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Abstract: A flavor structure with minimal parameters is proposed to address the fermion

mass hierarchy and flavor mixing for quarks and leptons. Yukawa interaction is recon-

structed in a new basis to show a homological flat structure for up-type quarks, down-type

quarks, charged leptons and Dirac neutrinos. A SO(2)fLR flavor symmetry is found from

the hierarchy masses of quarks and leptons, which dominated CKM mixing for quarks and

PMNS for leptons. Since the minimal flavor structure successfully addresses CKM and

PMNS even in the mass hierarchy limit, mass hierarchy and flavor mixing are two inde-

pendent questions. As a prediction, a sum rule on the mixing angles and CP violation

phase is suggested, which explains the smallness of s13 as a natural result of the mass hier-

archy. Generalizing the flat structure to quarks and leptons, a unified Yukawa interaction

is achieved for all fermions with only a single coupling.
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1 Overview

The Standard Mode (SM) has successfully and clearly described SU(3)c×SU(2)L×U(1)Y

gauge interactions. Strong, weak and hypercharge interactions are controlled by three

simple couplings. The fermions in the SM with the same quantum number are divided

into three families (generations), which are only different in their masses. Through gauge

symmetry, each family has non-distinguished gauge interactions.

However, the SM has not given a satisfactory structure in terms of flavor. In the

SM, fermion flavor breaking is induced in the Yukawa term. Flavor-dependent Yukawa

couplings produce a fermion mass matrix after the EW symmetry is broken. Due to

different diagonalizing transformations of the up-type and down-type quark mass matrices,

a manifestation of flavor breaking in the quark sector is transmitted to the weakly charged

current interaction, which is known as CKM mixing. Similarly, lepton flavor breaking

also involves the PMNS mixing matrix in charged current weak interactions. Thus, mass

difference and nontrivial flavor mixing become two aspects of flavor manifestations of quarks

and leptons. They both occur from flavor-dependent Yukawa couplings. However, the SM

cannot provide detailed information on these coupling values or structures. Ambiguous

Yukawa interactions in the SM involve flavor physics puzzles, such as (1) Where does the

fermion hierarchical mass comes from? (2) Is there a common structure regarding the CKM

mixing of quarks and PMNS mixing of leptons? (3) Are hierarchical mass and flavor mixing

two independent questions? To answer these questions, many interesting mechanisms and

models have been proposed; moreover, these mechanisms and models are inspired by the

following characteristics of flavors:

(1) Hierarchal masses. Regarding up-type and down-type quarks and charged leptons,

their masses that are arranged as generations have a hierarchal structure: mf
1 �

mf
2 � mf

3 for f = u, d, e. Normal-order neutrinos also meet mν
1 � mν

2 � mν
3 . There

are three main kinds of modes that address hierarchy masses:

–

(
0 ε

ε 1

)
mode. It is well known as the seesaw mechanism [1–4]. The lighter

mass is generated from the nondiagonal correction ε.

–

(
ε 0

0 1

)
mode. Only the heavier family is massive at the tree level. The lighter

family mass is generated from some quantum corrections [5–7]. The recent work

in [8] has tried to generate the second and first families by one-loop and two-loop

radiative corrections.
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–

(
1 1

1 1

)
mode. Due to the equal treatment of each flavors, the flat matrix is also

called the democratic matrix [9–13]. This matrix has eigenvalues (0, 2). When

some flavor breaking patterns are considered, a small mass for the lighter family

can be generated.

These modes can also be generated for three-family hierarchal fermions independently

or cooperatively. For example, in [14], a sequential see-saw mechanism with the

pattern 
0 ε1 0

ε1 0 ε2

0 ε2 mt/b


was suggested to address quark masses.

(2) Flavor mixing of quarks and leptons. In the experiment, the CKM and PMNS mixing

parameters were measured. In contrast to CKM with three small mixing angles,

lepton PMNS exhibits two large mixing angles. Some approximate mixing textures,

such as the BM and TBM, are suggested for PMNS. The pattern of the mixing matrix

has inspired flavor symmetry research (especially in the lepton sector), including

discrete symmetries [15–19] and gauged flavor symmetries [20, 21]. Recently, the

modular invariances in [22] and the symmetry-assisted anarchy method [23] have also

been studied in neutrino mixing patterns. More details on discrete flavor symmetry

can be reviewed in [24–26].

(3) Nonvanishing CP violation. In CKM, the CP violation phase has been measured

from the B and K decay processes. In PMNS, a value of approximately 3π/2 is

commonly suggested for lepton CPV. These invoke an assumption on the common

origin of quark and lepton CP violations [27–29]. In [30], this motivation is addressed

from a vacuum phase in a class 2HDM.

Nevertheless, new flavor models face multiple challenges. For example, determining

the organization principle of flavors from dada and symmetries is difficult. Moreover, the

characteristics of the parameters in new models need to be explained. New physics beyond

the SM provides additional effects that explain current mass values and/or flavor mixing

angles. Regarding additional effects, it is also challenging to find the predicted particles

and interactions in future experiments. These models and mechanisms provide some sig-

nificant attempts to uncover nature of flavors. Furthermore, there are still some challenges

and unknown questions that need to be answered. Theoretically, hierarchal masses and
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flavor mixing are two sides of the same question in flavor physics, and they all arise from

quark/lepton mass matrices. If treating the mass hierarchy as a good approximation, flavor

mixing must provide CKM/PMNS patterns. This means that flavor mixing should come

from an independent mechanism on the mass hierarchy.

In addition, quark masses and CKM/PMNS have been successfully measured in exper-

iments. Furthermore, these results have become useful for determining new flavor models.

When combining the mass spectrum and flavor mixing as a benchmark, many early models

have been ruled out by current experimental data.

Therefore, new research must be performed to determine the fermion flavor structure.

The desired flavor structure should have the following properties:

(1) No redundant parameters. Fewer free parameters represent more information that

we know. In the quark sector, all flavor parameters include 3 + 3 quark masses and

4 CKM parameters. In the lepton sector, the number is the same. We hope to build

a description of flavor physics with only 10 + 10 parameters for quarks and leptons.

This classification is called the minimal flavor structure (MFS).

(2) A general structure independent of the concrete values of quark/lepton masses and

mixing parameters. With measurements becoming increasingly precise , the allowed

range of experimental values will decrease, and even the center of the value will be

shifted. Regarding flavor models, an increasing number of corrections must be con-

sidered to fill the gap between model predictions and experimental measurements.

Moreover, this structure will challenge the models that are currently used. There-

fore, a desired flavor structure should provide a general mechanism that generates

fermion masses and mixing, and this mechanism can remain effectively independent

of concrete experimental values. It requires that MFS must be proposed based on

the general structure of experimental data but not their values.

(3) A common flavor structure not only for quarks but also for leptons without discrim-

ination. Although the mixing angles of CKM and PMNS are different in numerical

characterization, both are generated in charged current weak interactions and have

the same parameterization. The similarity encourages us to build a general descrip-

tion of both quark flavors and lepton flavors.

In this paper, we will address two major questions currently facing flavor physics: why

SM fermions exhibit a mass hierarchical structure and what determines the flavor mixings

of quarks and leptons.

We will start from the SM Yukawa couplings that generate quark and lepton mass

matrices. After investigating the double roles of the diagonalizing transformation of the
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mass matrix in the mass spectrum and flavor mixing in Sec. 2, we proposed a factorized

decomposition of the mass matrix in Sec. 3, which leads to the establishment of MFS. The

physical means of the factorized matrix are studies, which define a new Yukawa basis that

is adopted to show an organized structure of fermion mass matrices. Through the mass

hierarchy limit condition, a [SO(2)L × SO(2)R]f symmetry is found for the mass matrix

of quarks/leptons. The continuous symmetry can be used to develop new flavor structure.

Thus, mass hierarchy and flavor mixing can be clearly separated into two independent

questions. To parameterize the MFS, a close-to-flat mass structure is implied as the result

of the homology hypothesis of fermion mass matrices. In Sec. 4, the MFS is fit to lepton

and quark masses, and CKM and PMNS experimental data are used to determine the

generality and validity of our flavor structure . Through the fit result and the means of

the Yukawa phase, a flavor mixing sum rule is given in the hierarchy limit in Sec. 5, which

further confirms the interpretation of the smallness of s13. In Sec. 6, we update an earlier

work in [31] and generalize the close-to flat mass structure to quarks and leptons. In the

end, a unified Yukawa interaction with universal couplings for all SM fermions is built. In

this paper, all fermions are SM fermions, adding minimal extended three Dirac neutrinos.

The neutrino mass is treated as a normal order.

2 Flavor Structure in the SM

Regarding quantum numbers in the SM, elementary fermions are divided into up-type

quarks u, down-type quarks d, neutrinos ν and charged leptons e. Each kind of fermion

is organized in a 3-fold family structure. Regarding gauge interactions, three fermionic

families are not distinguished, i.e., gauge interactions have a family-universal form. In

phenomenology, they only differ by their mass and flavor mixing in charged current weak

interactions. The latter is expressed by the Cabibbo-Kobayashi-Maskawa (CKM) mixing

matrix for quarks and the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix for

leptons. In the SM with minimal extended Dirac neutrinos, quark and lepton masses and

flavor mixings all originate from Yukawa interactions.

The quark Yukawa terms are written as

LqY = −ydijQ̄iLHd
j
R − y

u
ijQ̄

i
LH̃u

j
R +H.c. (Q, uR, dR, 6= ψu,di )

where QL =

(
uL

dL

)
represents the left-handed quark doublet, uR, dR represents the right-

handed singlet, and H represents a complex Higgs doublet scalar. Yukawa interactions

between different flavors are generated from flavor-dependent couplings yuij and ydij with

the flavor index i, j. This is only flavor-dependent terms in the SM Lagrangian before
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electroweak symmetry spontaneously breaking (EWSB). After EWSB, Higgs obtains its

VEV 〈H〉 = v0/
√

2 and quarks become massive. The mass matrix can be expressed as

M q
ij =

v0√
2
yqij , q = u, d.

Making chiral transformation in 3-fold family space as

uLi = (UuL)†iju
(m)
Lj , uRi = (UuR)†iju

(m)
Rj , dLi = (UdL)†ijd

(m)
Lj , dRi = (UdR)†ijd

(m)
Rj , (2.1)

M q can be diagonalized to the mass basis labeled by superscript (m) under the biunitary

transformation

M q → U qLM
q(U qR)† = diag(mq

1,m
q
2,m

q
3) (2.2)

Here, mq
i is the i-th family quark mass. Due to UuL 6= UdL, the diagonalizing transformations

of Mu and Md involve the flavor change effect in the weakly charged current interaction

LqCC =
g√
2
ū

(m)
L γµUuL(UdL)†d

(m)
L W+

µ +H.c.+ · · · (2.3)

The CKM mixing matrix is defined by UCKM = UuLU
d
L
†
. Notably, the quark fields on a

mass basis can always be redefined by a flavor-dependent phase such as

uLi → eiθ
u
i uLi, uRi → eiθ

u
i uRi, dLi → eiθ

d
i dLi, dRi → eiθ

d
i dRi (2.4)

which maintains an invariant Lagrangian.

This means that some free parameters in UCKM can be eliminated by redefining quark

fields. The process is called rephasing. By rephasing six left-handed quark fields, five

nonphysical phases in UuLU
d
L
†

can be eliminated. The remaining four physical quantities in

the CKM matrix are parameterized in the standard form with 3 mixing angles and 1 CP

violation phase [32] as follows:

UCKM =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e
−iδCP

0 1 0

−s13e
iδCP 0 c13




c12 s12 0

−s12 c12 0

0 0 1


Here, cij ≡ cos θij , sij ≡ sin θij . Three mixing angles can be calculated from

s2
12 =

|UCKM,12|2

1− |UCKM,13|2
,

s2
23 =

|UCKM,23|2

1− |UCKM,13|2
,

s13 = |UCKM,13|
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The CPV can be determined by the Jarlskog invariant [33]

JCP = Im
(
UCKM,23U

∗
CKM,13UCKM,12U

∗
CKM,22

)
=

1

8
cos θ13 sin(2θ12) sin)(2θ23) sin(2θ13) sin δCP

or equivalently from |UCKM,22|2 in [34]

|UCKM,22|2 = c2
12c

2
23 + s2

13s
2
23s

2
12 − 2c12s12c23s23s13 cos(δCP ).

Alternatively, the Wolfenstein parameterization is also used to exhibit the mixing angle

hierarchy s13 � s23 � s12 � 1 with four new parameters λ,A, ρ̄, η̄ [35]

λ = s12 =
|UCKM,12|√

|UCKM,11|2 + |UCKM,12|2
, (2.5)

Aλ2 = s23 = λ
|UCKM,23|
|UCKM,12|

, (2.6)

s13e
iδCP =

Aλ3(ρ̄+ iη̄)
√

1−A2λ4

√
1− λ2[1−A2λ4(ρ̄+ iη̄)]

(2.7)

In phenomenology, Yukawa coupling yqij can be observed in phenomenology from 6 quark

masses and 4 CKM mixing parameters. These data were measured, and the results are

listed in Tab. 2.

Table 1. Physical masses and mixing parameters of quarks and leptons [36]

quark mass CKM

mu = 2.2+0.5
−0.4 MeV md = 4.7+0.5

−0.3 MeV

mc = 1.275+0.025
−0.035 GeV ms = 95+9

−3 MeV

mt = 173.0± 0.4 GeV mb = 4.18+0.04
−0.03 GeV

s12 = 0.2244± 0.0005

s23 = 0.0422± 0.0008

s13 = 0.00394± 0.00036

δ = (73.5+4.2
−5.1)◦

lepton mass PMNS

me = 0.5109989461(31) MeV mν
1 = 0.0001 eV(input)

mµ = 105.6583745(24) MeV mν
2 = 0.0086 eV

mτ = 1776.86(12) MeV mν
3 = 0.050 eV

s2
12 = 0.297, 0.250− 0.354

s2
23 = 0.425, 0.381− 0.615

s2
13 = 0.0215(NH), 0.0190− 0.0240

δ = 1.38π, 2σ : (1.0− 1.9)π

Now, we consider the lepton sector. Considering the minimal extended SM with Dirac

neutrinos, the lepton Yukawa terms are written as

LlY = −yeijL̄iLH̃e
j
R − y

ν
ijL̄

i
LHe

u
L +H.c. (L, eR, νR, 6= ψe,νi )
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where LL =

(
νL

eL

)
represents the left-handed lepton doublet, and νR, eR represents the

right-handed singlet. After EWSB, leptons become massive fields with the following mass

matrix

M l
ij =

v0√
2
ylij , l = ν, e.

Physical masses can be obtained from biunitary diagonalizing transformation of M l

M l → U lLM
l(U lR)† = diag(ml

1,m
l
2,m

l
3) (2.8)

with the following unitary transformation

νLi = (UνL)†ijν
(m)
Lj , νRi = (UνR)†ijν

(m)
Rj , eLi = (U eL)†ije

(m)
Lj , eRi = (U eR)†ije

(m)
Rj ,

These transformations also involve lepton flavor mixing in charged current weak interac-

tions.

LlCC =
g√
2
ē

(m)
L γµU eL(UνL)†ν

(m)
L W+

µ +H.c.+ · · · (2.9)

Here, U eLU
ν
L
† is the PMNS mixing matrix UPMNS = U eLU

ν
L
†. Similarly, by using lepton

field rephasing, the PMNS matrix can also be expressed by 3 mixing angles and 1 CPV.

Regarding the PMNS data, the lepton mixing parameters have two obviously larger angles

(θ12 and θ23), and lepton mixing can produce the same flavor as that of quark mixing.

3 The Minimal Flavor Structure

The SM has not provided any values or structures of Yukawa couplings. As general complex

quantities, these couplings include too many redundant d.o.f. To recover the fermion flavor

structure, a faithful description of the mass matrix is first obtained with the same number

of parameters as those of the physical observables. Then, a possible organization structure

is determined.

In this section, we build the MFS in terms of two hypotheses. For the sake of conve-

nience, we express all formulas in the quark sector, which can be directly generalized to

the lepton sector.

3.1 Yukawa Basis

Considering the redefined chiral quark field by a free phase on a gauge basis obtains

ψqi,L,R → eiθ
q
i,L,Rψqi,L,R
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with q = u, d for up-type and down-type quarks and family index i = 1, 2, 3, all the SM

terms remain invariant except the Yukawa interaction and charged current weak interaction,

which are just two terms related to the flavor problems.

In the Yukawa interaction, these complexes θqi,L,R provide nontrivial phases between

different families

ψ̄qiψ
q′

j φ→ ei(θ
q′
j −θ

q
i )ψ̄qiψ

q′

j φ

which implies the origin of the CP violation. This inspires us to propose the following

hypothesis:

Hypothesis I: Complex phases in Yukawa couplings completely originate from the redef-

inition of fermion fields.

Because the Yukawa interaction is not determined by the gauge principle, this hy-

pothesis indicates that the fermion mass matrix can be expressed as a real matrix on an

appropriately chosen basis. We call it the Yukawa basis and label it by the superscript (Y )

[37].

The quarks in the Yukawa basis and in the gauge basis have the following relation

u
(Y )
L,R = F uL,RuL,R, d

(Y )
L,R = F dL,RuL,R,

Here, quarks are denoted as family triplets. The simplest rephasing transformation F qL,R

for q = u, d is a diagonal matrix

F qL = diag(eiλ
q
L0 , eiλ

q
L1 , eiλ

q
L2),

F qR = diag(eiλ
q
R0 , eiλ

q
R1 , eiλ

q
R2).

After EWSB, quark mass matrix M q
0 is 3× 3 real matrix

LqM = −ū(Y )
L Mu

0 u
(Y )
R − d̄(Y )

L Md
0 d

(Y )
R +H.c.

Physical masses can be obtained by making a SO(3) rotation

u
(Y )
L = (Uu0 )Tu

(m)
L , u

(Y )
R = (Uu0 )Tu

(m)
R , (3.1)

d
(Y )
L = (Ud0 )Td

(m)
L , d

(Y )
R = (Ud0 )Td

(m)
R . (3.2)

to diagonalize M q
0

U q0M
q
0 (U q0 )T = diag(mq

1,m
q
2,m

q
3) (3.3)
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On the other hand, quark rephasing moves some physical phases into the weak charge

current interaction as follows:

LqCC =
g√
2
ū

(m)
L γµUu0 F

u
L(F dL)†(Ud0 )†d

(m)
L W+

µ +H.c. (3.4)

That is, F uL(F dL)† contributes to the CKM mixing matrix

UCKM = Uu0 F
u
L(F dL)†(Ud0 )† (3.5)

These complex phases in F u,dL,R have three properties in UCKM :

(1) Only left-handed F u,dL contribute to CKM mixing. In addition, right-handed F u,dR

makes no contribution to phenomenology. We can take F uR = F dR = diag(1, 1, 1), i.e.,

λu,dRi = 0.

(2) Due to F uL(F dL)† = diag(ei(λ
u
L0−λ

d
L0), ei(λ

u
L1−λ

d
L1), ei(λ

u
L2−λ

d
L2)), UCKM receives the con-

tributions only from phase difference λui −λdi . Without the loss of generality, λdiL can

be set to zero.

(3) Considering rephasing, a total phase in UCKM can be eliminated. The phases can be

redefined as

λuL0 ≡ λu0

λuL1 ≡ λu1 + λu0

λuL2 ≡ λu2 + λu0 ,

The CKM mixing matrix can be rewritten as

UCKM = eiλ
u
0Uu0 diag(1, eiλ

u
1 , eiλ

u
2 )(Ud0 )T (3.6)

Here, the global phase λu0 can be eliminated by rephasing.

To date, by choosing the Yukawa basis, all complex phases in the quark mixing matrix

are provided from only two quantities λu1 and λu2 . This suggests a new explanation for the

origin of CP violations from the relative phases of quarks between the gauge basis and the

Yukawa basis. The mass matrix structure can also be considered in a real space.

3.2 Flat Mass Matrix

3.2.1 Chiral [SO(2)L × SO(2)R]q Symmetry in Hierarchy Limit

In Eq. (3.6), complex phases have been separated from the CKM matrix; however, the

two real rotations Uu0 and Ud0 remain unknown. Without loss of generality, they can be

decomposed into a product of three rotations around independent axions

U q0 = R3(θq3)R2(θq2)R1(θq1) (3.7)

– 10 –



Here, Ri are defined as

R1(θ) =


1 0 0

0 c s

0 −s c

 , R2(θ) =


c 0 −s
0 1 0

s 0 c

 , R3(θ) =


c s 0

−s c 0

0 0 1


with s = sin θ, c = cos θ. Thus, the UCKM in Eq. (3.6) include 8 parameters: 6 rotation

angles θui , θ
d
i (for i = 1, 2, 3) and 2 phases λu1,2. However, the desired number of parameters

in UCKM is 4, corresponding to 3 CKM mixing angles and 1 CP violation phase. The

reduction of redundant parameters can be achieved by analyzing the roles of Ri in the

mass hierarchy limit.

The diagonalized quark mass matrix exhibits a hierarchical structure

M q
diag = mq

3


hq12h

q
23

hq23

1


with the hierarchy hqij ≡ m

q
i /m

q
j . In the mass hierarchy limit, hqij → 0, M q

diag is normalized

by a total mass mq
Σ ≡ m

q
1 +mq

2 +mq
3. Moreover, it has the following simple form:

1

mq
Σ

M q
diag =


0

0

1

 (3.8)

Obviously, Eq. (3.8) exhibits chiral SO(2)qL × SO(2)qR symmetry in real space, that is,

quark fields are invariant under transformations

ψ
q,(m)
L → RT3 (θqL)ψ

q,(m)
L , ψ

q,(m)
R → RT3 (θqR)ψ

q,(m)
R (3.9)

With the help of the chiral symmetry, the rotation angle θq3 in R3 of Eq. (3.7) can be

absorbed into the chiral rotation angles θqL,R in Eq. (3.9). They have no contribution to

the mass matrix in the hierarchy limit but provide two random parameters to the CKM

mixing matrix.

3.2.2 Mass Matrix Reconstruction

The left two rotations R1 and R2 can be used to reconstruct the quark mass matrix in

terms of Eq. (3.3)

M q
0 = mq

ΣR
T
1 (θq1)RT2 (θq2)


0

0

1

R2(θq2)R1(θq1) (3.10)
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On the other hand, R1(θq1) and R2(θq2) for q = u, d must meet the requirement of the CKM

matrix. Substituting Eq. (3.7) into Eq. (3.6), the CKM matrix becomes

UCKM = eiλ
u
0R3(θu3 )R2(θu2 )R1(θu1 )diag

(
1, eiλ

u
1 , eiλ

u
2

)
RT1 (θd1)RT2 (θd2)RT3 (θd3) (3.11)

Because (Ku
L)†UCKMK

d
L is rephased withKu

L = diag(1, eiβ
u
2 , eiβ

u
3 ),Kd

L = diag(eiβ
d
1 , eiβ

d
2 , eiβ

d
3 )

has the same CKM mixing results as UCKM , and Eq. (3.11) can generally be expressed by

RT1 (θu1 )RT2 (θu2 )RT3 (θu3 )
[
(Ku

L)†UCKMK
d
L

]
R3(θd3)R2(θd2)R1(θd1) = eiλ

u
0 diag(1, eiλ

u
1 , eiλ

u
2 )(3.12)

The above equation provides a way to investigate the rotation angles θu,di in terms of

the CKM experimental data listed in Tab. 2. If the CKM experimental data are input,

regarding a set of fixed rephasing matrices Ku,d
L , the six angles θu,di that diagonalize UCKM

to the unitary eigenvalues as the right side of Eq. (3.12) can be solved. In [38], all possible

Ku,d
L have been scanned, and some results regarding θu,di have been obtained.

Using R1(θq1) and R2(θq2) from these calculation results, the structure of the recon-

structed mass matrix can be analyzed. Physicists are always interested in a common mass

matrix structure between up-type quarks and down-type quarks. This encourages us to

propose another hypothesis:

Hypothesis II: In the hierarchy limit, normalized mass matrices of up-type and down-type

quarks have a homological structure in the Yukawa basis.

Because θq1,2 determined the normalized M q
0/m

q
Σ through Eq. (3.10), Hypothesis II

essentially requires θu1 = θd1 and θu2 = θd2 . The question of seeking homological Mu
0 and Md

0

is studied by defining a deviation degree between normalized up-type and down-type mass

matrices as follows:

dM =

∑
i,j

∣∣∣(Mu
0

muΣ
− Md

0

mdΣ
)ij

∣∣∣2∑
i,j

∣∣∣(Mu
0

muΣ
+

Md
0

mdΣ
)ij

∣∣∣2 (3.13)

When θu1 = θd1 and θu2 = θd2 , dM has a minimal value dM = 0, and
Mu

0
muΣ

and
Md

0

mdΣ
obtain a

homological structure.

The results in [38] show that dM tends to zero by evolving its value toward the minima.

A good solution is listed as follows:

θu1 = −0.7836, θu2 = 0.6110, θu3 = −0.9362, (3.14)

θd1 = −0.7858, θd2 = 0.6199, θd3 = −0.7098, (3.15)

λu1 = 0.0354, λu2 = 0.1000 (3.16)
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which corresponds to dM = 0.00004122. The reconstructed quark mass matrices in Eq.

(3.10) are

Mu
0 =

1

3
mu

Σ


0.9874 0.9950 0.9986

0.9950 1.0027 1.0063

0.9986 1.0063 1.0099

 , (3.17)

Md
0 =

1

3
md

Σ


1.0125 1.0035 1.0027

1.0035 0.9945 0.9937

1.0027 0.9937 0.9929

 . (3.18)

The result strongly suggests that normalized mass matrices have a flat structure I0 with

all elements 1

1

mu
Σ

Mu
0 =

1

md
Σ

Md
0 =

1

3
I0, I0 ≡


1 1 1

1 1 1

1 1 1

 . (3.19)

The flat mass structure is a logical result from the homology requirement for the up-type

and down-type quark mass matrices. Historically, a similar democratic matrix for neutrino

masses was assumed to explain the hierarchal structure and neutrino mixing [39] and was

even applied to the quark sector in [40].

In contrast to the democratic matrix that is an assumed texture, the flat matrix is

obtained from the CKM experiment data in Eq. (3.12) and the mass matrix construction

in the hierarchy limit. In addition, the democratic matrix was used for only neutrinos

(down-type quarks) and fixed charged leptons (up-type quarks) on a (close-to) mass basis.

However, up-type and down-type quarks are treated equally in the MFS. Mu
0 and Md

0

exhibit a flat structure at the same time. Because complex phases in the mass matrix have

been separated under Hypothesis I, the flat matrix occurs in a real flavor space, which

means that flavor breaking will be achieved by real parameters that are to be discussed in

the next section. While democratic matrices occur in a complex space, they need complex

parameterization to break flavors. It also involves the differences to determine the origin

of the CP violation.

3.2.3 CKM Mixing Structure in Hierarchy Limit

In terms of the flat mass matrix and [SO(2)L × SO(2)R]u,d symmetry, the CKM mixing

matrix can be determined by only four parameters, which is a requirement of the MFS.

An orthogonal rotation S0 is defined as

S0 =
1√
6


√

3 0 −
√

3

−1 2 −1
√

2
√

2
√

2

 (3.20)
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that diagonalize the flat matrix I0

S0I0S
T
0 = diag(0, 0, 3). (3.21)

With the help of S0 and [SO(2)L × SO(2)R]u,d symmetry in the hierarchy limit, diag-

onalizing the transformations Uu0 and Ud0 in Eq. (3.3) can generally be expressed as

Uu0 = R3(θuL)S0, Ud0 = R3(θdL)S0 (3.22)

The quark mixing matrix UCKM in Eq. (3.5) becomes

UCKM = R3(θu)S0


1

eiλ
u
1

eiλ
u
2

ST0 R
T
3 (θd) (3.23)

Here, the trivial global factor eiλ
u
0 has been eliminated. Now, the CKM mixing matrix is

dominated by two rotation angles and two free Yukawa phases.

The three CKM mixing angles can be determined by these parameters

s2
13 =

1

18

[
−
√

3cu(1− c2) + (1− 2c1 + c2)su

]2
+

1

18

[√
3cus2 + (−2s1 + s2)su

]2
(3.24)

s2
23

1− s2
13

=
1

18

[
(1− 2c1 + c2)cu +

√
3(1− c2)su

]2
+

1

18

[
cu(2s1 − s2) +

√
3s2su

]2
(3.25)

s2
12

1− s2
13

=
1

36

[
sd(3(1 + c2)cu +

√
3(−1 + c2)su) + cd(

√
3cu(1− c2)− (1 + 4c1 + c2)su)

]2

+
1

36

[
s2sd(3cu +

√
3su)− cd(

√
3cus2 + (4s1 + s2)su)

]2
(3.26)

where cq = cos θq, sq = sin θq for q = u, d and ci = cosλui , si = sinλui for i = 1, 2. The

Jarlskog invariant can be calculated as follows:

JCP =
1

54

{
√

3 sin(
λ2

2
) sin(2θu + 2θd)

[
cos(λ1 −

3λ2

2
) + cos(λ1 +

λ2

2
)− 2 cos(

λ2

2
)
]

+ sin(λ1 −
λ2

2
)
[
− 4 cos(λ1 −

λ2

2
) sin(2θu) sin(2θd)

+ cos(
3λ2

2
)[2 cos(2θu − 2θd) + cos(2θu + 2θd)] + 3 sin(

λ2

2
) sin(2θu + 2θd)

]}
(3.27)

In the mixing structure, the requirement of the nonredundancy parameters has been satis-

fied. Eq. (3.23) includes four parameters: two SO(2)u,dL angles θu,d and two Yukawa phases

λu1,2.

Eq. (3.23) provides a CKM mixing structure that is not related to the quark mass

data. Eq. (3.23) is derived from the hierarchy limit, which means that CKM mixing is

independent of the mass hierarchy. This results in the order of hqij . As perturbations,
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the hierarchies hqij will contribute neglectable corrections to the CKM mixing parameters,

which will be discussed in the next section. In contrast to this mixing structure, some

earlier work in [14, 41, 42] attempted to explain CKM mixing from quark masses. To

explain the two large mixing angles in PMNS from lepton masses, a new mass matrix of

lepton that is different from the form of quarks must be assumed [43]. If flavor mixings in

the quark sector and lepton sector are regarded from a homological manifestation, there

is a common flavor mixing structure both for the CKM mixing matrix and for the PMNS

mixing matrix. As we will see, Eq. (3.23) will be generalized to leptons in Sec. 3.4, which

makes the MFS a candidate for the desired flavor structure of quarks and leptons.

3.3 Flavor Breaking

3.3.1 Close-to-flat Mass Matrix

In mathematics, hierarchical eigenvalues can naturally arise from the close-to-flat matrix.

We consider a 2× 2 flat matrix with symmetric nondiagonal correction δ(
1 1 + δ

1 + δ 1

)
. (3.28)

Its two eigenvalues χi are

χ1 = −δ (3.29)

χ2 = 2 + δ (3.30)

A large hierarchy can be generated by the negative perturbation δ

χ1

χ2
' −δ

2
+O(δ2). (3.31)

Inspired by the above property, we assume that the flat mass matrix is broken in a similar

way. We define a 3× 3 matrix as follows

Iqδ =


1 1 + δq12 1 + δq13

1 + δq12 1 1 + δq23

1 + δq13 1 + δq23 1

 (3.32)

where δqij is the flavor-dependent nondiagonal correction. The broken quark mass matrix

M q
δ can be written as

M q
δ =

mq
Σ

3
Iqδ (3.33)

The small correction δqij breaks a flat I0 to yield the two light flavors. At a 1-order ap-

proximation of δqij , the physical masses are dominated by the two parameters Sq and Qq
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as follows

mq
1,2 =

yqv0√
2

(
1

3
Sq ∓ 2

3

√
Qq
)

+O(δ2) (3.34)

mq
3 =

yqv0√
2

(
3− 2

3
Sq
)

+O(δ2) (3.35)

with

Sq ≡ −δq12 − δ
q
23 − δ

q
13 (3.36)

Qq ≡ (δq12)2 + (δq23)2 + (δq13)2 − δq12δ
q
23 − δ

q
23δ

q
13 − δ

q
13δ

q
12 (3.37)

In the space of (δq12, δ
q
23, δ

q
13), Sq represents a plane with the normal direction (1, 1, 1). Qq

represents a cylindrical surface along the axial direction (1, 1, 1). The intersection zone

forms a circle, as shown in Fig. 1 (a). A random point on the circle meets the requirement

of hierarchal masses. From Eqs. (3.34) and (3.35), Sq and Qq can be expressed as hqij

Sq =
9(hq23 + hq12h

q
23)

2(1 + hq23 + hq12h
q
23)

(3.38)

=
9

2
(hq23 + hq12h

q
23 − (hq23)2) +O(h3)

Qq =
81

4

(
(hq23)2 − hq23(hq23 + hq12h

q
23)(1 + 2hq23)

(1 + hq23 + hq12h
q
23)

+
(1/2 + hq23)2(hq23 + hq12h

q
23)2

(1 + hq23 + hq12h
q
23)

)
(3.39)

=
81

16
(hq23)2 +O(h3)

hq23 determines the position and radius of the circle in the leading order of (hqij)
2. With

hq23 tending to zero, the radius decreases to zero, and the circle moves to the origin along

the axle (1, 1, 1), as shown in 1 (b).

3.3.2 An Approximate SO(2)qLR Symmetry

Notably, the number of breaking flavor parameters is more than the requirement of the mass

hierarchy. To generate the two lighter quark masses, only two free parameters are needed

to correspond to hq12 and hq23. As we have mentioned, Sq, Qq determines the hierarchy

hq12, h
q
23 in Eqs. (3.38) and (3.39). There are three perturbations δqij in the close-to-flat

matrix M q
δ . This means that there must exist a symmetry on three δqij . Fig. 1 shows that

each point P on the circle corresponds to the same quark masses.

We define a distance between a point on the circle and the origin as follows

Rq = (δq12)2 + (δq23)2 + (δq13)2,

is obviously invariant under the SO(2) rotation along the direction of (1, 1, 1) in the frame

of (δq12, δ
q
23, δ

q
13). Choosing an initial point on the circle as P (0) = −9

4h
q
23(1, 1, 0), a random
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Figure 1. Mass Hierarchy and Breaking Flavor Parameters. (a) The intersection line (black dotted)

of the surfaces Sq (yellow) and cylindrical surface Qq (blue) forms a circle along n = (1, 1, 1); (b)

The circle collapses to the origin with hq23 → 0.

point P (θ) =
(
δq12(θ), δq23(θ), δq13(θ)

)
can be expressed by the rotation angle 2θ

δq12(θ) =
(
− 3 cos(2θ)

4
+

9 sin(2θ)

4
√

3
− 3

2

)
h23 +O(h2) (3.40)

δq23(θ) =
(
− 3 cos(2θ)

4
− 9 sin(2θ)

4
√

3
− 3

2

)
h23 +O(h2) (3.41)

δq13(θ) =
(3 cos(2θ)

2
− 3

2

)
h23 +O(h2) (3.42)

The mass matrixM q
δ (θ) generated from Point P (θ) has the same mass eigenvalues (mq

1,m
q
2,m

q
3) =

(0, 3h23, 3−3h23) at the leading order of hqij . This indicates that the close-to-flat mass ma-

trix M q
δ must have a SO(2) rotation symmetry.

We determine the SO(2) representation on quark fields. In the infinitesimal rotation

of P (θ), M q
δ transforms as follows

δM q
δ =

9

4
√

3
hq23


0 1 0

1 0 −1

0 −1 0

 δθ.

Based on the SO(2)L×SO(2)R symmetry in the hierarchy limit, the symmetry of M q
δ with

nondiagonal corrections can be expressed into the chiral transformations generated by

TL = (1 + aLh23)T1 + (1 + bLh23)T2 + (1 + cLh23)T3

TR = (1 + aRh23)T1 + (1 + bLh23)T2 + (1 + cLh23)T3
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where aL,R, bL,R, andcL,R are the perturbation corrections. Here, Ti for i = 1, 2, 3 are SO(2)

generators.

T1 =


0 0 0

0 0 −i
0 i 0

 , T2 =


0 0 i

0 0 0

−i 0 0

 , T3 =


0 −i 0

i 0 0

0 0 0


which generate the rotation Ri(θ) = eiTiθ. Regarding the vanishing perturbations aL,R =

bL,R = cL,R = 0, it recovers to SO(2)L × SO(2)R symmetry.

Regarding an infinitesimal transformation, TL,R meets

iT †LM
q
δ − iM

q
δ TR = δM q

δ +O(h2). (3.43)

The perturbation corrections are obtained as follows:

aL = 0, bL = −9

4
, cL = 0,

aR = 0, bR = −9

4
, cR = 0

which stands for a SO(2)LR rotation along a shifted axle n = (1, 1− 9
4h

q
23, 1), that is, M q

θ

is invariant under the rotation Rn(θ)

M q
δ (θ) = RTn (θ)M q

δ (0)Rn(θ) (3.44)

Here, the Rn(θ) rotation along the random direction n = (nx, ny, nz) is defined by

Rn(θ) =


n2
x(1− c) + c nxny(1− c) + nzs nxnz(1− c)− nys

nxny(1− c)− nzs n2
y(1− c) + c nynz(1− c) + nxs

nxnz(1− c) + nys nynz(1− c)− nxs n2
z(1− c) + c

 (3.45)

where c ≡ cos θ, s ≡ sin θ, and n is the normalized vector.

The above results mean that the chiral [SO(2)L×SO(2)R]q symmetry of the flat mass

matrix M q
0 in the hierarchy limit is broken into an approximate SO(2)qLR of M q

δ in the

order of hqij when flavor breaking is considered.

3.3.3 Hierarchy Corrected Flavor Mixing

In the hierarchy limit, two rotation angles in the CKM mixing matrix are provided by

SO(2)uL and SO(2)dL. Regarding a close-to-flat mass matrix M q
δ , SO(2)uL × SO(2)dL is

replaced by the approximate SO(2)uLR×SO(2)dLR symmetry to maintain the quark mixing

structure.

We define a transformation Sqh with the hq23 correction to diagonalize M q
δ (0)

1

3mq
Σ

SqhM
q
δ (0)(Sqh)T = diag

(
0, hq23, 1− h

q
23

)
, (3.46)
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Sqh can be obtained as

Sqh = S0 +
hq23

4
√

3


0 0 −0
√

2
√

2
√

2

1 −1 1

+O
(
(hq23)2

)

The above second term comes from the hierarchy corrections.

In terms of Eqs. (3.44) and (3.46), M q
δ (θ) can be diagonalized by SqhR

T
n (θ)

1

3mq
Σ

[
SqhRn(θ)

]
M q
δ (θ)

[
RTn (θ)ST

]
=

1

3mq
Σ

SqhM
q
δ (0)(Sqh)T = diag(0, hq23, 1− h

q
23) (3.47)

i.e. diagonalizing transformation of M q
δ (θ) is U q0 = SqhRn(θ). Therefore, the CKM matrix

with the 1-order hierarchy correction becomes

UCKM =
[
SuhRn(θu)

][
diag(1, eiλ

u
1 , eiλ

u
2 )
][
RTn (θd)(Sdh)T

]
(3.48)

This structure can also be expressed in another form.

UCKM =
[
Rns(θ

u)Suh

][
diag(1, eiλ

u
1 , eiλ

u
2 )
][

(Sdh)TRTns(θ
d)
]

(3.49)

where Rns(θ
q) = SqhRn(θq)(Sqh)T is the definition. Obviously, Rns(θ

q) is R3(θq) corrected

by the mass hierarchy. It is easy to see that the above UCKM recovers to the result in the

hierarchy limit in Eq. (3.23) when hq23 → 0.

The hierarchy contributions to the CKM mixing angles can be expressed by

∆s2
13 = Cu13h

u
23 + Cd13h

d
23 +O(h2) (3.50)

∆s2
12 = Cu12h

u
23 + Cd12h

d
23 +O(h2) (3.51)

∆s2
23 = Cu23h

u
23 + Cd23h

d
23 +O(h2) (3.52)

Corrections to the Jarlskog invariant can also be expressed as

∆JCP = CuJh
u
23 + CdJh

d
23 +O(h2)

All coefficients Cu,dij and Cu,dJ are listed in Appendix A. These formulas indicate that the

hierarchy effect only provides a small correction to the results in the hierarchy limit; that

is, CKM mixing is dominated by an independent structure on the quark masses. Any large

mixing angle or CP violating phase does not arise from mass hierarchies but is provided

from the approximate SO(2)u,dLR rotation angles and Yukawa phases.
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3.4 Generalizing to Lepton Sector

Leptons also have hierarchal masses and exhibit flavor mixing in charged current weak

interactions. Inspired by these flavor characteristics similar to those of quarks, the MFS

can be generalized to leptons.

Applying Hypothesis I to the lepton sector, the lepton mass terms can be expressed

by the real mass matrix Mν,e
0

LlM = −ν̄(Y )
L Mν

0 ν
(Y )
R − ē(Y )

L M e
0e

(Y )
R +H.c.

on the Yukawa basis

ν
(Y )
L,R = F νL,RνL,R, e

(Y )
L,R = F eL,ReL,R.

Making SO(3) the rotation gives

ν(Y ) = (Uν0 )T ν(m), e(Y ) = (U e0 )T e(m),

Mν,e
0 is diagonalized into the physical masses. The weakly interacting leptonic charged

current on a mass basis becomes

LlCC =
g√
2
ē

(m)
L γµU e0F

e
L(F νL)†(Uν0 )†ν

(m)
L W+

µ +H.c. (3.53)

The PMNS mixing matrix has the following structure:

UPMNS = U e0F
e
L(F νL)†(Uν0 )† (3.54)

Lepton Yukawa phases have the same properties as F u,dL,R in UCKM

(1) Right-handed F ν,eR has no contribution to lepton masses or PMNS. We can take

F νR = F eR = diag(1, 1, 1).

(2) Complex phases in the PMNS are only provided from the difference λei − λνi (for

i = 0, 1, 2). Without a loss of generality, the charged lepton λei can be set to zero.

(3) Because a global phase can be eliminated by rephasing, we take λν0 = 0. Thus, there

are only two free phases in UPMNS

UPMNS = U e0 diag(1, e−iλ
ν
1 , e−iλ

ν
2 )(Uν0 )T (3.55)

Under Hypothesis II, the homology of Mν
0 and M e

0 must also be investigated in the

same way as that adopted in the quark sector.
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Using the PMNS data listed in Tab. (2), the value of the deviation degree dM displays

a tendency to zero, which means that the mass matrices of neutrinos and charged leptons

may be addressed from a common matrix. A set of evolution results is listed in [38].

θν1 = −0.7857, θν2 = 0.6152, θν3 = −0.1852, (3.56)

θe1 = −0.7850, θe2 = 0.6153, θe3 = −0.8217, (3.57)

λν1 = −0.5805, λν2 = −1.7587, (3.58)

Using θν,e1,2 in the above results, Mν,e
0 are reconstructed as

Mν
0 =

1

3
mν

Σ


0.9993 1.0002 0.9995

1.0002 1.0011 1.0004

0.9995 1.0004 0.9997

 , (3.59)

M e
0 =

1

3
me

Σ


0.9995 0.9995 1.0003

0.9995 0.9994 1.0003

1.0003 1.0003 1.0011

 . (3.60)

The results also strongly suggest a flat matrix as a common mass structure of the charged

lepton and neutrino mass matrices. Now, the flat mass matrices as a result of Hypothesis

II become a common characteristic for not only up-type and down-type quarks but also

neutrinos and charged leptons. It hints that quark and lepton Yukawa interactions may be

described in a unified fashion.

Now, neutrino and charged lepton mass matrices are assumed to be

3

ml
Σ

M l
0 = I0 ≡


1 1 1

1 1 1

1 1 1

 , l = ν, e (3.61)

in the hierarchy limit. The PMNS obtains a similar result as the CKM in Eq. (3.23)

UPMNS = R3(θe)S0


1

e−iλ
ν
1

e−iλ
ν
2

ST0 R
T
3 (θν) (3.62)

Considering lepton flavor breaking, the three nondiagonal real corrections δl12, δ
l
23, δ

l
13

(for l = ν, e) can also be introduced into the flat mass matrices of neutrinos and charged

leptons

M l
δ =

ml
Σ

3
I lδ =


1 1 + δl12 1 + δl13

1 + δl12 1 1 + δl23

1 + δl13 1 + δl23 1

 (3.63)
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The physical masses are expressed in Eqs. (3.34) and (3.35) after replacing the superscript

q with l. The corrected PMNS has a similar structure as Eq. (3.48)

UPMNS =
[
SehRn(θe)

][
diag(1, e−iλ

ν
1 , e−iλ

ν
2 )
][
RTn (θν)(Sνh)T

]
(3.64)

or in another form

UPMNS =
[
Rns(θ

e)Seh

][
diag(1, e−iλ

ν
1 , e−iλ

ν
2 )
][

(Sνh)TRTns(θ
ν)
]
. (3.65)

To date, the lepton flavor structure is similar to that of quarks.

3.5 Family Universal Yukawa Interaction

Under Hypotheses I and II, the MFS has realized that

(1) The complex phases in the SM Yukawa couplings have been separated. On the

Yukawa basis, Yukawa interactions can be rewritten with a family universal coupling.

After EWSB is performed, the quark/lepton mass matrix becomes a real, close-to-

flat matrix. The origin of the CP violation can be explained by the unitary phases

between the Yukawa basis and gauge basis.

(2) Flavor mixing and mass hierarchy have been divided into two independent issues. In

the mass hierarchy limit, quark/lepton flavor mixing is dominated by two Yukawa

phases and two SO(2) rotation angles. It still provides a nonvanishing CP violation

for the CKM and PMNS. Hierarchy corrections only play perturbative roles in flavor

mixing. The flavor mixing matrix with 1-order hierarchy corrections retains a similar

structure as in the hierarchy limit.

(3) A close-to-flat mass matrix naturally arises from the homology of the mass matrix.

The mass matrices of all fermions, up-type and down-type quarks, charged leptons

and Dirac neutrinos, have a common structure due to their hierarchal mass charac-

teristics. A family universal Yukawa coupling appears as an inevitable product of the

hierarchal fermion masses and the homology of the mass matrices. In phenomenology,

coupling is determined by the total family mass mf
Σ.

In the mass hierarchy limit, the rewritten Yukawa interaction is summarized as

−LY = yu
(
Q̄

(Y )
L,1 + Q̄

(Y )
L,2 + Q̄

(Y )
L,3

)
H̃
(
ū

(Y )
R,1 + ū

(Y )
R,2 + ū

(Y )
R,3

)
+yd

(
Q̄

(Y )
L,1 + Q̄

(Y )
L,2 + Q̄

(Y )
L,3

)
H
(
d̄

(Y )
R,1 + d̄

(Y )
R,2 + d̄

(Y )
R,3

)
+(u→ ν, d→ e) (3.66)
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This describes an indiscriminate interaction between the different fermion families, i.e.,

exchange invariant exists between two random families.

After EWSB is performed, the mass matrices have a flat structure as follows:

−LM =
v0

3
√

2
yuū

(Y )
L I0u

(Y )
R +

v0

3
√

2
ydd̄

(Y )
L I0d

(Y )
R +

v0

3
√

2
yν ν̄

(Y )
L I0ν

(Y )
R +

v0

3
√

2
yeē

(Y )
L I0e

(Y )
R +H.c.

The flat matrix I0 has a chiral [SO(2)L × SO(2)R]f flavor symmetry. When I0 is broken

by nondiagonal perturbation corrections δfij , an approximate SO(2)LR symmetry exists in

O(h1
ij), which remains the quark/lepton mixing structure in Eqs. (3.49) and (3.65).

The MFS introduces the Yukawa basis to express fermion interactions with Higgs,

which maintains all invariant gauge interactions. In terms of the EW interaction of the

quarks, the following is obtained:

LqEW = iQ̄Lγ
µ
(
∂µ − i

g√
2

(τ+W+
µ + τ−W−µ ) + ieQAµ − i

g

cW
(
τ3

2
−Qs2

W )Zµ

)
QL

+iūRγ
µ
(
∂µ + ieQAµ + i

g

cW
Qs2

W

)
uR + (uR ↔ dR)

The natural current remains flavor-diagonal after mass diagonalization is performed through

Eq. (2.1)

LqEW =
g√
2
ūLγ

µUCKMdLW
+
µ + h.c.− eQuūLγµuLAµ − eQdd̄LγµdLAµ

+
g

cW
ūLγ

µ(
1

2
−Qus2

W )ZµuL +
g

cW
d̄Lγ

µ(−1

2
−Qds2

W )ZµdL + · · ·

Therefore, the MFS does not produce FCNC at the tree level.

Breaking the flat mass structure dynamically is an essential open question. These are

some possible mechanisms to achieve flavor breaking.

(1) by vacuum structure. The multi-Higgs model can provide extra vacuum expected

values beyond the single one in the SM. As a typical example, two Higgs fields in

2HDM can assign different VEV and different couplings to fermions [30, 44].

(2) by the flavon model. Flavor-independent interactions are a characteristic of flavones.

By setting proper couplings, the MFS can be achieved [45–47]. For example, by

considering the four flavons assisted by one Higgs scenario, three flavons φi can be

assigned as VEVs as follows:

〈φ1〉 =


1

0

0

 , 〈φ2〉 =


0

1

0

 , 〈φ3〉 =


0

0

1

 . (3.67)
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The other φ0 is assigned a family universal VEV

〈φ0〉 =


1

1

1

 (3.68)

Thus, the MFS can be obtained as follows:

−LqY =
yu

3
Q̄

(Y )
L φ0H̃φ

T
0 u

(Y )
R +

yd

3
Q̄

(Y )
L φ0Hφ

T
0 d

(Y )
R

+
∑
i 6=j

yu

3
Q̄

(Y )
L H̃φiδ

u
ijφ

T
j u

(Y )
R +

∑
i 6=j

yd

3
Q̄

(Y )
L H̃φiδ

d
ijφ

T
j d

(Y )
R

(3) by radiative corrections. In the hierarchy limit, only the third fermions are massive.

As a flavor breaking seed, the unbalanced mass assignment may induce nonvanishing

radiative corrections between the third family and the second one, i.e., it contributes

to δ23. The flat mass matrix is broken as
1 1 1

1 1 1 + δ23

1 1 + δ23 1


The mechanism makes the second family obtain a nonvanishing mass, which breaks

the SO(2) symmetry in the first two families. Moreover, the different masses between

the first two families may induce new radiative correction to the first family. Thus,

the MFS mass matrix can be induced from the third one to the second one and then

to the first one. Calculating and verifying the mechanism is our future study. The

mechanism will provide an exciting prospect: the flavor structure is self-determined

in the MFS.

4 Fit Experiment Data

4.1 MFS Parameters

We have established the MFS of quarks and leptons with the correct number of parameters.

In the quark/lepton sector, some parameters are responsible for fermion masses, and others

are responsible for flavor mixing.

On the Yukawa basis, the close-to-flat mass matrix has 3 nondiagonal real corrections

δf12, δ
f
23, δ

f
13. They determine 2 mass hierarchies hf12, h

f
23 in terms of Eq. (3.34) and (3.35)

and ignore one free SO(2)fLR rotation angle. Two rotation angles of SO(2)uLR and SO(2)dLR

control the CKM flavor mixing with 2 Yukawa couplings together. (For leptons, the two
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rotation angles correspond to the SO(2)νLR and SO(2)eLR symmetries.) The total family

mass
∑

im
f
i determines Yukawa couplings yf . These MFS parameters are shown in Fig.

2. The MFS has provided 10 independent quantities to parameterize the quark (lepton)

Figure 2. MFS parameters and observables in the quark sector.

flavor structure: 2 Yukawa phases, 3+3 mass corrections δfij and 2 family universal Yukawa

couplings. We will calculate these parameters by fitting fermion masses and flavor mixing

parameters.

4.2 Quark Masses and CKM

To fit the MFS parameters, a two-step strategy is adopted. The first step is to fit 3 θu,dij to

the quark masses. Using these fit results, the quark mass matrix Mu,d
0 can be reconstructed

in terms of Eq. (3.33). The second step is to fit the CKM by calculating the diagonalizing

transformations of Mu
0 and Md

0 .

The family universal Yukawa coupling can be determined by the total family mass

v0√
2
yq =

1

3
mq

Σ

as

yu = 0.334, yd = 0.00820

where the VEV is v0 = 246GeV, and the quark mass data is listed in Tab. (2).
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For a set of corrections δqij (q = u, d), the eigenvalues of M q
0 can be calculated as

physical quark masses. By scanning all possible ranges of δqij , a possible δqij is recorded

when the eigenvalues of M q satisfy the quark mass data in 1σ C.L. These fit values are

shown in the frame of (δq12, δ
q
23, δ

q
13) in Fig. 3, which forms a circle. The fit results show

that SO(2)qLR is a good approximate symmetry, as we have analyzed before. All points on

a circle correspond to two hierarchies hq12, h
q
23. The succession of the reproduction of the

quark masses verify that the close-to-flat mass matrix is a good structure that addresses

the quark mass hierarchy.

Figure 3. Allowed parameter spaces (δq12, δ
q
23, δ

q
13) for (a) down-type quarks and (b) up-type quarks

in 1σ CL.

In terms of the above fitting results of δuij and δdij , quark mixing can be investigated. In

Eq. (3.6), UCKM is determined by two rotation transformations Uu0 , U
d
0 and two Yukawa

phases λu1 , λ
u
2 . By choosing a fit point (δu12, δ

u
23, δ

u
13) on the up-type circle, we can build the

up-type quark mass matrix through Eq. (3.33). The Uu0 transformation is calculated by

diagonalizing the real Mu
0 into the physical mass, as shown in Eq. (3.3). Similarly, for a

down-type quark, Ud0 can also be obtained from a fitting point (δd12, δ
d
23, δ

d
13). Thus, for two

sets of chosen points (δu12, δ
u
23, δ

u
13) and (δd12, δ

d
23, δ

d
13), quark mixing is only dependent on

the left two free parameters λu1 , λ
u
2 . By scanning the whole parameter space of λu1 and λu2 ,

we can determine the group of (δu12, δ
u
23, δ

u
13) and (δd12, δ

d
23, δ

d
13). We investigate all possible

combinations of δuij and δdij and obtain a set of good mixing results listed in the first column

of Tab. 4.2. The mass hierarchies hqij are also shown in the second column.

The fit results for the magnitudes of the CKM matrix elements are

UCKM =


0.975 0.224 0.00394

0.224 0.974 0.0414

0.00909 0.0406 0.999
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Table 2. MFS fit results for quarks

MFS Para. Mass Hierarchy CKM Mixing
δu12 = −0.0000453

δu23 = −0.0172

δu13 = −0.0165

hu12 = 0.00169

hu23 = 0.00754 s12 = 0.2243

λu1 = −0.00504

λu2 = 0.0851

s23 = 0.04141

s13 = 0.003942
δd12 = −0.00723

δd23 = −0.0644

δd13 = −0.0377

hd12 = 0.0480

hd23 = 0.0237

δCP = 1.31027

Alternatively, the fit CKM results may be expressed by the Wolfenstein parameters as

follows:

λ = 0.224, A = 0.823,

ρ̄ = 0.107, η̄ = 0.400.

These results agree well with the experimental measurements in [36]. To date, all 10

parameters in the MFS have been determined by 6 quark masses, 3 CKM mixing angles

and 1 CP violating phase.

Using the above fit results, the validity of the CKM mixing structure in O(h1
ij) can

also be verified by calculating the SO(2)u,dLR rotation angles from the fit δu,dij . The rotation

angle θu,d can be determined from Eq. (3.48) as follows:

Rn(θq) = (Sqh)†U q0

Substituting δqij listed in Tab. 4.2 to generate transformation U q0 , the rotation angles can

be obtained as follows:

θu = −1.029, θd = −0.8044.

Frm the above rotation angles θu, θd and Yukawa phases λu1 , λ
u
2 , the CKM in O(h1)

can be retrieved only with a slight difference from the experimental data. It is verified that

SO(2)u × SO(2)d is a good approximate symmetry in the order of h1
ij .

4.3 Lepton Masses and PMNS

Along the same two-step path, the MFS can be determined in the lepton sector.
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Due to the unknown absolute neutrino masses, the lightest neutrino mass mν
1 is set to

0.0001 eV. mν
2 and mν

3 are determined from ∆m2
32 and ∆m2

21 (for normal order). In the

first step, δνij and δeij are fit to the neutrino masses and charged lepton masses listed in

Tab. 2 by scanning the whole parameter space. All allowed δν,eij values are shown in Fig.

(4) for neutrinos and charged leptons. These allowed distributions form the circles in the

frame of (δl12, δ
l
23, δ

l
13) for l = ν, e along the axle (1, 1, 1).

Figure 4. Allowed parameter spaces (δl12, δ
l
23, δ

l
13) for (a) charged leptons and (b) neutrinos.

By choosing two sets of δνij and δeij from the respective fit data, we can rebuild the

neutrino and charged lepton mass matrices in terms of Eq. (3.63). By calculating the

transformations Uν0 and U e0 , we can obtain the PMNS mixing matrix through Eq. (3.55)

with two free Yukawa phases λν1,2. By scanning all possible combinations of the fit δνij and

δeij and phases λν1,2, we can obtain a fit result to match the PMNS experimental data listed

in Tab. 4.3. The validity of the PMNS mixing structure can be verified by calculating the

SO(2)ν,eLR rotation angles. The two rotation angles are

θν = −0.3837, θe = −0.9046,

which can generate a good PMNS mixing matrix in terms of Eq. (3.65).

5 Flavor Mixing Sum Rule

The MFS provides a flavor mixing structure with four parameters in Eq. (3.23) for quarks

and Eq. (3.62) for leptons. In the CKM/PMNS matrix, the number of independent

observables is also four. Therefore, there is no prediction regarding the flavor mixing

parameters. However, in the fit results listed in Tabs. 4.2 and 4.3, both the quark λu1 and

lepton λν1 have small fit values. This hints that λf1 (for f = u, ν for quark and lepton) may

be treated as a perturbation. This can be explained by the role played by the Yukawa

– 28 –



Table 3. MFS fit results for leptons

MFS Para. Mass Hierarchy PMNS Mixing
δe12 = −0.00443

δe23 = −0.146

δe13 = −0.105

he12 = 0.00484

he23 = 0.0594 s2
12 = 0.335

λν1 = −0.0111

λν2 = 1.60

s2
23 = 0.439

s2
13 = 0.0201

δν12 = −0.176

δν23 = −0.435

δν13 = −0.073

hν12 = 0.0116

hν23 = 0.173

δCP = 1.49π

phases. As we know, in the hierarchy limit, the physical mass becomes (0, 0,mf
3). λf1 , λ

f
2

are two relative phases between three quark/lepton generations, which can be factorized

into 
1

eiλ
f
1

eiλ
f
2

 =


(

1

eiλ
f
1

)
1



(

1

1

)
eiλ

f
2


This means that the phase λf2 in the second factorized matrix on the right side represents

a phase between the 3rd generation and the whole of the first two generations. The phase

λf1 parameterizes a phase between the 1st generation and 2nd generation. In the mass

hierarchy limit, the first two generations become massless. The effect of the relative phase

λf1 is suppressed by hierarchy. In addition, λf2 dominates complex phase roles in flavor

mixing. If treating λf1 = 0, quark/lepton mixing structures are determined by only three

independent parameters, which will yield a sum rule on the mixing angles and CPV.

Considering the CKM mixing matrix in Eq. (3.23), we take λu1 = 0, and we reduce

Eq. (3.26) to

s2
12

1− s2
13

=
1

36

(
sin2(λu2)(

√
3cu+d + cdsu − 3cusd)

2
)

+
1

36

(√
3(cos(λu2)− 1)cu+d + (5 + cos(λ2

2))sucd − 3(1 + cos(λu2))cusd

)2

Moreover, the expression is rearranged in terms of θd as follows:

C12s
2
d + C1scsdcd + C10 = 0 (5.1)
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with the coefficients as follows:

C12 =
{

2(1− cos(λu2))(4
√

3sucu + 8s2
u − 12c2

u) + 36(c2
u − s2

u)
}

C1sc =
{

2(1− cos(λu2))(4
√

3s2
u + 12sucu)− 72sucu

}
C10 =

{
2(1− cos(λu2))(3− 4

√
3sucu − 8s2

u) + 36s2
u

}
− 36s2

12

1− s2
13

Similarly, |UCKM,22|2 is rewritten in terms of θd as follows:

C22s
2
d + C2scsdcd + C20 = 0 (5.2)

with the coefficients as follows:

C22 = −2(cos(λu2)− 1)(8c2
u − 12s2

u − 4
√

3cusu) + 36(s2
u − c2

u)

C2sc = −2(cos(λu2)− 1)(−12cusu + 4
√

3c2
u) + 72cusu

C20 = −2(cos(λu2)− 1)(3− 8c2
u + 4

√
3cusu) + 36c2

u

−36
(
c2

12c
2
23 + s2

13s
2
23s

2
12 − 2c12s12c23s23s13 cos[δCP ]

)
Eliminating θd from Eqs. (5.1) and (5.2), we obtain

C2
12C

2
20 + C2

1scC
2
20 − 2C10C20C12C22 + C2

1scC20C22 + C2
10C

2
22 − 2C10C20C1scC2sc

−C12C20C1scC2sc − C10C22C1scC2sc + C2
10C

2
2sc + C10C12C

2
2sc = 0 (5.3)

For the given CKM mixing angles and CPV, the above formula is only dependent on the

parameters θu, λu2 .

Taking λu1 = 0 in Eqs. (3.24) and (3.25), we have

s2
13 =

2

9
sin2(

λu2
2

)(
√

3cu + su)2

s2
23

1− s2
13

=
2

9
sin2(

λu2
2

)(cu −
√

3su)2

θu and λu2 can be solved as

±
√

1− cos(λu2)cu =
3

4

(√
3s13 +

s23√
1− s2

13

)
±
√

1− cos(λu2)su =
3

4

(
s13 −

√
3s23√

1− s2
13

)
.

Eliminating λu2 and θu in Eq. (5.3), a complicated flavor mixing sum rule is obtained.

To investigate the sum rule more clearly, we expand it in terms of the power of s13.

The leading order appears as the order of s2
13

s2
12c

2
12s

2
23s

2
13

(
1− 6c2

23 − 4 cos2 δCP c
2
23 + 9c4

23

)
+O(s3

13) = 0.

The result shows that there are two possible cases:
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case 1: s13 = 0. This makes the sum rule valid up to any power of s13. This case arises from

the condition of the mass hierarchy limit, which is consistent with the interpretation

of the smallness of s13 in the CKM (and in PMNS).

case 2: s13 6= 0. For nonvanishing s12 and s23, the sum rule predicts a simple relation between

θ23 and δCP as follows:

1− 6c2
23 − 4c2

23 cos2(δCP ) + 9c4
23 = 0.

Regarding CKM, this relation is not inadaptable. However, it cannot be ruled out

for the PMNS due to the large experimental deviation of δCP (see Fig. 5 for details).

Figure 5. A prediction from the flavor mixing sum rule for nonvanishing s13 in hierarchy limit.

The range of θ23 − δCP for the CKM (red) and PMNS (green) is in 1σ C.L.

6 Unified Yukawa Interactions

In the MFS, a flat mass matrix is a corollary of Hypothesis II. In fact, there exists a

corresponding relation between the hierarchal masses and flat structures. When enlarging

the range of the research objects, more hierarchies can be widely found between up-type

and down-type total quark masses mu
Σ � md

Σ, charged lepton and neutrino total mass

me
Σ � mν

Σ, and even total quark mass and total lepton mass mu
Σ + md

Σ � mν
Σ + me

Σ.

Thus, a unified Yukawa interaction with a single coupling can be established along the flat

structure.
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6.1 Uptype and Downtype Quarks

In family universal Yukawa terms in Eq. (3.66), a flat matrix is introduced to represent a

nondistinguishing Yukawa interaction between the different families in the hierarchy limit.

To build a unified Yukawa interaction for up-type and down-type quarks, we consider

two quark fields ψq1, ψq2 in the Yukawa basis (for the sake of convenience, the superscript

(Y ) of the field has been neglected). Their left-handed components form a SU(2)L doublet

Ψq
L = (ψq1L , ψ

q2
L )T , and the right-handed ψq1R and ψq2R remain singlets. Considering SU(2)L

doublet scalars Φ, Ψ̄q
LΦ and Ψ̄q

LΦ̃ form SU(2)L singlets. We assume that there exists

a nondistinguishing Yukawa interaction between SU(2)L invariants: Ψ̄q
LΦψq1R , Ψ̄q

LΦ̃ψq1R ,

Ψ̄q
LΦψq2R and Ψ̄q

LΦ̃ψq2R ; that is, there is a flat structure as follows:

−LQY =
1

2
yqΨ̄q

L

(
Φ̃,Φ

)( 1 1

1 1

)(
ψq1R

ψq2R

)
(6.1)

Here, yq is a real coupling that determines the quark total mass mu
Σ +md

Σ. Alternatively,

Eq. (6.1) can also be written into a unified quark Yukawa interaction

−LQY =
1

2
yqΨ̄q

L(Φ + Φ̃)(ψq1R + ψq2R ) (6.2)

Here, the scalar Φ+Φ̃ is the SU(2)L self-charged field, i.e., iσ2(Φ+Φ̃) = Φ+Φ̃. Notably, in

the above unified quark Yukawa interaction, ψq1, ψq
2

are not up-type or down-type quarks

but their linear combinations. We make an orthogonal rotation as follows:

Ψq
L → RudΨ

q
L =

(
u

(Y )
L

d
(Y )
L

)
(6.3)

(
ψq1R

ψq2R

)
→ Rud

(
ψq1R

ψq2R

)
=

(
u

(Y )
R

d
(Y )
R

)
(6.4)(

Φ̃,Φ
)
→ Rud

(
Φ̃,Φ

)
2×2

RTud =
(
H̃,H

)
(6.5)

with

Rud ≡
1√
2

(
1 1

−1 1

)
, (6.6)

Moreover, the flat matrix in Eq. (6.1) is diagonalized into the family-universal form as

shown in Eq. (3.66)

−LQY = Q̄
(Y )
L

(
H̃ H

)( yu
yd

)(
u

(Y )
R

d
(Y )
R

)
(6.7)

In the hierarchy limit mu
Σ � md

σ, Yukawa couplings have the values yd = 0 and yu = yq.

This means that the total quark mass mu
Σ +md

Σ is occupied by up-type quarks.
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Regarding a more realistic case, we consider the flat structure that breaks by a per-

turbation in a nondiagonal element such as(
1 1

1 1

)
→

(
1 1 + δq

1 + δq 1

)
≡ Iqδ . (6.8)

By the same rotation as Eq. (6.6), Iqδ is diagonalized into hierarchal eigenvalues with

yu � yd, i.e.,
yq

2
RudI

q
δR

T
ud = diag(yu, yd).

To yield a realistic mu
Σ and md

Σ, δq must satisfy

yd

yu
=
−δq

2 + δq
.

Its value is fixed as

δq = −
2md

Σ

mu
Σ

' −2mb

mt
' −0.0483.

Similarly, unified Yukawa interactions can be generalized to leptons. We consider

two lepton fields ψl1 and ψl2. Their left-handed components form a SU(2)L doublet

Ψl
L = (ψl1L , ψ

l2
L )T and right-handed ψl1R , and ψl2R maintain singlets. A flat structure is as-

sumed for nondistinguishing Yukawa interactions: Ψ̄l
LΦψl1R , Ψ̄l

LΦ̃ψl1R , Ψ̄l
LΦψl2R and Ψ̄l

LΦ̃ψl2R .

Neglecting the similar scenario as quarks, a difference between the quarks and leptons orig-

inates from the total mass hierarchy order. Because mν
Σ � me

Σ differs from mu
Σ � md

Σ, the

diagonalizing rotation for leptons is required as follows:

Rνe =
1√
2

(
1 −1

1 1

)
.

To yield the realized lepton mass (for mν
1 = 0.001 eV), a nondiagonal perturbation for

leptons must satisfy the following condition: δl = − 2yν

yν+ye .

Moreover, a unified quark/lepton Yukawa interaction is expressed as follows:

−LQ+L
Y =

1

2
yqΨ̄q

L(Φ + Φ̃)(ψq1R + ψq2R ) +
1

2
ylΨ̄l

L(Φ + Φ̃)(ψl1R + ψl2R ). (6.9)

with two universal couplings: yq and yl.

6.2 Quarks and Lepton

Inspired by the mass hierarchy between leptons and quarks mu
Σ + md

Σ � mν
Σ + me

Σ, we

built a flat structure in a similar way.

Considering four fermions ψAi, ψBi for i = 1, 2, their left-handed components are

combined into two SU(2)L doublets:

ΨA
L =

(
ψA1
L

ψA2
L

)
, ΨB

L =

(
ψB1
L

ψB2
L

)
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where ψA1
R , ψA2

R , ψB1
R are four right-handed values, and ψB2

R remain singlets. If nondistin-

guishing Yukawa interactions exist, we obtain:

ΨA
L(Φ + Φ̃)(ψA1

R + ψA2
R ), ΨA

L(Φ + Φ̃)(ψB1
R + ψB2

R ),

ΨB
L (Φ + Φ̃)(ψA1

R + ψA2
R ), ΨB

L (Φ + Φ̃)(ψB1
R + ψB2

R ),

These terms can be arranged into a flat matrix as follows:

−LY =
y0

4

(
Ψ̄A
L , Ψ̄

B
L

)
(Φ + Φ̃)

(
1 1

1 1

)(∑
i ψ

Ai
R∑

i ψ
Bi
R

)
(6.10)

Compactly, LY can be expressed as a unified Yukawa interaction between the left-handed

doublet (Ψ̄A
L + Ψ̄B

L ), right-handed singlet ψAiR + ψBiR and self-conjugation scalar (Φ + Φ̃) as

follows:

−LY =
y0

4

(
Ψ̄A
L + Ψ̄B

L

)
(Φ + Φ̃)

∑
i=1,2

(
ψAiR + ψBiR

)
(6.11)

where y0 is a single coupling, which determines all fermion total masses mu
Σ+md

Σ+mν
Σ+me

Σ.

After diagonalizing the flat matrix in Eq. (6.10) by a rotation Rlq = 1√
2

(
1 −1

1 1

)
,

leptons and quarks can be divided as follows:(
ΨA
L

ΨB
L

)
→ Rlq

(
ΨA
L

ΨB
L

)
=

(
Ψl
L

Ψq
L

)
(6.12)

(∑
i ψ

Ai
R∑

i ψ
Bi
R

)
→ Rlq

(∑
i ψ

Ai
R∑

i ψ
Bi
R

)
=

(∑
i ψ

li
R∑

i ψ
qi
R

)
. (6.13)

Quark Yukawa coupling yq and lepton coupling yl are obtained as follows:

y0

2

(
1 1

1 1

)
→ y0

2
RlqI

s
δR

T
lq =

(
yl

yq

)
. (6.14)

and Eq. (6.10) becomes the unified quark/lepton Yukawa terms, as shown in Eq. (6.9).

To address the realized case, a nondiagonal perturbation δs is needed.(
1 1

1 1

)
→

(
1 1 + δs

1 + δs 1

)
≡ Isδ . (6.15)

By the same rotation transformation Rlq, Eq. (6.14) yields the physical yq and yl under

the condition of

δS = −
2(mν

Σ +me
Σ)

mu
Σ +md

Σ

' −2mτ

mt
' −0.0205.
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Figure 6. Gauge interaction unification and Yukawa interaction unification.

To date, a unified Yukawa interaction for SM fermions has been built in Eq. (6.11)

in the hierarchy limit. When a perturbation is introduced into the flat matrix, the unified

Yukawa term is broken into the realized case at different levels. Regarding a possible origin

of perturbations δq, δl and δs, some clues may be found by comparing the cases before and

after breaking. In Eqs. (6.1) and (6.7), linear combined quarks ψq1 and ψq2 are broken

into up-type quark u and down-type quark d. Since u has an electric charge of +2/3 and d

has an electric charge of −1/3, electric charge symmetry is maintained. Therefore, δq may

arise from a quantum correction of quarks with different electric charges. This case is also

suitable for linear combined leptons ψl1 and ψl2 broken to neutrinos with an electric charge

of 0 and charged leptons with an electric charge of −1. At the higher level, ΨA and ΨB

are broken into quarks and leptons in Eqs. (6.12) and (6.13), in which the color symmetry

is maintained due to quarks with color charges and leptons without color charges. This

suggests that δs in Eq. (6.15) may arise from strong interactions.

The unified Yukawa interaction provides a compacted and desired scenario to compre-

hend the fermion flavor structure. This scenario is similar to the gauge unification in the

GUT, as shown in Fig. 6. At the GUT scale, strong and EW interactions are separated.

Fermions taking part in strong interactions become quarks, while others become leptons.

Regarding the EW scale, differential EM interaction separates quarks into up-type and

down-type interactions and separates leptons into neutrinos and charged leptons.

7 Summary

Through the redundancy of the SM Yukawa couplings and similarity of quark and lepton

mixings, a family universal Yukawa interaction has been proposed for both quarks and
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leptons with exactly the same number of parameters as the number of phenomenological

observables. The MFS answers the question of unclear flavor structures in the SM according

to a mismatch of gauge eigenstates in Yukawa terms. Regarding the Yukawa basis, the CP

violation in the CKM/PMNS can stem from the phase transformation between the Yukawa

basis and gauge basis. Yukawa interactions between different families have a close-to-flat

flavor structure. With the help of the quark and lepton mass hierarchy, a [SO(2)L ×
SO(2)R]f symmetry can be found in the flat mass matrix. When hierarchy corrections

are considered, the symmetry is broken into SO(2)fLR, which yields a prominent result in

the quark/lepton mixing matrix. Research shows that the CKM/PMNS is dominated by

only 4 parameters: 2 Yukawa phases and 2 SO(2) rotation angles, which are independent

of the mass ratios of quarks/leptons. The validity of the MFS is verified by fitting the

quark/lepton masses and mixing parameters.

Based on the role of the Yukawa phase λu,ν1 in the mixing matrix, a sum rule on the

mixing parameters is deduced. The sum rule required nonvanishing s13 or a simple con-

straint relation about θ23 and δCP in the hierarchy limit. This suggests that the smallness

of s13 in the CKM and PMNS may originate from the mass hierarchy.

The flat mass matrix can be generalized to two kinds of quarks, to two kinds of leptons

and to all fermions since the mass hierarchy widely exists at multiple levels. Although actual

fermion masses can be achieved through nondiagonal corrections in a flat mass matrix, the

dynamics explanation of these corrections, δq, δl and δs, is still unknown. Discovering their

origins will provide a deeper understanding of the fermion flavor structure in the future.
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A Hierarchy Corrections to CKM Mixing Parameters

In the hierarchy limit, the CKM matrix has a structure as shown in Eq. (3.23), and the

mixing angles and Jarlskog invariant can be calculated from Eq. (3.24), (3.25), (3.26) and

(3.27). When flavor breaking is considered, the CKM matrix receives corrections from

hu,d23 , while its structure is maintained in Eq. (3.48) or (3.49). Hierarchy corrections can

be defined as

∆s2
ij = s2

ij

∣∣∣
h
− s2

ij

∣∣∣
0
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Here, the subscript h labels a mixing parameter with hierarchy corrections, and the sub-

script 0 labels that in the hierarchy limit. In O(h1
ij), these results can be expressed as

∆s2
13 = Cu13h

u
23 + Cd13h

d
23 +O(h2) (A.1)

∆s2
12 = Cu12h

u
23 + Cd12h

d
23 +O(h2) (A.2)

∆s2
23 = Cu23h

u
23 + Cd23h

d
23 +O(h2) (A.3)

The above coefficients Cu,dij are listed as follows:

Cu13 = −1

6
su(c1 + c2 + 1)

[
− 2c1su +

√
3(c2 − 1)cu + c2su + su

]
−1

6
su(s1 + s2)(−2s1su + s2su +

√
3s2cu)

Cd13 = − 1

36

[
su(−2c1 + c2 + 1)−

√
3(1− c2)

]
×
{
su

[
4c1(2cd − 3) + c2(−2

√
3sd + 2cd − 3) + 2

√
3sd + 2cd − 3

]
+ cu

[
c2(2
√

3cd − 6sd − 3
√

3)− 6sd − 2
√

3cd + 3
√

3
]}

− 1

36

[
su(s2 − 2s1) +

√
3s2cu

]
×
{
su

[
4s1(2cd − 3) + s2(−2

√
3sd + 2cd − 3)

]
+ s2cu

[
2
√

3cd − 3(2sd +
√

3)
]}

Cu12 =
1

216
su

[
− [su(−2c1 + c2 + 1)−

√
3(1− c2)cu]2 − [su(s2 − 2s1) +

√
3s2cu]2 + 18

]
×
{[
cd(2c1 − c2 − 1) +

√
3(c2 − 1)sd

][
cd[su(4c1 + c2 + 1)−

√
3(1− c2)cu]

− sd[3(c2 + 1)cu +
√

3(c2 − 1)su]
]

+
[
cd(2s1 − s2) +

√
3s2sd

][
cd[su(4s1 + s2) +

√
3s2cu]− s2sd(

√
3su + 3cu)

]}
− 1

216
su

{
c1

[√
3(1− c2)cu + (c2 + 1)su

]
+ su(s1s2 − 2c2)−

√
3s1s2cu

}
×
{[
cd(
√

3(1− c2)cu − su(4c1 + c2 + 1)) + sd(3(c2 + 1)cu +
√

3(c2 − 1)su)
]2

+
[
s2sd(

√
3su + 3cu)− cd(su(4s1 + s2) +

√
3s2cu)

]2}
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Cd12 =
1

648
(3cd − 2)

{[
su(−2c1 + c2 + 1)−

√
3(1− c2)cu

]2

+
[
su(s2 − 2s1) +

√
3s2cu

]2
− 18

}
×
{[
su(−2c1 + c2 + 1)−

√
3(1− c2)cu

][
cd[su(4c1 + c2 + 1)−

√
3(1− c2)cu]

− sd(3(c2 + 1)cu +
√

3(c2 − 1)su)
]

+
[
su(s2 − 2s1) +

√
3s2cu

]
×
{
sucd(4s1 + s2) +

√
3s2cucd − s2sd(

√
3su + 3cu)

}}
+

√
2

2592

{[√
2su(−2c1 + c2 + 1)−

√
6(1− c2)cu

]
×
{
su

[
4c1(2cd − 3) + c2(−2

√
3sd + 2cd − 3) + 2

√
3sd + 2cd − 3

]
+ cu

[
c2(2
√

3cd − 3(2sd +
√

3))− 6sd − 2
√

3cd + 3
√

3
]}

+
[√

2su(s2 − 2s1) +
√

6s2cu

]{
su

[
4s1(2cd − 3) + s2(−2

√
3sd + 2cd − 3)

]
+ s2cu

[
2
√

3cd − 3(2sd +
√

3)
]}}

×

{[
cd[
√

3(1− c2)cu − su(4c1 + c2 + 1)] + sd[3(c2 + 1)cu +
√

3(c2 − 1)su]
]2

+
[
s2sd(

√
3su + 3cu)− cd(su(4s1 + s2) +

√
3s2cu)

]2
}

Cu23 =
1

162
(3cu − 2)

[
c1[(c2 + 1)cu +

√
3(c2 − 1)su] + s1s2(

√
3su + cu)− 2c2cu

]
×
[
− 2
√

3c1(1− c2)sucu + c2(2c1 sin2(θu) + 2 cos(2θu) + 1)

+ 2s1s2su(su +
√

3cu) + 2c1 sin2(θu) + 6
]

− 1

54
su

[
s1s2(−1 + 2c2

u − 2
√

3sucu) + 2c1cu[(c2 + 1)cu −
√

3(c2 − 1)su]

+ s1s2 + 4c2s
2
u − c2 − 3

]{
− c1[

√
3(1− c2)cu + (c2 + 1)su]

+ su(2c2 − s1s2) +
√

3s1s2cu

}
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Cd23 =
1

648

[
18− [su(−2c1 + c2 + 1)−

√
3(1− c2)cu]2 − [su(s2 − 2s1) +

√
3s2cu]2

]
×
{[
cu(2c1 − c2 − 1) +

√
3(c2 − 1)su

]{
cu(4c1(2cd − 3)

+ c2(−2
√

3sd + 2cd − 3) + 2
√

3sd + 2cd − 3)

+ su

[
c2(6sd − 2

√
3cd + 3

√
3) + 6sd + 2

√
3cd − 3

√
3
]}

+ [cu(2s1 − s2) +
√

3s2su]
[
4s1(2cd − 3)cu

− s2(2
√

3sucd + 2
√

3cusd − 2cucd − 6susd − 3
√

3su + 3cu)
]}

+
1

648

{[
cu(2c1 − c2 − 1) +

√
3(c2 − 1)su

]2
+
[
cu(2s1 − s2) +

√
3s2su

]2}
×

[[
su(−2c1 + c2 + 1)−

√
3(1− c2)cu

]{
su

[
4c1(2cd − 3)

+ c2(−2
√

3sd + 2cd − 3) + 2
√

3sd + 2cd − 3
]

+ cu

[
c2(2
√

3cd − 3(2sd +
√

3))− 6sd − 2
√

3cd + 3
√

3
]}

+
[
su(s2 − 2s1) +

√
3s2cu

]{
su

[
4s1(2cd − 3) + s2(−2

√
3sd + 2cd − 3)

]
+ s2cu

[
2
√

3cd − 3(2sd +
√

3)
]}]

Similarly, corrections to the Jarlskog invariant can be written as

∆JCP = CuJh
u
23 + CdJh

d
23 +O(h2).
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Coefficients Cu,dJ are listed as follows:

CuJ =
1

432
c1 sin(2λ2)

{
sin(2θd)

[
2su − 9 sin(2θu) + 4 sin(3θu)− 3

√
3 cos(2θu)

+ 2
√

3cu

]
+ cos(2θd)

[
− 2
√

3su + 9
√

3 sin(2θu)− 4
√

3 sin(3θu)

− 6cu + 9 cos(2θu)
]}

+
1

432
s1 cos(2λ2)

{
sin(2θd)

[
− 2su + 9 sin(2θu)− 4 sin(3θu)− 2

√
3cu

+ 3
√

3 cos(2θu)
]

+ cos(2θd)
[
2
√

3su − 9
√

3 sin(2θu) + 4
√

3 sin(3θu)

+ 6cu − 9 cos(2θu)
]}

+
1

216
s2

{
2 sin(2θd)

{
c1su

[
cos(2θu) + (9− 6

√
3su)cu − 3

]
+ 2 cos(2λ1)[sin(3θu)− su] +

√
3
[
5cu + 3 cos(3θu)− 12 cos(2θu)

]}
− cos(2θd)

{
3c1

[√
3[3su − 6 sin(2θu) + sin(3θu)] + cu + 3 cos(2θu)

− 3 cos(3θu)
]

+ 2
√

3(sin(3θu)− su)
}}

+
1

216
s1c2

{
8c1 sin(2θd)[su − sin(3θu)] + 3

√
3 sin(2(θd − θu))

−
√

3 sin(2θd − θu)

− 6
√

3 sin(2(θd + θu)) + 6
√

3 sin(2θd + θu)

− 2
√

3 sin(2θd + 3θu)−
√

3 sin(2θd − 3θu) + 7 cos(2θd − θu)

+ 2 cos(2θd + θu)− 2 cos(2θd + 3θu)− 7 cos(2θd − 3θu)
}

+
1

432
s1

{
12 cos(2θd − θu) + 9 cos(2(θd + θu))− 6 cos(2θd + 3θu)

− 12 cos(2θd − 3θu) +
√

3 sin(2θd)[−8cu + 3 cos(2θu) + 6 cos(3θu)]

+
√

3 cos(2θd)[−16su + 27 sin(2θu)− 2 sin(3θu)]
}

– 40 –



CdJ =
1

72
cos(3θd)

[√
3s1(1− c2) sin(2θu)− 3 cos(2θu)(s1 − c1s2)

]
+

1

216
cd

{
3 cos(2θu)

[
s1(12c2 sin2(θd) + cos(2λ2) + 2)− c1(s2 + sin(2λ2))

]
+
√

3 sin(2θu)
[
s1(5c2 − cos(2λ2)− 4) + c1 sin(2λ2) + 4s2

]}
+

1

216
cos(2θu)

{
2
√

3 sin(
λ2

2
)
[
sd(− cos(λ1 −

3λ2

2
))

+ 9(c2 + 2) sin(2θd) cos(λ1 −
λ2

2
)− s1 sin(

λ2

2
)[(4c2 + 3) sin(3θd) + 8sd]

+ 2 cos(
λ2

2
)[sd − sin(3θd)]

]
− c1s2[

√
3((4c2 + 3) sin(3θd) + 10sd) + 9 cos(2θd)]

}
− 1

216
sin(2θu)

{
4(sin(3θd)− sd) sin(2λ1 − λ2)

+ 2 cos(
λ2

2
) sin(λ1 −

λ2

2
)
[
(2c2 − 7)sd + (4c2 + 1) sin(3θd)

]
+ 3
√

3(sin(
3λ2

2
)− sin(

λ2

2
)) cos(2θd) cos(λ1 −

λ2

2
)
}

+
1

72
s2

{
3 cos(λ1 − λ2) cos(2(θd + θu))

+ sin(2θu)
[
c1(3− 2

√
3sd) sin(2θd) + 4

√
3(cd − 2) cos(2θd)

]}
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