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ABSTRACT: It is known that the trace anomaly in the QCD energy-momentum tensor TH”
can be attributed to the anomalies for each of the gauge-invariant quark part and gluon part
of T*, and their explicit three-loop formulas have been derived in the MS scheme in the
dimensional regularization. The matrix elements of this quark/gluon decomposition of the
QCD trace anomaly allow us to derive the QCD constraints on the hadron’s gravitational
form factors, in particular, on the twist-four gravitational form factor, éq,g' Using the
three-loop quark/gluon trace anomaly formulas, we calculate the forward (zero momentum
transfer) value of the twist-four gravitational form factor C,, at the next-to-next-to-
leading-order (NNLO) accuracy. We present quantitative results for nucleon as well as
for pion, leading to a model-independent determination of the forward value of Ci'qvg. We
find quite different pattern in the obtained results between the nucleon and the pion. In
particular, for the nucleon, the present information from experiment and lattice QCD on
the nonperturbative matrix elements arising in our NNLO formula allows us to obtain a
prediction of the forward value of C_'q,g at the accuracy of a few percent level.
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1 Introduction

The QCD energy-momentum tensor 7#" is known to receive the trace anomaly [1-3], as

71 = = S 4 (14 2 (0)) mi (1)

representing the broken scale invariance due to the quantum loop effects, with the beta-
function 5(g) for the QCD coupling constant g and the anomalous dimension ~,,(g) for
the quark mass m. Here, 7, is the metric tensor, 7,, = diag (1, —1, —1, —1) in four
spacetime dimensions, and F? (= F/*F,,,) and miptp (= mytu + mgdd + . ..) denote the
renormalized composite operators dependent on a renormalization scale. The symmetric
QCD energy-momentum tensor is given by [4] (see also [5, 6])

™ =T +T)" (1.2)
where the operators,

v

T = iy Dy, T = —FMF% + %FQ, (1.3)
with D = oF 4 igAH, %}“ = @ and R1SY) = w, are the gauge-invariant
quark part and gluon part; we have neglected the gauge-variant terms in the r.h.s. of (1.2),
i.e., the ghost term and the gauge fixing term, as they do not affect our final results.
Classically, we have, 7, T} = maptp and NuwTH = 0, up to the terms that vanish by the
equations of motion (EOM), but (1.1) does not coincide with the quantum corrections to
the ma1p operator, reflecting that renormalizing the quantum loops and taking the trace



do not commute. We note that the total tensor TH” of (1.2) is not renormalized; it is a
finite, scale-independent operator, because of the energy-momentum conservation,

8,T" =0, (1.4)

while T/ and T} are not conserved separately and thus each of 74" and T} is subject
to regularization and renormalization. This fact suggests that each of T} and Tj"
should receive a definite amount of anomalous trace contribution, such that their sum
reproduces (1.1). The corresponding trace anomaly for each quark/gluon part is derived
up to two-loop order in [7]. The extension to the three-loop order is worked out in [8],
demonstrating that the logic to determine the quark/gluon decomposition of the trace
anomaly holds to all orders in perturbation theory. In the MS-like (MS, MS) schemes in
the dimensional regularization, we obtain

. as (n 4Cr -
T — S (ZLpry 28 )
N T mp + in ( 3 + 3 myy | + -,
as ( 11C4 ,  14Cp -
T“V = — — F e 1
N T 47T< G + 3 mW) +- (1.5)

for ny flavor and N, color with Cp = (N2 —1)/(2N.) and C4 = N,; here a; = g*/(4r), and

2 3

< 2)) corrections, whose

the ellipses stand for the two-loop (O(«?)) as well as three-loop (O(«
explicit formulas are presented in [7, 8]. The sum of the two formulas of (1.5) coincides
with (1.1) at every order in «y. For a recent extention to the four-loop order, see [9].
Each formula of (1.5) is separately renormalization group (RG)-invariant up to the one-
loop terms that are explicitly shown above, but 7, T}" as well as 1, T}" receives the RG
scale dependence beyond the one-loop order, still the total anomaly (1.1) is scale-independent.
Although intuitive interpretation of the separate anomalies (1.5) for quark/gluon parts, as
well as their correspondence to the quark/gluon degrees of freedom participating in the
quantum loops, is not straightforward beyond one-loop order, the formulas (1.5) could be
useful beyond being a purely formal decomposition. Indeed, the separate anomalies (1.5),
as well as their RG properties, allow us to constrain the twist-four gravitational form
factor Cy 4 [7], where C, (C,) arises as one of the gravitational form factors [4, 10-12]
to parametrize the hadron matirx element of each of quark and gluon parts of the QCD

energy-momentum tensor, (p'|T/%|p). In particular, it has been demonstrated [7] that

the solution of the correspondinégtwo—loop RG equations provides a model-independent
determination of the forward (p’ — p) value of C, 4, at the accuracy of ~ ten percent level.
Such quantitative constraint could have impact on the developments to describe the shape
deep inside the hadrons reflecting dynamics of quarks and gluons, such as the pressure
distributions inside the hadrons [11, 13, 14]; indeed, the recent results of the pressure
distributions [15] and the shear force distributions [16] inside the nucleon are based on the
determination of the quark part of the gravitational form factors from the behaviors of the
generalized parton distributions (GPDs) [17-19], which are obtained by experiments like
deeply virtual Compton scattering (DVCS) [18-23], deeply virtual meson production [24, 25],
meson-induced Drell-Yan production [26-28], etc. As another phenomenological implication,

the cross section of the near-threshold photoproduction of J/1 in ep scattering, proposed



to be measured at the Jefferson Laboratory [29], is sensitive to the F? part of the trace
anomaly (1.1) [30], which can be conveniently handled [31] through the p’ — p behavior of
the gravitational form factors that parametrize (p'[n,, T}" |p). The separate anomalies (1.5)
should also provide a new insight on understanding the origin of the nucleon mass [32-38]
to be explored in the future Electron-Ion Collider.

In this paper we extend the two-loop calculation of [7] for constraining the twist-four
gravitational form factor éq,g to the calculation at the next higher-order accuracy by using
the three-loop formulas for the separate anomalies, (1.5). We calculate the forward value of
the twist-four gravitational form factor Cy 4 at the next-to-next-to-leading-order (NNLO)
accuracy, which allows us to present quantitative results for nucleon as well as pion; in
particular, for nucleon, we determine the forward value of éq,g at the level of accuracy ~ a
few percent.

The rest of the paper is organized as follows. We sketch all-orders renormalization-
mixing structure relevant for the quark and gluon energy-momentum tensors in the MS-like
schemes in section 2, and explain, as its direct consequence, the quark/gluon decomposition
of the QCD trace anomaly. Implications of this result to constrain the gravitational form
factors are discussed in section 3. In particular, in section 4, we present a model-independent
determination of the forward value of the twist-four gravitational form factor C_’M, at the
accuracy of ~ a few percent level. These results for a nucleon are extended to the case of
the spin-0 hadrons like a pion in section 5. Section 6 is reserved for conclusions.

2 Renormalization structure of energy-momentum tensor and the sepa-
rate quark and gluon trace anomalies

In this section we sketch how the formulas (1.5) are obtained. First of all, the renormalization
of T/, T} of (1.3) is not straightforward, because it does not obey a simple multiplicative
form: T4, T} are composed of the twist-two (traceless part) and twist-four (trace part)
operators, and the renormalization mixing between the quark part and gluon part also
arises. To treat them, we define a basis of independent gauge-invariant operators up to
twist four,

Oy = —F"F% 0, = iy » Dy, (2.1)
Og(4) = 77WF2 ’ Oq(4) = ﬁ“ymi/”% (22)

and the corresponding bare operators, OF with k = g, ¢, g(4), and ¢(4). The renormalization
constants are introduced as

Oy = ZrO; + ZmOL y + 210} + Zs0% 4
Oq = ZyOy + ZxOkyy + 2O} + Z0OY ),
Oyta) = ZFOgluy + ZoOylay
Oy = Oglay »

where, for simplicity, the mixing with the EOM operators as well as the BRST-exact
operators is not shown, as their physical matrix elements vanish and they do not affect our



final result [39]. Here, O, as well as Oy, is a mixture of the twist-two and -four operators,
and the corresponding twist-four components receive the contributions of the twist-four
operators Ogyy and Ogyyy. The latter two formulas (2.5) and (2.6) reflect, respectively, that
the twist-four operator Og4) mixes with itself and another twist-four operator O, and
that Og4) is renormalization group (RG)-invariant (see [7, 8, 40]).

Subtracting the traces from both sides of the equations (2.3) and (2.4), Oy, and OF with
k = g,q are replaced by the corresponding twist-two parts, Oy (o) and 0,15(2), respectively,
such that the twist-four contributions drop out:

B B
Og(2) = Z104(2) + Z1.0y2) »
Oy(2) = ZyOyla) + Z@O4s) (2.7)

Here, the resultant equations are controlled by the renormalization constants Zr, Zr,, Zy,
and Zg, and should represent the flavor-singlet mixing of the twist-two, spin-two operators.
Thus, those four constants Zr, Zy,, Z, and Zg can be determined by the second moments
of the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) splitting functions which are
known up to the three-loop accuracy [41].!

For the renormalization mixing (2.5) at twist four, the Feynman diagram calculation
of Zr and Z¢ is available to the two-loop order [40]. Moreover, it is shown [8] that the
constraints imposed by the RG invariance of (1.1) allow to determine the power series in o
for Zr as well as Z¢ in the MS-like schemes, completely from the perturbative expansions
of A(g) and 7, (g), which are now known to five-loop order [43-48] in the literature.

Therefore, six renormalization constants Zr, Zy,, Zy, Zg, Zr and Zc among ten con-
stants arising in (2.3)—(2.6) are available to a certain accuracy beyond two-loop order in
the MS-like schemes, and they take the form,

ax bx cx

ZX:((SX,T+6X,1ZJ+5X,F)+T+€2 +673+”" (2.8)

in the d = 4 — 2¢ spacetime dimensions with X =T, L, v, Q, F, and C; here, ax,bx,cx, ...,
are the constants given as the power series in oy, and dx x7 denotes the Kronecker symbol.
However, Zy;, Zg, Zx and Zp still remain unknown. It is shown [8] that these four
renormalization constants can be determined to the accuracy same as the renormalization
constants (2.8), by invoking that they should also obey the form (2.8) with X = M, S, K, B,
and that the r.h.s. of the formulas (2.3), (2.4) are, in total, UV-finite. Thus, all the
renormalization constants in (2.3)-(2.6) are determined up to the three-loop accuracy.
The trace part of each of the renormalized quark part and gluon part (1.3), 1., Thy, is
of twist four and thus is expressed as a superposition in terms of the independent twist-
four renormalized operators, miy and F2. The corresponding formulas can be derived
calculating the trace part of (2.4) and (2.3), and then reexpressing the results with ma)
and F? by the use of (2.5), (2.6). Expressing the resulting formulas as

M Ty = q(as)F? + (14 yg(as)) miip, (2.9)
nuyT;V = xg(as)FQ + yg(as)mquwa (210)

!See [42] for recent four loop results for the low moments.




the coefficients zq(as), yq(as), zg(as), and yg(os) are completely determined by the renor-
malization constants in (2.3)—(2.6), such that those coefficients are the finite quantities of
order as and higher. Furthermore, it has been shown [8] that the relations,

zq(as) + zg(as) = 52(5) )
yq(as) + yg(as) = ’Vm(g) ) (2'11)

hold to all orders in ag, where

dg T dog > g\t
_ - /= = —Ara, | — , 2.12
Blo) dlnp as dlnp e nzz:oﬁ (47r> ( )

_ L1om(p) _ — g\
'Ym(g) = E 8ln,u = ngo'ymn (47‘1’) ) (2.13)

so that the relations (2.11) guarantee that the sum of (2.9) and (2.10) reproduces the QCD
trace anomaly (1.1). We note that the sum of the two equations (2.9) and (2.10) is thus
RG-invariant; but, each of them exhibits the dependence on the renormalization scale p in
the MS-like schemes, i.e.,

T3 = T,

+ )| (2.14)
2 T

due to the contributions of order a2 and higher (see the discussion in section 1).

The results (2.9), (2.10) allow us to derive the three-loop formulas for (1.5); here, the
explicit form of (2.9), (2.10) is given, in the MS-like schemes, up to the three-loop order in
eqgs. (88), (87) of [8], and the corresponding three-loop formulas of z4(cv), yg(as), z4(cs),
and y4(a) in the MS-like schemes are given as x3, y3, z1, and y; in egs. (83)-(86) in [8].
Therefore, through the renormalization, each of the quark part T#" and the gluon part I
of the energy-momentum tensor receives a definite amount of anomalous trace contribution
as in (2.9), (2.10), such that their sum reproduces (1.1).

3 Anomaly constraints on the nucleon’s twist-four gravitational form
factor

The nucleon matrix element of each term in (1.2), using the nucleon states |N(p)) and
|N(p')) with the 4-momenta p and p', respectively, is parameterized as

) i y Plrig"A,
(NG)ITLSIN () = 5l | Aqg (817 + By (8) ="

AFAY — kvt y
+ thg(t)T + Cq’g(t>M77M U(p) y (31)

in terms of the gravitational form factors Ag 4(t), By 4(t), Dy g(t), and Cy 4(t) [11, 12], where
P = W is the average of the initial and final momenta, A* = p’# — pH is the momentum
transfer, t = A2, and M and u(p) are the nucleon mass and spinor, so that P? = M? —t/4.



Aqq(t) and By 4(t) are familiar twist-two form factors; A, 4(t) obey the forward (¢ — 0)

sum rule,
A4(0) + A44(0) = 1, (3.2)

representing a sharing of the total momentum by the quarks/gluons, as a consequence of
the forward matrix element of the energy-momentum tensor (1.2) being normalized by

(N(p)[T*|N(p)) = 2p"p", (3.3)

with (N(p')|N(p)) = 2p°(27)36®) (p' — p) being assumed, and, similarly, B, 4(t) obey the
forward sum rule, [44(0) + B4(0) + A4(0) + By4(0)]/2 = 1/2, representing a sharing of
the total angular momentum by the quarks/gluons, as a consequence of the nucleon spin
being 1/2.

Dyg(t), Cqg(t) of (3.1) have also received considerable attention recently [10-16, 31],
and their theoretical estimates are performed [34, 49-57]: D, 4(t) are related to the so-called
D term, D = D,(0) + D,(0) [11]. For C, ,4(t), exact manipulations for the divergence of (1.3)
yield the operator identities [12, 58, 59],

O TH = PgF™ v, O TI" = —FI" DI\ FY (3.4)

up to the terms which vanish using the equations of motion, (i) —m) = 0, and the
matrix elements of these identities can be expressd by C, 4(t) using (3.1), as [12]

(N (P) g F" 3| N (p)) = iM A" Cy(t)a(p)ulp) (3-5)
~(N ()| EL Dy Fp N (p)) = iMAMCo(t)a(p)ulp) , (3.6)

v

showing that C, ,(t) represent the multiparton correlation of twist four. The identities
of (3.4) are compatible with the condition (1.4), using the equations of motion for the gluon
fields, Do F*¥ = gy”1), and the fact that the equations of motions are preserved under

renormalization; therefore, we have
Cy(t) + Cy(t) = 0, (3.7)

for all values of t. We note that C,4(t) are relevant to the force distribution inside the
nucleon [11, 16] and the nucleon’s transverse spin sum rule [60].

The formula (2.14) indicates that the gravitational form factors Agq 4(t), By,¢(t), Dg,¢(%),
and Cy,4(t) in (3.1) depend on the renormalization scale p; this renormalization scale
dependence can be determined from the renormalization-mixing structures in (2.3)—(2.6).
The corresponding renormalization group (RG) equations of Cy 4 and A, , and the scale
evolutions implied by their solutions are discussed at the two-loop level in [7]. In this paper
we discuss the evolutions of Ci'qyg as well as of A, , at the three-loop level, as a result of the
three-loop formulas for (2.3)—(2.6), (2.9), (2.10) derived in [8]. In the following, we treat
the form factors,

éqy(ﬂ) = éqy(t =0,u),
AQyQ(M) = Aq,g (t = 07 M) ) (38)



in the forward limit ¢ = 0, denoting the renormalization scale 1 dependence explicitly, and
derive their three-loop evolutions taking into account the above constraints (3.7), (3.2).
Substituting (3.1) for the forward matrix element of the relations,

Ok(2) = T}[" — traces (k=4q.9), (3.9)

between the operators (1.3) and the twist-2 parts of (2.1), it is straightforward to see that
the form factor A, 4(1) of (3.8) obey the p-dependences implied by (2.7): the differentiation
of the relations (2.7) with respect to the renormalization scale yields the RG equations
of the twist-two, spin-2 quark and gluon operators, which coincide with the first moment
of the DGLAP evolution equations for the flavor-singlet part of the unpolarized parton
distribution functions,

_d Oy _ 5, Oq(2)(u)> _ (iqq(as) %g(as)> <0q(2)(u)>
dln <Og(z)(u)> v(as) (09(2)(;0 Yga(ws) Ygg(as) ) \Oge2y(1) ) (3.10)

with the anomalous dimension matrix y(as), as the first moment of the singlet DGLAP
kernel. The three-loop anomalous dimension matrix of (3.10) for the twist-two flavor-singlet
operators reads [41, 61]

Hay) = (jqq(as) ?qg(as)> Z‘i% + <47r)2% + (Z‘;)S%, (3.11)

'qu(as) 799(048)

where
16Cp  _ 4ny
Yo = (_1%CF an) ) ; (3.12)
3 3
376 112 104 74 35
4 =2 BC0pCa — 52CEH — 52nsCr —5;Crny — 3Cany ’ (3.13)
37GCFCA—|- 11202 + 1040an %Cpnf—l—%?CAnf
and
. _ 256 44 128
V2ge = —V2gq = —7<(3)cAanf — chanf — 128¢(3)CAC% + ig( )CACF
17056 ) 41840 256 14188 )
~ a3 CaCk + =555 CaCr + 5 ((3)Cns — = 5=Ciny
5680 256C( )C3 112003
81 3 243
_ _ 208 278 3589
Togg = —T2gg = _7g(3)cAanf + =5 CaClrny + 48((3)C3iny — cAnf
| 2116 ) 4310
= = = 14
+ 53 O +3 g( )Crns = 243CF 243 CFNI (3.14)

in the MS-like schemes. Here, ((s) is the Riemann zeta-function with ¢(3) = 1.202056903. . ..
We note that, from the definition (3.1), we have the relation (see e.g., [11, 12]),

Ag () = () s(p), (3.15)



where the sum is over the ny quark flavors f = u,d, ..., and

@) = [ do (a5(e,n) + a5 ) (3.10

is the first moment of the quark and antiquark distributions of flavor f at the scale yu. We
have also the similar formulas for Ay ().

Explicit form of the solution for the RG equations of the type of (3.10) has been
discussed at the three- as well as four-loop accuracy in [62] (see also [63]). For the present
case, we obtain

Aq(u)> Aq(po)
= E(:ua MO) ! ) (317)
(Ag(u) Ag(po)
for a certain “input” scale pg, using the evolution operator E(u, pg) that obeys
L B(p. o) = A0 Bl po) B0, o) = 1 (318)
dlnlJJ M7u0 - ’7 S H)MO 9 :U’07,LL0 - 9 .

with the three-loop anomalous dimension matrix (3.11). Noting that the lowest-order mixing

matrix (3.12) satisfies
~o_ 16CF +4n;

70 3 Yo (3.19)
ie.,
Yo (% - IGCF; ing 1) =0, (3.20)
we can define the projection operators,
3 ~
= m707
Q=1-P, (3.21)

which are associated with the eigenvalues ((16Cr + 4ny) /3, 0) of the matrix o as

160F + 4an

YoP = Py = 3 ,

Y0Q =Q% =0, (3.22)

satisfying
P’=P, Q*=Q, PQ=0. (3.23)

These projection operators allow us to express the LO solution for the evolution operator
of (3.18) as

Ero(p, po) = exp [;500 n (jss((/ﬁ))))] -

() \
aor ()] o

and we seek a solution for the full equation (3.18) as a perturbation about the LO solution,
in a form [62, 63]

E(, 110) = U (as(1)) Evo(p, 110)U " (vs(p0)) (3.25)



with the matrices U (as(p)) and U~! (as(po)) determined order-by-order, as

2
U (as()) = 1+ 00, 1 (1) o,

U*«m%»zl—%mwm+(%W@f(45+ua,

4 47
where
1
Un = W/BO (QRnQ + PRnP) + 1GCF3+4nf i Znﬂo QRnP
1
- PR,Q
Cp+4 ’

16 F3+ ny N 2nﬁ0

for n = 1,2, with

Ri=4 -5,

Bo
s B (B B -
Ry =7, 60’71 (,6’0 5(2))"/0+R1U1-

(3.26)

(3.27)

(3.28)

Thus, the evolution operator E(u, o) of (3.17) at the three-loop accuracy is expressed as

8Cr +2n
s (1) > 800

as(po)

E(u, po) _Q+P(

8Cr +2n

47 4

n MU1Q _ MQUl + (as(“)>3ﬁ° {%(M)UlP - 0@4(::0)PU1]

s (o)

(152 v ueu + () e (v v
(e )80@55”’“ K%(M))Z b a0slm) e
s\ o 47 (47r)2

(3.29)

Here, the first and the second lines are the LO terms and the NLO terms, respectively,
which are controlled at the one-loop and two-loop accuracy; the third line and the following
lines denote the NNLO terms derived from the three-loop contributions. We can confirm
that Ay 4(1) obeying (3.17) with (3.29) satisfies (3.2), when it is satisfied at a certain scale

o Therefore, (3.17) with (3.29) reduces to

Ag(1) = 1= Ag(p1) = (1,0) - E(pt, o) (1 fﬁj&o))

= ALO(u) + AYO () + ANNO ()

(3.30)



where

A0, g ACrA (o) + 1y (A (o) —1) (as ) o (3.31)

4CF+nf 4CF+nf
NLO Cks( ) 40an( 590A—|—1020F+26nf)
A (w) =
47 9(4Cp+nf)( 3,30+8CF+2nf)
q (1

8Cp +2ny
as(p) \ 70 | (as(p)\ 4Cr A, (o) +nyp (Ag (o) — 1)
N <Oés(ﬂo)) [( 47 ) 2765 (4Cr +ny) (CF{*3765OCA
+7253 +3050nf}—3560CAnf+112ﬁ0q%+185mf>
] 1
i (a Zgrm)) 2753 (—3P0 +8Cr + 2ny) (—160% { (~18850Ca — 2155 +3651 ) Ag (o)

+Bons (2944 (ko) —14)} —8B0CaCr {ny (94 —129A, (ko)) + 14180 Aq (120) }
+6CF {—1050”3f (Ag (p0) = 1) +24B1n g (1—244 (110)) + Bon s (1544 (120) +37)

+36B0B81Aq (110)} +15 (3580Ca — 18B1) (Aq (10) — 1) (2 —3B0) —89680C Aq (#0)) ,

(3.32)

ANNLO () — (as(u)>2 Crng
q 47 81(4CF—}—nf) (4CF+nf—3B0) (8C'F+2nf—3,6’0

+1728¢(3)} O3 42 { (57928 — 98496¢ (3)) C'a +n s (—26134 4 31104 (3)) + 8150 (85
—192¢(3 ))}CF+{24(—1951+4752§( ))CA + (—90720¢ (3)n + 512680 — 9726,
+7387250¢(3)) Ca — 550831 — 3n80(—3893 +5184¢(3)) +2n}(—6377+5184g(3))} Cr
—6n; {142@ — 21300y +234,81} +C% {8(—593+3564¢(3))nf + B0 (921 — 42768¢(3))}

) (48{~1241

+Cia { (5458 — 10368¢ (3))n + 30 (— 1819+ 5184C(3))m s + 318651 | )

8Cr +2n

as(i) \ 0 [ (i) \2 oy (Aq (10) — 1) +4C Ay (o
+<a8(uo)> [( 47 ) 2916(46’};«“&—1”@)561

+3230 {3 (648¢(3)83 — 3583 + 140n 1 5o + 3361 ) — 5264C B0 | C}

+2 {3n #(—4939+T776¢(3)) 33 + 141376C3 B3 +900n3 53 +8352n 151 B

1604 (3[533+972g(3)] 32 4+1900n, B +338451) Bo+4328, (753 + 1251) } c2
+2{8C7 (3200n; +350[2615+648¢(3)]) 53 — 3C.a (70080n} +9 [3(161+72¢(3)) 55
+68851] n s + 338458051 ) fo + 3 ([3605051 —67953] n% 4544, [553 + 16ﬁ1] n
+64800 |82 — BoBa]| ) } Cr+ny { C3 (2450 +950[3589 - 3888¢(3)]) 3

— 60, (1058nf53 131561 60 +420nfﬁl) Bo+324 (2nfﬁ% 136, [5% —ﬁoﬁg} ) })

OCS(M) O‘s(MO) 1 9
_< 4 )( 4 )729(8CF+2nf—3,6’o)63 ({11260C% + (=376C80 +30n80

) (2508833 C
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+7281) Cr = 35Cany o+ 18051} {89680 4, (o) C3+16 ([ ~2155 — 188Cu o
+3651] Ag (10) + 150 [29A4 (110) — 14]) CF +8Ca Bo (1 [94— 1294, (110)]
+14180 44 (110)) Cr — 6 (=108 [Ag (p0) — 1] n + 2451 [1 = 24, (10)] s

+ 33 [15A4, (0) + 37 n g + 368081 Aq (1t0) ) Cim = g (21— 360) (35C 4 Bo

1861 (A ( )—1)})+(a5(uo)>2 1 (
1) (Aq (to A 2916 (4Cp+ns—300) B

— 128 { (3161 +648¢ (3)]33 + 5264C B0 — 100881 ) Ay (110) — 281 (2244 (10) = 7) } C'
+8 {14137603Aq (10) B3 +60n7 (43 A4 (110) —28) B3 — 16Ca (—3[1849+972C(3)]Aq (110) B2
+4n s [8044, (110) — 329] Bo + 338451 Ay (110)) Bo -+ 36 ([~35 +648(3)] 53 — 4201 53
+1444 ) Ay (10) +3n s ([~10368C(3) Ay (110) + 3399 Ag (s10) +2592¢(3) — 2212] ]
+961 [43 A, (110) — 14] Bo)} C3+2 {32C% (94n [824, (10) — 47] — 330 [7033
+648¢(3)] Ay (110)) B3 —4C.a (10080 [97 A, (p0) — 76] nF — 3[(5832¢(3) A (110)
+14079 Ay (j10) — 3838C(3) +3844) B3 + 481 (94— 2234, (110))| s +3680 [ 53 (533
+972¢(3)) — 141081] Ag (10)) fo+3 (30053 [Aq (110) — 1] m +[(~T776¢(3) Ay (110)
6755 A (110) + TTT6((3) — T159) B3 + 9631 (444 (1) —29) 50} n?

[(7776(( VA (110) — 49394, (110) +2592¢(3) — 2155) B3 — 2451 (145A, (o) +32) B2
57657 (34 (10) — 1)] my +43260 75183 +68260 — 1867 4, (o)) } CF
+2{2C7 (702234, (p0) — 188 n} + 380 [9072¢(3) Ay (110) — 34387 A, (p0) +2592¢ (3)
+17040] . + 36332615+ 648¢(3)] Ay (110) ) B — 3C.a (70080 [Aq (110) — 1]
+(—1944¢(3) Ay (110) — 106794, (pt0) +1944¢ (3) +2807) 3 + 4861 (1644, (o)
—~129)] 0% +960 |9 (72¢(3) Ay (10) + 1614, (110) +312¢(3) — 139) B3 + 461 (352
— 6454, (p0))] g + 1015233 31 Ay (10) ) Bo+3 (Bo 67965 + 36081 | [Ag (110) — 1]
—~3[(6794, (10) +173) B3+ 681 (754, (1t0) +29) 5 + 14483 (2= 34, (o)) |
+54B0 | B (154 (10) +37) B3 + 1285 (244 (110) = 1) o+ 3657 (1— 24, (o)) | s
— 194453 [5052 - Bﬂ Aq (Mo)) } Cr+ng{ns—3Bo} {Cfx (2450n ¢ +980[—3589
+3888(3)]) B3 +6C'a (10581133 + 315815 — 420mB1 ) o +324 (20457

10035238 Ay (p0) O

+360 [ Bos2 — 87 ) } {44 (o)~ 1}) | (3.33)

where “(1,0)- 7 in the first line of (3.30) denotes the projection onto a unit vector (1,0);
(3.31), (3.32), and (3.33) show the LO, NLO, and NNLO contributions, respectively, which
are derived from the first line, the second line, and the third and the following lines of (3.29).
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To determine the behavior of Ci‘qyg(u), we proceed similarly as being handled at the
two-loop order in [7]. We present the relevant formulas in the forms that hold to all orders
in a,. Considering the forward (A = 0) limit of (3.1) at the renormalization scale p and
taking their trace part, we have

= 1 1

Cog(p) = _ZAq,g(M) + WU\[@)’ T’)\I/Tq):; .

[N (), (3.34)

where the first term is associated with the twist-two quantities corresponding to the
quark/gluon average momentum fraction as in (3.15), (3.16); this may be interpreted as the
“twist-four target mass effects” —MTZAM(M) divided by M?. The second term represents
the effects due to the twist-four operators. Substituting the trace anomalies of (2.9), (2.10),

we obtain
2 m n
Cal) =~ Ag() + gl T OLINO) ) 1y () TOOINTENL (g 55
2 m N
Colh) = 2 A1) + g ) YRITCD ) VDIREANE) 5 55)
Adding these two formulas and using (3.2) and (2.11), we get
2
Cal) + Colp) = 1 (Ag() + Aglp)) + (aofns) + a1y (a)) Y DI INP)
1+ uylan) + () Y RIEYIND)
1+ WO (G2F - (@) min ) NG, (337
which shows that (3.7) is satisfied when we use the relation,
2012 = (VGITNG) = (V0 (527 + 1+ m(e) mie ) NG (339

This is nothing but the well-known formula for the nucleon mass [8, 64, 65] as a consequence
of the total trace anomaly (1.1) combined with the normalization condition (3.3). This fact
indicates that it is important to impose the constraint (3.38) when evaluating each of (3.35)
and (3.36). Because (2.12) reads, in perturbation theory,

29 _ —2
Bla)  [Bogz + 51 () + ()" + ]
2 [Arm 1
=B \as , 3.39
Bo<a3>1+gﬁ(ii)+§(§(ii)2+--- (3.39)

the constraint (3.38) implies (N (p)| F? [N(p)) ~ M?/a,. We take into account the corre-
sponding constraint exactly by eliminating (N (p)| F? |[N(p)) in favor of M? using (3.38),

" NG)IFANG) 2

8M? ~ Bly)

(N(p)lmwlN(p») |

(}1 — (14 ) LRI (3.40)
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and the substitution of this formula into (3.36) leads to
Col) = ~Cyp)

= — 1 Agl) + 7(a) {26() _ 52(3) (14 7n(9) <N(p)glj\1§f!N(p)>}
+ (1 + yg(a)) <N(p)!TgJ\ZZ@QMN(p)>
= 1 (A + 200055
{1+ ulan) - (o) 5 1+ (g p PRI )

Combining (3.41) with (3.17) and (3.29), we can determine the value of C;, 4(p1) for arbitrary
p, to the desired accuracy. Substituting the three-loop formulas of z4(ay) and y4(as),
discussed in section 2, the mass anomalous dimension (2.13) to the three-loop accuracy
with [66, 67]

Ymo = 6CF, (3.42)
Ym1 = 3C% + %CFCA — Eanf , (3.43)
ma =z | (483 - 2 ) CACr + (48¢(3) — 46)C2

- @CACF 1154413 CACp — @anf +129C% (3.44)

and (3.30) for A,(p) at the three-loop accuracy, (3.41) reads
Cy(1) = —Cy(p)
__1 ( ny 2nf> (2 ) (N ()| mie | N (p))

4CF+nf 350 350 2M?2
8Cp+2ny
. 4CFAq (NO) +ny (Aq (HO) - 1) ( O (:u) )3[30
4(4Cp+ny) as(fo)
+Ozs(,u) ( ny (34CA+4QCF) +ﬁ1nf
1086 655
{ s (34C4+157CF) | Crr _ﬁmf} <N<p>|mwrN<p>>> Lo,
1083 3 6832 2M?2 44
( ) ( [6970,4 N 169C {17@@1 B2 495:1Cp
1458 ' 2916 7175452 682 10832

A7

1 (/401 26( 67 8C(3) 2407 32

B{(648 ) caces (200 57) A (%57 - S5 o) - 6601
697CA N 1789CF) 176:Ca B2 15751Cr  B7  17Ck
1458 2916 5483 683 10832 683 27

26¢(3) 4315 67 11803  8¢(3)
+,6’0{( 9 +648)00 (_QC( )> Ca+t (2916 _9)0%}
61CACp  C% | (N(p)|mynp |N(p))
05 _2?1 2017 ) 4AqNNLO(“) ! (3.45)
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in the MS-like schemes, with ug being a certain input scale. Here, the second and the third
lines show the LO terms that are composed of the leading contributions from the terms
proportinal to xq(as)% in (3.41) and of the terms of AI(;O () given by (3.31); similarly,
the fourth and the fifth lines show the NLO terms with AqNLO (1) given by (3.32), and the
sixth and the following lines show the NNLO terms with A?NLO (u) given by (3.33). This is
our main result that extends the two-loop calculation of [7] for constraining the twist-four
gravitational form factor C_’qyg into the next higher-order accuracy. As emphasized in [7], the
terms arising in the second line are independent of the scale p and represent the asymptotic
value of C, () = —C_'g(,u) as p — oo; in the chiral limit, in particular, they are completely
determined by the values of N. and ny, as i times the sum of

2ny
380"
which come from the first term of (3.31) and the second term of (3.35), respectively, and

nf

- d
4CF+nf’ an

(3.46)

gives the values

- % (=—036),  and - g (= —022..), (3.47)
for N. =3, ny = 3 (compare with the first term of (4.7) bellow).

As seen in (3.41) with (3.39), the n-loop terms (i.e., the order o terms) arising in z4(cvs)
contribute to C, 4 of (3.45) at order o”~! and higher; this fact indicates that the naive
counting in o does not work when deriving éq,ga as first pointed out at the two-loop level
in [7]. Our three-loop result (3.45) shows that the corresponding n-loop level approximation
for C'q,g, retaining up to the order a?~! terms, matches with the o counting in the n-loop
level results (3.30)—(3.33) for A, 4(1), corresponding to the N*~1LO solution of the RG
equation, (3.10), (3.18). Therefore, (3.45) represents C, , that is organized according to
the RG-improved perturbation theory and is exact up to the corrections of N*LO and
higher. Indeed, a key relation (3.38) used to obtain (3.41), (3.45) may be regarded as a
consequence of solving the corresponding RG equations, because the RG-invariance relation,
%Ti‘ = 0, for the total trace anomaly (1.1) is obeyed by (3.38) and yields the equation
for the ;. dependence of the operator F2, which is identical to the RG equation resulting
from (2.5), as demonstrated in [8]; the corresponding solution (3.40), and thus the terms
of (3.45) derived by its use, should obey the counting in «y according to the RG-improved
perturbation theory, as in (3.30). In this context, it is also worth mentioning that the
formula (3.45) satisfies the RG equation, which is obtained as the matrix element of the
three-loop evolution equation for the twist-four operator,

61iu (g0 )
()i )

g 2 110A 4CF \ 2
HE) |(Fet + 555 mF

( <2ocp 700A> 752C4Cp  224C%
+ — f— +

1 AV
9 27 27 27 >9¢F W
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27 27 27

as\? | . 56C4  19Cp 433CACr  1235C%  14C%
et F2 2 (_ _ ) A F
+<47r> [8 AN o7 )T\ T8 T3 Ton

1 2 _
N (1220ACF  136Cpny 8C’F> 2 (mw)]

+gth FN 1) <nf ((16§(3) 322) CaCr + (48((

) 3589)
n (9878 — 64¢(3 )> ) e (21160,4 1358CF) (128( 17056) CAC2%
o3

243 243 243 243

—£(648C( 3) 4 2615)C%Cr — 52 (648¢(3) — 35) F)

243 243
+0* (may) (n ; ((643 (3) 8234035) c2 - —(8645( )+ 1079)CACF>
1144 32¢(3) 6611
+ (-32g(3) 243)0 2+ ( 43( ) 4 243)0A0F
76 8
—ﬁCanc + 2th))(648<( ) — 125)0%) (3.48)

Note that one has to take the off-forward matrix element of this evolution equation to
separate the overall factor A#* = p'** — pt as in (3.5) when deriving the corresponding RG
equation. This evolution equation (3.48) at the three-loop accuracy for the quark-gluon
three-body operator of twist-four was derived in [8].

4 Calculating the nucleon’s C,, at NNLO

Our three-loop formula (3.45) allows us to calculate Cy4(u) as a function of the renor-
malization scale p in the MS scheme. We calculate the values for C_'q,g (1) at the NNLO
accuracy for a proton, using the coefficients of the beta-function (2.12) to three loops,

11 o

BO == §CA — Tf, (41)
34 10

By = gcz —2CFny — gcAnf, (4.2)

54 2"t

_ - 4,
B2 27 9 " 27+9>’(3)

and the corresponding three-loop running coupling constant, which is obtained by solving
the RG equation of (2.12),

dlnas _ Blg) _, as 0s)? as)*
dln,u2 = 2\/@ - _505 - 51 <47r> —52 (47T> ) (4'4)

285703 1 <1415Ci L 205CaCr C%> 1, (ISSCA 44C
4

as

In

1 _ A 51 n (50%(#)) n (BoB2 — B7) as(p)
Ajep  Boas(p) 50 4m 4 B3 '
Here, the constant of integration is represented by the QCD scale parameter Aqcp according
to the definition in [68, 69]; although (4.5) may be further solved for as(p) iteratively,

(4.5)
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leading to

o 1 HlmL 1 [ ﬁ%(ln2L—lnL—1)] wo)

ir BoL  BiLE I3 |giT B

with L = In (,u2 / A(QQCD>, we shall use the exact numerical solution of (4.5) as the value of
as(p) in our calculations.

We evaluate (3.45) with (3.32) and (3.33), assuming a fixed number ny = 3. Substituting
N. =3 and ny = 3 into (3.45), we obtain

50

+(0.09—0.25A4 (110)) (O‘(“))) N

— 0.145556+0.305556 2 WU VY IN ()
s (po

‘nf::s 2M?

(N (p)|myy | N (p))
2M?

Cq(p)

+as(p) [0.00553609—#0.0803962

s (1)
Qs (M)
as (ko)

(N (p)|my|N(p))

+(0.0127684 —0.0354678 A, (110)) ( os (1) )

—(0.0279651—0.0354678 A, (10)) <

+ (s ()’ [0.00174426—1—0.0312256

—(0.0059729—0.0165914A, (110)) ( %((5)) > o
Qs (Mo

31

s (p) \ 75t
— (0.00396745 —0.00503187Aq (,uo))
As (MO)

+(0.0237481 —0.0216233 4, (110)) ( as((:))ym} , (4.7)
[EFRV]

up to the corrections of N®LO and higher. Here, for a(u), we use the value determined
by (4.5) with Alep, = 0.3359 GeV, so that

as(p =1 GeV) ~ 0.4736 .2 (4.8)

The corresponding NNLO coupling constant by (4.5) is always used in the following numerical
computations, independently of the order considered, as a way of isolating the effect of the
higher order contributions exhibited in the formula (4.7). For the values of the input scale
po and the value for A, (uo), we use

o = 1.3 GeV, Aq (po =1.3 GeV) = 0.613. (4.9)

These values correspond to the starting scale and the total momentum fraction shared
by the three quark flavors, u, d and s in the CT18 parton distribution functions of the

2This value would evolve into the conventional as(Mz) = 0.1181, if the number of active flavors were
determined automatically such that the decoupling is performed at the pole mass of the respective heavy
quark, using the RunDec package [70]. In the present case with ny = 3 fixed, we have as(Mz) ~ 0.1059.
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Figure 1. The nucleon’s gravitational form factor C_’q(u)|nf=3 of (4.7) at the NNLO (3-loop)

accuracy in the chiral limit, (N (p)|mwe|N(p)) = 0: (a) the results up to the LO, NLO, and NNLO
contributions; (b) the total (NNLO) result, and the separate contributions from the first (twist-2
effect) and second (anomaly effect) terms of (3.34).

nucleon [71], which are determined by the global QCD analysis at NNLO; at the starting
scale pp = 1.3 GeV of CT18, the active quark flavors arising in (3.15) are u,d and s. We
note that, for (4.9), the uncertainty < a few percent [71], and it is consistent with the
results of the other collaborations of the global QCD analysis like [72, 73] within such
small uncertainties.

Firstly, (4.7) in the chiral limit is plotted as a function of p in figure 1: figure 1(a)
shows the results up to the LO, NLO, and NNLO contributions; the NLO as well as NNLO
corrections give a few percent level effects, reflecting the small numerical coefficients for
those correction terms arising in (4.7), and, furthermore, the NLO and NNLO corrections
tend to cancel. Thus, the important correction comes from the LO-level evolution of the
twist-two form factor A,, so that the approach to the asymptotic value (~ —0.146) is quite
slow, while the other corrections play a minor (< a few percent) role. In figure 1(b), the
NNLO result is separated into the individual contributions from each term in (3.34), the
first (twist-2 effect) term and the second (anomaly effect) term; both twist-2 and anomaly
effects produce the important contributions.

When taking into account the quark-mass effects in evaluating (4.7), we need the matrix
element of the quark scalar operator, (N (p)|mie|N(p)), which is related to the sigma
terms (see, e.g., [32, 74-76]). Assuming ny = 3, the corresponding relation reads

(N (p)[m| N (p)) = (N (p)|lmutiu + madd +msss|N(p)) = 2M (oxy +0s) ,  (4.10)

up to small isospin-violating corrections of O (mg — m,,), where

1 mu+md<

= S (V)] au -+ dd) [N (p))

OnxN

is the pion-nucleon sigma-term, and

70 = 537 (V@) mess|N )
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Figure 2. The nucleon’s gravitational form factor C_’q(u)|nf=3 of (4.7) at the NNLO (3-loop)

accuracy with (N(p)|mapth|N(p)) = 2M (o,n + 04), using (4.11), (4.12): (a) the results up to the
LO, NLO, and NNLO contributions; (b) the total (NNLO) result, and the separate contributions
from the first (twist-2 effect) and second (anomaly effect) terms of (3.34).

is the strangeness content of the nucleon. Here, for the former, we use the value due to a
recent phenomenological analysis [77],

oxN = 59.14+3.5 MeV, (4.11)
and, for the latter, we use the value,
os =45.6 +6.2 MeV (4.12)

which is given by a recent lattice QCD determination [78]; see also [79-91].
Figure 2 shows (4.7) with (4.10)—(4.12) as a function of u, similarly as figure 1. Compared
to figure 1(a) in the chiral limit, the sigma terms increase the LO value of C_'q(,u)‘ 5 in
ny=

figure 2(a) by ~ 20 % due to the contribution from the second term of (4.7). The sigma
terms at the NLO level, due to the second term in the second line of (4.7), also give the
positive contribution and almost cancel the negative contribution due to the NLO evolution
arising in figure 1(a), so that the LO and the NLO curves are indistinguishable in figure 2(a).
Thus, the NLO as well as NNLO terms of (4.7) give at most a few percent level effects, again,
reflecting the small numerical coefficients of the corresponding terms in (4.7). Figure 2(b)
also demonstrates that the sigma terms give positive effects to the anomaly contribution,
compared to the results in figure 1(b).

The sigma terms (4.10)—(4.12) modify the asymptotic value due to the first two terms
of (4.7) into the value as

(N (p)| mdy [N (p))

—-0.14 .
0.145556 + 0.305556 9012

~ —0.111. (4.13)

Although the approach to this asymptotic value is quite slow in figure 2(a), similarly as in
figure 1(a), this value dominantly determines the size of C’q(u)‘ , and the sigma terms
np=

contribute to (4.13) by only ~ 20 %. As a result, rather large uncertainties of the sigma
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Figure 3. The nucleon’s gravitational form factor C_‘q(u)|n _5 of (4.7) at the NNLO (3-loop)

accuracy with (N (p)|myi)|N(p)) = 2M (oxn + 05): the solid line shows the full (NNLO) result; the
shaded areas indicate the uncertainties estimated by varying the sigma terms within the uncertainties
of (4.11), (4.12). The blue dashed line shows the approximate formula (4.16).

terms (4.10)—(4.12) do not cause large errors in C, (u)‘ 5 the solid curve in figure 3 shows
ny=

our NNLO formula (4.7) with (4.10)—(4.12) as a function of x for the region® suitable for
the present evaluation assuming a fixed number ny = 3; here, the shaded areas display the
uncertainties estimated by varying the sigma terms within the uncertainties of (4.11), (4.12).
Some of the corresponding explicit values read

Colpn = 0.7 GeV)‘nf: = —0.201 £ 0.003,
Coln =1 GeV)‘ , = —0.180 £ 0.003,
ny=
Colpn =2 GeV)\nfzg = —0.163 £ 0.003. (4.14)

These are the values in the MS scheme. As discussed in figures 1(a) and 2(a) above, the
NNLO terms in (4.7) produce a few % level effects. Thus, we believe that the uncertainties
due to the omission of the terms of N3LO and higher should be much smaller than
the uncertanties presented in figure 3 and (4.14).* It is remarkable that, although the
uncertainties in the inputs from the sigma terms (4.11), (4.12) are rather large and determine
the uncertainties in the final results, the small numerical coefficients associated with the
sigma terms in (4.7) lead to the resultant uncertainties at a few % level, allowing us to
obtain the accurate predictions as in figure 3 and (4.14) without spoiling the accuracy of the
perturbative calculations at the NNLO. We note that an estimate in [7] using the asymptotic

3We note that the corresponding evolution is performed not only to the scales higher than the input scale
po = 1.3GeV, but also to the scales lower than po = 1.3 GeV; the inclusion of the high orders of perturbation
theory for our evolution equations allows a reliable evaluation even for the “backward” evolution towards
the low scales (see e.g., [92, 93] for a backwards evolution in a different context).

4This fact may be explicitly checked using a recent extension of the quark/gluon decomposition of the
trace anomaly (2.9), (2.10) to the four-loop order [9], but we do not go into the detail here.
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value as C‘q‘ 3 —0.15 is confirmed and improved by the present results (4.14), but the
ng=

values of (4.14) are rather different from those of other estimates [34, 49, 52, 56].

The approach of the curves to the asymptotic limit (4.13) in figure 2(a) as well as in
figure 1(a) is slow as a function of u, because it is controlled by the logarithm of y as in (4.6).
We find in the calculations of those figures that the values different from the asymptotic
limit by 10 % or less are obtained for the huge p like 1 > 10'? GeV, which corresponds to

380

2
In 1/ Aqen) 2 5 105777 (4.15)

so that o (1)]ECFT2n0)/3% < 1/10, see (3.45). Therefore, the asymptotic value (4.13)
should be regarded as the formal y — oo limit of our formulas (3.45), (4.7), and does
not represent the leading contribution in any sense in quantitative evaluations. Indeed,
according to the order counting explained below (3.45), the leading order contribution is
composed of the asymptotic value (4.13) and the LO evolution contribution (i.e., the third
line of (3.45)), such that the latter is as important as the former.

The behaviors of the NLO and NNLO contributions observed in figures 1, 2 suggest
that the LO terms in the first line of (4.7) with the asymptotic value (4.13) modified into
the corresponding NNLO value ~ —0.108 could provide a good approximation of the full
NNLO result. The correspnding approximation reads

Co(w)| =~ —0.108 — 0.114 [a ()] | (4.16)

s
where the second term coincides with the LO evolution term (the third term of (4.7))
with (4.9) substituted, and this approximate formula is plotted by the blue dashed curve in
figure 3.

The gravitational form factors of (3.1) are studied in lattice QCD calculations [53, 54],
but the corresponding calculation of the twist-four gravitational factor C_’q,g(t, 1) seems to
be still missing. Recently the behaviors of C_'q,g (t, p) are studied with perturbative QCD
factorization [94, 95], but this framework is applicable to the cases with large momentum
transfer t. We emphasize that the NNLO QCD prediction of the forward value Ci’qvg (0, w)
is now available. As presented above, the quark/gluon decomposition of the QCD trace
anomaly (2.9), (2.10) provide sufficient constraints to allow us to obtain a model-independent
determination of the forward value as (4.14), (4.16), up to a few % uncertainties.

5 Spin-0 hadron case

The matrix element of the quark part of the energy-momentum tensor of (1.3) in terms of a
spin-0 hadron state, |h(p)), like a pion state, is parameterized as (see e.g. [12, 94])

1 S 1 _
(h(p")|TH |h(p)) = §®2q(t)P“P” + §@1q(t) (tg"” — AFAY) + Qm%Cg(t)n“” , (5.1)

where my, denotes the mass of the hadron h, and the matrix element of the gluon part of (1.3)
is given by the similar parameterization with ¢ — ¢g. The dimensionless Lorentz-invariant
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coefficients, ©14(t), O24(t), CE(t), O14(t), O24(t), C’g(t), are the gravitational form factors
for a spin-0 hadron h. Similar to (3.8), we treat the form factors relevant to the forward
limit, as

~h ~h _

Oq,g(u) Cq,g(t - 07 /.L) ’

@2‘1(”) = @211 (t =0, N) ) @29(:“) = 629 (t =0, M) ) (52)
denoting the renormalization scale p dependence explicitly in the following.

It is straightforward to see that the manipulations with (5.1), (5.2), similar as in
section 3, lead to the formulas (3.2)—(3.45) with the substitutions,

M = my, IN(p)) — |h(p)) ,
Ci() = Clw) Aj() = 70250 (53)
with j = ¢, g; e.g., (3.41) with these substitutions read
_ 1/ 1 29
C(};(/J) =1 (—4@2q(ﬂ) + xq(@s)ﬁ(g)>
29 (h(p)lmyip|h(p))
{100 - mala) 2 (o) | FEEEEEEL s

and, combining this with the evolution (3.17) with the substitutions A; — ©3;, we can
determine the value of égﬁ (1) of a spin-0 hadron for arbitrary u to the desired accuracy.
As a result, C}', (1) at the NNLO accuracy in the MS-like schemes are expressed as (3.45)
with the substitutions (5.3).

Among the spin-0 hadrons, the pion is of special interest;” here, we evaluate (5.4) for
the case with the pion, h = 7, taking into account nontrivial nature as a Nambu-Goldstone
boson. The PCAC relation (f is the pion decay constant),

— (my + mq) (O|au + dd|0) = 2f2m2 , (5.5)

due to Gell-Mann, Oakes, and Renner [99], indicates m2 ~ m as m — 0; therefore, even in
the chiral limit, we cannot neglect the terms associated with (h(p)|mabib|h(p))/m3 in (5.4)
for h = w. By contrast to the nucleon case discussed in section 4, however, it is remarkable
that the corresponding matrix element, <7T(p)|m@[j¢|7r(p)>, can be determined reflecting the
Nambu-Goldstone nature of the pion. We note that the pion mass can be calculated as the
mass shift from the chiral limit, due to the ordinary first-order perturbation theory in the

quark mass term in the QCD Hamiltonian, as [74, 76, 100]

mz = o{m(p)[mi|m(p)),, (5.6)
where |7(p)), = |7(p))|,,_y» S0 that we obtain
<7T(p)!ﬂ;2/;r¢!7r(p)> _1, (5.7)

®The behaviors of the gravitational form factors for the pion have been obtained [10] through the
determination of the generalized distribution amplitudes (GDAs) [18, 96-98] using the Belle data on

vy — w070,
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up to the corrections of O(m). It is worth mentioning that the matrix element (r(p)|F?|m(p))
is also expressed by the pion mass, as

(r(p)|F?|7(p)) _ 29
m3 B(9)

up to the corrections of O(m), using (5.7) in (3.40) with the substitutions (5.3), and that
the relations (5.7) and (5.8) have been utilized to determine the anomaly-induced mass
structure of the pion in [8]. Using (5.7), the above result (5.4) with h = 7 reads

(L =vm(9)) (5.8)

_ 1

Crl) = 5 (~5@ul) + 2a(0) 05 (1= o) + 1+ m(a)) . (59)

f(9)

up to the corrections of O(m). This result leads to the explicit NNLO-level formula for the

pion’s twist-four gravitational form factor é;r (1) = —C‘g (p) in the MS-like schemes, which

is given by (3.45) with the substitutions (5.3), and also with A = 7w and (5.7) substituted; in

the MS scheme and with N, = 3 and a fixed number of quark flavors ny = 3, C_'Z; (,u)’ ,
ny=

is given at the NNLO accuracy by the formula (4.7) with the replacements,

1
Aq(po) — —O24(p0),

4
(N(p)|myy [N(p)) 1
i =5 (5.10)
Similar as (3.15) and (3.16), we have the relation (see (5.3)),
1 1
192(1) = Xf:/@ doz (qf (z, 1) + qF(z, 1)) (5.11)

using the quark and antiquark distribution functions for a pion, q}r(:n, u) and q}i(:ﬂ, u), and
the recent NLO global QCD analyses for those distribution functions, such that the active
quark flavors at the scale pg = 1.3 GeV being u, d and s, give

1 0.70£0.02 (Ref. [101]) ,
162 (o) = { 0.81£0.16  (Ref. [102]) , (5.12)
0.61£0.08 (Ref. [103]) ,

where the last analysis of [103] takes into account also the next-to-leading logarithmic
threshold resummation on the relevant Drell-Yan cross sections, which tends to make the
valence distribution considerably softer at high momentum fractions = [104]. See also [105—
108] for earlier works of the NLO QCD analysis and [109] for a recent lattice result. First of
all, we plot the above result of C_’;T(u)‘nfzg in figure 4 using 2024 (o = 1.3 GeV) = 0.613,

which produces the same contributions through evolutions as those in figures 1, 2 with the
input (4.9): figure 4 is displayed in a similar manner as figure 1, and the former may be
formally regarded as representing the case for a “nucleon” assumed to possess the fictitiously
large sigma terms such that o,y + o5 — M /2, corresponding to (5.10), which results in the
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Figure 4. The pion’s gravitational form factor C_';T (/J)|nf:3 at the NNLO (3-loop) accuracy, given

by (4.7) with (5.10) and $©24 (1o = 1.3 GeV) = 0.613: (a) the results up to the LO, NLO, and
NNLO contributions; (b) the total (NNLO) result, and the separate contributions from the first
(twist-2 effect) and the remaining (anomaly effect) terms of (5.9).

considerable increase of the LO value due to the contribution from the second term of (4.7).
The asymptotic value of (4.7) now becomes

(m(p)|myp|m(p))

2
2ms2

— 0.145556 + 0.305556 ~ (.007, (5.13)

and this small value due to the cancellation leads to the small values at LO in figure 4(a),
to which the NLO and NNLO corrections give ten %-level and %-level effects, respectively.
Figure 4(b) shows that the anomaly terms are now positive and much larger than the
corresponding contribution in figure 1(b); this contribution strongly cancel the negative
twist-2 effect, resulting in the rather small total value. Thus, figure 4 shows a quite different
pattern, compared to figures 1, 2 for the nucleon case.

From the results in figure 4, we expect that the uncertainties in our calculation of
C_’;r(u)‘nfzg due to the omission of the terms of N®LO and higher should be < a few %.

It is also known that the corrections to (5.6), (5.7) by chiral perturbation theory is very
small (< 6 %) [110-112]; therefore, the uncertainty in the present calculation of C_'Z; (,u)’n 4
appears to be dominated by the uncertainties exhibited in (5.12). In view of this, the shagled
area in figure 5 displays the uncertainties estimated by varying %@2(1 (1o = 1.3 GeV) within
the uncertainties of $09, (1o = 1.3 GeV) = 0.61 £ 0.08, and the solid line is same as the
solid line in figure 4(a); some explicit values with the uncertainties corresponding to the

shaded area read

Cr (= 0.7 GeV)‘nFS = —0.05+0.03,
Cr(p=1 GeV)]an = —0.04+0.02,
Cr(pn=2 GeV)]nf:3 = —0.03+0.02. (5.14)
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Figure 5. The pion’s gravitational form factor é;(“)|nf:3 at the NNLO (3-loop) accuracy,

given by (4.7) with (5.10): the shaded areas indicate the uncertainties estimated by varying
1024 (1o = 1.3 GeV) within the uncertainties of 102, (1o = 1.3 GeV) = 0.61 + 0.08; the solid curve
is same as the solid curve in figure 4(a) (i.e., the NNLO result using 10, (1o = 1.3 GeV) = 0.613);
also shown by the upper and lower dotted lines are the NNLO results using i@zq (o =13 GeV) =0.5
and 0.8, respectively.

These are the values in the MS scheme. These results indicate that the behaviors of C’Z; (1)
for the pion are quite different from those of Cy(y) for the nucleon, and, in particular, the
absolute magnitude of the former is much smaller than that of the latter, see (4.14).

It is remarkable that the Nambu-Goldstone nature of the pion allows us to determine the
matrix element of the quark scalar operator accurately, as (5.7), although the corresponding
quantities for the nucleon case, the sigma terms, are the major source of the uncertainty
to calculate the nucleon’s Cy(12). The uncertainties in figure 5 and (5.14) reflect those of
the input for 1O (110), (5.12). Our NNLO formula, (4.7) with (5.10), would allow us to

predict the value of the pion’s C_’er (u)‘n ) at the accuracy of ~ percent level, when the
=

value of %Ggq (10) were fixed at the NNLO level by global QCD analysis or by lattice QCD.

6 Conclusions

In this paper we have presented the NNLO QCD calculation of the forward value of the
twist-four gravitational form factor C_'q7g. Our model-independent calculation is based on
exact QCD constraints on C_'q,g, provided by an extended version of the QCD trace anomaly,
such that the trace anomaly is attributed to the anomalies arising in each of the quark
part and gluon part of the QCD energy-momentum tensor. This allows us to reexpress the
forward value of C’q for the nucleon in terms of the target mass effect associated with the
average value of the quark momentum fraction, and in terms of the expectation value of
the quark contribution of the trace anomaly. The forward value of ég can be expressed
similarly using the corresponding gluonic quantities, and the fact that the QCD trace
anomaly equals the sum of the quark anomaly and gluon anomaly ensures the relation,
C_'q + C_'g = 0. Using the three-loop DGLAP evolution of the quark momentum fraction and
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the three-loop formula of the quark/gluon decomposition of the QCD trace anomaly, we
derive the NNLO formula of the forward value, C’q(,u), which exhibits the dependence on the
renormalization scale p. This NNLO formula coincides with the solution of the three-loop
RG equation for the twist-four quark-antiquark-gluon operator whose matrix element gives
Cy(1). The terms of this formula are organized clarifying each order of the LO, NLO, and
NNLO in the RG-improved perturbation theory; for this purpose, taking into account the
nucleon mass formula derived from the QCD trace anomaly plays essential roles, so that
the matrix elements of the operator F? arising from the quark contribution to the trace
anomaly are reexpressed in favor of the nucleon mass and the matrix elements of the quark

scalar operator ma).

As a result, our NNLO formula for C_’q(,u) involves, apart from the nucleon mass, the
two types of nonperturbative parameters: the quark momentum fraction A, corresponding
to twist-two effect and the sigma terms corresponfing to the twist-four operator ma1). As a
remarkable point of the formula, it has the p-independent constant terms that are determined
completely by N. and ny. Those constant terms represent the asymptotic value of C_’q(u) as
{4 — 00 in the chiral limit, and are composed of the contribution due to the asymptotic value
of the quark momentum fraction A, and of the contribution originating from the behavior
(N(p)| F?|N(p)) ~ M?/as in the quark anomaly effect. Although the approach of Cy(x) to
the corresponding asymptotic value is quite slow due to the RG evolution effect of Ay, this
asymptotic value determines the model-independent “basis value” for the NNLO estimation
of Cy(p1). We find that the nonperturbative parameters participate in our NNLO formula
accompanying the small numerical coefficients, so that the nonperturbative parameter A, as
well as the sigma terms produces at most 30 % level modification. As the result, the NLO
as well as the NNLO perturbative corrections associated with A, yield the percent-level
corrections to the LO evaluation, and the uncertainties in the input values of the sigma
terms lead to only a few percent uncertainties in our evaluation of C_’q(u), allowing us to
obtain accurate NNLO prediction in the MS scheme, C,(u = 1 GeV)‘ = —0.18040.003.

ny=3
We find that the p dependence is significant in the relevant region, 0.7 GeV < p < 2 GeV, for
which we provide a simple approximate formula to reproduce the u dependence at NNLO.

We also extend those results to the case of the spin-0 hadrons, in particular, a pion.
In the context of evaluating our NNLO formula, the pion may be formally regarded as a
“nucleon” assumed to possess fictitiously large sigma terms, whose value are determined
precisely by the Nambu-Goldstone nature of the pion. The corresponding large sigma terms
lead to cosiderable positive modification to the asymptotic “basis value”, so that our NNLO
evaluation indicates the nonzero but small value, C’g (p=1 GeV)‘ = —0.04 +£0.02, in

ne=
the MS scheme. The significant uncertainty of this prediction reﬂec{cs the uncertainties in
the average value of the quark momentum fraction in the pion based on the recent NLO
global fits of the pion’s parton distribution functions. Those results, compared with those
for the nucleon, indicate quite different pattern, revealed as a new aspect by exploiting the

quark/gluon decomposition of the QCD trace anomaly.

The present result may have implications on the spin sum rule for the nucleon [4], in
particular, for the transversely polarized case: the quark/gluon total angular momentum
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Jq,g are expressed as

1 _
§(Aq,g + Byg) + f(p2)Cqy (6.1)

where f(p.) = 0 for the longitudinally polarized nucleon, while, for the transversely polarized

Jgg =

nucleon, f(p.) is a frame-dependent function (depends on the nucleon longitudinal momen-
tum p,) which vanishes at p, = 0 and approaches % as p, — oo [60, 113, 114] (see also [115]).
It was noted [7] that, asymptotically, %(Aq—FBq) ~ 0.18, while C, = —C, ~ —0.15 for ng =3,
indicating the effect of the last term could be significant. Now it is confirmed and improved

by the present result, Cy(u =1 Ge\/)‘nf:3 = —Cylp=1 Ge\/)‘nf:3 = —0.180 + 0.003.
Our result could be useful also for the studies of the quark/gluon contributions of
pressure distributions inside the hadrons, the near-threshold photoproduction of J/ in ep
scattering, and the origin of the hadron mass. Our NNLO prediction may be compared
with the future direct calculations of C’q(u) in lattice QCD. Also, the present result should
impose the constraints on the studies of the ¢t dependence of the gravitational form factor

Cq.4(t, 1), providing its normalization at ¢t = 0.
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