (mol cm−3)
c∗h Oxygen concentration at the channel inlet (mol cm−3)
cref Reference oxygen molar concentration (mol cm−3)
D Oxygen diffusion coefficient in the CCL (cm2 s−1)
D∗ Characteristic diffusivity (cm2 s−1), Eq.(5)
Db Oxygen diffusion coefficient in the GDL (cm2 s−1)
F Faraday constant
j0 Cell current density (A cm−2)
j Local proton current density in the CCL (A cm−2)
j∗ Characteristic current density (A cm−2), Eq.(5)
j∗ref Limiting current density due to oxygen transport in the GDL (A cm−2), Eq.(38)

i∗ Volumetric exchange current density (A cm−3)
lb GDL thickness (cm)
lt Catalyst layer thickness (cm)
n Number of electrons transferred in the half–cell reaction
R Gas constant
RΩ Cell ohmic resistivity (Ω−1 cm−1)
Vcell Cell potential (V)
Voc Cell open–circuit potential (V)
x Coordinate across the CCL (cm)

Subscripts:
0 Membrane/CCL interface
1 CCL/GDL interface
b GDL
h channel
t Catalyst layer
∗ Characteristic value

Superscripts:
0 Zero–order solution (fast oxygen diffusion in the CCL)
1 First–order correction (finite rate of the oxygen diffusion in the CCL)

Greek:
β Dimensionless parameter, a function of j̃0, Eq.(22)
η Local overpotential (V)
η0 Overpotential at x = 0, total voltage loss in the CCL (V)
ηD Potential loss due to oxygen transport in the CCL (V), Eq.(35)
ξ Small dimensionless parameter, Eq.(27)
ε Newman’s dimensionless reaction penetration depth, Eq.(9)
σt CCL ionic conductivity (Ω−1 cm−1)
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