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Abstract: Several aspects of torsion in string-inspired cosmologies are reviewed. In particular, its
connection with fundamental, string-model independent, axion fields associated with the massless
gravitational multiplet of the string are discussed. It is argued in favour of the role of primordial
gravitational anomalies coupled to such axions in inducing inflation of a type encountered in the
“Running-Vacuum-Model (RVM)” cosmological framework, without fundamental inflaton fields.
The gravitational-anomaly terms owe their existence to the Green–Schwarz mechanism for the
(extra-dimensional) anomaly cancellation, and may be non-trivial in such theories in the presence
of (primordial) gravitational waves at early stages of the four-dimensional string universe (after
compactification). The paper also discusses how the torsion-induced stringy axions can acquire a
mass in the post inflationary era, due to non-perturbative effects, thus having the potential to play
the role of (a component of) dark matter in such models. Finally, the current-era phenomenology
of this model is briefly described with emphasis placed on the possibility of alleviating tensions
observed in the current-era cosmological data. A brief phenomenological comparison with other
cosmological models in contorted geometries is also made.

Keywords: cosmology; torsion; strings; anomalies; gravitational waves; axions; running vacuum

1. Introduction: A Case for Going beyond GR and Riemannian Geometry

General Relativity (GR) has provided a very successful framework for the classical
description of gravitational interaction [1], which works and has been tested very well at
both local (terrestrial, astrophysical) and global (cosmological) scales. Local GR is tested
very successfully with solar data [2]. At large, cosmological scales, the global version of
GR, namely its Friedmann–Lemaitre–Robertson–Walker (FLRW) cosmological solution,
in the presence of a positive cosmological constant, Λ > 0, including a Cold-Dark-Matter
component (ΛCDM paradigm), seems to describe well the precision measurements in
modern cosmology, coming from a plethora of diverse observations [3–5].

The ΛCDM paradigm changed our perception for the evolution and properties of the
universe that we have held for most of the 20th century. According to the overwhelming
majority of data interpretations, the universe appears to be currently accelerating, entering
again a (approximately) de Sitter-like phase, with an equation of state almost that of a
positive-cosmological-constant-dominated universe w ' −1, like in the inflationary era,
but with a much-smaller-in-magnitude Hubble parameter. Ordinary (mostly baryonic)
matter constitutes only ~5% of the current-epoch energy budget of the universe. The re-
maining 95% of the observable universe’s current energy budget consists of unknown
substances: ~25% of the universe budget appears to be Dark Matter (DM), which currently
is of an unknown origin, and we only have astrophysical (i.e., gravitational) evidence for its
existence, and ~70% corresponds to an unknown form of energy (dark energy), responsible
for the universe’s acceleration, which in the current-era behaves as a positive cosmological
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constant (there is, however, the trend of Modified Newtonian Dynamics (MOND) [6],
and its relativistic field theory variants [7], which claim that there is no DM in the universe,
but only modified gravity laws at galactic scales. At present, though, such an alternative to
DM models appear to be in significant tension with data from colliding galaxies, which
seem to favour the DM hypothesis, including DM self-interactions [8]. However, such
issues are still open for debate, and will not be discussed further here).

In 2015, the discovery of Gravitational Waves (GW) by the LIGO/VIRGO interferome-
ters [9] has given another great boost to GR, as it confirmed one of its greatest predictions.
The waves were the result of the merging of two celestial objects, which have been claimed
to be rotating black holes. This discovery opened up a new era for astronomy, which can be
used to test further GR, in the sense of potentially constraining the parameters of, or falsi-
fying, modified gravity theories beyond GR, where, e.g., black holes can exist characterised
by (scalar-field) secondary hair. Moreover, imaging of the shadow of a supermassive
black hole in the centre of the giant elliptical galaxy M87 in the Virgo constellation by the
Event-Horizon Telescope (EHT) [10] is expected to contribute novel, and in some respects
complementary to GW, ways of constraining black hole physics [11], and in general testing
beyond-GR classical gravity theories. Indeed, black-hole solutions in modified gravity
theories would have observable (in principle) modifications of their shadows compared to
those of the GR black holes. One of the types of such black holes arises in string-inspired
modifications of GR, which involve exponential couplings of a scalar (dilaton) field with
quadratic-in-space-time-curvature-tensors Gauss–Bonnet (GB) combinations [12]. In re-
cent years, such modifications of GR have also been considered in the framework of the
so-called scalar-tensor (Horndeski-type) gravity theories, where linear couplings of the
scalar field with GB terms occur, respecting a shift symmetry amounting to constant shifts
of the scalar [13–19]. These models also have black holes with secondary scalar hair. Other
theories beyond GR, whose black hole solutions can be probed experimentally, are the
so-called Chern–Simons theories of gravity [20,21], which involve Charge-Parity (CP) vio-
lating anomalous derivative couplings of pseudoscalar (axion-like) fields with gravitational
Chern–Simons terms.

However, despite its phenomenological successes, the need to go beyond GR is
rather pressing from a theoretical point of view. Quantisation of Gravity, that is the
development of both a mathematically and physically consistent theory of Quantum Gravity
(QG), following the example of the rest of the fundamental interactions in nature, still
remains an important outstanding question in fundamental physics, which, if resolved,
will undoubtedly lead to concrete modifications of GR [22]. GR, as it stands, is a non-
renormalisable theory, and, thus, it cannot, by itself, be the appropriate theory for QG
(whether gravitational interactions, though, have to be quantised like the other interactions
in nature is still an open issue. For instance, in [23], gravity is conjectured to be an entropic
force, which has its origin in changes in the information associated with the positions
of material bodies. In this review we shall not adopt this viewpoint, but assume that
gravity needs to be quantised). Although effective low-energy field theories, based on
GR, of a quantised weak gravitational field about a given space-time background are
currently in operation, and may give important information on the (perturbative) fixed-
point structure of gravity (see, e.g., the “asymptotic safety” approach [24]), they do have
limited success, since they cannot provide answers to the fundamental question on the
dynamical emergence of space time itself.

At present there are several frameworks for dealing with such fundamental QG issues.
The most developed is string theory [25,26], which offers a consistent quantisation of
gravity, along with the other fundamental interactions. This framework leads to concrete
modifications of GR, given that the low-energy gravitational effective actions contain (an
infinite number of) higher-order terms in both derivatives and curvature tensors. Nonethe-
less, at present, string theories do not constitute a truly background independent formalism,
although the potential for that may exist in future non-perturbative formulations. Indeed,
all known formulations of string theory to date, including D-brane theories, appear to be
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space-time background dependent in the sense that the emergence of the space-time itself
is still not completely understood at the truly microscopic level. Moreover, string theory is
plagued by the plethora of allowed vacua, the so-called Landscape, and the mechanism
for the choice of the physical vacuum is still not understood (some physicists even invoke
anthropic arguments to explain such a choice [27]).

Mathematically and physically consistent background-independent QG frameworks,
alternative to string theory, which have the potential of describing dynamically the appear-
ance of space time, do currently exist, and include: Loop Quantum Gravity (LQG) [28,29]
and its application to homogeneous systems, the so-called Loop-Quantum
Cosmology [30,31], the spin-foam models [32,33], and the group field theory approach to
QG [34], which defines quantum field theories of spacetime in which the base manifold is an
appropriate Lie group, describing the dynamics of both the topology and the geometry
of the universe. The perturbative limit of LQG gives rise to spin-foam models. Spin-foam
models corresponding to finite groups also exist in contemporary literature [35].

Apart from the theoretical needs to go beyond GR (at this point, it should be stressed,
of course, that although from a point of view based on string Theory (or traditional
quantum field theory), significant modifications of GR might be expected in a successful
quantum-gravity theory, this may not be the case in the other approaches, such as LQG,
whose philosophy is more about changing the way quantum theory is built, so as to be
defined non-perturbatively. Nonetheless, in this review there is a focus on versions of
LQG that go beyond Riemannian geometry, by being characterised by non-trivial torsion,
and in this respect there are notable deviations from GR in the respective continuous
low energy limits, as we shall discuss), there seem to be observational issues as well,
which prompted several theorists to seek models that go beyond the ΛCDM paradigm of
cosmology, and, more generally, beyond GR. Indeed, the cosmological data appear to be
characterised by interesting tensions at small scales. We have, for instance, the so-called
“H0-tension”, pointing to discrepancies between the current-epoch value of the Hubble
parameter H0, as inferred from local (Cepheid galaxies) measurements [36–38], and that
obtained by means of Cosmic-Microwave-Background (CMB) measurements of the Planck
collaboration, based on a fits within the ΛCDM framework [5]. Current structure-formation
data also seem to be characterised by a disparity in the root-mean-square (r.m.s) value of
the current-epoch matter density fluctuations, within spheres of radius 8 h−1 (with h ' 0.7
the “reduced Hubble constant”), inferred by ΛCDM fits, as compared to the r.m.s. value
obtained by local direct measurements at low redshifts [39–41]. This latter type of tension is
called the “σ8 tension”. Although one cannot yet exclude the possibility that such tensions
are due to insufficient (at present) data accuracy and/or statistics, given that the pertinent
discrepancies are all currently within 2σ− 3σ, nonetheless they caused excitement among
the pertinent physics communities and their resolution prompted research into theoretical
models beyond ΛCDM, including going beyond GR, via modified gravity theories [42,43].
We mention at this point that one such theoretical framework is the so-called “Running
Vacuum Model (RVM)” framework [44–46] (where a time-dependent vacuum energy is
assumed, but with equation of state wvacuum = −1 as in the de Sitter case). This provides
an effective smooth evolution of the universe, from inflation till the current era [47–50],
with, in principle observable deviations from ΛCDM [51–57], which notably can also
alleviate simultaneously both types of tensions, H0 and σ8, in the current data [58,59] (for
another model with dynamical, “running”, dark energy, where the space-time is associated
with a dynamical field (dynamical space time), and its phenomenological consequences,
see [60,61]). In this review we shall derive such an RVM cosmology as an appropriate low-
energy limit of string theories, under some special circumstances that shall be discussed in
detail [62–65].

The emergent space-time geometries in all the above approaches, including string
theory, need not be Riemannian. Indeed, torsion [66] could well be present in the effective
gravitational field theories arising from the above microscopic models of QG. For in-
stance, generalised geometries with torsion may arise in the low-energy limit of string
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theory [25,26], where the torsion is provided by the field strength of the spin-one antisym-
metric tensor (Kalb–Ramond (KR)) field of the massless bosonic gravitational multiplet of
strings. In this case, the torsion has only a totally antisymmetric component in its world
indices, due to the respective total antisymmetry of the field strength. In fact, in effective
four-dimensional gravitational field theory, which is obtained after compactification of the
extra-dimensional string theory, this torsion is equivalent in the full quantum theory to a
dynamical massless pseudoscalar field (KR axion), which is identified with the so-called
string-model independent axion [67,68]. The presence of the pseudoscalar leads also to
axion secondary hair in the (spinning) black holes of the theory [67] (at this point we
mention that there are several interesting works in the literature dealing with the role of
string-inspired KR fields in cosmology, for instance, in the context of modified gravity
models we refer the reader to the works in [69–72] for further details and comparison with
the results reported in this review. For brane-world models, see, e.g., Ref. [73], whilst for a
potential roleof KR-inspired torsion (as an axion field) in inflationary magnetogenesis in
Chern–Simons electrodynamics see Ref. [74]). It is worth remarking that the association
of the totally antisymmetric component of the torsion with an axion field seems to be a
generic property of also contorted field theories with fermions, independent of string the-
ory, for instance contorted Quantum Electrodynamics (QED) [67], which is discussed in the
Appendix A of this review, as a prototype. Indeed, coupling Einstein–Cartan theory (i.e.,
a pure gravitational theory with a scalar curvature term in the Lagrangian, in the Palatini
formalism, where vielbeins and spin connections are viewed as independent fields, having
removed the zero-torsion constraint) to Dirac fermion fields, is the simplest theory where
the equations of motion for the torsion become non trivial. In the context of contorted
LQG, the torsion couples to the so-called Barbero–Immirzi (BI) parameter [75,76] (the BI
parameter arises in the framework of LQG when one attempts to express the Lorentz
connection of the non compact group SO(3,1) in terms of a complex connection which takes
on values in a compact group of rotations (SO(3) or its double cover SU(2)). This parameter
measures the quantum of area in LQG, and therefore plays an important rolein black
hole thermodynamics. Its value can be fixed by matching the semi-classical entropy of a
black hole with the counting of microstates within the LQG framework), β, which appears
as a coefficient of the Holst term in the effective (continuous) gravitational action [77]:

1
2κ2 β

∫
d4x
√−g εµνρσ R̂µνρσ, where κ =

√
8π G = M−1

Pl , with MPl = 2.43× 1018 GeV (we
work in units of h̄ = c = 1 throughout), is the four-dimensional gravitational constant,
εµνρσ, µ, ν, ρ, σ = 0, . . . 3, is the gravitationally covariant Levi–Civita antisymmetric tensor
density, and R̂µνρσ is a curvature tensor with torsion [66] (for notation and conventions
see Appendix A). In the absence of torsion, the BI parameter β does not play any role, due
to the cyclic property of the conventional Riemann tensor, which implies εµνρσ Rµνρσ = 0.
However this is not the case in contorted geometries. The BI parameter also appears in
Lorentzian spin-foam models of QG [78], which are defined on an appropriate path integral
over discrete Lorentzian quantum geometric configurations (“geometry quanta”), which
include metric and torsion degrees of freedom. The torsion degrees of freedom arise due
to an anomaly of the algebra of the constraints, imposed on the fundamental geometry
quanta, which is parametrised by the BI parameter.

In such theories, the BI parameter and torsion affect the gravitational dynamics, lead-
ing to in-principle observable effects [77,79,80]. Cosmologies with torsion [81,82], including
modified contorted gravity theories, e.g., f (R̂) theories [83], have been extensively con-
sidered in the literature, and their phenomenology has been studied in detail, including a
possible relation of the matter-antimatter asymmetry and the dark sector of the universe
with fermionic-torsion condensates [84,85], arising from the four-fermion interactions that
are characteristic of all contorted theories in the presence of fermions. At this point we
should also mention the so-called teleparallel theories of gravity [86–90], which, in contrast
to the aforementioned contorted theories of gravity, in which both the metric and the
torsion fields co-exist, are only characterised by the presence of the torsion field, which
mimics the dynamics of the gravitational field. For some interesting cosmic dynamo effects
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in teleparallel theories and connection with gravitational anomalies, the reader should
also consult [91,92]. For further investigations on such generalisations of GR, based on
teleparallel geometries see Refs. [93,94], where teleparallel models beyond f (T) (with
T denoting the torsion scalar) [86], including the so-called non-metricity scalar Q ( f (Q)
gravity), and their applications to cosmology and black-hole physics are considered.

Torsion constitutes therefore a rather vast research area, rich in physical applications
(albeit not yet confirmed experimentally), as, we hope, becomes clear from the above intro-
duction, and hence cannot be reviewed in all of its aspects in this short review. Here there
shall be a focus instead on only a particular kind of torsion, already mentioned previously,
namely the one which stems from the antisymmetric tensor field of the bosonic massless
gravitational multiplet of the string [25,26,67], and shall discuss its connection with the
dark sector of the universe in the context of a low-energy string-inspired cosmology with
non-trivial gravitational anomalies [95] at early epochs of the universe [62–65]. The anoma-
lous terms are expressed by the presence in the Lagrangian of a CP-violating gravitational
Chern–Simons term [20,21] coupled to the string-model independent KR axion, which
in (3 + 1)-dimensional space times is dual to the torsion in a way we shall explain in
detail. The anomaly terms are remnants in four dimensions of the higher-dimensional
counterterms that are inserted in the theory as a consequence of the anomaly-cancellation
mechanism of Green–Schwarz [25,26]. The gravitational anomalies are fully consistent
with the general covariance of the effective action, but describe a non-trivial exchange
of energy between the axion and gravitational fields. These gravitational Chern–Simons
terms are non-trivial when there are (primordial) Gravitational Waves (GW) present [62,96],
whose potential origin has been discussed in [63,64], and will also be reviewed briefly
in the present work. This interaction between the KR axion and gravitational Chern–
Simons terms proves essential in leading [62–64] to a cosmological vacuum of the RVM
type [44–46], which in turn implies an early inflationary era, without inflaton fields [47–50].
The formation of GW condensates is crucial to the effect. Moreover, such condensates lead
to undiluted KR axion backgrounds at the exit from inflation, of a form which break
spontaneously Lorentz symmetry. These backgrounds survive well into the radiation
era [62–64] and lead to leptogenesis in theories with right-handed massive sterile neutri-
nos [97–101]. In the post-inflationary epoch, non-perturbative effects, during the QCD era,
can generate, under some circumstances, a potential and a mass for the KR axions [65],
which thus has the potential of playing the role of (a component of) DM in this string-
inspired universe. Due to the link of the KR axion with torsion, then, one could have a
geometrical origin of DM in such models. The RVM nature of this effective string-inspired
cosmological model is maintained until the current era [62], and in this sense the model
has observable in principle variations from the ΛCDM, contributing in parallel to the
alleviation of the cosmological tensions in the data [51–59].

The structure of the review is the following: In the next Section 2, we review briefly
the essential features and underlying formalism of the RVM vacuum, in order to introduce
the reader into the basic concepts and techniques that we shall make use of in subsequent
parts of the article. In Section 3, we present the string-inspired (3 + 1)-dimensional gravi-
tational model, and explain the appearance of torsion and its equivalence to a dynamical
massless KR axion field. A discussion on the origin and properties of the crucial anomalous
gravitational Chern–Simons terms in the effective action, and a demonstration of their
consistency with general covariance, is given. In the following Section 4, we discuss briefly
the origin of primordial GW and their role in inducing non-trivial gravitational anomaly
terms. We evaluate the appropriately induced anomaly condensates, and demonstrate
the spontaneous breaking of Lorentz invariance by the vacuum of the theory due to the
presence of Lorentz-Invariance-Violating (LIV) non-trivial KR axion backgrounds. We
explain carefully, under which conditions such condensates lead to dynamical RVM-type
inflation without inflaton fields. In Section 5, we discuss the post inflationary era, where
gravitational anomalies are cancelled by the generation of chiral fermion matter at the exit
from inflation, in a way we shall explain in detail. We describe briefly the non-perturbative
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mechanism by means of which a mass can be generated for the KR axion fields, which can
thus play the role of (a component of) DM in the effective cosmological model. We also
discuss briefly how leptogenesis occurs in models involving sterile massive right-handed
neutrinos, which can be accommodated in our string-inspired framework. Finally, in Sec-
tion 6, instead of conclusions, we discuss briefly the modern era, in which the RVM form
of the vacuum of our cosmological model is maintained, leading to observable in principle
modifications of ΛCDM and tension alleviations. We also make a brief phenomenological
comparison of our string-inspired torsionful cosmology with some other cosmological
models in contorted geometries that exist in contemporary literature. Some mathematical
properties of torsion that we make use of in the article, are outlined in the Appendix A,
in the context of an instructive example—that of contorted quantum electrodynamics with
Dirac fermions coupled to an Einstein–Cartan gravitational sector [67]. We also make a
comparison there with other topological modifications of contorted gravity existing in
contemporary literature.

2. Review of the Running Vacuum Model (RVM) Framework

The Running Vacuum Model (RVM) of the universe is a phenomenological frame-
work [44–46], which postulates that the cosmological vacuum is characterised by a de-
Sitter-type equation of state, but the vacuum energy density depends on the cosmic time,
through its dependence on the Hubble parameter H(t) = ȧ

a , in the Robertson–Walker
(RW) frame (where a = a(t) is the scale factor of the FLRW universe, assumed spatially
flat, as suggested by the data [5], and the overdot over a quantity denotes its cosmic-time
derivative d/dt):

pRVM(H(t)) = −ρRVM(H(t)). (1)

For reasons of general covariance [44–46], the energy density of the vacuum is a
function of even powers of H(t). In fact the phenomenological RVM framework postulates
a renormalisation-group-like equation for the vacuum energy density [44–46]:

d ρRVM(H(t))
d ln(H2(t))

=
∞

∑
n=1

a2n H2n(t) (2)

in the RW frame.
In general, one may have additional dependence on Ḣ(t). However, for our purposes

here we make the phenomenologically viable assumption that within a particular era of the
universe, the deceleration parameter of that era q = −(aä)/(ȧ)2 is approximately constant,
and thus Ḣ can be approximately expressed as H ' −(1 + q)H2(t), hence the dependence
only on H2n in (2) suffices to explain in a smooth way the cosmological evolution of our
Universe from inflation till the present era [47–50]. It turns out that, for phenomenological
reasons, only terms up to H4 in (2) play a role in the entire history of our universe, from
the inflationary era until today. Hence, solving in this case (2), yields for the RVM vacuum:

ρRVM = a0 + a2 H2(t) + a4H4(t) + · · · ≡ 3
κ2

(
c0 + νH2 + α

H4

H2
I
+ . . .

)
> 0 , (3)

where in the second equality we used the standard notation of the RVM. The quantity HI
is the inflationary scale, whose value can be inferred from the recent Planck Collaboration
data [5],

HI
MPl
' 10−5, (4)

and c0 ≥ 0, ν, and α are constants. In the conventional RVM, ν > 0 and α > 0, and they
are assumed constants through the entire evolution of the universe. The constant c0 plays
the role of the positive cosmological constant which is believed to be responsible for the
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current-era acceleration of the universe, according to the ΛCDM paradigm [5]. Its value
is just an integration constant stemming from integrating Equation (2), and thus cannot
be determined in this phenomenological effective framework. The coefficients ν � 1,
as required by phenomenology (see discussion below), while α can be of order O(1).

It is not a trivial task to derive (3) from microscopic quantum field theories in curved
space. In fact, this is highly model dependent. For instance, within simple quantum field
theory models [102,103], the H4 term cannot be derived, only the H2 is. In this review we
shall argue on the derivation of the H4 term as well, which is responsible for inducing
inflation, in a specific string-inspired model with gravitational anomalies, and the term H4

is precisely due to anomaly condensates in the presence of GW perturbations [62–64], and is
not related to ordinary matter effects. Moreover, as discussed in detail in [62], and will
be reviewed below, the coefficients ν and α are not constant through the evolution of the
universe, but their values depend on the era. During the inflationary era, for instance,
the coefficient ν < 0, as a result of contributions from the gravitational Chern–Simons
anomalous terms, while it is positive in post-inflationary eras, including the current one,
due to different contributions it receives than from cosmic electromagnetic fields.

Before moving onto the string-inspired cosmological model, let us first review briefly
how the RVM frameork (2) describes the entire evolution of the universe from its early
inflationary de Sitter era, to the modern one, where again the universe seems (from the
current interpretation of cosmological data) to enter another de Sitter phase. This comes
about by considering the Einstein’s equations written in the form:

Rµν −
1
2

gµνR = κ2
(

Tm
µν + TRVM

µν

)
(5)

where the subscript “m” (“RVM”) denotes matter/radiation (running vacuum) contri-
butions to the stress tensor Tµν. From the Bianchi identity for the curvature tensor(

Rµν − 1
2 gµνR

); ν
= 0, where the symbol ; denotes gravitational covariant derivative

(in a torsion-free space-time, like the ordinary FLRW universe of interest here), and us-
ing (3) in the expression of the temporal components of (5), and the Freedman equation
κ2 ρm + Λ(H) = 3 H2, we easily arrive at the evolution equation for the Hubble parameter
in the RVM universe [47–50]:

Ḣ +
3
2
(1 + ωm) H2

(
1− ν− c0

H2 − α
H2

H2
I

)
= 0, (6)

with wm = ρm/pm is the equation of state of matter/radiation (assumed to be an ideal
fluid with energy density ρm and pressure pm). Assuming constant c0, ν, α throughout the
universe evolution, we obtain from (6) the following general solution for H(t):

H(a) =
(1− ν

α

)1/2 HI√
D a3(1−ν)(1+wm) + 1

, (7)

with D > 0, an appropriate integration constant, to be fixed phenomenologically. Moreover,
we also obtain:

ρm(a) =
3 H2

I
κ2

(1− ν)2

α

D a3 (1−ν) (1+ωm)

(
D a3 (1−ν) (1+ωm) + 1

)2 ,

ρRVM(a) =
3 H2

I
κ2

(1− ν)

α

νD a3 (1−ν) (1+ωm) + 1
(

D a3 (1−ν) (1+ωm) + 1
)2 .

(8)
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From (7), we observe that for the early-expanding-universe epoch, where the fields
are practically massless (due to the high temperatures that we assume characterise the
early RVM eras), one has wm ' 1/3 and:

D a4(1−ν) � 1, (9)

and hence one obtains an approximate de-Sitter solution (the reader’s attention is called
at this point to the fact that, as the scale factor a(t) → 0 (Big Bang) in (7), the RVM
universe, whose evolution is based on Einstein’s equations, does not exhibit an initial
singularity [47–50]. As we shall discuss later on in Section 4.1, this feature is also shared
by our stringy RVM [63,64], but there, such a feature is due to stringy effects, such as the
(infinity of the) higher-curvature contributions to the string-inspired effective gravitational
action, which become important near the Big Bang):

H(a)dS '
(1− ν

α

)1/2
HI . (10)

To ensure H(a)dS ∼ HI during inflation, we may postulate
(
(1− ν)/α

)1/2
' O(1).

As we shall discuss below, modern era phenomenology requires ν� 1, which implies that:

α1/2 ∼ O(1). (11)

In such an early stage (9), we observe from the first of Equation (8) that the matter
density is almost vanishing, whilst the RVM energy density is approximately constant,

ρ
early
m ' 0, ρRVM early(a) '

3 H2
I

κ2
(1− ν)

α
, (12)

as expected in a de Sitter phase.
As cosmic time progresses, a becomes larger and larger, and the matter/radiation densities

started becoming non trivial, as a result of the decay of the running vacuum [47,49,50].
Hence, the radiation (i.e., relativistic matter)-dominance era, which succeeds the

inflationary era, is, characterised by wm = 1/3 but D a4(1−ν) � 1, and thus from (7) we
have approximately:

H(a)rad '
(1− ν

α

)1/2 HI√
D a2(1−ν)

∼ a−2, (13)

as expected, since ν� 1 and α1/2 = O(1).
Finally, in the modern era, which is dominated by a late dark energy contribution,

during which the universe accelerates again, entering another de Sitter-type phase, we have
that wm ' 0, because the matter is mostly non-relativistic. The H4 in (3) is not dominant,
which, on account of (6), implies:

Hmodern(a) = H0

([
1− c0

H2
0 (1− ν)

]
a−3 (1−ν) +

c0

H2
0 (1− ν)

)1/2
≡ H0

(
Ω̃m 0 a−3(1−ν) + Ω̃Λ 0

)1/2
, (14)

where the quantities Ω̃Λ 0 ≡ c0
H2

0 (1−ν)
> 0 and Ω̃m0 ≡ 1− Ω̃Λ 0 play the role of the matter

and cosmological-constant energy densities today, in units of the critical density of the
universe, with the term Ω̃Λ 0 dominant in the current era. The expression (14) leads to
observable deviations from ΛCDM [52]. Matching (14) in the modern era with the relevant
phenomenological data [51,52,56,57,59] yields:

ν ' O(10−3)� 1, (15)

as already announced previously.
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It should be stressed that, as becomes evident from the above analysis (7), in the RVM
framework it is essential that the coefficient ν 6= 1. This is confirmed from the modern-era
determination of ν (15), upon the assumption that the coefficients α, ν remain constant
during the entire evolution, which is the typical assumption within the conventional RVM
framework. However, in the context of our string-inspired model [62–64], these coefficients
are universe-era dependent, as there are appropriate phase transitions that take place
between the various epochs. Nonetheless, the property that 1− ν 6= 0 continues to hold in
each era for the string-inspired RVM-like cosmological model as well. Indeed, as discussed
in [62], and shall be reviewed below, during the inflationary era one has νinfl < 0, |νinfl| � 1,
and of course during the modern era 0 < ν0 � 1. Hence, the essential features of the RVM
evolution are valid in its string-inspired extension, which we now proceed to discuss in
some detail.

3. Review of the String-Inspired Gravitational Effective Theory

In string theory [25,26], the massless bosonic multiplet of the closed-string sector
contains the spin-2 graviton field, described by the symmetric tensor gµν(x) = gνµ(x),
the scalar (spin-0) dilaton Φ(x), and the spin-1 antisymmetric tensor (or Kalb–Ramond
(KR)) field, Bµν(x) = −Bνµ(x). In the closed string sector, there is a U(1) gauge symmetry:

Bµν → Bµν + ∂µΘν(X)− ∂νΘµ(X), µ, ν = 0, . . . 3, (16)

where Θµ(X), µ = 0, . . . , 3, are gauge parameters, which implies that the target-space effec-
tive action, which describes the low-energy dynamics of the closed-string sector is invariant
under (16), and, as such, it depends only on the field strength of Bµν : Hµνρ = ∂[µ Bνρ],
where the symbol [. . . ] indicates anti-symmetrisation of the respective world indices.

3.1. String-Inspired Effective Gravitational Action with Torsion

However the requirement of the cancellation between gauge and gravitational anoma-
lies in the higher-dimensional spacetime of strings is achieved by the introduction of
appropriate Green–Schwarz counterterms in the effective action [25,26], which results in
the modification of the field strength Hµνρ by the Chern–Simons (gravitational (“Lorentz”,
L) and gauge (Y)) anomalous terms (in form language, for notational convenience):

H = dB +
α′

8 κ

(
Ω3L −Ω3Y

)
,

Ω3L = ωa
c ∧ dωc

a +
2
3

ωa
c ∧ωc

d ∧ωd
a, Ω3Y = A ∧ dA + A ∧A ∧A,

(17)

where∧ denotes the exterior product among differential (k, `) forms (f(k) ∧ g(`) = (−1)k ` g(`) ∧
f(k)). In the above expression, A denote the Yang–Mills gauge field one form, and ωa

b is the
spin connection one form, with the Latin indices a, b, c, d being tangent space (SO(1,3)) indices.
The parameter α′ is the Regge slope, α′ = M−2

s (in units of h̄ = c = 1), with Ms the string mass
scale, which is in general different from the four-dimensional Planck scale, Ms 6= MPl, and in
fact it appears to be a free parameter of string theory, to be constrained phenomenologically.

The target-space-time low-energy string-inspire effective action is expanded in powers
of α′. To lowest non-trivial order in α′, the (3+1)-dimensional effective action based on the
aforementioned massless bosonic string multiplet, after appropriate compactification of
the extra n-dimensions, reads [25,26]:

SB =
∫

d4x
√
−g
( 1

2κ2 [−R + 2 ∂µΦ ∂µΦ]− 1
6

e−4ΦHλµνHλµν + . . .
)

, (18)

where we follow the conventions: (+,−,−,−) for the metric signature,

Rλ
µνσ = ∂νΓλ

µσ + Γρ
µσ Γλ

ρν − (ν↔ σ) , λ, µ, ν, σ = 0, . . . 3 , (19)
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for the Riemann tensor, Rµν = Rλ
µλν for the Ricci tensor, and R = gµν Rµν for the Ricci

scalar. In (19) Γλ
µσ = Γλ

σµ is the Christoffel connection is the Riemannian one, in the absence
of torsion, symmetric in its lower indices. The . . . in (18) denote terms of higher-orders
in α′, which contain higher powers of curvature tensors and of (gravitational covariant)
derivatives (throughout this review we shall concentrate on the lowest non-trivial order
of string-effective actions, at most quadratic in derivatives acting on fields. In this limit,
the torsion is non-propagating, as in Einstein–Cartan theory, discussed in the Appendix A.
However, once higher-derivative terms are taken into account, e.g., whenO(α′) corrections
are considered in the effective action [25,67,104–106], then derivative terms of the torsion
H appear, including kinetic-like terms of H. Taking into account such terms may lead
to interesting phenomenology, which, however, will not affect the considerations in this
review. We mention at this point that, in the (non-stringy) case of Einstein–Cartan theories,
such considerations of kinetic terms of the totally antisymmetric part of the torsion have
taken place in Ref. [107], with consequences for dark energy (from the kinetic term of the
torsion per se), as well as for the existence of a bouncing cosmology solution, due to a
stiff fluid that arises from the quadratic (“mass-like” terms) of the totally antisymmetric
torsion dual SµSµ that characterise such theories, see discussion in our Appendix for
the terminology (however in our contorted QED case we consider torsion induced by
fermions [67], in contrast to the purely bosonic case of [107]. Moreover, in the stringy RVM
model [62,63,65] it is the anomaly condensate that lead to inflationary-type dark energy,
while higher-derivative terms of the KR torsionH are suppressed for the scales relevant to
the inflationary epoch in our case)). There is no bare cosmological constant in the effective
action (18) for strings living (before compactification) in their critical space-time dimension
(in non-critical strings [108,109], on the other hand, one may have such terms in case the
dilatons are constant, otherwise one obtains relaxation dark energy (quintessence type)
terms, with the dilaton as the quintenseence field). In our approach, such a cosmological
constant term will arise dynamically through condensation of GW, as we shall discuss in
Section 4.

In the string-inspired cosmological model of [62–64], the dilaton is self-consistently [65]
assumed constant, Φ = Φ0, ∂µΦ = 0, and without loss of generality we can set its value to
zero Φ0 = 0. It is also assumed that in the early universe only fields from the gravitational
massless string multiplet appear as external fields. This implies that we may consider the
gauge fields A as absent in the early stages of the universe evolution. Gauge fields, along
with other chiral matter, are assumed to be generated at the exit of inflation, as a conse-
quence of the decay of the running vacuum, as we shall discuss later. So from now on we
set A = 0 in the modification (17). Then, one can arrive at the following Bianchi identity:

ε
µ

abc ∂µHabc =
α′

32 κ

√
−g Rµνρσ R̃µνρσ ≡

√
−g G(ω) =

α′

32 κ

√
−gKµ(ω);µ =

α′

32 κ
∂µ

(√
−gKµ(ω)

)

=
α′

16 κ
∂µ

[
εµναβ ωab

ν

(
∂α ωβab +

2
3

ω c
αa ωβcb

)]
,

(20)

where the semicolon (;) denotes gravitational covariant derivative with respect to the
standard Christoffel connection without torsion (in view of the total antisymmetry of
Hµνρ, the gravitational covariant derivative with respect to the standard Christoffel symbol
without torsion, symmetric in its lower indices, acting on Hµνρ coincides with the ordi-
nary derivative, and this is indicated on the left-hand side of (20), where the ordinary
derivative is given), and εµνρσ =

√−g εµνρσ, εµνρσ = εαβγδ gµα gνβ gργ gσδ =
sgn(g)√−g εµνρσ

(with Greek indices denoting space-time indices, taking values 0, . . . , 3) are the gravi-
tationally covariant Levi–Civita tensor densities, totally antisymmetric in their indices,
with εµνρσ (ε0123 = +1, etc.) the Minkowski-space-time Levi–Civita totally antisymmet-

ric symbol. The symbol (̃. . . ) over the curvature tensor denotes the corresponding dual,
R̃µνρσ = 1

2 εµναβRαβ
ρσ. In (20), we explicitly denoted the total-derivative character of the

gravitational-anomaly Chern–Simons terms
√−g G(ω) [95].
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Before proceeding, we notice that the quadraticH-terms in (18) can be absorbed in a
generalised curvature scheme with torsion (see Appendix A):

SB = − 1
2κ2

∫
d4x
√
−g R̂(Γ) + . . . , (21)

where the generalised Ricci scalar is defined as R̂(Γ̂) = gµσδν
λ R̂λ

µνσ(Γ̂), with the gener-
alised curvature Riemann tensor R̂λ

µνσ(Γ̂) defined as in (19) but with the ordinary (sym-
metric in its lower indices) Christoffel symbol replaced by the torsional connection:

Γρ
µν = Γρ

µν +
κ√
3
Hρ

µν 6= Γρ
νµ (22)

with Γρ
µν = Γρ

νµ the torsion-free Christoffel symbol. Since the KR field strength satis-
fies Hµ

νρ = −Hµ
ρν, it plays the role of the contorsion [66]. This contorted geometry con-

tains only a totally antisymmetric component of torsion (using local field redefinition
ambiguities [25,26,67,104–106], which leave the perturbative string scattering amplitudes
unaffected, according to the equivalence theorem [110,111], one can extend the torsion
interpretation ofH to O(α′) effective actions, which contain fourth-order derivative terms).
This is a distinguishing feature of the string model from other generic torsion cosmologies
(e.g., [82,83]), in which the torsion has more components. Moreover, since the string multi-
plet necessarily contains a graviton field, this string-inspired gravitational theory (18) is
different from teleparallel gravity [86–90], where torsion mimics the gravitational field.

3.2. Connection with Torsional Topological Invariants and Axions

An important comment is now in order concerning the form of the string-inspired
contorted action (21). The reader may observe that there is no Holst term:

SHolst ∝
∫

d4x εµνρσ R̂µνρσ(Γ), (23)

which, in other approaches to QG, like LQG [28,29] and spin-foam models [32,33], as men-
tioned in the introduction, carries as a coefficient the Barbero–Immirzi
parameter [75,76]. The absence of such a term from the perturbative string-amplitude
approach that leads to (21) can perhaps be interpreted as implying that the string effective
action is linked with the so-called Nieh–Yan invariant [112–116] rather than the Holst term
(in fact, as emphasised in [117,118], the Holst term alone is not a topological invariant,
unlike the Nieh–Yan term, which thus seems more appropriate to use in order to bring
into (a non-perturbative) play the Barbero–Immirzi parameter in continuous (contorted)
gravitational effective actions, stemming from microscopic QG models), which is a total
derivative even in the presence of torsion and replaces the Holst term [117,118].

SNieh−Yan ∝
∫

d4x
(

εµνρσ Tλ
µρ Tλνσ − εµνρσ R̂µνρσ(Γ)

)
=
∫

d4x ∂µ

(
εµνρσ Tνρσ

)
, (24)

where Tµ
νρ is the torsion tensor (see Appendix A), which in the context of the Einstein–

Cartan theory is a non-propagating field, as the corresponding action contains non-
derivative terms of the torsion tensor (the graviton of course is a propagating massless
spin-2 field, independent of the torsion in this formalism). Such terms, therefore cannot con-
tribute to the perturbative string-scattering amplitudes, but may exist in non-perturbative
formulations of string theory. In our case, the torsion, as already mentioned, has a sin-
gle totally antisymmetric component, proportional to the KR field strength Tµνρ ∝ Hµνρ,
and thus the Nieh–Yan invariant is nothing other but the left-hand-side of the Bianchi
identity (20), that is, the gravitational Chern–Simons term.

We shall argue next that the totally antisymmetric torsion corresponds to a massless
pseudoscalar degree of freedom, which in the string context is the so-called string-model
independent or KR axion field [67,68]. We note that the association of an axion with the
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totally antisymmetric component of a torsion is a generic feature of contorted models,
as discussed in the Appendix A, where the example of contorted QED is studied. To
this end, we implement the Bianchi identity as a δ-functional constraint in the quantum
path-integral of the action (18), where the partition function is expressed as a path integral
over the graviton andH fields:

Z =
∫
DgDH δ

(
ε

µ
abc ∂µHabc − α′

32 κ

√
−g Rµνρσ R̃µνρσ

)
exp

(
i
∫

d4x
√
−g
[
− 1

2κ2 R− 1
6
HλµνHλµν

)]

=
∫
DgDHDb exp

(
i
∫

d4x
√
−g
[
− 1

2κ2 R− 1
6
HλµνHλµν − (∂µb) ε

µ
abc H

abc − b
α′

32 κ
Rµνρσ R̃µνρσ

])
,

(25)

where the b(x) in the second line is a (canonically normalised) pseudoscalar (axion-like)
Lagrange-multiplier field, which is implementing the delta-functional constraint in the
path-integral, and we have performed appropriate integrations by parts in the exponent.
After the quadratic H path integration, we end up easily with an effective theory of a
fully dynamical axion field (KR or string-model independent axion) b(x), in a Riemannian
curved space-time, with effective action:

Seff
B =

∫
d4x

√
−g
[
− 1

2κ2 R +
1
2

∂µb ∂µb +

√
2
3

α′

96 κ
b(x) Rµνρσ R̃µνρσ + . . .

]

=
∫

d4x
√
−g
[
− 1

2κ2 R +
1
2

∂µb ∂µb−
√

2
3

α′

96 κ
Kµ(ω) ∂µb(x) + . . .

]
,

(26)

whereKµ(ω) has been defined in (20), and expresses the total derivative of the gravitational
Chern–Simons anomalous terms. It is noted that the pseudoscalar nature of the Lagrange
multiplier field b(x) is necessitated by the fact that the Chern–Simons terms violate CP
symmetry, and thus the CP invariance of the gravitational Lagrangian (26) (and (18)) is
guaranteed only if b is pseudoscalar (the δ-functional constraint of (20) is by construction
CP invariant).

A few important comments are now in order, concerning the effective action (26).
In [119–122], it was suggested to promote the BI parameter, which is assumed to be
the coefficient of the Nieh–Yan invariant, to a dynamical pseudoscalar field. In view of
(20), in our string case, this will lead to the reduction of the Nieh–Yan invariant to the
gravitational anomaly term, and thus to a coupling of this BI axion field to the gravitational
Chern–Simons term. In fact, as we shall now come to discuss that the BI axion field is
essentially the string model independent axion field [67,68], upon taking proper account,
however, of the Green–Schwarz counterterms appearing in (20).

Indeed, following [120–122], promotion of the BI parameter to a field would naively
be equivalent to considering adding to the effective action (18) a term (24) but with a
coordinate-dependent coefficient β(x), which is viewed as a field variable, integrated over
in the path-integral (with a measure Dβ(x)):

SBI−field
Nieh−Yan =

∫
d4x β(x)

(
εµνρσ Tλ

µρ Tλνσ − εµνρσ R̂µνρσ(Γ)
)

=
∫

d4x β(x) ∂µ

(
εµνρσ Tνρσ

)
∝
∫

d4x β(x) ∂µ

(
εµνρσHνρσ

) (27)

where in the last equality the proportionality factor takes into account the precise relation
between the torsion and the KR field strength (22). Integrating over (the non-propagating
field) H in the effective action (18), then, would produce a dynamical propagating field
β(x), with kinetic terms canonically normalised, which is the result of [120–122]. However,
the above procedure would imply a Bianchi identity constraint εµνρσ ∂µHνρσ = 0, which
does not take into account the Green–Schwarz counterterms (20). Implementing the correct
constraint (20), as we did above ( cf. (25)), leads to the correct formulation of the association
of the totally antisymmetric torsion with a dynamical axion-like field.
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Thus, in the string case, the promotion of the BI parameter accompanying the Nieh–
Yan invariant (24) into a dynamical pseudoscalar field cannot be done solely via (27), as
in [120–122], but by considering instead adding to the effective action (18) an appropriate
combination of topological invariants, the Nieh–Yan invariant and the gravitational Chern–
Simons term, with the BI field appearing as its coefficient. That is, we add to the effective
action (18) the combination of topological invariants:

SBI−field
Nieh−Yan + SGrav. Chern Simons =

∫
d4x b(x)

(
εµνρσ ∂µHνρσ −

α′

32 κ

√
−g Rµνρσ R̃µνρσ

)
. (28)

Generalising appropriately the construction of [120–122], where now b(x) is the La-
grange multiplier implementing the Green–Schwarz-modified Bianchi constraint (20) in the
path-integral [67,68], which becomes the string-model independent axion, as we discussed
above (cf. (25)). We remark for completeness, that, as an axion, the field b(x) respects the
shift symmetry b(x) + constant, which is a featured shared by the BI field in the approach
of [121]. Further discussion on this point can be found in the Appendix A. Equation (28)
contains therefore two propagating independent massless degrees of freedom, the KR
axion b(x), and the graviton.

We therefore conjecture, at this stage, that the promotion of the BI parameter as an
axion field, via (28), makes the low-energy string-effective action (26), based on degrees
of freedom in the massless gravitational multiplet of strings, probably obtainable also
as the low-energy continuous limit of other QG approaches, such as (appropriate ex-
tensions/modifications of) LQG and spin-foam models, once torsion and gravitational
anomalies are properly accounted for. We next note that, on taking into account the SL(2,Z)
symmetry of strings [25,26], the axion field will necessarily be accompanied also by a dila-
ton field in the effective action, which can be accommodated in such alternative approaches
to QG as well (but, as we already discussed, the dilaton can also be set self-consistently to
a constant [65,123]).

3.3. Gravitational Anomalies, Axions, and the Role of the Cotton Tensor

Thus, the effective action (26) contains complete information on the dynamics of
the KR torsion in the context of string theory, and this is the action we shall concentrate
upon from now on, to discuss the association of the pertinent cosmology with the running
vacuum, following [62–64] (it should be noted at this point that in string theory there
are several other types of axions, arising from compactification [68], which lead to a
rich phenomenology [124,125]. We discussed such issues in [63,64], but we shall not
describe them here. These additional stringy axions will not affect the basic objective
of our approach [62], which is to demonstrate the conditions under which the string-
inspired cosmological model (26) reduces to a RVM cosmology [44–46]). To this end,
we first observe that the gravitational variation of the Chern–Simons term is non trivial,
giving rise to the Cotton tensor Cµν [20] (it should be noted, for completeness, that this
non-trivial contribution of the gravitational Chern–Simons term to the stress tensor of the
axion matter does not characterise the axion coupling with gauge Chern–Simons terms∫

d4x
√−g b Tr(FµνF̃µν) (with the Tr referring to gauge-group indices), whose gravitational

variation vanishes):

δ
[ ∫

d4x
√
−g b Rµνρσ R̃µνρσ

]
= 4

∫
d4x
√
−g Cµν δgµν = −4

∫
d4x
√
−g Cµν δgµν, (29)

where:

Cµν ≡ −1
2

[
vσ

(
εσµαβRν

β;α + εσναβRµ
β;α

)
+ vστ

(
R̃τµσν + R̃τνσµ

)]
, (30)

which is tracelss:

gµν Cµν = 0, (31)
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with vσ ≡ ∂σb = b;σ, vστ ≡ vτ;σ = b;τ;σ. Thus, Einstein’s equations stemming from (26) read:

Rµν − 1
2

gµν R−
√

2
3

α′ κ

12
Cµν = κ2

(
∂µb ∂νb− 1

2
gµν ∂αb ∂αb

)
≡ κ2 Tµν

b , (32)

with the right-hand-side being the stress energy tensor of the KR axion, which plays the
role of “matter” in this set up (of course, the b the field being is associated with a massless
excitation of the string gravitational multiplet in this case). As a result of the property of
the Cotton tensor (30) [20].

Cµν
;µ = −1

8
vν Rαβγδ R̃αβγδ , (33)

we obtain, from the Bianchi identity of the covariant derivative of the Einstein tensor,
the following generalised conservation law of “matter” in this system:

Tµν
b ;µ +

√
2
3

α′

12 κ
Cµν

;µ = 0, (34)

which, implies that in the presence of non-trivial gravitational anomalies, there is an
exchange of energy between “matter” (KR axion b in this particular case) and gravity,
through the gravitational anomalous interactions. This apparent generalised conservation
law is perfectly consistent with the general covariance of the system [62–64], as is evidenced
from the above equations, and in fact the exchange of energy depends on the kind of
background space time one encounters. Indeed, for a FLRW universe, the anomalous terms
and the Cotton tensor both vanish, and hence the right-hand-side of (33) is zero, leading to
the conventional conservation law of b matter. This is not the case, however, as we shall
see below, if there are CP-violating GW perturbations in the FLRW space time, in which
case the anomaly terms and the Cotton tensor are non zero. In such perturbed geometries,
there will be a non-trivial exchange of energy between the b field and the gravity sector.

4. Primordial Gravitational Waves, Anomalies, and an RVM-Like Inflation
without Inflatons

One of the basic ingredients that ensures the non-vanishing of the gravitational Chern–
Simons terms is the presence of primordial GW. In [63,64], we have discussed various
scenarios which allow the presence of GW in the primordial string universe, and refer
the interested reader there for details. In what follows, we shall only briefly sketch these
scenarios so as to give complete information to the reader as to the potential origin of GW,
which, as we shall discuss later on in this section, play a crucial role in the connection of
the string-inspired cosmological model based on (26) to the RVM [62].

4.1. On the Origin of Primordial Gravitational Waves

One of the most obvious reasons for obtaining GW is the non-spherical merging
of rotating primordial black holes that may characterise the very early string universe.
Indeed, such rotating black holes with secondary axion charge do arise as a solution of
the gravitational string-inspired theory (26) [67], where the rotating nature is linked to
the axial character of the KR axion. It is therefore conceivable that such primordial black
holes arise as a result of vacuum space-time fluctuations themselves in the context of
the model of [62], where the early universe dynamics contains no degrees of freedom
other than the massless KR axion and gravitons. In more general scenarios, involving
brane universes [63,64], punctured with appropriate massive space-time defects consisting
of D-branes compactified along the extra spatial dimensions, which, from a low-energy
brane-world observer point of view, look “effectively point-like” [126–128], GW arise
from coalescent rotating black holes which arise from the gravitational collapse of these
massive defects.
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On the other hand, as emphasised in [63,64], there are also simpler scenarios that
involve only a supergravity extension of the gravitational theory (26), which arises in
superstrings. The gravitino, which is the spin-3/2 superpartner of gravitons, still belongs
to the (initially) massless string gravitational multiplet, and hence such excitations are
consistent with the point of view of [62] that only gravitational degrees of freedom appear
as external fields in the effective gravitational action describing the dynamics of the very
early universe. One may then have, under certain conditions, the formation of gravitino
condensates, σ = 〈ψµ ψµ〉, which could break the supergravity dynamically, as in [129,130].
The condensate field σ(x) which describes quantum excitations about the condensate, has
then a double-well potential, and may lead to unstable Domain Wall (DW) formation,
if there is a slight lift of the degeneracy of the vacua, e.g., due to percolation effects in
the early universe, which could lead to a statistical bias induced by different occupation
probabilities between the two ground states (see Figure 1). Non-spherical collapse or
collision of such DW leads then to the formation of GW.

0
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0 < eV (0)

Figure 1. The double-well gravitino-condensate potential Ṽ(σ) vs. the condensate field σ, for dy-
namical supergravity breaking [63,64,129,130], in which there is an effective lift of the degeneracy
of the two vacua due to percolation effects in the early universe that lead to different occupation
probabilities for the two ground states [131,132]. The reader should notice that the values of the
potential at these ground states are both positive, consistent with the dynamical breaking of super-
gravity [129,130]. This bias between the two vacua leads to the formation of unstable domain walls,
whose non-spherical collapse, or collisions produce Gravitational Waves (GW). The lowest of these
two vacua indicates dynamical breaking of supergravity, with a stabilised gravitino condensate,
which also implies GW-induced RVM inflation. The model may have a hill-top first inflation, near the
origin of the gravitino condensate field σ ' 0, as indicated, which ensures that any spatial inhomo-
geneities are washed out well before the entrance of the universe intro the RVM inflationary phase,
induced by GW condensation. Figure taken from [63,64].

This dynamically-broken supergravity scenario has another desirable feature apart
from leading to DW formation. It may be characterised by a hill-top inflation [133], not
necessarily slow-roll (see Figure 1), and without phenomenological consequences, which
serves the important purpose of washing out any spatial inhomogeneities of the KR
axion and graviton fields, thus providing a physical justification of the isotropy and
homogeneity of the string universe well before its entrance to a second, slow-roll, RVM
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inflationary phase, induced by GW condensation (we remark for completion that the hill-
top first inflation is assumed to occur soon after the Big Bang. However, in the context of
string theories, whose effective point-like low-energy gravitational field theories contain
in principle an infinity of higher-derivative, higher-curvature terms, there may not be
an initial singularity. This feature is already demonstrated at the level of dilaton-Gauss–
Bonnet modified gravity theories [134], which are embeddable in string theories. As we
have already mentioned in Section 2, the absence of initial singularities also characterises
the RVM cosmology. Such issues will not be of concern to us in the current work, as we
are interested in the epochs well after the Big Bang, where the effective field theory (26)
suffices for the description of the pertinent dynamics). It is this second RVM inflation that
has phenomenological consequences and can be constrained by cosmological data [5]. This
justifies the assumptions and analysis of [62].

4.2. Gravitational-Wave Condensation, Gravitational Chern–Simons Terms, and RVM Inflation

In the presence of GW perturbations, the Chern–Simons term is non trivial [96]. In
this subsection, we shall assume first that we are in an inflationary phase, where the
Hubble parameter is approximately constant, and evaluate the corresponding condensate
of the gravitational Chern–Simons term by integrating out graviton fluctuations up to a
momentum cut-off scale µ. Then we shall demonstrate [62], based on generic properties of
the Cotton tensor (30), that the cosmological vacuum satisfies indeed a de Sitter equation of
state, while the vacuum energy density assumes an RVM-like form (3), with a non-trivial
dominant H4 contribution, but a negative coefficient of the H2 terms, due to non-positive
contributions of the gravitational anomaly to the stress tensor of theory. Inflation then,
without inflaton fields, which we assumed as a background, is justified a posteriori self-
consistently by the early universe solution of the evolution Equation (6) for the Hubble
parameter that characterises the RVM.

Let us review the situation concretely below. We shall be brief, since, for details,
we refer the interested reader in [62–64]. On assuming GW perturbations on a FLRW
inflationary background space-time, with constant Hubble parameter HI , is equivalent to
considering the following metric in the FLRW frame:

ds2 = dt2 − a2(t)
[
(1− h+(t, z)) dx2 + (1 + h+(t, z)) dy2 + 2h×(t, z) dx dy + dz2

]
, a(t) ∼ eHI t, (35)

in standard notation for the polarisations of the GW, assumed propagating along the z-
direction for concreteness. Integrating over GW perturbations (graviton modes), with spa-
tial momenta of magnitude k up to an Ultra-Violet (UV) cutoff µ, one obtains for the
gravitational-anomaly condensate [62,96]:

〈Rµνρσ R̃µνρσ〉 ' 16
a4 κ2

∫ µ d3k
(2π)3

H2
I

2 k3 k4 Θ =
1

π2

( HI
MPl

)2
µ4 Θ

=
2

3π2
1

96× 12

( HI
MPl

)3 ( µ

MPl

)4
MPl × K0(t) ,

(36)

to leading order in the slow-roll parameter:

Θ =

√
2
3

α′ κ

12
HI ḃ � 1 , (37)

with the overdot denoting derivative with respect to the cosmic time t in the RW frame.
The covariant anomaly four vector Kµ(t), assumed isotropic and homogeneous, is defined
in (20). We stress again that this isotropy and homogeneity can be justified by the aforesaid
scenario of having a first hill-top inflation before the RVM-like one [63,64].
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From the anomaly Equation (20), assuming homogeneity and isotropy, we have that:

d
dt
K0(t) = 〈Rµνρσ R̃µνρσ〉, (38)

from which, using (36), we easily arrive at an evolution equation for K0(t), which admits
as a solution:

K0(t) = K0
begin(t = 0) exp

[
− 3HI t

(
1− 1

3 π2 × 18× 96

( HI
MPl

)2 ( µ

Ms

)4)]
, (39)

where K0
begin(t = 0) is a boundary condition that can be determined phenomenologically

in the context of low-energy string effective actions [62–64]. We observe from (39) that an
approximately constant K0 throughout the duration of inflation can be obtained under the
condition of an approximately vanishing exponent on the right-hand-side of (39), which
amounts to the approximate relation (to be understood as an order of magnitude relation):

µ

Ms
' 15

(MPl
HI

)1/2
. (40)

The Planck Collaboration data result (4) for the inflationary scale [5], then, combined
with (40), imply:

µ ' O(103) Ms. (41)

Due to the homogeneity and isotropy of this early universe, the equation of motion
for the b field, stemming from (26), admits the solution:

ḃ =

√
2
3

α′

96 κ
K0, (42)

which for approximately constant K0 implies ḃ ' contant. This violates spontaneously
Lorentz invariance. Parametrising this solution as:

ḃ =
√

2εHI MPl, (43)

with ε a phenomenological constant parameter, we observe [62] that (43) is consistent with
the Planck Collaboration slow-roll data [5], provided we set:

ε = O(10−2). (44)

This implies:

b(t) = b(0) +
√

2εHI MPl t, HI ' constant, (45)

with b(0) the value of the field b(x) at the onset of inflation at cosmic time t = 0.
A few remarks are now in order. If we insist on the theory respecting the transplanck-

ian conjecture, that is, that there are no modes in the theory with momenta higher than the
Planck scale, which acts as the ultimate UV cutoff of the effective theory (assuming the
Transplanckian Censorship hypothesis (TCC) in inflationary cosmology [135], i.e., that “any
inflationary model which can stretch the quantum fluctuations with wavelengths smaller than the
Planck length scale out of the Hubble horizon is in the swampland”, then it was argued in [136]
that this would imply very small Hubble scales during inflation, which would in turn lead
to negligible amplitudes for primordial GW. However, one of the two basic assumptions of
this conjecture is that there is instantaneous reheating of the universe right after inflation.
Relaxing the instantaneous reheating assumption, as happens in some low-reheating cos-
mological models, lead the authors of Ref. [137] to bypass the aforementioned constraints,
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and obtain high allowed upper bounds on the inflationary scale, inversely proportional to
the (low) reheating temperature (in units of today’s CMB temperature), while respecting
the TCC. In the RVM [44–50] and stringy-RVM [62–65] frameworks, there is no reheating
of the universe during the RVM-vacuum decay that occurs at the exit of RVM inflation.
Thus, such assumptions can be avoided, and, thus, the scale of the stringy RVM inflation,
of interest to us in this review, can be high, in agreement with the standard phenomenology
(cf. (4)) [63]), and combine this requirement with the slow-roll condition for the b-field (37),
(43), and (44), we obtain that the string mass scale is restricted to lie in the range [63,64]:

2.6× 10−3 MPl ≤ Ms � 10−5 MPl . (46)

An average order of magnitude of Ms, then, which satisfies (46), is:

Ms = O(10−3) MPl, (47)

which we may assume for the rest of this article. On account of (41), then, we may deduce
that µ ∼ MPl, that is, the UV cutoff of the effective theory is of order of the subplanckian
string scale (47).

A direct consequence of (45) is that ḃ remains undiluted at the end of inflation and thus
non trivial well onto the radiation era [62–64]. As we shall discuss in the next section, such
a non-trivial ḃ induces Lorentz- (LV) and CPT-Violating (CPTV) leptogenesis in models
that involve massive Right-Handed Neutrinos (RHN) in their spectra [97–101].

The condensate (36) also leads to the condensate 〈bRµνρσ R̃µνρσ〉. The latter remains
approximately constant until the end of inflation, at time tend, with tend HI ' N , where N is
the number of e-foldings, which phenomenologically can be taken to beN ' 60− 70 [138],
provided:

|b(0)|
MPl

�
√

2 εN = O(10), b(0) < 0. (48)

This will lead to a de Sitter contribution to the effective gravitational action [62]:

SΛ =

√
2
3

α′

96 κ

∫
d4x
√
−g 〈b Rµµρσ R̃µνρσ〉 ≡ −

∫
d4x

√
−g

Λ(H)

κ2

'
∫

d4x
√
−g
(

5.86× 10−5
( µ

Ms

)4√
2 ε
[ b(0)

MPl

]
H4
)

.
(49)

where the validity of (41) is understood, and we replaced HI by H, allowing for a mild
t-dependence of the Hubble parameter, for the sake of comparing with the formulae of the
RVM framework.

What we shall do next is precisely to evaluate the equation of state of this fluid, by
evaluating the total energy (ρtotal) and pressure (ptotal) densities, which receive contribu-
tions from the KR axion field (superscript b), the gravitational anomaly Chern–Simons
terms (superscript gCS), and the condensate (49) (superscript “condensate”):

ρtotal = ρb + ρgCS + ρcondensate, ptotal = pb + pgCS + pcondensate. (50)

Using properties of the Cotton tensor, discussed in Section 3, and exploiting the “stiff”
equation of state of the KR axion “matter”, ρb = pb, we straightforwardly arrive at the
following relations [63,64]:

pb = +ρb, pgCS =
1
3

ρgCS ⇒ pb + pgCS = ρb +
1
3

ρgCS = −1
3

ρgCS = −(ρb + ρgCS) > 0 , (51)

and

pcondensate = −ρcondensate < 0, (52)
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which imply a total equation of state for ρtotal and ptotal of a RVM (de Sitter-like) type (1).
It is important to stress that (51) are valid because of generic properties of the Cotton

tensor and the stress tensor of the KR axion, Tb
µν, independent of the existence of a GW

condensate. From (51) we observe that, were it not for the condensate (49), the gravitational
anomalies, due to their negative contributions to the energy density, would make that fluid
behave like “phantom matter”, with negative energy density and positive pressure, violat-
ing the weak energy condition [139,140]. Nonetheless, the dominance of the condensate
term (49) in the early universe, which scales like H4 and is characterised by the standard
de Sitter-like equation of state (52), renders the total energy density positive [62]:

0 < ρtotal ' 3κ−4
[
− 1.65× 10−3

(
κ H
)2

+

√
2

3
|b(0)| κ × 5.86× 106 (κ H)4

]
(53)

under the condition (48).
The energy density (53) also has the form (3) of a conventional RVM energy

density [44–46], but the coefficient of the H2 term is negative, due to the gravitational
anomalous Chern–Simons contributions,

νinfl = −1.65× 10−3 . (54)

Moreover, there is also no evidence for the presence of a non-zero constant c0 in this
early RVM-inflationary phase, although such a (positive, cosmological) constant can be
generated at late eras of the universe’s evolution [62], as shall be discussed in the Section 5.

As follows from (51) and (52), the fluid obeys the RVM equation of state (1), for H(t) de-
pending (slightly) on cosmic time, in the sense that in such a case, the effective gravitational
action, describing the dynamics of the system, contains a de Sitter (positive-cosmological-
constant-like) condensate term (49) plus fluctuations around that, the latter being described
by the gCS and KR axion terms in the effective action, which obey a RVM (de Sitter-like)
equation of state (51). Hence, although in our analysis above we have assumed initially a
constant H, in order to compute the GW-induced anomaly condensate (36), nonetheless the
explicit derivation of an RVM equation of state for this fluid, for non constant H(t), implies
the emergence of a dynamical RVM inflation, without the need for external inflatons, as a
solution to the temporal evolution of H(a) within the RVM framework (6), discussed in
Section 2. The only difference is that in our stringy early universe, there is no radiation or
other matter, only fields from the gravitational multiplet of strings dominate this early era.
Hence we set Tm

µν = 0 in (5), and identify TRVM
µν with [62–64]:

TRVM
µν = Tb

µν +

√
2
3

α′

12 κ
Cµν + Λ(H) gµν (55)

where Λ(H) is the GW condensate (49). The (total) vacuum stress tensor TRVM
µν is conserved

on account of (34), during the inflationary phase for which Λ ' constant, since H '
constant, but also when one considers the more general RVM case of a time dependent
H(t), as a result of the Bianchi identity for the covariant derivative of the Einstein tensor.

It is important to stress that in our stringy-RVM approach [63,64] we consider the KR
axion field contribution to (55) as a “vacuum contribution”, in view of the association of
this field with the massless gravitational multiplet of the underlying string theory, which in
the (phenomenologically relevant) case of superstrings is also the ground state of the string.
Thus, we have to set the matter/radiation stress tensor Tm

µν = 0 in (5), or, equivalently,
in the case of ideal FLRW universes we assume here, ρm = pm = 0 for the respective energy
and pressure densities. This is perfectly consistent with the RVM evolution, as becomes
clear from (9), in the sense that there is no appreciable matter/radiation at the early
stages of the RVM inflation. In our stringy-RVM approach, chiral matter is assumed to
be generated at the end of the inflationary period [62–64], as a result of the decay of the
running vacuum [49,50].
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Some important comments are now in order regarding the above point. In some
scenarios for the origin of GW, discussed previously in Section 4.1, we have seen that a
pre-RVM inflationary phase is invoked, and even a first (hill-top) inflationary phase (see
Figure 1) can exist. As we have discussed, at the end of the first inflation in dynamically-
broken supergravity theories [129,130], for instance, which are embeddable in superstring
theories, one may have a generation of KR axions and gravitino condensates, which
are present with some finite densities after the generation of GW from collapsing DW.
In the absence of GW, the KR axion has a ‘stiff’ equation of state wb = 1, but the massive
gravitino condensate (with mass even close to Planck mass), could be considered as a
non-relativistic matter with equation of state wgravitino condensate = 0. The issue in such
scenarios is which of these two kinds of fields dominates the pre-RVM inflationary era.
This issue is easily resolved, in the sense that the massive gravitino condensate can easily
decay (including among its decay products the massless KR axions), and thus at the end of
the pre-inflationary era, i.e., during GW condensation, there is dominance of the massless
KR axion (which, as mentioned above, is a field that belongs to the string ground state,
and in this sense is considered as part of the RVM ground state rather than relativistic
matter). Such a stiff-era dominance in the very early universe is reminiscent of the stiff-
matter scenario of Zeldovich [141], but there the stiff matter was ordinary baryonic matter
(cosmology with abstract stiff matter was also considered in [142]), in contrast to our stringy
case, which is associated with pseudoscalar (KR axion) contributions the string vacuum.

During the stiff pre-RVM-inflationary era, then, the axionic-type vacuum energy den-
sity will scale as (the scale factors a(t) below are expressed in units of today’s scale factor):

ρmassless KR axion ∼
ρI first

a6 , (56)

where ρI determines the value of the density at the exit from the first hill-top inflationary
phase. Upon assuming that the onset of the RVM inflation that succeeds the stiff era, that is,
when GW condensation occurs (36) and H enters a constant de-Sitter value again H ' HI
(see Figure 2), occurs at cosmic time t ' tRVM infl onset, we may match (56) with the RVM
density value (12):

Hill-top 
  (first)
Inflation.

Stiff-matter
      Era

RVM-inflation

Radiation,
Matter      Current

De Sitter       
Era

H

a(t)
0
0

!"

#
$%

&

1

Figure 2. Diagram of the Hublle parameter (H) vs. the scale factor a(t) in the stringy RVM in the
scenario with two inflationary epochs, separated by a stiff-KR-axion dominated era. The first (hill-top)
inflation, near the Big Bang (a(t)→ 0), occurs in models with dynamical supergravity breaking, as a
result of gravitino condensation [133]. The second inflation is of RVM type and is due to GW-induced
condensation of gravitational anomalies, which characterise the string-inspired gravitational model
at early epochs. In string theory models, due to higher-curvature corrections in the low-energy
target-space effective action, an initial singularity of the universe might be avoided. This is a featured
shared with the RVM cosmology. Figure taken from [63,64].



Universe 2021, 7, 480 21 of 43

ρI first

a6(tRVM infl onset)
'

3 H2
I

κ2
(1− ν)

α
⇒ a(tRVM infl onset) '

(3 H2
I

κ2
(1− ν)

ρI first α

)−1/6
� 1 , (57)

where HI is the Hubble parameter during the GW-induced RVM second inflation, which
can be measured by CMB data (4) [5]. On account of (11), as well as the fact (cf. (53) and
(54)) that in our stringy RVM, during the inflatiionary phase, we have |ν| = |νinfl| � 1, the
condition (57) leads to:

ρI first � 3
H2

I
M2

Pl
M4

Pl ∼ 3× 10−10 M4
Pl, (58)

due to (4), which in turn implies subplanckian values for the energy density at the end of
the first hill-top inflation, consistently with the transplanckian conjecture.

4.3. On Potential Primordial Black Hole Effects on GW during RVM Inflation

Before closing this section we would like to make some speculative but important
remarks on the potential effects of the primordial black holes on the primordial GW
spectrum in this framework. The RVM-like inflation induced by the anomaly condensation
could in principle change the density and features of the primordial black holes, which in
turn could cause an effect on GW. We cannot give a definite answer to this question unless
details of the string theory multi-axionic spectrum [68], arising from compactification, are
implemented [64]. Indeed, in such a case, it is possible that some of these extra axions
develop periodic instanton-induced potentials during the RVM inflation (par contrast,
in our scenario, the KR axion b(x) field could only develop a non-perturbative potential
at post inflationary epochs [65], as we shall discuss in the next section). Thus, in this
multiaxion situation, the effective potential, including the interactions of the string axions
ai i = 1, . . . N, with the gravitational Chern–Simons terms during the RVM-like inflation,
can be represented schematically as:

V(ai, b) = V0 +
1
fb

b 〈Rµνρσ R̃µνρσ〉+ ∑
i

1
fai

ai〈Rµνρσ R̃µνρσ〉+ ∑
i

Λi(ai)
4 cos(

1
fai

ai), (59)

where we assumed the existence of the (constant) gravitational Chern–Simons condensate
(36) during the RVM-like inflation, and the (approximately) constant (for the entire duration
of RVM inflation) V0 ≡ 〈b(t) Rµνρσ R̃µνρσ〉 is the de Sitter-like condensate (cf. (49)), with b(t)
the background KR axion (45) (we assume that the other stringy axions do not lead to such
contributions). Here we denoted the background KR axion as b to distinguish it in (59)
from the quantum KR axion fields b, which are viewed as excitations about the background.
The quantities fb, fai are the corresponding axion couplings (for the value of fb see (26)),
whilst Λi(ai) are appropriate field dependent amplitudes.

The structures in (59) are simplified, given that in realistic situations one may have
axion mixing [64]. However, they are sufficient to demonstrate our main point which
concerns the fact that the presence of the periodic axionic structures in (59) might lead (see,
e.g., [143,144]) to parametric resonant phenomena for the perturbations of the axions ai,
which are amplified significantly at small scales. These can induce fluctuations to the KR
axion b field (which does not exhibit oscillatory behaviour), which could be enhanced
dramatically [143], producing large curvature perturbations. This phenomenon could affect
the density of the primordial black holes produced during the stringy-RVM inflation. It is
possible that one can have an abundant production of such primordial black holes, which,
in turn, can affect the primordial GW. In addition, the large fluctuations of the axions ai
could lead [144] to a dominance of the GW produced during the RVM-like inflation over
those produced at the post inflationary radiation era, and the corresponding spectra could
have observable effects in interferometers. At present these are speculations, which we
hope to pursue further in a future work.
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5. Post-Inflationary Era, Kalb–Ramond Axions as Dark Matter and Leptogenesis

At the end of RVM inflation, the decay of the running vacuum generates radiation
and chiral fermionic matter, which itself generates gravitational anomalies. Indeed, chiral
fermions in the string effective action couple to the Hµνρ-torsion, and by implementing
again in the respective path integral to the Bianchi identity via the Lagrange multiplier KR
axion field b(x), in a similar manner as in the bosonic case, we end up with the following
action [62–64]:

Seff =
∫

d4x
√
−g
[
− 1

2κ2 R +
1
2

∂µb ∂µb−
√

2
3

α′

96 κ
∂µb(x)Kµ

]

+ SFree
Dirac or Majorana +

∫
d4x
√
−g
[(
Fµ +

α′

2 κ

√
3
2

∂µb
)

J5µ − 3α′ 2

16 κ2 J5
µ J5µ + . . .

]
+ . . . ,

(60)

where SFree
Dirac or Majorana denote free kinetic terms of (chiral) Dirac or Majorana fermions,

which we do not need to specify explicitly, and the . . . indicate gauge field kinetic terms,
as well as terms of higher order in derivatives, of no relevance to us in this work. In this
action, the propagating degrees of freedom are the graviton (and dilaton in general, but here
it is considered as constant), the KR axion b(x) (associated with the H-torsion), and the
matter fermions (as well as gauge fields that are generated alongside the chiral matter
at the end of the RVM inflation, not exhibited explicitly here). The four-fermion axial-
current-current terms are the standard result of integrating out torsion [79]. The quantity
F d = εabcd ebλ ∂a eλ

c , with eλ
c the vielbeins, vanishes for FLRW backgrounds. In the third

term of the second line of (60), we have performed integration by parts, which lead to the
coupling of the KR axion to the divergence of the axial fermion current:

J5
µ = ∑

j=species
ψj γµ γ5ψj, (61)

where j is a fermion species index. We note that in these early eras, due to high temperatures,
the fermions are assumed massless (relativistic matter). If there are gravitational and chiral
anomalies in the theories, this divergence will be linked to them in the standard way (see
Appendix A) [95] :

J5µ
;µ =

1√−g
∂µ

(√
−g J5 µ

)
=∂µ

(√
−g

N
192π2 K

µ
)
− e2N

32π2 Fa
µν F̃a µν, (62)

where Fa the (non-Abelian, in general) gauge field strength, with a gauge-group indices.
The quantity N indicates the number of chiral stringy degrees of freedom circulating
in the chiral-fermion loop, whose precise value depends on the underlying microscopic
string model.

In [62–64], we postulated the cancellation of the chiral-fermion-induced gravitational
anomalies in (62) by the primordial gravitational-anomaly terms that exist in (60), due to
the Green–Schwarz mechanism (cf. (17)), so that there is no issue with energy conservation
of ordinary chiral-fermion matter, after the RVM inflation, and thus standard cosmology is
more or less maintained. This is expressed by the fact that the current conservation (63)
must imply:

∂µ

[√
−g
(√3

8
α′

κ
J5µ − α′

κ

√
2
3

1
96
Kµ
)]

=

√
3
8

α′

κ

(αEM

2π

√
−g Fµν F̃µν +

αs

8π

√
−g Ga

µν G̃aµν
)

, (63)

which, on account of (60) implies in order of magnitude [63,64] N ∼ 192π2

72 ∼ 26 (alterna-
tively, to ensure such a cancellation of gravitational anomalies, for arbitrary values of N ,
thus not restricting the underlying string model, one may start from a given string theory,
with N chiral fermionic degrees of freedom, and modify the Green–Schwarz counterterms
in the definition of Hµνρ, (17), by a factor ξ = 72N

192 π2 ). On the right-hand side of (63) the
remaining terms are chiral anomalies, of either electromagnetic fields Fµν (with αEM the
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fine structure “constant” of electromagnetism), or gluon fields Ga
µν, a = 1, . . . , 8 (with αs

the string-interaction fine structure “constant" ), which do not need to be cancelled, since,
as already mentioned, they do not contribute to the stress tensor, and thus they do not
affect the energy conservation of ordinary matter in the epochs after RVM inflation.

5.1. KR Axion Mass Generation and Dark Matter

During the QCD era, the second term on the right-hand side of (63) dominates, and is
responsible [65], through non-perturbative (instanton) effects, for the generation of a KR
axion potential:

Vb = Λ4
QCD

(
1− cos(

b
fb
)
)

, fb =
1
N

√
8
3

κ

α′
=

1
N

√
8
3

( Ms

MPl

)2
MPl, (64)

where ΛQCD ∼ O(200) MeV is the characteristic QCD energy scale, and we took into

account that (63) implies an axion coupling parameter fb = 1
N

√
8
3

M2
s

MPl
. This leads to a

mass for the KR axion field:

mb ∼ N
√

3
8

(ΛQCD

MPl

)2 (MPl
Ms

)2
. (65)

Recalling the allowed range of Ms, (46), we obtain a KR axion mass
mb ∼ N × 10−5 eV ' 2.6 × 10−4 eV, for N ∼ 26, which lies within the phenomeno-
logically acceptable range for a QCD-type axion [125]. This massive KR axion could also
play the role of (a component of) DM. In this way, taking into account the association of
the KR axion with torsion within the context of the underlying string theory, we obtain
a geometric origin of DM in this stringy-RVM framework [63,64,123]. In generic models,
as we have explained above, the energy scale ΛQCD appearing in the non-perturbative
KR-axion potential (64) could be an arbitrary scale, to be determined phenomenologically.
Such more general situations, where the remaining axions in string theory arising from
compactification also appear and might mix with b, have been conjectured and discussed
briefly in [62–64]. In that case, the mass of the KR axion is arbitrary, and can even take
on very small values, thus implying ultralight axions, which exhibit a rich phenomenol-
ogy [124,125].

5.2. Leptogenesis

Another important physical consequence of the stringy-RVM model is that it leads to
lepton-antilepton asymmetry in the universe (leptogenesis) in models which involve sterile
right-handed neutrinos in their spectra [62–64]. The type of induced leptogenesis is that
studied in [97–101], which is encountered in the case of a decay of right-handed neutrinos
in the presence of approximately constant axial-vector backgrounds, coupled to the axial
fermionic current, which spontaneously violate Lorentz (and CPT) symmetry.

Crucial to this effect is the LV and CPTV solution of the KR axion field (42) and
(45), due to the presence of a GW-induced-anomaly condensate K0. Such an approximate
KR-axion background remains undiluted till the end of inflation, as mentioned previously.
At the exit from inflation in the stringy RVM model, the aforementioned assumption of
cancellation of gravitational anomalies during the post inflationary era would imply an
equation of motion for the KR background (stemming from (60)) of the form:

0 =
1√−g

∂µ

(√
−g
[
∂µb− α′

2κ

√
3
2

J5µ
])

=
1√−g

∂µ

(√
−g ∂µb

)
− α′

2κ

√
3
2

J5µ
;µ

=
1√−g

∂µ

(√
−g ∂µb

)
+O

(αEM

2π
Fµν F̃µν ,

αs

8π

√
−g Ga

µν G̃aµν
)

,
(66)

where the last term on the right-hand-side of the last equality, in the second line, of the
above equation denotes the chiral anomalies appearing in the anomaly equation of the axial
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fermion current (63). Although the chiral anomalies can be present in the post inflationary
epochs of the universe, nonetheless, as we discussed previously, they are dominant at later
eras, e.g., the QCD epochs, where they are responsible for KR-axion masses, and not during
the early radiation era that succeeds the RVM inflation. This implies that immediately after
the RVM inflation the KR-axion classical equation, obeyed by the axion background, reads:

∂µ

(√
−g ∂µb

)
= 0. (67)

For a FLRW universe, with scalar factor during the radiation era scaling with the
(cosmic) temperature as a(T) ∼ T−1, Equation (67) has the solution for the b(t) KR-axion
field during the early radiation era:

ḃearly radfiation ∼ a−3(T) ∼ T3. (68)

In the context of stringy RVM, one can match the solution (68) at a temperature T with
the value (45) at the exit from the RVM inflation, where the temperature can be taken [62]
to be of order of the Gibbons–Hawking temperature [145] of the (approximately) de Sitter
space time, TGH = HI/(2π). Then, one obtains:

ḃearly radfiation ' 3.5× 1011 M2
Pl

( T
MPl

)3
, (69)

which can be used for the lepton-asymmetry computations.
During the short-period of leptogenesis, compared to the universe’s evolution, and for

the sufficiently high temperatures where the lepton-asymmetry generation takes place
(e.g., freezeout temperatures T = TD ' mN ≥ 105 TeV in the model of [97–101] (cf. (75),
below), with mN the mass scale of the decaying sterile neutrino, which constitutes a typical
temperature range for such models), one may view the background (69) as approximately
constant. In such a case, the sterile neutrino part of the action (60) reads (in the case of
a single species of a Majorana sterile massive neutrino, N, which suffices to generate
leptogenesis, and fits our purposes here):

L = LSM + iN γµ ∂µ N − mN
2

(NcN + NNc)− Bµ Nγµ γ5N −∑
f

y f L f φ̃dN + h.c. (70)

where h.c. denotes hermitian conjugate, LSM denotes the Standard Model (SM) Lagrangian,
φ̃ is the SU(2)-“dual” of the Higgs field φ (φ̃d

i ≡ εijφj , i, j = 1, 2, SU(2) indices), and L f
is a lepton (doublet) field of the SM sector, with f a generation index, f = e, µ, τ, in a
standard notation for the three SM generations; y f is a Yukawa coupling, which is non-zero
and provides a non-trivial (“Higgs portal”) interaction between the RHN and the SM
sector, used in the seesaw mechanisms [146–150] for generation of SM neutrino masses.
The quantity Bµ is an axial background, given by:

Bµ = M−1
Pl ḃ δµ0 , (71)

on account of (60). The background is assumed to be approximately constant due to our
previous discussion. Under this assumption, the Lagrangian (70) acquires the form of a
Standard Model Extension (SME) Lagrangian [151,152], with the background axial vector
violating (spontaneously) Lorentz and CPT symmetries.

In the context of the Lagrangian (70), with (69) and (71), one can calculate the decay
rates of the Majorana massive neutrino into standard model massless leptons and Higgs
particles, including charged Higgs excitations, given that we consider temperatures much
higher than the electroweak phase transition [97–101]. The lepton asymmetry ∆L is gener-
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ated due to the different decay rates between such decays, and those where the products
are the corresponding antiparticles:

Channel I : N → `−h+ , ν h0,

Channel II : N → `+h− , ν h0,
(72)

where `± denote charged leptons, h± denote charged Higgs excitations, h0 is the neutral
Higgs (or Higgs particle of the SM after electroweak symmetry breaking), and ν (ν) are the
light neutrinos (antineutrinos) of the SM. For small |M2

Plḃ| � 1, which characterises our
stringy RVM, the lepton asymmetry is calculated, to leading order in ḃ, to be [99]:

∆LTOT(T = TD)

s
∼ q

B0(TD)m2
N

T3
D

∼ q 3.5× 1011
(mN

mPl

)2
, q > 0, (73)

where s is the entropy density of the universe, TD is the freezeout temperature, assumed to
be of order of the sterile neutrino mass, TD ∼ mN , in the model of [97], which we adopt
here, and q is a numerical factor of order O(10), which is due to theoretical uncertainties in
the semi-analytical method (Padé approximants) used in the calculation of ∆L [99].

This lepton asymmetry can be communicated to the baryon sector via sphaleron
processes in the SM sector of the model [153–155], which violate Baryon (B) and lepton (L)
numbers, B + L, but conserve their difference B-L. In this way, requiring that the lepton
asymmetry (73) reproduces the observed baryon asymmetry in the universe [5]:

nb − nb
nb + nb

' (8.4− 8.9)× 10−11, (74)

for temperatures T > 1 GeV (with nb(b) the density of baryons (antibaryons) in the uni-
verse), we obtain:

TD ' mN ∼ 107 GeV. (75)

This magnitude of mN is compatible [62] with the seesaw mechanisms [146–150] and
Higgs-mass stability [156,157]. Once again, given that this leptogenesis is exclusively due to
the LV and CPTV KR-axion background (45), which is linked to the antisymmetric-tensor-
field torsion in the underlying string theory, one obtains a geometric interpretation of the
matter-antimatter asymmetry in the cosmos, should this scenario be realised in nature [123].

6. Modern Era: RVM-Like Deviations from ΛCDM and Alleviation of Cosmological
Data Tensions

The modern era of the stringy-RVM is less understood from a formal point of view. We
still do not understand what plays the role of the current-era cosmological constant, as the
data indicate [5]. As discussed in [62], in the modern epoch, the chiral electromagnetic
U(1) anomalies that are generated after the exit from the RVM inflation, during the late
radiation era, may survive until today, in the sense that the terms Fµν F̃µν in (63) are non
zero. Such cosmic electromagnetic field terms, leading to a KR-axion electrodynamics may
contribute to the vacuum energy density terms of the form ν0H2

0 , where H0(t), the Hubble
parameter in the current era, where the coefficient ν0 > 0, as in the conventional RVM.
However, there might be other contributions to the vacuum energy density, which we are
not aware of at present. Terms of H4

0 are in any case not dominant in the current epoch, so
such terms do not constitute the focus of our attention. As already mentioned, we also still
do not understand the microscopic origin of a current-era cosmological constant , if any.
In the context of string theory/brane theory there might be several scenarios which could
lead to a de Sitter-like (positive) cosmological constant in the current four-dimensional
universe, see [158,159], but we will not discuss them in this article.
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6.1. Highlights of the RVM Phenomenology in the Current Era

What we shall discuss, though, is how the RVM framework in the modern era can
contribute to observable, in principle, deviations from the ΛCDM [51,52,56,57,59], and most
importantly alleviation of the current cosmological-data tensions H0 and σ8 [53–55]. In fact,
as we shall discuss now, a slightly modified version of the conventional RVM, has the
capacity of alleviating simultaneously the H0 and σ8 tensions [58].

Let us first remind the reader that in the modern era, the dominant terms in the RVM
energy density of the cosmological vacuum are up and including the H2 terms of (3):

ρ0 RVM '
3
κ2

(
c0 + ν0H2

0

)
, c0 , ν0 > 0 , (76)

where, in a standard notation in cosmology, a subscript “0” indicates present-day quantities.
First we remark that fitting (76) to the plethora of the cosmological data [5] leads to the
conclusion that (cf. also (15)) [51,52]:

ν0 = O(10−3) > 0 , 3κ2 c0 = O(10−122) > 0 . (77)

As already discussed in Section 2, the presence of the H2
0 term in (76) leads to observ-

able in principle deviations from ΛCDM, in the sense that there is a different scaling (14) of
the Hubble parameter today compared to the prediction of the ΛCDM paradigm.

However there is an even more important role of the RVM, which allows, as already
mentioned, for a simultaneous alleviation of the H0 and σ8 tension [58]. To this end, one
needs to consider a variant of RVM, called type-II RVM, which allows for a cosmic-time
dependence of the gravitational constant:

κ2 → κ2(t) = κ2 ϕ−1(t) , (78)

where ϕ(t) is a phenomenological function of the cosmic FLRW time t. This implies the
modification:

ρ0 RVM type−II '
3
κ2 ϕ(t)

(
c0 + ν0H2

0

)
, c0, ν0 > 0 , (79)

which should be compared against the plethora of the available cosmological data [5,58]. It
should be stressed that the function ϕ(t) is not the Brans–Dicke (BD) field, and the type-II
RVM is defined only through the above modification (79), without ascribing a dynamical
rolefor the function ϕ(t). In fact a comparison on the phenomenology of both the BD
cosmology and the type-II RVM, insofar as the alleviations of both H0, σ8 has been made
in [58], with the conclusion that the type-II RVM variant is superior in the simultaneous
alleviation of both tensions, provided one chooses a function ϕ(t) with a mild (logarithmic)
dependence on the cosmic time.

6.2. Modified Stringy RVM due to Quantum-Gravity Corrections?

It is interesting to see whether such modifications are allowed within our stringy-RVM
framework. This question is still pending a rigorous proof, but below we can make some
remarks on existing theoretical evidence [63,123,160] towards it. The evidence is provided
in the work of [129,130] on dynamically-broken N = 1 supergravity [161] at one-loop in a
de Sitter background, i.e., in a space-time with cosmological constant Λ > 0. The formalism
for the one-loop quantisation of the theory, which is an example of a weak (perturbative)
QG treatment, follows the pioneering work of [162]. This example, as we have discussed
in Section 4, is quite relevant for our stringy-RVM scenario, first because such models can
be embedded in superstring theory, but more specifically because it may characterise the
early stages of our string-inspired cosmology, providing a natural origin of GW.
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We should stress [160] at this point, for completion, that the background space-time
used in [129,130,162] is a local de Sitter space time, with metric described by the following
invariant element:

ds2 =

(
1− 2

M
r̄
− Λ

3
r̄2
)

c2dT2 −
(

1− 2
M
r̄
− Λ

3
r̄2
)−1

dr̄2 − r̄2(dθ̄2 + sin2 ¯̀dŒ̄2) (80)

in de Sitter–Schwarzschild coordinates. In the case M = 0, as required by the isotropy and
homogeneity of space, which is the one used as a background for the N = 1 supergravity
example, there exists a coordinate transformation [163]:

xµ ≡ {c T, r̄, θ̄, φ̄} → x′ µ ≡ {c t, r, θ̄, φ̄} (comoving frame) :

t = T +
1

2 H
ln
(

1− H2 r̄2
)

, r =
r̄√

1− H2 r̄2
e−H T = r̄ e−Ht, H2 ≡ Λ

3
> 0 ,

(81)

where t and r denote co-moving-frame time and radial space coordinates, respectively,
which maps the metric (80) to a standard cosmological de Sitter space-time:

ds2 = c2 dt2 − a(t)2[dr2 + r2dΩ2], dΩ2 = dθ̄2 + sin2θ̄ dφ̄2 , (82)

where a(t) = e
√

Λ
3 t ≡ eH t (H = constant), is the exponentially expanding scale factor of the

de-Sitter/FLRW (inflationary) universe. The above result is valid for every non-negative
value of the cosmological constant Λ ≥ 0. The effective action is invariant under the
general coordinate transformation (81), and this makes the connection of the approach
of [129,130,162] to our cosmological model.

The one-loop effective action of dynamically-broken N = 1 supergravity in a Eu-
clidean (E) path-integral formalism, in a local de Sitter background, with one-loop-
renormalised (positive) cosmological constant Λ > 0, is given by [129,130,162]:

Γ(E) ' Scl −
24π2

Λ2

(
αF

0 + αB
0 +

(
αF

1 + αB
1

)
Λ +

(
αF

2 + αB
2

)
Λ2 + . . .

)
, (83)

in a specific gauge (we do not discuss here issues of gauge invariance. This is a complicated
issue, and since the present case constitutes a weak QG effective action, we refer the
reader to gauge invariant formulations of QG, like, for instance, the Batalin–Vilkovisky
formalism [164]), where the superscripts B(F) refer to terms arising from integration of
massless (quantum) gravitons (Bosonic (B) degrees of freedom (d.o.f.)) (and gravitinos
(Fermionic (F) d.o.f.). The quantity σc < f , [130] denotes the value of the gravitino
condensate field at the minimum of its one-loop effective potential (see Figure 1) and
Scl denotes the classical supergravity action with tree-level (bare) cosmological constant
Λ0 < 0:

Λ0

κ2 ≡ σ2
c − f 2 , (84)

where f is the energy scale of dynamical breaking of supergravity (and also global super-
symmetry). We stress that the bare cosmological constant Λ0 is necessarily negative, given
that (unbroken) supergravity (local supersymmetry), which characterises the action Scl, is
incompatible with de Sitter vacua [129,130,161]. The one-loop renormalised cosmological
constant Λ, one the other hand, is positive, due to quantum corrections (see discussion
below, Equation (89)), and this is compatible with the case of dynamically-broken super-
gravity [165].

On taking into account that the Euclidean de Sitter volume is [162]:

24π2/Λ2 →
∫

d4x
√

ĝE , (85)
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we observe that the effective action (83) can be written in a covariant form (with the notation
that hatted quantities denote those evaluated in the de-Sitter background space-time):

Γ(E) '− 1
2κ2

∫
d4x
√

ĝE

[(
R̂− 2Λ1

)
+ α1 R̂ + α2 R̂2

]
, (86)

where we used the fact that the curvature scalar in the (Euclidean) four-dimensional de
Sitter space time is given by:

R̂ = 4Λ, (87)

or

R̂ = 12H2, H = constant (88)

in the cosmological de Sitter case, with a constant Hubble parameter H, which is of interest
to us here.

The remaining quantities in (86) are given by [130]:

Λ1 = − κ2
(
−Λ0

κ2 + αF
0 + αB

0

)
, (89)

which expresses one-loop corrections to the bare cosmological constant, with:

αF
0 = κ4 σ4

c

(
0.100 ln

(
κ2 σ2

c

3µ2
τ

)
+ 0.126

)
,

αB
0 = κ4

(
f 2 − σ2

c

)2
(

0.027− 0.018 ln

(
3κ2( f 2 − σ2

c
)

2µ2
τ

))
,

(90)

and

α1 =
κ2

2

(
αF

1 + αB
1

)
, α2 =

κ2

8

(
αF

2 + αB
2

)
, (91)

where:

αF
1 = 0.067 κ2σ2

c − 0.021 κ̃2σ2
c ln
(

Λ
µ2

τ

)
+ 0.073 κ2σ2

c ln
(

κ2σ2
c

µ2
τ

)
,

αF
2 = 0.029 + 0.014 ln

(
κ2σ2

c
µ2

)
− 0.029 ln

(
Λ
µ2

τ

)
,

αB
1 = −0.083Λ0 + 0.018 Λ0 ln

(
Λ

3µ2
τ

)
+ 0.049 Λ0 ln

(
−3Λ0

µ2
τ

)
,

αB
2 = 0.020 + 0.021 ln

(
Λ

3µ2
τ

)
− 0.014 ln

(
−6Λ0

µ2
τ

)
.

(92)

The replacement of Λ in all the above expressions by the scalar curvature, Equation (87),
is understood. The quantity µ2

τ (with dimensions of mass-squared) is a UV ultraviolet
cutoff on the proper-time τ, which regularises UV divergences [129,130,162], that is, small
µ2

τ values correspond to the UV regime of the theory, whilst large µ2
τ values correspond to

the Infrared (IR). In the work of [129], supergravity breaks dynamically at a large scale µ2
τ

close to Planck scale [129], which allows us to set from now on:

µ2
τ ∼ M2

Pl = κ−2. (93)

In the dynamically-broken-supergravity phase, the gravitino and its condensate acquire
large masses, which can be well above the grand-unification scale, even close to the Planck
scale for our purposes [63,65,160,166], since we want supergravity to be broken well before
the RVM inflation (see Figure 2). This can be arrange for appropriate values of the scale f .
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The conjectural (at this stage) interpretation that the lnΛ terms in the effective action
of the dynamically-broken supergravity theory, are not simple coefficients of curvature
terms, dependent on the renormalised Λ, but can themselves be viewed as covariant
curvature scalars not only in de Sitter background (87), but also away from de Sitter values,
and therefore can be considered as non-polynomial contributions to the effective action (86),
implies that the quantum supergravity effective action now has terms R̂n ln(κ2R̂), n = 1, 2,
on account of (93) (the reader should notice that our modified gravity has a Minkowski
flat limit, as the curvature scalar R→ 0, and in this respect it has to be contrasted with the
purely lnR gravity suggested in [167], whose terms grow with small curvatures. In this
respect, our proposal, as well as that of [129,166] shares features with the modified gravity
with R2 terms of [72]. In this latter reference, antisymmetric tensor fields are also considered.
In our (3+1)-dimensional setting, in our case these would correspond to our KR axions,
which are present in the modern eras, as discussed above).

Moreover, in the broken supergravity phase, the gravitino and its condensate, being
superheavy excitations in our stringy-RVM case [63,65,160,166], examined here, are inte-
grated out in the path-integral, given that they will lead to terms in the effective action
suppressed by the Planck scale, leaving only terms of the massless degrees of freedom,
which eventually will constitute the effective action (26). We observe from (91) and (92)
that such logarithmic R̂n ln(κ2 R̂) is also the result of integrating out massless graviton
fluctuations. Thus, apart from the relevance of the N = 1 supergravity example to the early
stages of our stringy-RVM universe (see Figure 2), as described above in Section 4, we may
also encounter such modified relativity (bosonic) effective actions in the modern era. That
is, based on the supergravity example, we may conjecture [63,123,160] that the result of
integrating out massless graviton fluctuations in the effective action, which describes the
gravitational dynamics of the post-inflationary stringy RVM universe, until the current era,
leads to weak QG corrections, which are given by adding to the standard Einstein–Hilbert
Lagrangian term one-loop corrections of the form (we analytically continue back to a
Minkowski-signature space-time from now on):

δL1−loop
quant. grav. = −

√
−ĝ
[
α̃0 + R̂

(
c1 + c2 ln(

1
12

κ2R̂)
)]

+ . . . (94)

where α̃0 plays the role of a one-loop-induced cosmological constant. From the supergravity
example [129,130] we have seen that α̃0 > 0, and that the constant coefficients ci assume
either the form ci ∝ κ2E0, or ci ∝ κ2E0 ln(κ4|E0|), i = 1, 2, (cf. (92)) with E0 a bare (constant)
vacuum energy density scale. The ellipses . . . in (94) denote terms of quadratic and higher
order in R̂ = 12H2 (cf. (88)), which are subdominant in the current epoch (H = H0)),
when the universe enters again a de Sitter phase. The structures (94) appear generic for
weak QG corrections about de Sitter backgrounds [162], as appropriate for the current
era of the universe. We may therefore conjecture that the corections (94) can lead to a
modified version of the stringy RVM discussed so far, thus playing a role in the current-era
phenomenology (the presence of H4ln(κ2H2) QG-induced terms in the early universe (cf.
R̂2ln(κ2R̂) terms in (86)), which are dominant during RVM inflation, are not affecting our
considerations in this work. Indeed, such terms are subdominant compared to the GW-
induced H4 terms in the condensate (53), for κ4|E0| < 1, as required by the transplanckian
conjecture, which the bare scale E0 is assumed to satisfy. Thus our conclusions on RVM
inflation remain unaffected).

Indeed, considering the graviton equations stemming from the one-loop corrected
effective Lagrangian, we easily observe [123,160] that the correction terms (94) imply
corrections to the effective stress-energy tensor in the current era of the form [123,160],

δρvac
0 =

1
2

α̃0 + 3(c1 − c2) H2
0 + 3c2 H2

0 ln(κ2H2
0) + . . . , (95)

where the . . . denote subleading terms proportional to (Ḣ0)
2, Ḧ0, which are negligible in

the current epoch, during which the universe enters once again a de Sitter phase.
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The total stress energy tensor is obtained by adding (95) to (76), assuming the ex-
istence of a bare cosmological constant. It is important to notice that the supergravity
prototype [129,130,166] indicates that the one-loop correction (dark-energy-type) term 1

2 α̃0
is constant, independent of lnH2 terms. This will lead to some crucial differences from the
standard type II RVM (79), used in [58] for the simultaneous alleviation of the H0 and σ8
tensions, which is characterised only by a mild cosmic-time t dependence of an effective
gravitational constant, and as such it necessarily contains a time-dependent dark energy
term. The phenomenology of the QG-modified stringy RVM, as far as the current-epoch
tensions in the cosmological data are concerned, will be examined elsewhere.

6.3. Brief Comparison of the Stringy-RVM with other Theories in Contorted Geometries

We conclude this section, with a brief comparison of the main cosmological applica-
tions of the stringy RVM, described above, with those of some other cosmological models
in contorted geometries that exist in contemporary literature.

We commence our discussion with the f (R) cosmology theories with torsion [83],
with R as the generalised curvature scalar that includes the torsion. In that work, the torsion
is considered as purely geometric, without being associated with a spin fluid. In fact, it is
demonstrated that only for the case f (R) = R2, the torsion has a non-trivial effect on the
vacuum, leading to an accelerated expansion. It is the trace of an appropriately modified
torsion that plays a crucial role in inducing an inflationary phase for the universe, in the
sense of the pertinent cosmological equations in the model leading to a scale factor that
depend exponentially on that trace. Specifically, in the notation of [83], if S λ

µν denotes the
torsion, then the modified torsion used in that work is defined as T λ

µν = S λ
µν + δ λ

µ Sν −
δ λ

ν Sµ. The temporal component T0 of its trace Tµ ≡ T ν
µν = −2Sµ, µ = 0, . . . 3, is linked

to an exponential expansion of the universe, with scale factor a(t) = a0 exp
(
− T0

3 t
)

or

a(t) = a0 exp
(
− T0

3 t + A0 exp( T0
3 t)

)
depending on which case of the solution is satisfied,

with a0, A0 arbitrary constants (expansion of the universe occurs in both cases for T0 < 0).
Par contrast, in our stringy-RVM scenario, it is the GW-induced condensate of grav-

itational anomalies that leads to a de Sitter era, of a RVM type, in a gravity theory with
Einstein–Hilbert terms R in the Lagrangian. Moreover, the torsion in our case is totally
antisymmetric, hence its trace vanishes, but such a torsion is associated with a pseudoscalar
field, the KR axion, which couples to the anomaly terms, and in this sense, the role of the
torsion in inducing inflation is crucial. This last feature is therefore shared by the model
of [83], where it is the torsion that is equivalent to a scalar degree of freedom that leads
to inflation. However, as we have discussed above, the stringy-RVM has an additional
feature that distinguishes it from the framework of [83], that of the potential role of the
KR axion (torsion) as DM component, under some conditions of mass generation due to
QCD instantons in the presence of chiral anomalies of the colour gauge group SU(3)c in the
post-inflationary era.

The cosmology with spin of [82] associates torsion with a fluid with spin (chiral
fermions), in contrast to the case of [83]. In contrast also to our case, the cosmology
of [82], makes use of the Einstein–Cartan–Holst action, i.e., including the term (23), whilst
our cosmology made use of generalised topological invariants (28), which are linear com-
binations of the Nieh–Yan invariant and the anomaly terms, due to the Green–Schwarz
mechanism. An important feature of the approach of [82] is the exploitation of the four-
fermion interactions which arise as a generic feature of theories with torsion, upon solving
the pertinent equations of motion, thus expressing torsion classically in terms of the chiral
fermions. In this way, theories with such non-vanishing fermionic torsion are equivalent
to adding these fermion self-interactions to a torsion-free gravity. By choosing appropri-
ately the chiral-spinorial matter in the model, these fermion self-interactions can come up
with arbitrary coefficients, of arbitrary sign, that is, the self interaction can be attractive
or repulsive. The benefit is that several cosmological models can emerge with different
characteristics, among which cosmologies with a bounce, in which an initial singularity
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is absent. In contrast, in our approach, the coefficient and signature of the four-fermion
interactions (60) are fixed, the former depending on a combination of the string and Planck
scales, and the latter being such that the four-fermion interactions are necessarily repulsive.
We note in passing that the existence of attractive four fermion interactions may lead to
torsion fermion condensates, which can contribute to the dark energy sector, but also
break dynamically CPT symmetry [84,85], thus providing a source for matter-antimatter
asymmetry in the universe, although such issues have not been discussed in [82].

In this latter respect, in our stringy-RVM model, as we have seen, matter-antimatter
asymmetry can also be linked to a CPTV and LV torsion condensate, in the sense of lepto-
genesis taking place in such backgrounds, which however in our case is due exclusively
to gravitational anomalies, due to a primordial-GW condensation. The absence of ini-
tial singularity in our string-inspired model is also associated, at the level the pertinent
low-energy effective gravitational action, with the contributions of (an infinity of) higher
curvature terms, hence early universe physics is different. Moreover, the totally antisym-
metric torsion that characterises the string model, is equivalent at a quantum level to a
fully fledged axion field, which arises as a Lagrange multiplier implementing the Bianchi
identity constraint (20). This last feature has not been discussed in the context of the
model of [82], however, we believe that by requiring torsion conservation to all orders in
perturbation theory in such models, one should be able to see the association of an axion
with the totally antisymmetric part of the fermionic torsion of the model of [82] (which has
more than a totally antisymmetric component). This happens in the model of QED with
torsion [67], which we discuss in Appendix A.

Finally, we close the discussion of this review by mentioning that there is another
approach to torsion, that of teleparallel gravity (and cosmology) [86–90], in which torsion
mimics the roleof the gravitational field. Several aspects of the ordinary gravity are shared
in this teleparallel approach; for instance one can get cosmological inflation, of rather
long duration in f (T) teleparallel theories, with T the so-called torsion scalar, or late-time
acceleration in the universe, whilst signals that mimic the standard gravitational waves
characterise such theories. Moreover, the appearance of non-singular bounce cosmologies
is another feature of these models. As also mentioned in the introduction of the review,
models including the so-called non-metricity scalar Q (defined as an appropriate contracted
combination of the non-metricity tensor Qαµν ≡ Dαgµν, with Dα the gravitational covariant
derivative with torsion, which, in contrast to the torsion and the Riemann curvature tensors,
depends on both the metric and the connection), e.g., f (Q) gravities [93,94], are currently
being investigated in the literature, insofar as their cosmological and black hole physics
aspects are concerned.

Our stringy model is different in many respects from such theories, given that gravity
is necessarily included in the spectrum of strings, corresponding to the spin-2 massless
excitation of the bosonic string gravitational multiplet, whilst torsion is associated with
the spin-1 antisymmetric tensor field, as we have discussed, and in this sense is associated
with an extra field added to the usual curvature-based formulation of gravity. Par contrast,
in teleparallel theories of gravity, torsion is inherently linked to the massless spin-2 degrees
of freedom of the theory (graviton), and replaces the curvature formulation. Moreover,
in our approach, gravitational anomalies play a crucial role in inducing inflation. It would
be interesting to investigate further the role of gravitational anomalies in teleparallel
theories of gravity, for instance, along the lines of [91,92]. There is an interesting question
to be answered in this respect, namely whether teleparallel theories of gravity can give rise
to RVM cosmologies, like in the case of our stringy-RVM reviewed above. This remains
open at present.
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Appendix A. Torsion Formalism in an Instructive Example: Quantum Electrodynamics
in a Contorted Geometry

Before formulating the Quantum Electrodynamics (QED) in the presence of torsion,
we shall first review basic elements of the torsion formalism. Let us consider a (3 + 1)-
dimensional contorted space time in the sense of Einstein–Cartan. In differential-form
language [168], which we shall use below for notational convenience, the torsion two-
form is defined as (A differential p-form in (3 + 1)-dimensional spacetime is defined as
A(p) ≡ Aµ1 ...µp dxµ1 ∧ · · · ∧ dxµp , where µp = 0, . . . 3 are world indices, and ∧ denotes
exterior (antisymmetric) product. Thus, the tensor Aµ1 ...µp ≡ n!A[µ1 ...µp ], which defines
the components of the p-form, is totally antisymmetric in its lower indices ([. . . ] denotes
antisymmetrisation in the respective indices, with normalization 1

n! )):

Ta = dea + ωa
b ∧ eb ≡ D ea 6= 0, (A1)

where d = ∂µ dxµ is the exterior derivative one-form, ea = ea
µ(x) dxµ is the vielbein

one-form, and ωa
b is the generalised spin connection with torsion, which in the presence of

a non-zero torsion (A1) is independent from the vielbeins (Palatini formalism of general
relativity). Above, Greek indices refer to the spacetime manifold, with metric gµν(x)
(of signature (+,−,−,−) in our conventions), and Latin indices refer to the tangent-space
at a point x of spacetime, with flat Minkowski metric ηab = (1,−1,−1,−1). We have
by definition:

gµν = ηab ea
µ eb

ν, gµν = ηab Eµ
a Eν

b, µ, ν = 0, . . . 3, a, b = 0, . . . 3, (A2)

with Eµ
a the inverse vielbeins, Ea

µ eµ
b = δa

b and Ea
µ eν

a = δ ν
µ .

The symbol:

Da
b ≡ δa

bd + ωa
b∧ (A3)

denotes the gravitational covariant derivative operator in the presence of torsion. The gen-
eralised spin-connection (with torsion) can be split into the standard Riemannian part ωa

µ b
without torsion, and the contorsion Ka

µ b ≡ Ka
c b ec

µ, with Kab = −Kba:

ωa
µ b = ωa

µ b + Ka
µ b. (A4)

Hence, we may write:

Da
b = Da

b + Ka
b∧ (A5)

where Da
b ≡ δa

bd + ωa
b∧ is the torsion-free gravitational covariant derivative, defined in

terms of the the Riemannian connection, which satisfies the metricity postulate:

Dea ≡ dea + ωa
b ∧ eb = 0. (A6)
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It is this relation in Riemannian spaces that eventually allows the torsion-free Christofell
symbol (Γµ

νρ = Γµ
ρν) to be expressed in terms of derivatives of the metric and the metric itself.

From (A1) and (A4), we easily obtain in differential form notation:

Ta = Ka
b eb ⇒ Ta

bc = −2Ka
[bc] ≡ Ka

bc − Ka
cb, Kabc =

1
2

(
Tcab − Tabc − Tcba

)
, (A7)

with the symbol [. . . ] denoting antisymmetrisation of the respective indices, as
defined above.

The torsion two-form (A1) in coordinate basis is related to the torsion tensor Tλ
µν via

Ta
µν = ea

λ Tλ
µν, where:

Tλ
µν = Γλ

µν − Γλ
νµ 6= 0, (A8)

and Γλ
µν is the generalised spin connection, not symmetric in its lower indices in the

presence of torsion, which appears in the generalised Riemann curvature tensor (for our
conventions on the metric see (19) in the main text):

Rλ
ρµν = Eλ

a eb
ρ Ra

bµν = ∂µΓλ
ρν + Γλ

σµ Γσ
ρν − (µ↔ ν), λ, µ, ν, ρ = 0, . . . 3 , (A9)

with the (generalised) curvature two form given by:

Ra
b = dωa

b + ωa
c ∧ωc

b =
1
2

Ra
bcdec ed =

1
2

Ra
bµνdxµ ∧ dxν, ωa

b ≡ ωa
µ b dxµ. (A10)

This can be expressed in terms of the Riemannian curvature Ra
b and contorsion Ka

b
two forms as:

Ra
b = Ra

b + D Ka
b + Ka

c ∧Kc
b , (A11)

with Ra
b = dωa

b + ωa
c ∧ωc

b, the Riemannian curvature two form is without torsion.
We observe from (A11), that the effective action based on the generalised scalar

curvature has the form (in differential form language),

SG =
1

2κ2

∫
d4xRab ∧ ?(ea ∧ eb) =

1
2κ2

∫
d4x
(

Rab + Kac ∧Kc
b) ∧ ?(ea ∧ eb), (A12)

where the ? denotes the Hodge dual [168], defined through its action on a p form in
(3+1)-dimensional spacetime as:

?(ea1 . . . eap) =
1

(4− p)!
ε

a1 ...ap
c1 ...c4−p ec1 ∧ · · · ∧ ec4−p , (A13)

with ε
a1 ...ap

c1 ...c4−p the Levi–Civita fully antisymmetric symbol in the (Minkowski-flat) tan-
gent space. In (A12), we took into account that the covariant derivative middle term on
the right-hand side of (A11) contributes a vanishing boundary term, which vanishes on
account of our assumption that fields and their derivatives vanish at the boundary of the
space-time manifold. Thus we arrive at the generic result that the contorted gravitational
action (A12) is quadratic in the contorsion, and does not contain derivatives of the contor-
sion tensor. This is a generic result in Einstein–Cartan contorted geometries, which allows
the contorsion to be integrated out exactly in the respective path integral.

Let us explore the consequences of this by considering now the Quantum Electro-
dynamics (QED) of a charged Dirac fermion field, ψ(x), for concreteness, in a spacetime
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with torsion. The pertinent action involving the spinors reads (we follow the conventions
of [67]):

S torsion
QED = SMaxwell + S torsion

ψ ,

SMaxwell = −
1
4

∫
d4x

√
−g Fµν(A) Fµν(A), Fµν(A) = ∂µ Aν − ∂ν Aµ,

S torsion
ψ =

∫
d4x

√
−g
(

ψ
i
2

γµDµ ψ− i
2
(Dµψ) γµ ψ−m ψ ψ

)
(A14)

where Dµ = Dµ − i e Aµ(x), with e the electric charge (taken here to be that of the electron),
is the gauge/gravitational convariant derivative in a space-time with torsion, Aµ(x) is the
photon field, and, following [67], we defined the Maxwell tensor, Fµν without torsion (so
that the Christoffel connection parts of the Riemannian gravitational covariant derivative
acting on Aµ cancel in the definition of the Maxwell tensor due to symmetry reasons).
The gravitational covariant derivatives Dµ acting on spinors are defined as:

Dψ = dψ− i
2

ωab σab ψ , σab =
i
2

[
γa , γb

]
, (A15)

and γa are the Dirac γ matrices in the (flat Minkowski) tangent space (where the indices
are raised and lowered with the Minkowski metric ηab). A similar expression charac-
terises the Riemannian-spacetime covariant derivative, Dµ, but with the replacement of the
generalised spin connection one-form ωab by the Riemannian one without torsion, ωab,

Dψ = dψ− i
2

ωab σab ψ . (A16)

On making use of the property of the product of three γa matrices in tangent space:

γa γb γc = ηab γc + ηbc γα − ηac γb − iεabcd γ5 γd,

and taking into account (A4), we may write the spinor action Sψ in (A14) in the form:

S torsion
ψ =

∫
d4x

√
−g
(

ψ
i
2

γµDµ ψ− i
2
(Dµψ) γµ ψ−m ψ ψ + e Aµ(x)ψ γµ ψ− 1

4
εabcd ψ γ5 γd ψ Kabc

)
. (A17)

We see from (A17) and (A7), then, that it is only the fully antisymmetric part of the
(con)torsion,

T[abc] = −2K[abc], (A18)

that couples to fermionic matter, and, in fact, to the axial fermion current (61) in the
contorted QED action. If we define the torsion three form:

T =
1
3!

Tabc ea ∧ eb ∧ ec, (A19)

and its dual one form:

S = ?T, with components Sd =
1
3!

εabc
d Tabc , (A20)

then we may write the contorsion term of (A17) (last on the right-hand side) as [67]

Sψ 3 −
3
4

∫
d4x

√
−g Sµ ψ γµ γ5 ψ = −3

4

∫
S ∧ ?J5 (A21)

with the axial current one form J5 = J5
µ dxµ, with components given by (61) (for a single

fermion species ψ, in this case).
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We may decompose the contorsion into its totally antisymmetric part and the rest,
denoted by K̂abc [67],

Kabc =
1
2

εabcd Sd + K̂abcd , (A22)

which, on account of (A18), (A20), implies that the gravitational action with torsion (A12)
can be written as:

SG =
1

2κ2

∫
d4x
√
−g

1
2 κ2

(
R + ∆̂

)
+

3
4 κ2

∫
S ∧ ?S, (A23)

with ∆̂ = K̂λ
µν K̂νµ

λ − K̂µν
ν K̂ λ

µλ .
When we combine the QED action (A14) with the gravitational one (A23), we observe

that the torsion components are non-propagating fields, as no derivatives of them appear,
and hence they can be integrated exactly in the path integral. The path-integration of the S
form, dual to the totally antisymmetric part of the torsion, which is the only one coupled
to matter, yields four fermion repulsive integrations [67], which are characteristic of the
Einstein–Cartan theory:

−3 κ2

16

∫
J5 ∧ ?J5 . (A24)

However, the QED with torsion is still not complete because the axial current J5

is anomalous, that is, it is not conserved at one loop, although classically it is conserved,
as follows from the Euler-lagrange equations of motion stemming from the combined
actions (A23), (A17) (taking into account (A21)).

The S equations of motion imply:

S =
1
2

κ2 J5. (A25)

On the other hand, the fermion equations of motion:

i γµDµ ψ−m ψ =
3
4

Sµ γµ γ5 ψ, (A26)

with D = Dµ − i e Aµ(x) the gauge/gravitational covariant derivative, in the absence of
torsion, imply that J5 is covariantly conserved classically in the massless limit:

Dµ J5µ → 0 for m→ 0 , (A27)

implying, due to (A25):

d ? S = 0 for m = 0 , (A28)

which in components leads to (note that, in view of (A20), the ordinary exterior derivative
d can be replaced by the Riemannian gravitational covariant derivative Dµ without torsion,
for symmetry reasons):

Dλ Sλ = 0. (A29)

In the presence of a finite fermion mass, on the other hand, one has classically:

Dµ J5 µ − 2 i m ψ γ5 ψ = 0. (A30)

In what follows we shall concentrate on the case of massless charged chiral fermions,
since in this work we are interested in the physics of the early universe, where the chiral
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fermions are produced relativistically after inflation (due to high temepratures), and hence
are considered as massless (see discussion around Equation (60), in Section 5).

In the quantum theory, the conservation law (A27) breaks down due to chiral anoma-
lies, both in the gauge and gravitational sectors (see also (62) in the main text,
Section 5) [67,95]:

Dµ J5µ =
e2

8π2 Fµν F̃µν −
1

192 π2 Rµνρσ R̃µνρσ ≡ G(ω, A) , (A31)

where the (̃. . . ) denotes dual tensors, defined as F̃µν ≡ 1
2
√−g εµνρσ Fρσ,

R̃µνρσ ≡ 1
2
√−g εµναβ Rαβ

ρσ, where εµνρσ =
√−g εµνρσ is the gravitationally covariant

Levi–Civita tensor density, with εµναβ as the Minkowski flat Levi–Civita symbol. The result
(A31) is the one-loop chiral anomaly (for one chiral fermion species), but this is an exact
result in field theory [95].

At this point, we note that it can be shown [169,170] (see also [101]) that any torsion
dependence on the generalised curvature in the gravitational part of the chiral anomaly
(A31) can be removed by adding appropriate renormalization-group counterterms of
Green–Schwarz type. This implies that the right-hand-side of (A31) depends actually only
on the Riemannian part of the connection, and hence the Riemannian curvature tensors,

G(ω, A)
(via addition of counterterms)⇒ G(ω, A) . (A32)

We next remark that the presence of the one-loop chiral anomaly (A31) implies that as
we go to higher loops in our massless QED in contorted geometries, the dual of the totally
antisymmetric component of the torsion will no longer be conserved, so the right-hand side
of (A28) (or, equivalently (A29)) is no longer zero, but is proportional to the chiral anomaly
G(ω, A) (A31). To avoid this inconsistency, we may add apporpriate counterterms, order by
order in perturbation theory, to remove such anomalous contributions, so as to ensure (A28)
at each order. This would imply conservation of the torsion charge in the quantum theory:

Qtorsion =
∫

? S. (A33)

In a path-integral formalism, then, the above procedure implies that we may add

the delta-functional constraint δ
(

d ? S
)

in the respective path integral, and express the

δ-functional via a Lagrange multiplier pseudoscalar (axion-like) field ϕ(x) (we use form
language for notational brevity) [67]:

Z ∝
∫
DS δ

(
d ? S

)
exp

(
i
∫ [ 3

4 κ2 S ∧ ?S− 3
4

S ∧ ?J5
])

=
∫
DSDϕ exp

(
i
∫ [ 3

4 κ2 S ∧ ?S− 3
4

S ∧ ?J5 + ϕ d ? S
])

,
(A34)

where D(. . . ) denotes the path-integral measure, and we suppressed the other path inte-
grations over the metric and the other torsion components, as they are not relevant for our
arguments in this Appendix. We observe from (A34) that the (non-propagating) torsion S
can be integrated exactly, leading, after appropriate integrations by parts, to:

Z ∝
∫

Db exp
(
− i

∫ [1
2

d b ∧ ?db +
1
fb

db ∧ ?J5 +
1

2 f 2
b

J5 ∧ ?J5
])

=
∫

Db exp
(
− i

∫ [1
2

d b ∧ ?db− 1
fb

b G(ω, A) +
1

2 f 2
b

J5 ∧ ?J5
])

, fb ≡
(3κ2

8

)−1/2
,

(A35)
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where b =
(

3
2 κ2

)−1/2
ϕ is a canonically normalised pseudoscalar field, and in the second

term of the exponent of the right-hand side of (A35), we performed integration by parts,
and made use of the anomaly Equation (A31) and the fact (A32).

Thus, we see that the presence of torsion in the quantum theory of contorted QED is
equivalent to the introduction of a fully dynamical (propagating) massless pseudoscalar
(axion-like) field b(x), without potential. The reader should notice the natural appearance
of the (standard) interaction of the axion field with the chiral anomalies, but with a specific
axion coupling fb, depending on the gravitational constant (as we have discussed in the
main text, Section 3, a similar situation characterises the (totally antisymmetric)H-torsion
string theory, where the corresponding Lagrange multiplier field, implementing the Bianchi
identity (20) in the corresponding path integral (25), is the KR string-model-independent
axion [25,26,68], also denoted there by b(x). In the string case the action coupling depends
on appopriate combinations of the gravitational constant κ and the string Reggie slope α′

(25) and (60)). This is the correct treatment of a quantum torsion in this case, which as we
see from (A35) also leads to the characteristic repulsive axial-current-current four-fermion
inetractions (see also (A24)) of an Einstein–Cartan theory). We stress once more that,
as becomes evident from the above analysis, the coefficient and sign of these four-fermi
terms are fixed for a given theory.

It is important at this stage to compare briefly the above results with other analyses
of torsional models, like the ones of [117,118,121,122], with which the above analysis is in
broad agreement, as we shall explain below. We have made a similar comparison for the
string-inspired torsional model in the main text, in Section 3. To this end, we note that the
last term in the exponent on the right-hand side of (A34),

∫
ϕ d ? S is, on account of (A20),

nothing other that the Nieh–Yan topological invariant (24), with the Lagrange multiplier
field ϕ(x) playing the role of a space-time dependent Barbero–Immirzi (BI) parameter,
promoted to a dynamical field (the canonically-normalised, shift-symmetry respecting,
axion field b, which the totally antisymmetric component of the torsion corresponds to).

On the other hand, in [119,120], which were the first works to promote the BI parameter
to a dynamical field, the starting point is the so-called Holst action (23), which by itself is
not a topological invariant, in contrast to the Nieh–Yan term (24). The work of [119,120]
deals with matter-free cases. If γ(x) represents the BI field, the Holst term now reads (in
form language):

SHolst =
1

2 κ2

∫
γ(x) ea ∧ eb ∧ Rab, (A36)

where Rab is the curvature two-form, in the presence of torsion, and we used the nota-
tion of [120] for the inverse of the BI field γ(x) = γ−1(x), to distinguish this case from
the KR axion b(x) in our string-inspired one. The analysis of [119,120] showed that the
gravitational sector results in the action:

Seff
grav+Holst+BI−field = =

∫
d4x
√
−g
[
− 1

2κ2 R +
3

4κ2 (γ2 + 1)
∂µγ ∂µγ

]
. (A37)

Coupling the theory to fermionic matter [171–173] can be achieved by introducing a
rather generic non-minimal coupling parameter α, for massless Dirac fermions in the form:

SF =
i

12

∫
εabcdea ∧ eb ∧ ec ∧

[
(1− iα)ψγdD ψ− (1 + iα)(Dψ) γd ψ

]
, (A38)

where D is the gravitational covariant derivative, and α ∈ R is a constant parameter.
The case of constant γ has been discussed in [172,173] (in fact, Ref. [173] deals with
minimally-coupled fermions, i.e., the limit α = 0), whilst the work of [171] extended
the analysis to coordinate-dependent BI, γ(x). The extension of the BI to a coordinate
dependent quantity implies:



Universe 2021, 7, 480 38 of 43

(i) Additional terms of interaction of the fermions (F) with the derivative of the BI field
∂µγ:

SF ∂γ =
1
2

∫ √
−g
( 3

2(γ2 + 1)
∂µγ

[
− J5

µ + α γ(x) Jµ

])
, (A39)

with J5
µ the axial current (61), and:

Jν = ψ γν ψ , (A40)

the vector current.
(ii) Interaction terms of fermions with non-derivative γ(x) terms (a different fermionic

action, using non-minimal coupling of fermions with γ5, has been proposed in [117]
as a way to resolve an inconsistency of the Holst action, when coupled to fermions,
in the case of constant γ. In that proposal, the 1 + iα factor in (A41) below, is replaced
by the Dirac-self-conjugate quantity 1 − i α γ5. The decomposition of the torsion
into its irreducible components in the presence of the Holst action with an arbitrary
(constant) BI parameter, leads to an inconsistency, implying that the vector component
of the torsion is proportional to the axial fermion current, and hence this does not
transform properly under improper Lorentz transformations. With the aforemen-
tioned modification of the fermion action, the problem is solved, as demonstrated
in [117], upon choosing α = γ, which eliminates the vector component of the torsion.
However this inconsistency is valid only if γ is considered as a constant. Promotion
of the BI parameter γ to a pseudoscalar field, γ(x), resolves this issue, as discussed
in [171], given that one obtains in that case consistent results, in the sense that the
vector component of the torsion transforms correctly under parity, as a vector, since it
contains now, apart from terms proportional to the vector fermionic current (A40),
also terms proportional to the product of the BI pseudoscalar with the axial fermionic
current (61), as well as terms of the form γ∂µγ, all transforming properly as vectors
under improper Lorentz transformations):

SF−non−deriv fl =
i
2

∫ √
−g
[[
(1− iα)ψγdDΓ ψ− (1 + iα)(DΓψ) γd ψ

]

−
∫ √

−g
3

16(γ2 + 1)

[
J5
µ J5µ − 2α γ J5

µ Jµ − α2 Jµ Jµ
]
,

(A41)

with DΓ as the Riemannian gravitational covariant derivative, expressed in terms of the
torsion-free Christoffel connection, which is the result of [172], as expected, because this
term contains non-derivative terms of the BI.

We mention at this stage that the generalised four-fermion interactions (A41), which
involve attractive channels among the fermions, may justify (some of) the expectations
of [174] on the role of torsion-induced fermion condensates in the early universe cosmology,
which cannot characterise the (A24) repulsive terms. Similar features, and thus differences
from our string-inspired model, characterise the classical cosmological torsion model
of [82], as discussed in the main text, Section 3, where again various self-interactions
among properly modified chiral fermions in the model, with various coefficients, are
induced as a result of torsion.

We also observe from (A41) that the case α = 0 (minimal coupling), corresponds to
a four-fermion axial-current (A24), which however depends on the BI field. Thus, this
limiting theory is not equivalent to our string-inspired model, in which the corresponding
quantum torsion-induced four-fermion axial-current-current interaction (A24) is indepen-
dent of the KR axion field b(x), although both cases agree with the sign of that interaction.
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