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Given a LuGre friction model:Given a LuGre friction model:
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Therefore:Therefore:
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As for a system of mass:As for a system of mass:

==␒␒␒␒xx
uu--FF

MM

wherewhere

FF == 𝜎𝜎 zz++𝜎𝜎 ++𝜎𝜎 vv00 11 ␒␒zz 22

andand  

vv == ␒␒xx

Substituting Eq. (5) and Eq. (6) to Eq. (4) gives us:Substituting Eq. (5) and Eq. (6) to Eq. (4) gives us:  
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MM
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where:where:
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zz|| ||𝜎𝜎

FF ++ FF --FF ee

␒␒xx 00

CC (( SS CC)) -- /v/v(( ␒␒xx ss))22

Now, let us take:Now, let us take:
qq == xx ==11 →→ ␒␒qq11 ␒␒xx

qq == ==22 ␒␒xx →→ ␒␒qq22 ␒␒␒␒xx

qq == zz ==33 →→ ␒␒qq33 ␒␒zz

Applying Eq. (9) to Eq. (7) and Eq. (8) then gives us:Applying Eq. (9) to Eq. (7) and Eq. (8) then gives us:
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where:where:
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We need to be aware that in the right-hand-side of Eq. (10), we do not replace We need to be aware that in the right-hand-side of Eq. (10), we do not replace  as  as  because we will compute  because we will compute  independently as in Eq. (11). independently as in Eq. (11).  ␒␒zz ␒␒qq33 ␒␒zz

Eq. (11) merely acts as an additional equation for Eq. (10).  Eq. (10) now follows the formal format of: Eq. (11) merely acts as an additional equation for Eq. (10).  Eq. (10) now follows the formal format of: , thus, we can implement it into, thus, we can implement it into  == ff qq␒␒qq (( ))
MATLAB  built-in ODE solver.MATLAB  built-in ODE solver.
  
For the next steps, we will address For the next steps, we will address . In the selected paper, only two kinds of force input are found: a ramp force input as in the varying. In the selected paper, only two kinds of force input are found: a ramp force input as in the varying  uu tt(( ))
break-away force simulation and a piecewise linear force input as in the presliding simulation.break-away force simulation and a piecewise linear force input as in the presliding simulation.
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Ramp Force InputRamp Force Input
  

11 functionfunction xdot  xdot ==  sim_mass_with_ramp_force_inputsim_mass_with_ramp_force_input((tt,, q q,, M M,, Fs Fs,, Fc Fc,, sigma_0 sigma_0,, sigma_1 sigma_1,, sigma_2 sigma_2,, vs vs,, force_rate force_rate))    

  

22     u     u == force_rate force_rate**tt;;          % ramped-up force input% ramped-up force input    

33       

44     zdot     zdot ==  qq((22))  --  ((  ((qq((33))**absabs((qq((22))))**sigma_0sigma_0))  //  ((FcFc++((FsFs--FcFc))**expexp((--((qq((22))//vsvs))^̂22))))  ));;

55     F     F == sigma_0 sigma_0**qq((33))  ++ sigma_1  sigma_1 ** zdot  zdot ++ sigma_2 sigma_2**qq((22));;

66

77     qdot_1     qdot_1 ==  qq((22));;

88     qdot_2     qdot_2 ==  ((u u -- F F))  // M M;;

99     qdot_3     qdot_3 == zdot zdot;;

1010     xdot     xdot ==  [[qdot_1 qdot_1 ;; qdot_2 qdot_2;; qdot_3  qdot_3 ]];;

1111 endend

  
Piecewise Linear Force InputPiecewise Linear Force Input
  

  

functionfunction xdot  xdot ==  sim_preslidingsim_presliding((tt,, q q,,  MM,, Fs Fs,, Fc Fc,, sigma_0 sigma_0,, sigma_1 sigma_1,, sigma_2 sigma_2,, vs vs))

    rate     rate ==  0.14250.1425;;

        

        ifif t  t <=<=  1010

        u         u == rate rate**tt;;        

    elseif t     elseif t >>  1010  &&&& t  t <=<=  1515

        u         u ==  1.4251.425;;

    elseif t     elseif t >>  1515  &&&& t  t <=<=  3535

        u         u ==  1.4251.425  -- rate rate**((tt--1515));;

    elseif t     elseif t >>  3535  &&&& t  t <=<=  4040

        u         u ==  --1.4251.425;;

    elseif t     elseif t >>  4040  &&&& t  t <=<=  6060

        u         u ==  --1.4251.425  ++ rate rate**((tt--4040));;    

    elseif t     elseif t >>  6060

        u         u ==  1.4251.425;;

    end    end

      

    zdot     zdot ==  qq((22))  --  ((  ((qq((33))**absabs((qq((22))))**sigma_0sigma_0))  //  ((FcFc++((FsFs--FcFc))**expexp((--((qq((22))//vsvs))^̂22))))  ));;

        FF  == sigma_0 sigma_0**qq((33))  ++ sigma_1  sigma_1 ** zdot  zdot ++ sigma_2 sigma_2**qq((22));;

    qdot_1     qdot_1 ==  qq((22));;

    qdot_2     qdot_2 ==  ((u u --  FF))  //  MM;;

    qdot_3     qdot_3 == zdot zdot;;

    xdot     xdot ==  [[qdot_1 qdot_1 ;; qdot_2 qdot_2;; qdot_3  qdot_3 ]];;

endend

uu tt(( ))

tt
1010 1515

3535 4040

6060 6565



  
A System with PIDA System with PID
  
For a system with a PID control, we need to create a new system similar to Eq. (10), which is in a form of  For a system with a PID control, we need to create a new system similar to Eq. (10), which is in a form of  . We will need to introduce. We will need to introduce  == ff xx␒␒xx (( ))
a new variable to accommodate the integral term.a new variable to accommodate the integral term.
  
Given a system:Given a system:  

==␒␒␒␒xx
uu--FF

MM
where:where:

uu==--KK vv--KK ee --KK eevv pp(( )) ii∫∫(( ))

andand
ee== xx--xxdd

Eq. (12) can be rewritten as:Eq. (12) can be rewritten as:
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--

MM

uu

⏜⏜⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏝⏝⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏞⏞
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FF
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We introduce a new variables We introduce a new variables ::qq44

qq == ee == ee44 ∫∫ →→ ␒␒qq44
 Substituting Eq. (15) to Eq. (12) and replacing  Substituting Eq. (15) to Eq. (12) and replacing  with  with , we now have a new system:, we now have a new system:vv qq22

== qq␒␒qq11 22

==␒␒qq22
--KK qq --KK qq --KK ee --𝜎𝜎 qq --𝜎𝜎 --𝜎𝜎 qq

MM

vv 22 pp 44 ii∫∫(( )) 00 33 11 ␒␒zz 22 22

==␒␒qq33 ␒␒zz
== ee␒␒qq44

  

functionfunction xdot  xdot ==  sim_pidsim_pid((tt,, q q,,  MM,, Fs Fs,, Fc Fc,, sigma_0 sigma_0,, sigma_1 sigma_1,, sigma_2 sigma_2,, vs vs,, xd xd))

    Kp     Kp ==  33;;

    Ki     Ki ==  44;;

    Kv     Kv ==  66;;

        

    e     e ==  qq((11))  -- xd xd;;

        

    u     u ==  --KvKv**qq((22))--KpKp**ee--KiKi**qq((44));;

      

    zdot     zdot ==  qq((22))  --  ((  ((qq((33))**absabs((qq((22))))**sigma_0sigma_0))  //  ((FcFc++((FsFs--FcFc))**expexp((--((qq((22))//vsvs))^̂22))))  ));;

        FF  == sigma_0 sigma_0**qq((33))  ++ sigma_1  sigma_1 ** zdot  zdot ++ sigma_2 sigma_2**qq((22));;

    qdot_1     qdot_1 ==  qq((22));;

    qdot_2     qdot_2 ==  ((u u --  FF))  //  MM;;

    qdot_3     qdot_3 == zdot zdot;;

    qdot_4     qdot_4 == e e;;

    xdot     xdot ==  [[qdot_1 qdot_1 ;; qdot_2 qdot_2;; qdot_3 qdot_3;; qdot_4 qdot_4]];;

endend
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