
Chapter 41: NP-completeness

The Big Picture
- Humans like to categorise things and look for patterns in the universe
- We can categorise “problems” by “how long they take to solve with a computer”
- The “NP-complete” category has some interesting properties
- It relates to “P=NP?”, which is the biggest open question in Computer Science
- A positive result to this question would change the world

Definitions

Problem: Something we’d like to find an answer to.
- What’s the sum of [2, 3, 5]?
- What’s the shortest path from Geckoboard to Bletchley Park?

Decision problem: A problem that has a YES / NO answer.
- Is the sum of [2, 3, 5] equal to 10?
- Is <some route> the shortest path from Geckoboard to Bletchley Park?

Polynomial time: An algorithm that runs in a time relative to a polynomial of the input size
- (number of nodes in graph) ^ 3
- (length of binary string) ^ 2

“Fast algorithm”: An algorithm that runs in polynomial time (according to Cobham’s Thesis)
- Sorting a list of numbers

“Slow algorithm”: An algorithm that runs in super-polynomial time e.g. O(2^N)
- Determining the best move at Chess

Deterministic: An algorithm that always returns the same answer when run repeatedly
- Adding the primes numbers less than 100
- Checking if “race car” is a palindrome

Nondeterministic: An algorithm that could return different answers when run repeatedly
- Adding the numbers of three random dice rolls
- Making a GET request to twitter.com/computationclub

Nondeterministic Turing Machine: A theoretical Turing Machine that has a “choice” in how it 
performs a computation. It will make the choices that lead to an accepting state, if one exists.

https://en.wikipedia.org/wiki/Cobham's_thesis
http://twitter.com/computationclub


Time Complexity Classes
These diagrams show how some of the time complexity classes relate to each other as well as 
some example algorithms that reside in those classes.



Nondeterministic Polynomial Time (NP)

A problem is in NP if it can be solved in polynomial time on a Nondeterministic Turing Machine.

… Let’s unpack that a bit.

So that means if you had a Nondeterministic Turing Machine (which don’t actually exist), some 
problem X would be in NP if you had a polynomial time algorithm (one that runs “quickly”) for 
solving X that runs on this mythical machine.

… Let’s make that more concrete.

The Travelling Salesman Decision Problem is the problem of determining whether it is possible 
to visit every node in a graph exactly once, in less than a given distance. This problem is in NP.

Why?

It is possible to write a polynomial time algorithm to solve this on a Nondeterministic Turing 
Machine. At each step, the algorithm chooses a node to visit from those it hasn’t yet visited. If 
there is a way to visit every node in less than the given distance, it’ll find it, because a 
Nondeterministic Turing Machine always makes the choices that lead to an accepting state.

Equivalent Definition

A problem is in NP if it can be checked in polynomial time on a Deterministic Turing Machine.

… Whoa, what, two definitions?

It turns out these definitions are equivalent, although it’s not at all obvious why. The reason is 
that you could take a polynomial time algorithm that checks a solution to problem X and use it to
construct a Nondeterministic Turing Machine that solves problem X.

For the Travelling Salesman Problem, you could try every possible combination of paths and 
run them through the algorithm to check each solution.

Certificate / Witness
The input to an algorithm that checks a solution is called a “Certificate” or a “Witness”. For the 
Travelling Salesman Problem, this would be a list of nodes describing a path through a graph, 
which might be [1, 7, 3, 5, 6, 4, 2, 1].



Reductions

A reduction is an algorithm for transforming one problem into another. We saw an example of 
reducing 3-Color to Boolean Satisfiability on page 235.
Reductions can be used to:

- Solve some problem A by first reducing it to B and solving B
- Show that problem B is at least as hard as A by reducing A to B in polynomial time

Reductions are the key to understanding NP-completeness, which we’ll get onto shortly.

Cook–Levin Theorem

This is actually covered by another chapter in the book, but here’s a brief overview:

- The Cook–Levin Theorem describes a general transformation that converts an instance 
of any problem in NP into a Boolean Satisfiability Problem

- It does this by describing a set of steps you can follow to convert the Nondeterministic 
Turing Machine for that problem into an equivalent SAT problem

- This SAT problem would be really big, but importantly, this transformation does not take 
more than polynomial time (N^999 is still only polynomial)

… What does this mean?

This means that there’s a mechanical process you can follow to transform (or reduce) an 
instance of any problem in NP into an instance of the Boolean Satisfiability Problem.

P versus NP

The P versus NP problem asks if every problem whose solutions can be quickly checked can 
also be quickly solved. This is a natural question to ask following the Cook–Levin Theorem.

If you could solve the Boolean Satisfiability Problem in polynomial time, then you would be able 
to solve every problem in NP in polynomial time. This would be a huge deal. Problems that we’d
previously thought were too hard to tackle would suddenly become tractable.

Most people think that P is not equal to NP, but no one’s ever proven this. It’s one of the biggest
open questions in Computer Science, with a $1,000,000 prize.



NP-complete Problems

A problem is NP-complete if it is in NP and every problem in NP reduces to it in polynomial time

… Let’s unpack that a bit.

First of all, the problem has to be in NP, which means that we have to be able to solve it quickly 
on a Nondeterministic Turing Machine. Secondly, we have to be able to transform every 
problem in NP into it. We just saw that the Cook–Levin theorem can be used to transform any 
problem in NP into the Boolean Satisfiability Problem, so this means that SAT is NP-complete.

… What about other problems?

It seems like really hard work to show that every problem in NP can be transformed into some 
problem X. How could you possibly do this? Well, there’s a neat trick. Cook–Levin have already 
done the hard work to prove that SAT is NP-complete. If we can reduce SAT to X then we’ve 
(indirectly) shown that every problem in NP can reduce to X.

Karp’s Reductions

That’s exactly what Karp did the year following Cook–Levin’s paper. He showed that 21 other 
problems in NP are NP-complete by demonstrating a reduction from SAT. If we can solve any of
these problems (or hundreds of others) in polynomial time then P=NP.

https://en.wikipedia.org/wiki/List_of_NP-complete_problems

