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CHAPTER 1

INTRODUCTION

1.1 A Brief Review of the Standard Model (SM)

The standard model (SM) of particle physics is based on the non-abelian gauge sym-
metry SU(3).x SU(2), xU(1)y. Here the SU(3). gauge group describes the theory of
strong interaction called quantum chromodynamics (QCD). This type of interactions
holds the quarks and the gluons together to form hadrons. Each quark type is called
flavor. For example, up, charm and top denoted respectively by u, ¢ and t are three
flavors of the up-type quark. Each flavor of quark transforms as the fundamental color
triplet of SU(3). while the gauge bosons, the gluons, are assigned to the adjoint octet
representation of SU(3).. In this case, we have eight gluons associated with the eight
SU(3). generators. The SU(2), x U(1)y is the gauge group of the Glashow, Wein-
berg, and Salam model [1] which successfully combines the electromagnetic and weak
interactions in one theory called electroweak theory. The total number of generators
of SU(2);, x U(1)y is four. Accordingly, this theory contains four electroweak gauge
bosons (three of them conventionally are denoted W; and the forth one is denoted B).
This SU(2), x U(1)y symmetry is respected above roughly 100 GeV (the electroweak
scale). The electromagnetic interaction arises below the electroweak scale where the
electroweak symmetry is broken spontaneously by the Higgs mechanism.

In order to understand how the electroweak symmetry breaking is implemented
in the SM, let us first point out that the invariance of the Lagrangian for both
quantum electrodynamics (QED) and QCD under local gauge transformations leads

respectively to massless photons and gluons. However, this idea can not be applied



SU(B)C X SU(2)L X U(l)y

Li= , (1,2,—1)
e, (1,1,2)

Uj
Qi( : (3,2,3)
u

d;

z?’ (3a1a_%)

d;, (3,1,%)
H+

H= , (1,2,1)
HO

Table 1.1: The transformation of the lepton (L;,e¢), quark (Q,u,d®), and Higgs (H)
fields under SM gauge group SU(3), x SU(2);, x U(1)y.

to the weak interaction since the gauge bosons of the weak interaction are massive (of
order 90 GeV). One way out of this problem is to consider the situation of a hidden
symmetry; the Lagrangian still respects the local gauge symmetry, but picks one of
all possible ground states that result from minimizing the potential for a Higgs field
as the physical vacuum which breaks the symmetry.

The spontaneous symmetry breaking is implemented by including a doublet of
scalar Higgs boson to the SM. The transformations of the quark, lepton and Higgs
fields under the SM gauge group are shown Table 1.1. In this Table, all fermion
fields are left handed and the generation index ¢ runs from 1 to 3. Let us study the

spontaneous symmetry breaking of the gauge group SU(2), x U(1l)y to U(1)em by



writing down the Higgs potential for the Higgs field H:
V(H)=—p*H'H+ NH'H)?, 1> >0. (1.1)

The above potential is invariant under the SM gauge group. Minimizing the potential

V(H), one obtains

o [0
<H>=<0|HIO>=E ol (1.2)

where v = p1/v/A. The generator that remains unbroken is Q = Ts + % Y refers
to the electroweak hypercharge. @) is identified as the electric charge. The unbroken

charge is easily checked by

Q(H) = 0. (1.3)

The parameter Y needs to be adjusted such that the electric charges of the quarks
and the leptons come out right. In general, the broken generators correspond to
the gauge bosons that pick up mass, and the unbroken generators correspond to the
massless gauge bosons. In this case, there are three broken generators associated
with three massive gauge bosons (W*+, W=, Z%), and the unbroken charge @ asso-
ciated with massless gauge boson 7 (the electromagnetic field A,). The electroweak
symmetry breaking scale is around the masses of the gauge bosons (i.e., 100 GeV).
We can calculate the masses of electroweak gauge bosons by substituting the vacuum
expectation value (VEV) of the Higgs field from Eq.(1.2) into the following gauge

invariant kinetic term of the Higgs field:

. y
(D, H)(D,H)' = |0,H — %?.WMH - %BMHF, (1.4)

where the gauge coupling constants g and ¢’ are associated respectively to the gauge
groups SU(2);, and U(1)y. The masses of the electroweak gauge bosons are then

mw = (1.5)
2 sin Oy

ev
= _ 1.
Mz 2 sin Oy cos Oy (1.6)




The gauge coupling constants are parameterized in terms of an angle 6y, (known as

the Weinberg angle) defined as follows:

g/
tan by = =, (1.7)

g
and e = gsinfy,. The mass term of fermions cannot be added to the Lagrangian
by hand because the left-handed and the right-handed fermions transform differently
under SU(2); x U(1)y. Therefore, one employs the Higgs mechanism that generates
mass to the fermions via Yukawa couplings. The Higgs field and its charge conjugate

are given respectively by

o+ i H;
H = H=inH" = . (1.8)
H, —H-

The transformation of H under SU(3). x SU(2), x U(1)y is (1, 2, —1). We can write

the gauge invariant Yukawa couplings as follows:

Ly =YIdTH'Q; + Vel HIL; + Y H'Q; + hec., (1.9)

iJ % g i

where a charge conjugation C is understood to be sandwiched between the fermion
fields. As a consequence of spontaneous symmetry breaking, Ly leads to mass terms

for fermions as follows:

Ly = D"MD + UM U 4+ E" M°E + h.c., (1.10)
where
U d e
U= C ) D = S ) E = % ’
t b T
u® d° e
U= c¢ , D = s¢ , Ee = ’uc . (111)
tC bC 7_C




The mass matrix elements for up-and down-quarks as well as charged leptons are

given by
v YY, F=u,de. (1.12)
V2 Y

Note that in the standard model the right handed neutrino does not exist. Therefore,

F_

the neutrinos are massless. The weak eigenstates are not eigenstates of the Hamil-
tonian. In order to write the Lagrangian in terms of the Hamiltonian eigenstates
(i.e mass eigenstates), we need to diagonalize the fermion mass matrices given by

Eq.(1.12) by means of bi-unitary transformation given as:
VETMEVE = ML, (1.13)
where
Mg, = diag(my, me, my),
Mc(liiag. = diag(mq, ms, my),
Mo, = diag(me, my, ms). (1.14)

The fermion mass matrices (M%) are in general neither symmetric nor hermitian.

but, MF TAIF is hermitian and can be diagonalized as follows:

VE ME T MEVE = MET ME, (1.15)

diag.
The mass eigenstates (D, Uy, Ey, D§, U§, E§) can be written in terms of the weak
eigenstates as follows:
Dy, = Vi'D, Di=viDr
U, = V¥u, Us=Vvetue,
Ey, = VAE, E;=Vg D" (1.16)
The charged current weak interactions for quarks are given as

g _—
L. = EWTU%D—I—h.c.

_ %WTU“VCKM%DO + he. (1.17)

V2



It is clear from the above equation that the charged current W¥ interactions couple

to the physical ug and d} quarks with a couplings matrix represented by

Vud Vus Vub
Verm =ViEVE = | vy Vi Vi |- (1.18)
Via Vie Vi

This is called the Cabibbo-Kobayashi-Maskawa mixing matrix [2, 3]. It is a unitary

matrix that can be parameterized by three mixing angles and one C P-violation phase:

0

C12C13 512C13 S13€
— ) )
Voxkm = —512C23 — C12523513€" C12C23 — S12523513€" 523C13 ) (1'19>
i6 is
512523 — C12€23513€ —C12523 — 512€23513€ C23C13

where s;; = sin6,;, ¢;; = cos6;; and ¢ is the phase factor responsible for the violation
of C P symmetry [3]. All other phases can be removed by field redefinition. It is known
experimentally that the CKM mixing angles are small (i.e s13 << s93 << $12 << 1).
It is convenient to write down an expression for a C'P-violation parameter which is

phase-convention-independent:
n= —Im(VudVl*lb/VCdV:b). (120)

Unlike the situation in the case of charged current interactions, no flavor mixings
exist for neutral current interactions of SU(2), x U(1)y at tree level and this has
been confirmed to a great accuracy by experiments. However, flavor changing neutral
currents (FCNC), which have been measured, but which are strongly suppressed,
can be induced by considering higher order corrections. For example, FCNC can be
induced in the process K° < KO transition which arises from box diagrams shown
in Figl.1. The calculation on the K° «» K0 mass difference Am; has been done [4],
and the result is close to the experimental value of Amy, = 3.5 x 10~ GeV. This can

be considered as a successful prediction of the SM.



d u,c.t S d W S
e e AVAVAVAVAVE
W~ u,ct u,c,t
—— "NV
s u,c,t d S wt d

Figure 1.1: Feynman diagrams of K° <+ K9 induced by higher order corrections in

the SM.

1.2 Seesaw Mechanism and Leptonic Mixing Matrix

In the previous section, we have seen that SM contains left and right chiral projections
for all fermions except the neutrinos. This looks unnatural. Besides, the absence of a
right-handed neutrino from Eq.(1.9) leads to massless neutrinos. However, neutrino
experiments indicate that the neutrinos have tiny masses. The current experimental

values for neutrino masses are [7]

Am3, = (7.59 4 0.20) x 10 °eV?

Am3, = (2.43 4 0.13) x 10 %eV?, (1.21)

where Am3, = m3 —mj and Amj, = mj —m3. To explain this, let us add to the
SM right-handed neutrinos (vf) corresponding to each charged lepton. The v fields
transform as (1,1,0) under the SM gauge group. Thus, we can write down the Yukawa

couplings for the neutrino sector as follows:

v =Y THIL 4 hec. (1.22)

j e

With a VEV of HT, this gives the following neutrino Dirac mass term
Y. = Mpvv + h.c, (1.23)

where (Mp)i; = Y%v/+/2. Since the v¢ fields are singlets under the SM gauge sym-

v
J

metry, they can posses a gauge invariant bare mass term (Majorana mass):

1
Lpare = 5MRVCTVC + h.c. (1.24)



We can write the combination of Majorana and Dirac neutrino masses as a matrix

for the (v, v°) system as:

0 M}
M, = : (1.25)
Mp My

where Mp and Mg are 3 x 3 matrices. The invariance of the right-handed neutrino
mass terms under SM gauge symmetry suggests that they can be above the weak
interaction scale. So after integrating out these heavy fields (or equivalently by finding
the eigenvalues of the matrix in Eq.(1.25)), the light neutrino masses are suppressed

by Mg via:
M, = —M} Mgz Mp, (1.26)

where Mp should not exceed about 100 GeV. This idea, known as the seesaw mech-
anism [5], is an elegant way to explain the smallness of neutrino masses. The light

neutrino mass matrix given by Eq.(1.26) can be diagonalized as:

my
VMV, = Mo , (1.27)

v

ms

with m; 2 3 being the tiny masses of the three light neutrinos. Now, we can write the

leptonic charge current interaction in terms of the mass eigenstates as follows:

Loo = L[, Vprrns* )W + h.c. (1.28)

V2

where Vpyrng = Vg V, is the leptonic mixing matrix, or the Pontecorvo-Maki-Nakagawa-

Sakata (PMNS) matrix [6]. In general, the PMNS matrix can be written as

Ve Vea Vs
VPMNS = Vul V’ug V’ug 5 (129)
Vi Vo Vig



which can be parameterized in terms of three Euler angles and three phases- one
“Dirac phase” and two “Majorana phases”. The standard parametrization [7] has

Veymns = V. P where

_'5
C12€13 512€13 s13€”"
— 0 0
Vo= —512C23 — C12523513€ C12C23 — 512523513€ 523C13 (1-30)
_ 6 . i6
512523 — C12C23513€ C12523 — S512€23513€ C23C13
eia
P = et . (1.31)
1
Here s;; = sinb;;, ¢;; = cosf;; which should not be confused with the angles in

the quark sector, given in 1.19. The parameters a and ( are the Majorana phases,
while ¢ is the Dirac phase. Present constraints on the neutrino mixing angles can be

summarized by (20 error bars quoted)[8]

sinf, = 0.27 —0.35, (1.32)
sin®fy; = 0.39 — 0.63, (1.33)
sin®f13 < 0.040. (1.34)

The above data can be well represented by the tri-bimaximal mixing of the form [9]

V= _\/% \/g _\/g P, (1.35)

RN
which corresponds to sin®#, = 1 /3, sin? fyy = 1 /2 and sin®#;53 = 0. No information
on the Dirac phase § and on the Majorana phases (3, «) is known at present. There
are several thoughts to reproduce the structure in Eq.(1.35). One interesting idea
is to employ the discrete flavor symmetry A4 [10] which will be further discussed in

chapter 2.



1.3 Shortcomings of the SM and the Need for New Physics.

The standard model is a trustful theory in the energy range of few 100 GeV. However,
things become more obscure beyond the electroweak energy scale. Understanding how
nature behaves at higher energy scales might answer many of the standard model’s
puzzles. For example, the SM has no real explanation of the different strengths of
the three gauge couplings associated with the three gauge groups. Also, there is no
reason why the fermions transform under the local gauge interactions of the SM in
the way shown in Table 1.1, except for the posteriori justification of fitting the data.

Grand unification theory (GUT) provides an understanding of the origin of the
three gauge couplings and consequently an understanding of three gauge groups. The
GUT idea is described by a unified gauge group which necessitates a single unified
gauge coupling. This unified gauge group will be broken at a certain high energy
scale (GUT scale) to the SM gauge group. Thus, strong, weak and electromagnetic
forces are described in the framework of a single grand unified theory. Moreover, if the
unified gauge group is simple, quantization of electric charge will follow automatically
because the eigenvalues of the non-abelian group generators are discrete as opposed
to the eigenvalues of the abelian U(1) group generator which are continuous. The
most popular simple non-abelian groups that are chosen as grand unification groups
are SU(5) and SO(10). We will study these GUT groups in details in sections 1.4
and 1.5.

Arbitrary Parameters

The SM has 19 arbitrary parameters. 3 gauge coupling constants (gs, g, and ¢’ as-
sociated respectively with SU(3)., SU(2), and U(1)y), 9 charged fermion masses,
4 quark mixing parameters, and v, A (or equivalently to M., my;) and the QCD 6
parameter. Besides, if we consider the neutrino sector, there are at least 9 additional

parameters: 3 light neutrino masses, 3 mixing angles, and 3 phases (assuming Majo-

10



rana neutrinos). Thus, the SM has too many arbitrary parameters which are chosen
in order to fit the data. On the other hand, GUTs do not contain that many arbi-
trary parameters. Another advantage of GUT is that the seesaw mechanism can be
implemented naturally within SO(10) GUT, since the gauge structure requires the
existence of v¢, as we will see in section 1.5.3.

Grand unification theory describes the three interactions (strong, weak, and elec-
tromagnetic) by one gauge coupling constant. However, it is known that these inter-
actions are described by three distinct gauge couplings at low energy (F =~ 100 GeV).
So the question is how does the grand unification idea reconcile with these three
disparate couplings? This question can be answered by the suggestion [11] that the
three gauge coupling constants are scale dependent quantities, and if the hypothesis
of grand unification holds, the three gauge coupling constants of the SM will meet to
a unified value at the GUT scale Mgyr. Above the scale Mgy we have one gauge
coupling described by a simple unified group. The renormalization group running
of the gauge couplings determines the GUT scale. In the SM, however, the gauge
couplings come only close to one another forming what is called the GUT triangle
as shown in Fig.1.2. This can be fixed by introducing new physics around the TeV
scale. The most promising new physics scenario is supersymmetry, which will be

further discussed below

Hierarchy Problem

Another problem that needs to be fixed is the hierarchy problem of the SM. This
problem occurs because the mass of the Higgs boson receives a quadratically divergent

loop correction given by:

C

2
ol (1.36)

m%SM (phys) ~ m%SM +

where m?%, <, 18 the Higgs mass squared parameter in the Lagrangian and the second

term denotes the quadratically divergent loop correction. The cut-off scale A is in-

11



Log, (1/GeV)

Figure 1.2: The evolution of the inverse gauge couplings a; ! in the standard model

(dashed lines) and in the MSSM (solid lines).

terpreted as the scale at which the SM ceases to be valid. Reasonable values of the
energy scale A at which the new physics becomes important are chosen such that
any extremely fine-tuned cancelation between the two terms on the right-hand side of
Eq.(1.36) is avoided. The physical Higgs boson mass mpyy,, (phys) has to be smaller
than a few hundred GeV [12]. Therefore, reasonable values of A might be around
the TeV scale. A promising scenario that solves the hierarchy problem of the SM
and allows the unification of the three gauge coupling constants is supersymmetry
(SUSY). In order to avoid extreme fine-tuning, SUSY should exist above an energy

scale of order 1 TeV which is being probed at the Large Hadron Collider.

Problems in the Flavor Sector

The SM does not provide an explanation for the existence of three families of fermions,
and the observed masses and mixings of the fermions, and the smallness of the quark
mixing angles compared to the largeness of the neutrino mixing angles. These prob-

lems can be understood either through GUTs and/or by adding a family symmetry.

12



Some of the features of the fermions such as the three fold replication of fermion gen-
erations, mixing properties of the lepton sector—that is two large mixing angles and
one small mixing angle—cannot be explained successfully by GUT symmetry alone.
So in order to meet these challenges, one may consider the possibility of introducing
a flavor symmetry (family symmetry) group which is the symmetry between genera-
tions. In this case, the three known generations can be assigned to a representation of
the family group. There are many possible candidates for the family symmetry group.
Basically, we can divide them into two categories: continuous and discrete groups.
The general feature of the global continuous groups is that they lead to undesired
Goldstone bosons. On the other hand, it is suggestive to consider discrete non-abelian
symmetry because in this case there is no problem with unwanted Goldstone bosons.
Combining grand unification gauge symmetry and family symmetry (Gour X Gpraum)
in the framework of supersymmetric theory leads certainly to new physics beyond the
SM that solves most of the standard model’s puzzles. Many grand unification models
with discrete family symmetry have been studied so far [13, 14, 15, 16]. In particular,
employing SO(10) x A4 symmetry may give the tri-bi-maximal mixings structure in

Eq.(1.35) [15].

1.3.1 Supersymmetry

Supersymmetry is a symmetry that relates bosons and fermions. It predicts new
yet to be discovered superpartner states for each known particle in the SM. The SM
particle and its supersymmetric partner belong together to the same supermultiplet
which is collectively described in terms of a superfield. In this way a spin-0 boson and
a spin-1/2 fermion are described as a chiral superfield and a spin-1 vector boson and
a spin-1/2 fermion form a vector superfield. The supersymmetric extension of the SM
assumes that all quarks and leptons of the SM are accompanied by their scalar su-

perpartners which are called respectively squarks and sleptons, and the gauge bosons
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with their fermionic superpartners which are called gauginos. This supersymmetric
extension of the SM is called Minimal Supersymmetric Standard Model (MSSM), it is
minimal in the sense that it contains the smallest number of new particle states. The
SM contains one Higgs doublet field to achieve electroweak symmetry breaking while
the MSSM contains two Higgs doublets H, and H; which give mass to the up-type
and down-type quarks respectively. Their superpartners are called higgsinos. This
setup helps in solving the quadratic divergence correction of the Higgs mass due to
the fact that the loops involving particles are canceled by the loops involving their su-
perpartners. Another feature in favor of the MSSM is that the gauge couplings unify
around 2 x 10'® GeV as shown in Fig 1.2. These features motivate the consideration
of supersymmetric GUTs.

Unlike the SM where the baryon and lepton numbers are conserved automatically,
there are additional superpotential terms in the case of MSSM that are consistent
with SU(3). x SU(2) x U(1)y symmetry, which break the lepton and baryon num-
bers. These terms are dangerous since the lepton and baryon violating processes
are strongly constrained by experiment, especially from proton stability. These un-
wanted terms can be prohibited by requiring the superpotential to be invariant under

R-parity defined by,
R = (_1)3(B—L)+28’ (137)

where s is the spin of the field, and B and L are the baryon and the lepton number
respectively. For example B = 1/3(—1/3) for quark (antiquark) superfields, L =

1(—1) for lepton (antilepton) superfields, and zero for the Higgs and gauge superfields.

Supersymmetry Breaking

The supersymmetry algebra tells us that the particle and its superpartner acquire
the same mass. However, this is not consistent with experiment since for instance no

spin-0 particle has been detected so far with the same mass as the electron. Therefore,
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Figure 1.3: These three diagrams contribute to K «» K° mixing in supersymmetric
models. They put constraints on the off-diagonal elements of the soft breaking scalar

down mass matrix that is indicated by Xx.

SUSY must be broken somewhere above the energy scale that has been probed so far.
SUSY should preferably be broken spontaneously. In other words, the generators of
the SUSY does not annihilate the vacuum. Although many models of SUSY breaking
have been proposed, there is no complete theory where this is achieved satisfactorily
at present. In order to maintain the remarkable cancelation of quadratic divergencies
in field theoretical models, SUSY should be broken softly in the effective low energy
theory. This can be done by assuming that the outcome of symmetry breaking is
extra terms (soft terms), such as additional masses for the scalars. The common
philosophy of all the scenarios of SUSY breaking is that SUSY is broken in a “hidden
sector” of particles which is decoupled from the visible sector of MSSM particles. The
effects of SUSY breaking in the hidden sector are communicated to the visible sector
by messengers, resulting in the MSSM soft SUSY breaking terms.

The soft SUSY breaking terms imply flavor mixing. For example, suppose ThQQ is
not diagonal in the soft term df Li(mé)ijczu. In this case, the effective Hamiltonian
for K° <+ K9 mixing gets contributions from the box diagrams involving squarks and
gluinos, such as the ones shown in Fig.1.3. The experimental value of Amyg puts
constraints on the soft SUSY breaking mixing of the three diagrams in Figl.3. The
most striking limit applies to the diagram in Figl.3(b) [28]:

!Re[migdm?;m”z my X 1073

m2 500 GeV

(1.38)
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where m, is the average mass of squarks mg and 7, and the gluino mass has been
assumed equal to the average squark mass. Thus, in order to suppress the off-diagonal
entries of ThQQ, we need to assume the masses of the squarks are nearly degenerate.
This can be achieved by adding a non-Abelian discrete symmetry group. This can be
done either by grouping the first two families into an irreducible doublet [29] or by
grouping all three families into an irreducible triplet of the flavor group. For example,
the group could be A4, which is the smallest discrete group that contains a triplet in
its irreducible representations.

Another natural solution to the flavor violation problem is obtained by adopting
gauge-mediated supersymmetry breaking (GMSB) scenario [59, 60, 61]. In this sce-
nario the supersymmetry breaking is transmitted to the visible sector by SM gauge
interactions. In this case the soft masses are generated through loops such that the
scalar masses with the same gauge quantum number are automatically degenerate.

A model based on the GMSB scenario will be discussed in chapter 4.

1.3.2 Discrete Flavor Symmetry A,

The non-abelian finite group Ay is the symmetry group of even permutations of four
objects. It has twelve elements and four irreducible representations (irreps): 1, 1/, 17,

3s, and 3, with the multiplication rule
3x3=1+1+1"+3,+3,. (1.39)

For example, let (aq,as,as), and (b1, by, b3) transform as triplets under Ay, then the

multiplication of 3 x 3 can be decomposed as

a1by + asby + asbs ~ 1, (1.40)

ar1by + w?asby + wasbs ~ 1', (1.41)

arby + wasby + wlagby ~ 17, (1.42)

(agbs + agbs, asby + aibs, a1be + ashy) ~ 3, (1.43)
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(CLng - ang, a3b1 - albg, Clle - a2b1> ~ 30,7 (144)

where w = exp[27i/3]. One advantage of the discrete A, symmetry is that it is the
smallest group that contains a 3-dimensional irrep so that the three generations of
the fermions can be accommodated within this triplet. Another advantage is that the
FCNC problem might be solved if one considers the combinations of A4 and SUSY
SO(10) GUT. This is due to the fact that the SO(10) x A4 symmetry allows us to write
down one universal mass term for the three generations of sfermions. Consequently,

the degeneracy of sfermions is satisfied.

1.4 Minimal SUSY-SU(5)

We have pointed out previously that the running behavior of the three gauge couplings
with energy scale indicates that they should unify at some point at a high energy
scale. This unification of the gauge couplings does not occur exactly in the SM.
However, in the case of the MSSM, the unification occurs with impressive precision
at Mgyr ~ 2 x 106 GeV. This strongly suggests that MSSM might be remnant
of some sort of supersymmetric grand unification theory. Therefore, it is logical to
propose a larger gauge group associated with one gauge coupling constant. The
first approach of finding a simple gauge group that contains the SM group was the
Georgi-Glashow SU(5) model [17]. In this section we will discuss this SU(5) model,
its predictions and its experimental implications because it is considered the simplest

example of grand unification models and it is a subgroup of SO(10).

1.4.1 SU(5) Matter Fields

The SM gauge group has rank 4. Hence the rank of the grand unification group
should be at least 4. There are many possibilities for a rank 4 simple group with
one gauge couplings. Among all possibilities, SU(5) is found to be the only choice

that meets all the required features: It has complex representation for fermions and it
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accommodates both integer and fractionally charged fermions. The 15 left-handed SM
fermions for one family can be embedded into just two irreps, the antifundamental

5r and the two-index antisymmetric tensor 10p. This can be seen by writing the
decomposition of 5r and 10 irreps of SU(5) under SU(3). x SU(2), x U(1)y as
follows:

5 = (§> 17 +2/3) S (1,2 _1)a

10 = (3,1,-4/3)® (3,2, +1/3) @ (1,1, +2). (1.45)

Also, this embedding can be depicted in matrix representation as

det 0wy uy w d
d=? —us 0 uf  upy dy
_ 1
5= ded s 10 = ﬁ —ug —u‘f 0 us ds : (146>
e —u; —uy —usz 0 e’
1% —dl —dg —d3 —€+ 0

This assignment is free of chiral anomalies. In the SUSY version of SU(5), these

multiplets are promoted to superfields.

1.4.2 Higgs Sectors and Yukawa Couplings in the minimal SUSY-SU(5)

In order to test the viability of minimal SUSY SU(5), let us first construct the
invariant Yukawa couplings by writing down the SU(5) decomposition of all possible

multiplications of the irreps 5 and 10.

5x5 =10+ 15, (1.47)
10 x 10 = 5 + 45 + 50, (1.48)
5 x 10 = 5+ 45. (1.49)

It is easy to check that the MSSM superfield Higgs doublet H, is contained in 5 and 45,

and H; in 5 and 45. Therefore, two quintets 55 and 5y are introduced minimally in
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the SUSY-minimal SU(5). These two quintets are responsible for breaking SU(3).. x
SU2)L x U(1)y to SU(3)e X U(1)em. Based on the above analysis, the invariant

superpotential that contains only the Yukawa couplings is given as follows:
3 Y€iium 108,105,555 + Vil 108, 5pig50;. (1.50)

The mass matrices generated by the VEVs of the the SU(2); doublets in both 5y

and 5y then read
My= M, =Y*5y), M,=Y"5y). (1.51)

Since the first term in Eq.(1.50) contains two identical 10s, the up-quark Yukawa
couplings are symmetric in the generation indices, i.e., M, = M, . Diagonalization

of the down quarks and charged leptons mass matrix leads to
Me =Mq My =Mg My = Ny, (1.52)

Note that the above mass relations are only valid at mass scales where the SU(5) is
a good symmetry. But the light fermion masses are observed at low energy scale of
order (2-5) GeV. Therefore, the above mass relations should be extrapolated to low
energy scale. The results are the following: the first two mass relations in Eq.(1.52)
are violated by experiment, while the third one is considered as a successful prediction
of minimal SUSY SU(5). One way to correct the bad mass relations for the first and
second generations is to employ the 455 [18]. In this case, the price that we have to
pay is including several Higgs multiplets.

It is obvious that the Higgs multiplets 5 and 55 do not break SU(5) to SU(3). X
SU(2)r x U(1)y since they do not contain a SM singlet. The smallest dimensional
Higgs representation that contains the SM singlet is the adjoint of SU(5). The adjoint

Higgs representation 245 decomposes under SU(3). x SU(2), x U(1)y to
2y = (1,1,0) @ (8,1,0) ® (1,3,0) & (3,2, —5/6) @ (3,2, +5/6), (1.53)
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and the (1,1,0) component can acquire a GUT-scale VEV. Equivalently, one can show

[19]

020 0 0
24m)=0|l 002 0 0 |- (1.54)
000 =3 0

000 0 =3

The two Higgs fields 24y and 55 develop hugely different VEVs (i.e., (24y) of
order Mgyr ~ 10 GeV and (5y) of order My ~ 10? GeV). Consequently, this
leads to a huge hierarchy of the gauge symmetry. In non-SUSY model, the param-
eters at tree level of the Higgs potential should be fine-tuned in order to maintain
this huge hierarchy. On the other hand, this fine-tuning gets worse via radiative cor-
rections. However, in the minimal SUSY- SU(5), once the parameters of the Higgs

superpotential

are fine-tuned properly at tree level, the SUSY non-renormalization theorem of Gris-
aru, Rocek and Siegel [67] ensures that it does not get upset by radiative corrections,
since according to this theorem these parameters do not receive either finite or infinite

corrections.

1.4.3 Gauge Sector of Minimal SU(5)

The adjoint representation of SU(5) has the dimension 5* — 1 = 24. Hence, there are
24 gauge bosons associated with SU(5). They decompose under SU(3). x SU(2)r, x
U(1)y as given in Eq.(1.53). The gauge bosons of SM are contained within 24 gauge
bosons of SU(5) as follows: (8,1,0) are SU(3). gluons , (1, 3,0) are the three SU(2),
vector fields W, and (1,1,0) is the U(1) B-field. The remaining 12 gauge bosons,
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which transform under the SM gauge group as (3,2, %) and (3%, 2, —g) are called
lepto-quark gauge bosons denoted respectively by X and Y. These gauge bosons can
be collectively described by a 5 x 5 matrix form, A, = A®)\,/2, where )\, are the
SU(5) generators (a runs from 1 to 24) and the summation over index a is implied.

As we have discussed before, the Higgs phenomenon can provide masses to the

gauge bosons by developing a VEV to the Higgs field. This can be seen by writing

down the invariant kinetic term of the Higgs fields as follows
Lixg=Tr[(D,24)(D,24u)"]. (1.56)

Here the covariant derivative of the adjoint representation 24y is defined as follows:
D, 24y = 0,24y + ig5[A,, 244, (1.57)

where [A,,24y] = A,24y — 245 A, and g5 is the SU(5) gauge coupling. The factor

)
g2Tr[A,, (245)]? contains the mass term for the gauge bosons. Since 24y commutes
with the generators of the SM gauge group, the gauge bosons of the SM (W, B, GF)

do not pick up mass, while the X and Y gauge bosons acquire masses according to

My = My = 5V2gs50 (1.58)

1.5 Minimal SUSY-S0(10)

We have seen that the SM fermions can be accommodated within two irreducible
representations of the simplest unified model based on SU(5) gauge symmetry. This
leads to the unification of the Yukawa couplings of the down quarks and charged lep-
tons. On the other hand, a single 16-dimensional chiral spinor of SO(10) is enough to
accommodate all the SM model fermions of one generation. This brings the follow-
ing benefits: First, the right-handed neutrino is automatically accommodated within
the same multiplet. Second, the number of independent parameters of the effective
fermion masses and mixing matrices can be reduced considerably. These observations

motivate us to consider the SO(10) gauge symmetry.
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1.5.1 Matter Fields in SO(10) GUTs

The reducible spinorial representation of SO(10) splits into a pair of spinorial repre-
sentations 16 and 16 under a chiral projection operator, for details see Ref. [21]. All
the femions reside in only one chirality of a SO(10) spinorial representation (i.e, 16-
dimensional representation of SO(10)). In order to see how the SM fermions can be
fitted within a 16-dimensional irrep of SO(10), let us write down its decompositions

under SU(3). x SU(2), x U(1)y:

16 = (3,2,+1/3)® (1,2,-1) ® (3,1, —4/3)

@ (3,1,+42/3)® (1,1,4+2) @& (1,1,0), (1.59)

where the quantum numbers on the right-hand side (except the last one) are those
for the SM fermions (see Table 1), while the last one is the right-handed neutrino.
Equivalently, the 16-dimensional irrep of SO(10) can be written in terms of the SU(5)

basis as follows:
16=5d 101, (1.60)

where the matrix representations of the irreducible representations of SU(5) (5 and
10) are given in Eq.(1.46). The right-handed neutrino (or equivalently v°) is assigned

to the singlet of SU(5).

1.5.2 The Higgs Fields and Yukawa Couplings in SO(10) GUTs

The Higgs sector of any realistic SO(10) model should be chosen appropriately in
order to satisfy the following requirements. First, the Yukawa couplings should
be invariant under SO(10) and compatible with the current data on the quark
and the lepton masses and mixings. Second, the Higgs sector should lead to the
proper spontaneous symmetry breaking of SO(10) gauge symmetry down to the
SU(3). x SU(2)r x U(1l)y of the MSSM. The invariant Yukawa couplings follow
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from the decomposition of
16 ® 16 =10 126 & 120. (1.61)

Thus, there are three types of SO(10) Higgs multiplets that can give masses to the
matter fermions: the 10-dimensional vector representation 10y, the 126-dimensional
5-index antisymmetric tensor 126 and the 120-dimensional three-index antisymmet-

ric tensor 1205. Then, the most general Yukawa couplings are
Wy = Y16 501655105 + V316501655120 + Vise 16541655126, (1.62)

The good feature of the 10-dimensional Higgs multiplet of SUSY-SO(10) is that 104
contains the SUSY-SU(5) Higgs multiplets 55 and 55 that give masses to the up-type
and the down-type quarks respectively. The fermion masses are generated by giving
VEVs to the Higgs fields in Eq.(1.62). The fermion masses with Higgs field belonging
to the 10-dimensional irrep can be calculated by writing the irreps of SO(10) matter
and Higgs fields in terms of SU(5) x U basis as [22]:

10 =5(2) + 5(—=2), 16 = 1(=5) +5(3) + 10(—1). (1.63)

where the numbers in the bracket are quantum numbers of U;. Then we construct

the invariant combinations of SU(5) x U; multiplets as
Yo Lra(=5)5r5:(3)5%(2) + Vi €imm 1076 (—1)1035(~1)55(2)
+ V15" 5pai(3)107,5(—1)54;(—2). (1.64)
We remind the reader that 5z and 10 are the usual SU(5) representations of Georgi
and Glashow given in Eq.(1.46). The first line in Eq.(1.64) shows that the Dirac
neutrinos and up-quarks couple with the same Higgs multiplets 55 while the second

line tell us that the charged leptons and down quarks couple with the other Higgs

muliplets 57. Thus,
Mg? = M2? = Yi§ (Bnr) - M = M7 = Y (5m). (1.65)
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The above fermion mass matrices are symmetric. Since the up and down quark mass
matrices in Eq.(1.65) can be diagonalized by the same unitary matrix, the quark
mixing matrix is an identity matrix. This can be considered as a zeroth order ap-
proximation for the CKM mixing matrix. The 120-dimensional Higgs representation
is antisymmetric under the flavor index, however it contributes to mixings between
various generations. On the other hand, the 126-dimensional is symmetric under the

flavor index and by itself would lead to the following mass relations [21]:

M. = —35/126?151126 = —3Mjy,

M, = =3Y,v}* = —3M,. (1.66)

A realistic Higgs spectrum would include, for example, 105 @ 1265. In order
to achieve the spontaneous symmetry breaking of SO(10) gauge symmetry down to
SU(3).xSU(2),xU(1)y a(Ggp) of the MSSM, we need to consider all possible Higgs
fields that contain Ggjys singlet in their decomposition under the SM gauge group
such as 45y, 54y, 210y and 126g5. Since SO(10) is a rank 5 group, there are many
symmetry breaking chains leading to the rank-4 Ggj;. The most common breaking
chains and the Higgs representation that has been used to break the intermediate
symmetries at each step are represented in Figl.4.

In any SO(10) breaking chain, there must be a Higgs multiplet capable to break
the considered symmetry down to the subsequent one by giving a VEV to the com-
ponent that transforms as a singlet under the lower intermediate symmetry group.
Being a rank 5 group, there should be at least two Higgs fields to break SO(10) down
to the SM. One is needed to break the rank of SO(10) from 5 to 4 while the other
breaks the remnant symmetry down to the SM gauge group. There are two simple
choices of the Higgs fields that not only break the rank of SO(10) but also give a
superlarge mass to the right handed neutrino as shown in section 1.5.3. The choices

are an antisymmetric five index tensor 126 or a spinor 165. In either case, there
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1 2
SO(10) % SU(3), X SU(2) X SU@), X U(1), _ L) Gg\
(1) 45, or 54,
(2) 16+16 or 126 + 126
) ()
SO(10) ——> SU(4), % SU(2) X SUR), ——> Ggy
D 54, or 210,
(2) 16 +16 or 126 + 126
@) ()
SO(10) ——> SU(5) X U(1) — > Ggy
(1) 45,

(2) 16+16 or 126 + 126

Figure 1.4: The most common breaking chains of SO(10) gauge group to the SM

gauge group (Ggpr)

should be a Higgs field in the conjugate representation, 126 or 165, to go along with
it, in order to obtain D-term cancelation and consequently maintain the invariance
of supersymmetry down to the electroweak scale. Breaking the rank of SO(10) by
either 165 or 126 leaves SU(5) unbroken because both 165 and 126y contain a

SU(5) singlet in their decomposition under SU(5) as shown below [22]:

126y = 1®5@®10® 15 @ 45 @ 50,

165 = 1&5 10. (1.67)

Therefore, a second Higgs field is needed to break SU(5) down to the SM. The
appropriate Higgs multiplets of SO(10), that can break SU(5), should contain a
24-dimensional representation with neutral U(1) charge in their SU(5) x U(1) com-
ponents (recall that the adjoint of SU(5) (24g) is used to break SU(5) to G of

SM). For example, the decomposition of the following Higgs multiplets 455 , 54y,
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and 210y under SU(5) x U(1) [22]

455 = 1(0) ® 10(4) ® T0(—4) & 24(0),

54y = 15(4) ® 15(—4) @ 24(0),

210 = 1(0) & 5(—8) @ 5(8) @ 10(4) & T0(—4)

©24(0) @ 40(—4) & 40(—4) & 75(0) (1.68)

makes them capable of breaking SU(5) down to the SM. There are two approaches
that have been adopted so far in order to break the SO(10) gauge group to the SM
gauge group. One uses large Higgs representations such as 210y, 126, and 1265
[23]. Although this approach has the advantage that R parity is automatic, the
unified gauge coupling diverges in this case just above the GUT scale. On the other
hand, the other approach uses only small Higgs representations [24, 25]. This choice
of Higgs representations guarantees that the theory is perturbative up to the Planck
scale [26] and also has the potential to arise from string theory. Therefore, we shall
adopt the simplest breaking scheme; a pair of spinors 165 and 16 is used to break
the rank of SO(10) and only one adjoint 455 is used to break SU(5). The general

VEV direction of 45 required to break SU(5) gauge symmetry is given by [19]
(45) = diag(b, b, a,a,a) ® iTy. (1.69)

The (45y) is proportional to the generator of B — L when b = 0 and it is proportional
to T3g when a = 0. The former VEV direction is preferred in the Dimopoulos-Wilczek

(DW) [27] mechanism in order to solve the doublet-triplet splitting problem.

1.5.3 Neutrino Masses

The existence of right-handed neutrinos is important to understand the smallness of
the neutrino mass as we have seen in the seesaw mechanism in the context of SM. The

accommodation of right-handed neutrinos within the 16-dimensional irreps of SO(10)
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indicates that the seesaw mechanism can be implemented in SO(10) models. In order
to see this, let us assume that the only source for the quark and lepton masses is the
10-dimensional Higgs representation of SO(10), causing M, = M,. The following

coupling
}/12616F16F1726Ha (170)

can be used to generate a Majorana mass term for right-handed neutrinos by giving
VEV to the SU(5) singlet component of 126y, so the combination of the Dirac and

Majorana neutrino mass terms are given by
1
L =vMpv + §MRVCI/, (1.71)

Here Mr = Yi26(1(126)) = Yigsv126 and the notation p(q) refers to p of SU(5)
contained in ¢ of SO(10). This can be written in a 2x2 mass matrix for the (v,v°)
system as given in Eq.(1.25). If we ignore the mixing among generations, the light

neutrino masses for the three generations are given by

m
U
mVe )
Mpy
2
e M
2
m
~ t
my, =~ MR?)’ (172)

where we have used Mp = M,. The magnitude of the scale (1(126y)) is model-
dependent. For example, if the MSSM is a valid symmetry all the way until the GUT
scale, then v196 = My ~ 2 x 10'6. It is important to point out that the assumption we
have made that the fermion masses arise only from 10g is not good, because it leads
to the undesirable relation mg/ms = m./m,. Therefore, we need additional fields, in
order to have a realistic SO(10) GUT model.

Another way to give Majorana masses to right-handed neutrinos is by using a

bilinear product of 165. The relevant interaction is the effective nonrenormalizable
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interaction f;;16;16;16 165 /M which may arise from integrating out a heavy state
with mass M. Several realistic models were published along these lines [30]. By giving
a VEV to the component of 16 in the SU(5) singlet direction, the right-handed
neutrino mass matrix is generated as follows:

(161)°

If we assume that both 165 and 16y break the rank of SO(10) at the GUT scale,
then (16y) ~ 2 x 10'® GeV. In order to obtain the heaviest right handed neutrino
mass to be of order 2 x 10'* GeV, the mass of the heavy state should be around the
Planck scale (2 x 10" GeV) [31]

One advantage of 126 is that it leads to a theory that conserves R parity auto-
matically. This is because 126 breaks B — L by two units. Plugging B — L = 2 back
into the R formula in Eq (1.36), one can see that R parity remains invariant even after
symmetry breaking. While in the case of 16, B — L is broken by one unit, then R
parity is not conserved after symmetry breaking. However, the superpotential terms
that contain 165 and break B — L by one unit can be avoided by imposing a discrete
symmetry. Besides, as we mentioned in the previous section, the choice of 165 and
16y is inspired by string theory, and the fact that using small Higgs representations

leads to make the unified gauge coupling perturbative up to the Planck scale.
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CHAPTER 2
Fermion Masses and Mixings in a Minimal SO(10) x A, SUSY GUT

We have seen that the GUT models unify the strong and electroweak interactions
into a simple group. The simplest GUT model is based on SU(5) gauge symmetry.
The minimal SU(5) model predicts a good mass relation for the third generation

(i.e., m) = mY at GUT scale). However, it gives bad prediction for the first and

second generation masses (i.e., m) = m), mg = m_ at the GUT scale). In addi-
tion, SU(5) does not naturally accommodate the right-handed neutrino. On the
other hand, SO(10) models accommodate all chiral fermions of one generation plus
a right handed-neutrino within a 16-dimensional irreducible representation (irrep).
Also, minimal SO(10) with only 104 involved in Yukawa couplings leads to the up
quark mass matrix being proportional to the down quark mass matrix, so it is consid-
ered a good zeroth order approximation for CKM mixings. Models based on SO(10)
symmetry, without including any family symmetry, were proposed to explain most of
the features of quarks and leptons [32, 33]. However, one is not really fully satisfied
with only producing the fermion masses and mixing angles without explaining why
we have three generations and without understanding the relation among generations,
such as the mass hierarchy and features of the mixing angles. For example, the fla-
vor symmetry Ay [34] can be employed to explain why the observed neutrino mixing
matrix is in very good agreement with the so called tri-bi-maximal (TBM) mixing
structure given by Eq(1.35). Thus, it may be important to consider the underlying
family symmetry. One of the best candidates for flavor symmetry is the non-Abelian

discrete symmetry Ay, for the following reasons. First, it is the smallest group that
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has a 3-dimensional irrep. Second, SUSY-SO(10)x A, symmetry solves the FCNC
problem since the scalar fermions, which belong to the 16-irrep of SO(10) and trans-
form as a triplet under A4, have degenerate masses. Finally, it was shown that the
TBM mixing structure for the neutrinos can be obtained by imposing A4 symmetry
(34].

Several models based on the SO(10) x A4 group have been studied [14, 15, 16]. In
these models, large Higgs representations are employed. For example, in Ref.[16], the
authors employed a (126,3) representation, where the first (second) entry indicates
the transformation under SO(10) (A4), in order to produce the fermion masses and
mixing angles for both normal and inverted neutrino mass spectra. Besides employ-
ing the large Higgs representation 126y, the models in Refs.[14, 15] contain more
than one adjoint 45y representation. It has been shown that only one adjoint Higgs
field is required to break SO(10) while preserving the gauge coupling unification [35].
Also, using large Higgs representations like 1264 leads to the unified gauge coupling
being nonperturbative before the Planck scale, which might be hard to obtain from
superstring theory [36]. Therefore, the purpose of this chapter is to construct an
SO(10) x A4 model in which SO(10) is broken to the standard model (SM) group in
the minimal breaking scheme. This means using only a spinor-antispinor (16,16)
to break the rank of SO(10) from five to four, and the right-handed neutrino gets a
heavy mass from the antispinor Higgs field (165). Then one adjoint representation
45y is used to break the group all the way to the SM group. Recently, a numerical
analysis for quark and charged lepton masses and mixings based on nonsupersymmet-
ric SO(10) without flavor symmetry was done [33]. The authors did not include the
neutrino sector in the numerical fitting. Their result for the atmospheric angle was
sin 644, = 0.89. However, as this work shows, when the neutrino sector is included,
not only is the result a better fit for the atmospheric angle sin 6, = 0.776, but the

known light neutrino mass differences are also accommodated.

30



This chapter is organized as follows. In section 2.1, a general structure of the
fermion mass matrices for the second and third generations is constructed. Then,
based on that structure, the fermion mass hierarchy and relations are explained.
In section 2.2, it is shown that introducing several 10-plets of matter fields to the
model leads to the doubly lopsided structure which produces large neutrino mixing
angles and small quark mixing angles simultaneously [37]. Then, some analytical
expressions for quark masses and mixing angles at the GUT scale are derived in
a certain approximation on the model parameters. In Sec 2.3, an exact numerical
analysis is done to find the outputs at the GUT scale. To get predictions of fermion
masses and mixings at low scale, the quark masses and mixings at the GUT scale will
be run to the low scale by using renormalization group equations. section 2.4 shows
how to get a suitable right-handed neutrino mass structure that gives the correct fits

for the atmospheric angle after adding the charged lepton contribution.

2.1 Fermion Mass Structure in SO(10) x A, Symmetry

In this section, the renormalizable Yukawa couplings of the SM fermions with the extra
spinor-antispinor matter fields are considered as a concrete example of the model. The
known matter fields of the SM (quarks and leptons) plus the right handed neutrino
are contained in the three spinors (16,3). The ordinary fermions, 16;, do not couple
with 455 in the minimal SO(10). As a result, some of the predictions of the minimal
SO(10) such as m, = my and m./m; = ms/my, will follow; these are badly broken in
nature. Therefore, extra heavy fermion fields must be introduced in order to allow
the 455 to couple directly with the quarks and leptons of the standard model. The
transformation of the ordinary fermions and the extra matter fields under A, and
the additional symmetry Zs X Z4 X Z5 are summarized in Table 2.1. Let us consider

first the invariant superpotential W; under the assigned symmetry that contains the
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Figure 2.1: This figure shows a diagrammatic representation of the couplings in the

superpotential TW.

coupling of ordinary fermions with the spinor-antispinor matter fields.

Wi = b116;1611y; + 16,1621, + Q216116345 + al6316,10y

—|—M1 161%1 + M2162E2 + M3163E5 (21)

Table 2.2 summarizes the transformation of the Higgs fields that are needed to achieve
a minimum breaking scheme as well as the Higgs singlets that are needed to break the
A, symmetry. Although in this model, the structure in Eq.(2.1) does not include the
Yukawa term 16;16;105 which is forbidden by the discrete symmetry Z, x Z; x Zy,
the ordinary standard model fermions get their masses through their coupling with
heavy extra fields. This is similar to how the light neutrinos get their masses through
coupling with the heavy right-handed neutrinos in the known see-saw mechanism.
The coupling terms in the superpotential W, can be represented diagrammatically as
shown in Fig.2.1. After integrating out the heavy states, the approximate effective

operators can be read from the diagram, i.e.,

16,16, (45,) (105 (113) (1)

Wi = 2]: N, M, (2.2)
The VEVs of the Higgs fields can be written down in a general form as
(454) = QQ, (2.3)
€1
i) =1 & |, (2.4)
€3
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SO(10) 16; | 16,,16; | 165,16, | 165,165 |  1¢
Ay 3 1 1 1 3
Zyx Zyx Zy | +bk | 4ot | b | b | Rt
SO(10) 10, 10 10" 107 1
Ay 3 3 3 3 3
Ly X Ly X Ly | +,0,+ | +,—10,+ | +0- | +,—0- | +,—1,+

Table 2.1: The transformation of the matter fields under SO(10)x Ay and Zy X Z4 X Z,.

W) = | s |- (2.5)
(5(10)) = vy, (5(10)) = vg. (2.6)

Here the notation (p(q)) refers to a p of SU(5) contained in a ¢ of SO(10). The @ from
Eq.(2.3) is a linear combination of SO(10) generators. One can redefine, without loss

of generality, the light fermion states as

16161 -+ 16262 -+ 16363 = 6162)’,

16151 —+ 16282 -+ 16383 = 5(16/289 -+ 16&09), (27)

where € = /e + €3+ ¢ and S = (/s?+ s3+s3. In terms of the redefined light
1t 6 +6 11831583

fermion states, after dropping the prime notation and plugging in the VEVs, one gets

O™ M, My M

(163162Q(163)89 + 163163@(163)69). (28)

In general, the above effective operator can be written in terms of quark and lepton
fields as

-~ Q€S<1OH>

We =~
B MM, My

(E3F5Qrse + FsFyQpesg + F3F5(Qp + Qpe)cy). (2.9)

Here F' is a general notation for up quarks (U), neutrinos (IV), charged leptons (L),

and down quarks (D). The quantity Qr(Qpc) refers to the assigned charge of the
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left-handed fermion (charge conjugate of the right-handed fermions) after breaking
the SO(10) group down to the SM group. The unbroken charge @) can be written as
a linear combination of two generators that commute with SU(3). x SU(2), x U(1)y

as:
6. Y
Q =235+ 5(5(5), (2.10)

where I3 is the third generator of SU(2)r and Y is the hypercharge of the Abelian

U(1) group. The charge @ for different quarks and leptons is given by.

1 4 2
u = = *5, uc — —1 — *(5, c — 1 *6,
Q Qqd 5 ? 5 . Qq + 5
Q=0Cu=-720, Qe=1+-0 Qu=-L (2.11)

Eq.(2.9) can be expressed in the following matrix form:

0 0 0 Fy
) o o Qrso B |- (212)
0 Qpesy (Qr +Qrc)co F

Some factors that arise from doing the algebra exactly should be included in the above

Wer (FE B ) Giaga,

mass matrix as we are going to see later. Finding these factors that we have assumed
to be of order one is important in the flavor violation analysis. The first feature of
the general mass matrix of the light fermions in Eq.(2.12) is an explanation for the
mass hierarchy between the second and third generations in the limit sy — 0. It is
remarkable that a relation among generations is related to the vacuum alignment of
the A4 Higgs.

Another feature of the above light fermion mass matrix m) = m?

is obtained
through Mps3 = Mp33, which follows from the relation Qg4 + Q4 = Qi + @;. This
relation occurs because both down quarks and charged leptons get their masses from
the same Higgs.

A further consequence of the light fermion mass structure is that m? # m;,. This

inequality relation follows from mg/mg = L32L23/D32D23 = Qlch/Qchda which
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S0O(10) 104 | 455 | 16y 6 | lm | Vg | 1V | 1

Ay 1 1 1 1 3 3 3 3

Z2 X Z4 X ZQ _7+7_ +7_7_ +7_Z'7+ +7_7:7+ +7_7+ _7+7+ +7+7_ +7i7+
Table 2.2: The transformation of the Higgs fields under SO(10)x A4 and Zy X Zy X Z,.

is not necessarily equal to 1. This leads to the following question: What VEV
direction should be given to 45y in order to obtain the Georgi-Jarlskog relation
im)| = 3|m2|? There are two choices, either 6 — 0 or 6 — —1.25. The former
choice gives the unwanted relation (m?/m?)/(m2/m?) — 1, while the latter leads to

(m%/m?)/(m?%/m?) — 0. Thus, a good fit for ¢ should be around —1.25.

2.2 Extension to the First Generation and Doubly Lopsided Structure

In this section, vector 10-plet fermions are added to the model to generate masses

and mixings of the first generation. These vector multiplets do not contribute to the

up-quark mass matrix since 10-plets do not contain a charge of (+£2/3). Therefore,
my

the up-quark matrix is still rank 2, and this is consistent with —% ~ 107° being much
t

smaller than :Z—% ~ 1073 and Z—g ~ 0.3 x 1075, First, I will show how the model leads
to the doubly lopsided structure by employing these vector multiplets; then some
analytical expressions for masses and mixing angles of fermions at the GUT scale will
be derived. Let us first consider the invariant couplings under the assigned symmetry;,

which can be read from the Feynman diagram in Fig.2.2. The allowed couplings in

the superpotential W5 are

W = 16;10;165 + Mio10,10; + 1, 10110’ 1 gy, + hijp10;10;1 . (2.13)

ijk

The important point is that Fig.2.2 gives a flavor-symmetric contribution to the down-
quark and charged lepton mass matrices. In order to understand this, recall that the

general product of three triplets—(ay, as, asz), (b1, b, b3), and (c1, ¢, c3)—that
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16. 10, 10 10 10, 16.

10

16H JHk 16H

Figure 2.2: This figure leads to the flavor symmetric contribution to the down quarks

and charged leptons.

transform as a singlet under Ay is given by
hl (CLngCl + a3b102 + a1b203) -+ hQ(angCl + CL1b3C2 + a2b103>. (214)

The third term of Eq.(2.13) gives a symmetric contribution since there are two iden-
tical 10-plets. The last term in Eq.(2.13) has been ignored by assuming the Yukawa
couplings h;j; to be very small. The contribution of Fig.2.2 to the mass matrices of
the down quarks and charged leptons, after integrating out the extra vector multiplets

is then

0 c2 a3

Mi = ME X C12 0 Co3 5 (215)
13 c3 0

where c19, ¢13, and c93 are proportional to €1, €3, €3, respectively. To obtain the desired
fermion mass structure (the doubly lopsided structure, which is going to be explained
later in this section), other couplings need to be included by employing four vector
10-plets plus adding another Higgs singlet 17, to the model (their transformations
under the assigned symmetry are shown in Tables 2.1 and 2.2). The purpose of
these couplings is to give a flavor-antisymmetric contribution to the down-quark and
charged lepton mass matrices. Since the adjoint of SO(10) (455) is an antisymmetric

tensor which changes its sign under the interchange 10, < 10!, one can consider

1)

employing the Yukawa coupling 107710;455. Also, due to the fact that when we write
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Figure 2.3: This figure leads to the flavor-antisymmetric contribution to the down

quarks and charged leptons.

the SO(10)-vectors in the SU(5) basis such as 10; = 5; + 5;, the charged lepton and
down quark contents of 5; or 5; have different chiralities, the structures of matrices M,
and Mp therefore have opposite signs [look at the mass structures in Eqs.(2.18-2.19).
It is important to emphasize that the minimum Higgs breaking scheme assumption
does not allow us to add another adjoint to the model. Therefore, the same adjoint
45y Higgs representation that breaks the SO(10) group to the SM group is going
to be used. Additional couplings to the previous superpotential can be read from

Fig.2.3, i.e.,
Wy = 10,1071, +m10710) + 10,1045, (2.16)

where (45y) has been defined previously. The VEV of the Higgs singlet 17, is given

below:
01
1y =1 6 |- (2.17)
03
After integrating out the heavy states, the following contribution to the M and Mp

is obtained:

0 —03Q; 020
MY o | 50 0 —5Q | (2.18)

—00Q1  01Q) 0
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Mp

0 03Q¢c  —02Qqe
—03Q e 0 01 Qe ) (2.19)
02Qae  —01Qqe 0

where the overall constant has been absorbed in the redefinition of d;, o, and 9Js.

Equations (2.18-2.19) show that the off-diagonal elements of M7 (Mj') are propor-

tional to Qge (Q;). This is because 5;(10) contains, in its representation, the charge

conjugation of a color triplet of the left-handed down quarks d$

;, and the left-handed

charged leptons ey;. The full tree-level mass matrices, which are obtained by adding

the three superpotentials Wy + W5 4+ W3, have the following forms:

Mp

0 C19 + 353( 1+a) —52(1/ + C
Ci19g — 353( 1+a> 0 51& + ﬁ
—3s(=49) |, (2.20)
¢ — 6%~ 51 (52) + 8 1
+S(—1—5|—60¢)
0 Cig + 03 (F2%) —20,(F2) +¢
@ = B0 ’ )+ 0 , o (2:21)
+S(—15+a)
¢ (35) + 1
0 0 0
0 0 (5% |, (2.22)
0 (1-{:54(1)8 1
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00 0
My = m°| 0 o (=38 |, (2.23)
0 s 1

the convention being used here is the left-handed fermions multiplied from the right.

The parameters of the model have been defined as follows:

¢ = ci3+ 02Qqe,
B = co3+ 01Qqe,

§ = —1+a, (2.24)

So
(%(5 + 1)69 ’

The above fermion mass structure has eight parameters. If a goes to zero, the fermion
mass matrices in Eqgs.(2.20-2.21) go to the SU(5) limit (m) = m3, m = m),, mg =
mY). To avoid the bad prediction of SU(5) for lighter generations, a good numerical
fitting for a should deviate from zero. On the other hand, to keep the good SU(5)
prediction for the third generation, the parameter o should satisfy a << 1. If 4; and
dy are of order 1 and the other model parameters are very small (3, (, «, 3, ¢12, s <<
d1,92), the model leads to the doubly lopsided structure. To see this clearly, let us go

to the limit where the small parameters are zero (except s). So the Mp and My go

to the following form:

0 0

e

My, = M}, = my 0 0 ( (2.25)

g
S~—

—0os (F)+a(d) 1
In diagonalizing M, of Eq.(2.25), the large off-diagonal elements d; and d, that appear
asymmetrically in Mp and M; must be eliminated from the right by a large left-
handed rotation angle 6, in the 1-2 plane, where tan(6,,) = —g—f. The next step of

diagonalization is to remove the large element o & (07 + 5%)% that has been produced
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after doing the first diagonalization, where the (3,2) element of the matrix in Eq.(2.25)
is replaced by o. This can be done by a rotation acting from the right by a large
left-handed angle 6,3 in the 2-3 plane, where tan(fy3) ~ —o. On the other hand,
there are no corresponding large left-handed rotation angles in diagonalizing Mp since
My = ME. However, the large off-diagonal elements in Mp can be eliminated by large
right-handed rotation angles acting from the left on the Mp in Eq.(2.25), while the
left-handed rotation angles are small. This explains how the doubly lopsided structure
leads to small CKM mixing angles and large neutrino mixing angles simultaneously.
If the parameters c;o, d3, and ( are zero, analytical expressions can be written down
for the ratios of quark and lepton masses of the second and third generations, V,

and neutrino mixing angles (tan ;5 and tanfs3) in terms of 0y, do, s , a0, and 3:

m) 21— a)(1+4a)
md 25 ’
md =203+ 2a)(B + s(**)),/0F + 3
m 51+ £ (3+20)2(82 4+ 63))
m? (=1 +a) + da+ B) + 0302\ /(02 + 63)(6 — ) 2.26)
mY 5(1+ L8525 (67 + 63)) T
VD _ ﬁ‘{' S(3;2a)
cb (14 (34 2a)2(67 +63))’
—s(1 4+ 4«
vy - —sltda)
5
5, (8=«
tan@lg = 2( 5—1)—|—6a

01(%52) + s(=55%) + 6’

6 —
tan023 = —( 504)“55_'_5%

These expressions are derived by using the approximation «, s, 3 << 01, d2, and are

useful for fitting the data. The best fit for the data is obtained by setting tan f53 = —2
and tan 615 = 0.68, which correspond to #»3 = —63° and 6,5 = 34°. The central value
of the atmospheric angle is around 45°. In order to bring 63° close to the central
value, the neutrino sector is required to be included as shown in Sec 2.5. Also, it will

be shown that the contribution of the neutrino sector to the solar angle is small.
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2.3 Numerical Results

The model can be shown to be concrete by giving numerical values to the parameters
of the model, and producing the six mass ratios of quarks and leptons, CKM mixing
angles (Vis, Vi, and Vi), the CP violation parameter n = —Im(V,,Ves/VisVis), and
neutrino mixing angles (sin 62, and sinfy3). The ten parameters (0q, do, d3, @, 3,
s, ¢, c12, mY, and m?) appearing in Eqs(2.20-2.23) are in general complex. Five
phases of the complex parameters can be removed by redefining the phases of the
quark and lepton fields. Then, we have ten real parameters and five phases in order
to fit the 16 quantities appearing in Table 2.3. However, the best numerical fit is
obtained when two parameters (ds,ci2) are complex while the others are real. If
6 = —1.302, dy = 1.0142, 63 = 0.015 x %% a = —0.05801, s = 0.29, ¢ = 0.0105,
c12 = —0.00153e! 1126 and 3 = —0.12303, the following excellent fit at the GUT scale

0

— 0.00473, ™ — (.0585, ™4 — 3.63,

ml > ml

«*So‘mso

= 0.002717, ™ = 0.958,

. . 0
is obtained : e
"

m

=)

m
m

= 0.302, n = 0.357, Vs = 0.2264, V,;, = 0.0037, V4, = 0.0362, sin 15 = 0.569, and

To

sinf;3 = 0.0653. The above numerical fittings lead to sin 6%, = 0.904, which is not
close to the central value sin #3:™ = 0.707. One can see from the superscript L that
the mixing angle 65 comes only from the charged lepton contribution. To obtain
close to the expected atmospheric angle and the correct neutrino mass differences,
it is important to include the neutrino sector contribution to the atmospheric angle
by finding out a suitable right-handed neutrino structure which respects the assigned
symmetry of the model.

In order to compare with experiment, the predicted fermion masses and mixing
angles at the low energy scale need to be found. The above numerical values of the
fermion masses and mixing angles which are obtained at the GUT scale have been
evolved to the low scale in two steps. First, the running from the GUT scale to

Msysy = 1 TeV is done by using the two-loop MSSM beta function. The running

factors denoted by 7; depend on the value of tan 5. The known fermion masses and
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mixing data are best fitted with tan 5 = 10. The running factors for tan 3 = 10 are
(Ns/bs Mujrs Mosrs Nejts Nev= Nup)=(0.8736, 0.9968, 0.5207, 0.73986, 0.910335), where
5 = (mg/m3)/(mi(1TeV)/m;(1TeV)) and 7wy = V3 4/ Verun(1TeV). The second
step is to evolve the fermion masses and mixing angles from Mgysy = 1 TeV to
the low scale. The renormalization factors 7; that run fermion masses from their
respective masses up to the supersymmetric scale Mgysy = 1 TeV are computed
using three-loop QCD and one-loop QED, or the electroweak renormalization group
equation with inputs as(Myz) = 0.118, a(Myz) = 1/127.9, and sin6,,(Mz) = 0.2315.
The relevant renormalization equations can be found in [38][39]. The results are (7.,
Moy Nes My Nry Mty Muv=Neb)=(0.4456, 0.5309, 0.8188, 0.83606, 0.8454, 0.98833, 1.0151).

By using the above renormalization factors, m, = 1776 MeV, and m; = 172.5 GeV,
the following predictions at the low scale can be obtained: m.(m.) = 1.4 GeV,
my(my) = 5.2 GeV, m.(m.) = 0.511 MeV, m,(m,) = 105.6 MeV, mq(2 GeV) =
7.5 MeV, my(2 GeV) = 132 MeV, n = 0.357, V,,; = 0.2264, V,;;, = 0.004, V;, = 0.0392,
sin 615 = 0.569, and sin 613 = 0.0653.

Note that the numerical value of m; is not in perfect agreement with the exper-
imental value m;, = 4.2070¢7 GeV [40]. In order to fix this, the finite gluino and
chargino loop corrections [41] are required to be included in the down-type quark
masses (mgq, ms, my). The total contributions are denoted as (1+A,), (1+A;), and
(14+Ay). These corrections are proportional to the supersymmetric particle spectrum:
Ay ~ tan 3 (mMm [Fm M)l JMR)| g i [Fm2 /%)

f(m%R/;f)D, where f(z) = In(z)/(1 — ) and the first (second) term refers to the

gluino (chargino) correction. Similar expressions exist for A; and A,4, but without
the chargino contribution and b — §,d. If the chargino loop corrections are neg-
ligible and mg, ms, and m; are degenerate, the equality relation Ay = Ay = A,
is approximately satisfied. In order to get a better fitting for down-type quark
masses, let us take Ay = Ay = Ay, = —0.17, which gives my(2 GeV) = 6.24 MeV,
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m?(2 GeV) = 109.65 MeV, and my(m;,) = 4.31 GeV. The comparison of the model
predictions and experimental data at the low scale is summarized in Table 2.3, where
the quark and charged lepton masses, the CKM mixing angles (Vip, Vis, Vi), the
neutrino mixing angles (sin s, sin 6y, sin63), and the CP violation parameter (7)
are taken from [40]. The masses are all in GeV. Although the model here predicts
m.(GUT) = 0, the quantity m,q = (m, + mg)/2 is considered in Table 2.3, where
it is assumed that the tiny up quark mass at GUT scale may be generated either by
including the coupling 16;16,;10x into the model or by considering higher dimensional

operators. If m, (2 GeV) = 2.4 MeV, the model predictions of the quantities 77,4 and

ms

=, which are well-known from lattice calculations [42], are given in Table 2.3. The

asterisks in Table 2.3 indicate that the model predictions of neutrino mixing angles

are obtained after including the neutrino sector in section 2.5.

2.4 Right Handed Neutrino Mass Structure

So far, the model gives excellent agreement with the known values for the CKM
mixings, the quark masses, the charged lepton masses, the CP violation parameter,
and the neutrino mixing angles (sin 615 and sin 6;3). However, the whole picture is still
not complete and the following question arises. What is the appropriate light neutrino
mass matrix (M, = —M¥%Mpz'My) that gives not only the correct contribution to the
atmospheric angle, but also the correct neutrino mass differences: Am2, = (7.59 &
0.2) x 107%eV?, |Am2,| = (2.43+0.13) x 10~%eV? [37]? In other words, we are looking
for a suitable structure of right-handed neutrino mass matrix Mg since My is fixed.

Recall that the MNS mixing matrix is given by

Unns = ULU,, (2.27)

43



where Uy, and U, are the unitary matrices needed to diagonalize the Hermitian lepton

matrix ]\/[zM 1, and the light neutrino matrix M,,, respectively.
Mt Nl — gl MM UL, M%99 = UTM,U,, (2.28)

where M, is assumed to be real and symmetric. The Dirac neutrino mass matrix My
in Eq. (2.23) has vanishing first row and column, and the same is true for M,. So the
matrix required to diagonalize M, is simply a rotation in the 2-3 plane by an angle
6, while Uz is determined numerically from the charged lepton mass matrix. Thus,

the mixing matrix of neutrinos is given by

—0.14—0.81i 0.13+0.55i 0.065 1 0 0
Uuns = | 0.254+0.06i 0.34—0.04i 0.90 0 cosf, sind, |- (2.29)
—0.51 —0.75 0.42 0 —sinf, cosb,

One can conclude that the correct contribution of the neutrino sector to the atmo-
spheric angle is around 6,=—20°. For example, if we take #,=—20°, the neutrino
mixing angles (sin 8y, sinfy, sinfi3) become (0.707, 0.53, 0.21). In order to find
the suitable right-handed neutrino mass structure, one can easily prove the inverse of

the see-saw relation,
Mg = —MyU, (M%) T T (2.30)

A similar technique was used in Ref [43]. Note that one of the eigenvalues of M,
is zero (i.e. M%99 is singular), so the inverse of M%%9 does not exist. To overcome
this problem, one can generally define M%®=diag( m;, msy, ms ), and m; will not
appear in Mp. By using the numerical result of My, 6,=—20°, and my/m3=0.178,

the right-handed mass structure can be presented numerically.

0 0 0
0 0.0186 —-0.13 |- (2.31)
0 —0.13 1
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Figure 2.4: This figure leads to the right-handed neutrino mass matrix.
From the above numerical mass matrix, one concludes (Mpg)as X (Mg)as ~ (Mg)a2,

so to a good approximation, the above numerical structure can be represented ana-

lytically as follows:

0 0 0
0 2 ar . (232)
0 ar 1

The constant a should not be equal to 1 because then Mg would be singular. Now
our mission is to find the Yukawa couplings that respect the symmetry of the model
and lead to an analytical structure similar to Eq.(2.32). This can be accomplished
by considering the following Yukawa couplings represented by the Feynman diagram

in Fig.2.4, i.e.,

171

where two fermion singlets 1; and 1§, which couple with the singlet Higgs 177;, have
been introduced (their transformation under SO(10)x A4 and the additional symme-
try are shown in Tables 2.1-2.2). The product of the three triplets of the second
term in Eq. (2.33) that transform as a singlet under A, is given by hy(N;N§as +
NoN§ay + NyNias) + ho(NiNSag + N3sNSay + NoNfas), where aq, aq, and ag are

"

the VEV’s components of 1/7;. By assuming hy=hs, Fig.2.4 leads to the desired right
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handed-neutrino mass structure.

2 2_ 2, 2
o5 -1 2 —ai(af—a3+a3)
ol CY1062< al + a%+a%+a§) az(ai+a3+a?)
2 2, 2., 2
Mp=A =142 o —aa(zajtaste;) | (234
£ alo@(ag + a%-{-a%-&-ag) o2 as(a?+a3+a?) ( )
—aﬂa%—a%—l—ag) —az(—a%-ﬁ-ag-&-ag) 1
ag(a%Jra%Jrag) ag(a%+o¢%+a§)

By comparing the 2-3 block of the above structure with the mass structure in
Eq. (2.32), one can see the constant a is equivalent to the quantity ((—a? + a3 +
a2)/(a? + a3 + a2)), which is equal to 1 in the limit a; — 0. So, let us expand the

eigenvalues of the right handed neutrino mass structure in Eq(2.34) around «;.

2

@ a?(ad — 60202 + b
]\4}21 _ 1+%+ 1( 22 - 2 322 3)—|—O<O/11),
o3 a3(asz +a3)
40202 S8adada
Mpy = 172 1228 L 0(>ad), 2.35
" T @adr (@ rapr O %)
4020 Sadasa
Mp; = 2+ 1255 4 O(ad).

@3+af " (@3 + a7
One can see that two of the right-handed neutrino masses are approximately de-
generate for small values of «y (i.e. Mgy &~ Mg3). By setting (aq, g, az, A)=(—0.05,
0.125, 0.994, 8.42 x 10%), the numerical fit for the neutrino mixing angles, the light

neutrino masses, and the right handed-neutrino masses are obtained as follows:

m; = 0eV, sin ., = 0.551, Mpg; = 8.57 x 10*° GeV,
my = 0.0leV, sinfu, =0.776, Mpge = 1.3 x 10'? GeV,

ms = 0.056 eV, sinf3=0.154, Mpgs = 1.28 x 10'? GeV.

As can be seen from Table 2.3, the masses and mixing angles of the quarks and
leptons after including the neutrino sector are predicted in this model to be within

20 error bars of their experimental values.
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Model predictions Experiment Pull
me(me) 0.511x1073 0.511x1073
mu(m,,) 105.6x 1073 105.6x 1073
m,(m;) 1.776 1.776
g 4.32 x 1073 (3.85 4+ 0.52)x1073 | 0.9
me(me) 1.4 1.275097 1.85
my(my) 172.5 171.342.3 0.52
e 25.36 2734+ 1.5 1.29
ms(2Gev) 109.6x10~2 105722 x 1073 | 0.184
miy(my) 4.31 4.24047 0.58
Viis 0.2264 0.2255+0.0019 | 0.473
Vi 39.2x1073 (41.241.1)x107% | 1.82
Vi 4.00x1073 (3.9340.36)x 1073 | 0.194
n 0.3569 0.34970915 0.526
sin 659! 0.551 0.566+0.018 0.83
sin OgLm 0.776 0.70740.108 0.63
sin 013 0.154 <0.22 -

Table 2.3: This Table shows the comparison of the model predictions at low scale and

the experimental data.
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CHAPTER 3

Flavor Violation in a Minimal

SO(10) x A; SUSY GUT

Flavor changing neutral current (FCNC) processes impose severe constraints on the
soft supersymmetric breaking (SSB) sector of the minimal supersymmetric standard
model (MSSM). The simplest way to satisfy the FCNC constraints is to adopt univer-
sality in the scalar masses at a high energy scale where the effects of supersymmetry
(SUSY) breaking in the hidden sector is communicated to the scalar masses of MSSM
via gravitational interactions. For example, in the the minimal supergravity model
(mSUGRA) [44] the MSSM is a valid symmetry between the weak scale and grand
unification scale (Mgyr) at which the universality conditions are assumed to hold. In
this case, the leptonic flavor violation (LFV) is not induced. However, in a different
class of models studied in Refs [45, 46, 47, 48, 49, 50] the universality of the scalar
masses will be broken by radiative corrections. Consequently, FCNC will be induced
in these models as discussed below.

If the universality conditions hold at the grand unification scale Mgyr, the LEV
is induced below GUT scale by radiative corrections in the MSSM with right-handed
neutrino [45, 46, 47] or SUSY-SU(5) [48] models. Unfortunately, it is difficult to
predict LE'V decay rates in these models because the Dirac neutrino Yukawa couplings
are arbitrary within MSSM. However, in an SO(10) GUT model, we can predict the
LEFV decay rates below the GUT scale because the Dirac neutrino couplings are
related to the up-type quark Yukawa couplings and are thus fixed.

The FCNC could also be induced above the GUT scale by radiative corrections.
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It was shown that as a consequence of the large top Yukawa coupling at the unifi-
cation scale, SUSY GUTs with universality conditions valid at the scale M*, where
Maur < M* < Mpranek, predict lepton flavor violating processes with observable rates
[49, 50]. The experimental search for these processes provides a significant test for
supersymmetric grand unification theory (SUSY GUT). Both contributions of FCNC
that are induced above and below Mgyt will be studied in our model.

In this chapter, the flavor violation processes for charged lepton and quark sectors
are investigated in the framework of a realistic SUSY GUT model based on the
gauge group SO(10) and a discrete non-abelian A, flavor symmetry [51]. This model
is realistic because it successfully describes the fermion masses, CKM mixings and
neutrino mixing angles. This work differs from other studies in several aspects. First,
it is different from those based on MSSM with right-handed neutrino masses or SUSY
SU(5) in the sense that the Dirac neutrino Yukawa couplings are determined from the
fermion masses and mixing fit of the SO(10) x A4 model. Thus, this model predicts
the lepton flavor violation arising from the renormalization group (RG) running from
Mcayr to the right-handed neutrino mass scales. Second, it is different from those
based on SUSY SO(10) studied in [52] in the sense that the FCNC processes are
closely tied to fermion masses and mixings. Finally, in the SO(10) x A4 model flavor
violation is induced at the GUT scale at which A4 symmetry is broken due to large
(order one) mixing of the third generation of MSSM fields (13) with the exotic heavy
fields (i, ¢ runs from 1 to 3). This large mixing arises when the A4 flavor symmetry
is broken at the GUT scale. This is different from the case where the flavor violation
is induced due to large top Yukawa coupling at the GUT scale [49, 50]. The reason
for introducing the exotic heavy fermion fields in our model is to obtain the correct
fermion mass relations at the GUT scale as we shall see in section 1. The mass scales
of these exotic fields range from 10'* GeV to 10*® GeV depending on the values of

the Yukawa couplings and the scale of A4 flavor symmetry breaking.
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In this chapter we study flavor violation of the hadronic and leptonic processes

by calculating the flavor violating scalar fermion mass insertion parameters (045)i; =

(m%g)”, for (A, B) = (L, R), with m being the average mass of the relevant scalar

partner of standard model fermions (sfermions). All the flavor violation sources are
included in our calculations. The sfermion mass insertions, drr rr,rr, arise from

the large mixing between the 15 and y; and the mass insertions, (67,)FHN

, arise
from RG running from Mgyt to the right-handed neutrino mass scales. These scalar
mass insertion parameters are analyzed in the framework of our model; then they are
compared with their experimental upper bounds. We found that the most stringent
constraint on flavor violation comes from the y — ey process. This constraint requires
a high degree of degeneracy of the soft masses of MSSM fields and the exotic fields.
Therefore, in this model we assume that these soft masses are universal at the scale
M* with M* > Mgur, then we run them down to the GUT scale. The branching
ratio Br(u — ey) close to experimental bound (i.e. Br(u — ey)=1.2 x 1071!) is
obtained when the slepton masses of order 1 TeV , while the Yukawa couplings remain
perturbative at the scale M*. We also found in the framework of our model that
once the constraint from Br(u — ey) is satisfied, all the FCNC processes will be
automatically consistent with experiments.

This chapter is organized as follows. In section 1, we show how the fermion mass
matrices are constructed in SO(10) x A4 model. In section 2, we discuss the sources of
flavor violation by finding the sfermion mass insertion parameters (5iLjL7 rr at the GUT
scale at which A4 symmetry is assumed to be broken as well as below the GUT scale.
The results of the SO(10) x A4 model regarding flavor violation analysis are presented
in section 4. Section 5 has our conclusion. The derivation of the light fermion mass
matrices and the light neutrino mass matrix after disentangling the exotic fermions
is shown in appendix A. In appendix B, we list the renormalization group equations

(RGEs) for various SUSY preserving and breaking parameters between Mgyt and
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M* relevant for FCNC analysis.

3.1 A Brief Review of Minimal SO(10) x A, SUSY GUT

In the SO(10) gauge group, all the quarks and leptons of the SM are naturally
accommodated within a 16-dimensional irreducible representation. However, minimal

SO(10) (i.e., with only one 10-dimensional Higgs representation) leads to fermion

0 . .
= 5 and m), = m{, that are inconsistent
b

mg
0
My

mass relations at the GUT scale, such as
with experiment. This can be fixed by introducing exotic 16 + 16 fermions and by
coupling 16; with these exotic fields via 455, which is used for SO(10) symmetry
breaking. The non-abelian discrete A, symmetry is chosen in our model because it is
the smallest group that has a 3-dimensional representation, so the three generations of
SM fields transform as triplet under A,. Besides, FCNC is not induced in the SUSY-
SO(10) x Ay as long as Ay symmetry is preserved. However, as we will see later, the
breaking of A4 symmetry at the GUT scale will reintroduce the FCNC via large mixing
between the exotic and light fields. Based on the above reasons, a SO(10) x A4 model
is proposed in [51]. In this model, a minimal set of Higgs representations are used to
break the SO(10) gauge group to the SM gauge group so the unified gauge coupling
remains perturbative all the way to the Planck scale. Employing this minimal Higgs
representation and A symmetry, our model successfully accommodates small mixings
of the quark sector and large mixings of the neutrino sector in the unified framework
as shown summarized below.

The fermion mass matrices of the model proposed in [51] were constructed approx-
imately. In this section, we construct these matrices by doing the algebra exactly and
show that the excellent fit for fermion masses and mixings is obtained by slightly
modifying the numerical values of the input parameters of Ref.[51]. There are two
superpotentials of the model. The first one (W, ) describes the couplings of the

standard model fields (1;(16;), i runs from 1-3) with the exotic heavy spinor-antispinor
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SO(10) Y X1,X1 | X2:X2 | X3:X3 Z;

Ay 3 1 1 1 3

ZQ X Z4 X ZQ +7+7+ +7_7+ _7+7+ +7+7_ +7+7+
50(10) i ¢ o s Z;
Ay 3 3 3 3 3

ZZ X Z4 X ZZ +7i7+ +a_i7+ +7i7' +7_i7' +>_7;7+

Table 3.1: The transformation of the matter fields under SO(10) x A4 and Z5 X Z4 X Zs.

S0O(10) 105 | 454 | 164 6y | 1w | Uy | Vg | U

Ay 1 1 1 1 3 3 3 3

ZQ X Z4 X Z2 _a+7_ +a_7_ +7_i7+ +7_Z.7+ +7_7+ _a+7+ +7+7_ +7ia+
Table 3.2: The transformation of the Higgs fields under SO(10)x A4 and Zy X Zy X Zs.

fields (x;(16;), X;(16;), ¢ runs from 1 to 3), while the second one (W,...) describes

the couplings of ¢; with the exotic 10-vector fields (¢;, &, ¢, ¢, i runs from 1 to

1) 79 70

3) as given below:
Wepin. = b1tiXiLmi + bothiXoly; + k1x1X345m + axsx210m + Mo XaXa, (3.1)

Woeer, = bsthiilbp 4 Miodi; + sy 005 L + hijeidi Lk

A0 V + Ml S + kol S5 . (3.2)

The above superpotentials are invariant under A4 and the additional symmetry
Zy X Zy X Zy. The transformations of the matter fields (i.e., the ordinary and exotic
fermion fields) and the Higgs fields under the assigned symmetry are given in Table
3.1 and 3.2.

The general fermion mass matrix structure that results from integrating out the
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exotic heavy spinor-antispinor fields in Wy, is:

0 0 0
aTy Ty T f2(10
142 3f < H>> O 0 QFSQ% , (33)

TFTFC
0 Qreso™f (Qr + Qre)co

Mp(spin.) = (

where we have made the following transformation: €1 + 19€a + Y3e5 = €V} and
181 + Pase + 353 = S(Phsg + Yicy). Here €; and s; are VEV-components of (1x)
and (1%;) respectively and sg(cy) is sinf(cosf). f = (1 + T2 + TE(1 + s2T2))~1/?
and rp = (1 + QLT2T2(1 4 s3T3) f*)'/? are factors that come from doing the algebra
exactly (see appendix A). Here 77 = bﬁf, T, = %, T; = % and Q = 2I35 + 26(%)
is the unbroken charge that results from breaking SO(10) to the SM gauge group by
giving a VEV to 45y, where (455) = QQ. The charge Q for different quarks and

leptons is given as.

1 4 2
et = 75 c = —1 — 75 c — 1 *6
Qu Qd 5 ) :Cju 5 ) . Qd + 5 )
Ql = Q/.L - _657 Qlc =1+ 557 QVC =-1 (34>

The above general structure of fermion mass matrix has the following interesting
features: (1) The relation m{ = m? automatically follows from Qg+ Qg = Q. + Qec,

(2) The hierarchy of the the second and third masses generation is obtained by taking

0:

0 = 3m) leads

the limit s¢ — 0, and (3) The approximate Georgi-Jarlskog relation m
to two possible values for 0, either § — 0 or § — —1.25, (4) the former possibility
is excluded by experiment since it leads to (m2/m?)/(m?%/mQ) — 1 at the GUT
scale, while the latter possibility leads to (m2/m?)/(m%/m{) — 0 which is closer to

experiments. Let us define 6 = 1+ a. The masses and mixings of the first generation

arise from Wyeeor. The full mass matrices arising from Wpiner and Wieeor have the
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following form:

0 (012 + 53(3220‘))7“(17“& (—252(%) + C)?“dc
(c12 0 (251(%)
O — (o]
Mp = my —83(H22))rarge +5(=2) + B)rae )
(ra (s(*422) + B)ra 1
—2(6 + %(51)][69891—3
0 0 0
My = md| o 0 (2)srpe | (3.5)
0 (H%)sr, 1
0 (c12 + 353(%))7"67“& (b2t + ()ree
(c12 0 (61cx
0 — (e} — (e}
My = mg _353(1%))%7’# _35(17;)+ﬂ)7“e6 )
(¢ (s(=1E02) +0,(%59) 1
_526_Ta)7ﬂe +5)Te _Q(ﬁ + %51)f0056T22
0 0 0
My = mg| 0 0 (=389, |,
0 sr, 1

where the parameters are defined in terms of the Yukawa couplings of the super-
potential (Wsyin, + Wieer.) and the VEVs of the Higgs fields as shown in appendix
A. These matrices are multiplied by left-handed fermions on the right and right-
handed fermions on the left. A doubly lopsided structure for the charged lepton
and down quark mass matrices of Eq.(3.5) can be obtained by going to the limit
6,(,a,03,c12,8 < 1 and 071,09 are of order one. This doubly lopsided form leads
simultaneously to large neutrino mixing angles and to small quark mixing angles.
Based only on the above fermion mass matrices in Eq.(3.5), an excellent fit is found

for fermion masses (except for the neutrino masses), quark mixing angles and neu-
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trino mixing angles (except the atmospheric angle) by giving the input parame-
ters, appearing in Eq.(3.5), the following numerical values: §; = —1.28, d; = 1.01,
03 = 0.015 x % o = —0.0668, s = 0.2897, ¢ = 0.0126, ¢, = —0.0011e'12% and
3 = —0.11218. The above numerical values lead to sin % = 0.92 which is not close
to the experimental central value of atmospheric angle sin 655™ = 0.707 [7]. This con-
tribution to the atmospheric angle is only from the charged lepton sector. Therefore,

the neutrino sector should be included by considering the following superpotential:

Wi = byhi Zilby + hijiZ; Zi gy + 1 Z7 Z5, (3.6)

where two fermion singlets Z; and Zf that couple with the Higgs singlet 1%, have

been introduced.

The full neutrino mass matrix is constructed in Appendix B. The Higgs singlet 177,
has the VEV-components (ay, as, ag). The light neutrino mass matrix is obtained
by employing the see-saw mechanism. The numerical values («; = 0.075, ap = 0.07,
az = 0.9, and A\ = 0.0465 eV), where X is defined in appendix B, lead to not only
the correct contribution to the atmospheric angles (sin 4™ = 0.811) but also to the
correct light neutrino mass differences. The predictions of the fermion masses and
mixings are slightly altered by doing the algebra exactly compared to the analysis of
Ref.[51]. These predictions and their updated experimental values obtained from [7]

are shown in Table 3.3. The right handed-neutrino masses arise from integrating out

the exotic fermion singlets Z; and Z¢ in Eq.(3.6). The right handed-neutrino mass

matrix is
02 1 2 _01(062—(12+(X2)
o1 =1 1~ %pTA3
ol 061042< a? + af+a§+a§> az(a?+a3+a?)
2 2, 2, 2
Mg =A 1,2 ] —oz(—ajtastag) 3.7
R 0410./2( ol + a%-{-ag—s—ag) o2 as(a?4+a3+a?) ’ ( )
—a(a2—a2+a?) —az(—a2+a2+a32) 1
ag(af—l—a%—l—a%) ag(a%—&-ag—l-ag)

where A = 8.45 x 10' GeV and the right-handed neutrino masses are given by
Mpi ~ Mpy ~ 1.4 x 10'? GeV and Mp; = 8.5 x 10 GeV.

95



Another interesting feature of this model is that it contains a minimal set of
Higgs fields needed to break SO(10) to the SM gauge group. Consequently, the
unified gauge coupling remains perturbative all the way up to the Planck scale. This
can be understood from the running of the unified gauge coupling with energy scale

p > Mgyt as

— = — — — |0
(67 (67¢ 2w & MGUT

) (3.8)

where o = ¢?/(47) and bg = S(R) — 3C(G). Here C(G) is the quadratic Casimir
invariant and S(R) is the Dynkin index summed over all chiral multiplets of the model.
The unified gauge coupling stays perturbative at the Planck scale (i.e g(Mp) < v/2)
as long as b < 26. Employing large Higgs representations might lead to bg > 26. For
example, using 126 5+126y gives bg = 46. On the other hand, the SO(10) x A;-model
gives bg = 19 which is consistent with the unified gauge coupling being perturbative
till the Planck scale.

We will use the same fit for fermion masses and mixings to calculate the mass
insertion parameters 52&7 rp, and 5iLjR? gz, in the quark and lepton sectors and conse-
quently investigate the FCNC in this model. The charged lepton and down quark
mass matrices in Eq.(3.5) are diagonalized at the GUT scale by bi-unitary transfor-

mation:
diag. d,l d,l
Mo = Vi Mp Vi, (3.9)

where V#! are known numerically. Now, we discuss the sources of FCNC in this

model.

3.2 Sources of Flavor Violation in SO(10) x A, Model

We assume in our flavor violation analysis that A4 flavor symmetry is preserved above

GUT scale and it is only broken at GUT scale. In this case flavor violation is induced
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at GUT scale where A, symmetry is broken. In this section we discuss the flavor
violation induced at the GUT scale by studying the sfermion mass insertion parameter

j—JjL’ rr and the chirality flipping mass insertion (A-terms) parameter 5}?37 r- We will
see that these flavor violation sources arise from large mixing of the light fields with
the heavy fields. This large mixing is due to the breaking of A, symmetry. In
addition, we discuss the induced flavor violation arising below GUT scale through

the RG running from Mgyt to the right-handed neutrino mass scales.

3.2.1 The Scalar Mass Insertion Parameters

Let us assume the soft supersymmetry breaking terms originate at the messenger
scale M*, where Mgyt < M* < Mprna. The quadratic soft mass terms of the

matter superfields that appear in the superpotential W,;, are
—L = mw?ﬂj%’ + miinTXi + m;ﬁ% (3.10)

The MSSM scalar fermions that reside in v); transform as triplets under the non-
abelian A, symmetry. Since the A4 symmetry is intact, they have common mass (mfp)
at the scale M*. On the other hand, the exotic fields each of which transforms as
singlet under A, symmetry have different masses (ﬁlil, m%, i runs 1-3) at the scale
M.

The MSSM scalars remain degenerate above the GUT scale where the A4 symme-
try is broken. In order to find the scalar masses in the fermion mass eigenstates, two
transformations are required. The first transformation is needed to block-diagonalize
the fermion mass matrix into a light and a heavy blocks as shown in Appendix A. The
upper left corner represents the 3 x 3 light fermions mass matrix. The second trans-
formation is the complete diagonalization of the light fermion mass matrix. Applying
the first transformation to the quadratic soft mass terms of Eq.(3.10) by going to the

new orthogonal basis (Ls, L3, Hy, Hy, H3) as defined in appendix A, the quadratic
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soft mass matrix of the light states is transformed as follows:

mi I — il + 63, (3.11)
where,
000
57?15) =l oo €|, (3.12)
0 € ¢

e = LTisg(m2, —m2), 6 = (L) — m + (L)2(m2, T2 + w2, T3 + m2 Q*TETY),
and we have safely ignored the terms that contain s7 < 1. It is obvious that the first
two generations of the light scalars are almost degenerate because the mixing of the
second light generation (Lo) with the heavy states is proportional to sy < 1. On the
other hand, since the mixing of the third light generation (L3) with the heavy states
is of order one, its mass splits from those of the first two generations.

The top Yukawa coupling is given in terms of T}, T5, and T3 as:

af?(Qu + Quc)TlTQT?)‘

TucTy

Y, =

(3.13)

The numerical values of T7 = 0.0305, 15 = 2, T3 = 100 and a ~ 1.2 are consistent

with the top Yukawa coupling at the GUT scale to be of order A\&FU7

~ 0.5 and 7, 4 to
be of order one. Plugging these numerical values and sy = 0.0465 into the expressions

for € and J gives us:
(0as Oae, 0e, 6ec) = (0.81,0.87,0.88,0.82) (i’ — ),
(€d €aes €er€ec) = (0.061,0.05,0.048,0.06) (13 — ri3,). (3.14)

Here we have dropped mil terms because their coefficients are negligible. Also, the

2
X

2

RGE expressions of m X

, and 7 are the same (see Eq.(B.13)), so we have assumed
~2 =2 =2
that my, =mj, = m;.
The next step is to apply the second transformation by evaluating ng’lémfbVL‘i *

and similarly for L — R. The unitary matrices VLd ! are numerically known from the
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fitting for fermion masses and mixings. So, the mass insertion parameters for charged

leptons and down quarks are given respectively by
(6%2,1%13)@' = (ngjélﬁsmd,lvg}l%)ij/m?z,p (3.15)

The above mass insertion analysis without including the superpotential W is good
enough because we assumed in our analysis that the mixing of the 10 vector multiplets

with the ordinary spinor fields is small.

3.2.2 The Chirality Flipping Mass Insertion (A-terms)

The FV processes are also induced from the off-diagonal entries of the chirality flipping
mass matrix Mpy. The chirality flipping soft terms are divided into two parts Lopin

and Lyeer:

—Lpin = bibithiXy 1 + babothiXo sy + K1k Xa X455
+aaxsX210p + GiMiXiX;, (3.16)
Lot = bsbsthi16 + BioM,0¢:¢); + ﬁ’ijkh;jkﬁgli&j Tk + ilijkhijk(l;i(,l;j L
+AijkAijk€5li¢~”j Ly + §m¢§”@¢7//i + ];52k2¢7//iqg/i45H- (3.17)
The fourth term of Eq.(3.16) induces the off-diagonal elements of the chirality

flipping mass matrix, if it is written in terms of the new orthogonal basis defined in

Eqgs.(A.1). This transformation can be represented by

M3, (spin.) — aMp(spin.), (3.18)

where Mp(spin.) is defined in Eq.(3.3). The entire chirality flipping mass matrix in
the new orthogonal basis is obtained by including —L,.. The bi-unitary transfor-
mations that block-diagonalize the full fermion mass matrix is applied on the entire
chirality flipping mass matrix (see Appendix A). Accordingly, the 3 x 3 quadratic

mass matrix (M? r) associated with the light states is transformed as follows:

M3, — aMp(spin.) + bsMp(vector), (3.19)
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where Mp(vect.) = —mM M’ (see Eq.(A.6)) and we have assumed for simplicity
that the soft parameters appearing in Eq.(3.17) are all of the same order. Then, the

M}, matrix is written in the fermion mass eigenstate basis as:
M2, — Vi (aMp(spin.) + bsMp(vect.))Vy. (3.20)

It is straightforward to show that the chirality mass insertion parameters are given

by:

Z; ia, ~ .
(5RL>ij = m—?;MgZ g'éij + (ZV;MF(S]?ZTLOT)VL)U, (321)
f

where M;ﬂ"“y T = VEM rV and Z = &%53. The induced FV arises only from the second
¥

term of Eq.(3.21).

3.2.3 Mass Insertion Parameters Induced Below Mgyt

The Dirac neutrino Yukawa couplings (Yy);; induce flavor violating off-diagonal ele-
ments in the left-handed slepton mass matrix through the RG running from Mgyt
to the right-handed neutrino mass scales. The RGEs for MSSM with right-handed
neutrinos are given in Ref.[46]. The right-handed neutrinos Mpg, are determined in
the SO(10) x Ay model. In this case, the induced mass insertion parameters for
left-handed sleptons are given by [50],

3m3 +a* & M.
— ez 2 OW)a(YR)adn— (3.22)
k

k=1

(0pp)iy " =

8m,m?
where the matrix Yy is written in the mass eigenstates of charged leptons and right-

handed neutrinos. The total LL contribution for the charged leptons is given by
(022)i" = Orp) 5™ + (Orp)is- (3.23)
3.3 Results

In this section, we investigate the flavor violating processes by calculating the mass

insertion parameters 01z, Orr, and drr gL, then we compare them with their exper-
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imental bounds. These bounds in the quark and lepton sectors were obtained by
comparing the hadronic and leptonic flavor changing processes to their experimental
values/limits [54, 55]. Eq.(3.12), Eq.(3.14) and Eq.(3.15) are used to calculate d.1, rr
and Eq.(3.21) is used to calculate d.g g1 for both charged leptons and down quarks.

The result of mass insertion calculations and their experimental bounds are presented

_a
Mo

in Table 3.4. In this table, we have defined o = Tﬁ and k = Zmp, ,

The stringent bounds on leptonic d12, 013, and d93 in Table 3.4 come only from
the decay rates [; — [;7. The experimental bounds on the mass insertion parameters
listed in column 3 were obtained by making a scan of my and M/, over the ranges
mo < 380 GeV and M/, < 160 GeV, where my and M/, are the scalar universal
mass and the gaugino mass respectively [55].

Glancing at Table 3.4, we note that the stringent constraint on leptonic flavor
violation arises from 6!, which corresponds to the decay rate of y — ey. On the
other hand, there is a weaker constraint that arises from ¢, on the quark sector. One
can do an arrangement such that @ — by = 200 GeV and ¢ =800 GeV (equivalent
to k = 2.6 x 107%) so that all the chirality flipping mass insertions will be within their
experimental bounds. This arrangement is possible if the trilinear soft terms vanish
at the scale M*.

Since the stringent constraint comes from the y — ey process, let us discuss the
branching ratio of this process in more details. In general, the branching ratio of
l; — ljy is given by

BR(l; — l;v)  487°a

(JAZ [ + |AR?). (3.24)
We have used the general expressions for the amplitudes Ag r given by Ref.[57] where
the contributions from both chargino and the neutralino loops are included. These
expressions are written in terms of mass insertion parameters.

The correct suppression of the decay rate I'(u — ev) requires a high degree of

degeneracy of the soft mass terms of MSSM fields and the exotic fields. For example,
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o =~ 0.01, as can be seen from Table 3.4. In order to obtain high degree of degeneracy,
let us assume that the SSB terms which are generated at the messenger scale M*

satisfy the universality boundary conditions at the scale M* given by

~2 -2 =2 =2 -2 -2
My, = mXi_in_mloH_mlH_ml}_I_mo’
My = My,
& - bl - b2 - O, (325)

where M, is the gaugino mass of SO(10) gauge group. Solving the RGE listed in
Appendix C with the boundary conditions given by Eq.(3.25) determines the value
of o. In Table 3.5 we give the branching ratio of the process u — ey predicted by
the SO(10) x A, model for different choices of the input parameters a, by, be, 1y
and M/, at the GUT scale. The experimental searches have put the upper limit on
the branching ratio of u — ey as Br(u — ey) < 1.2 x 107! [56]. Note that m,, and

M, /; originate respectively from mg and My through RGEs. In this Table we consider

In Mj‘é[;T =1 and In M]Z;T = 4.6 that correspond respectively to M* ~ 3Mqgyr and
M* ~ Mpianck-

Let us analyze the four cases in the Table 3.5. In the cases (I, II and III), the
chosen values of the parameters a are consistent with the top Yukawa coupling of
order 0.5 at the GUT scale and with the fitting for fermion masses and mixing. On
the other hand, the choice of a = 0.68 in Case IV is not consistent with the fit.
Although the medium slepton masses of order 550 GeV are obtained in Case I, the
choice b = by = 1.9 corresponds to non-perturbative Yukawa couplings at the scale
M* (i.e. by = by = 4 at M*). In this case, the solutions of the 1-loop RGEs are
not trusted since the Yukawa couplings b; and by go non-perturbative above the GUT
scale. Also, it is important to point out that the flavor violation constraint on g — ey

in Case III requires heavy slepton masses (> 3 TeV) while it requires slepton masses

of order ~ 900 GeV in Case II. In other words, Case II is preferred in our model
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in the sense that the decay rate of u — ey is close to the experimental limit with a
reasonable supersymmetric mass spectrum, so it might be tested in the ongoing MEG
experiment[58]. Besides, the Yukawa couplings remain perturbative at the messenger
scale M*. Figure 3.1 shows the allowed values of m,, that correspond to the graphs

below the z-axis for the cases I and II.
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Predictions Expt. Pull
me(me) 1.4 1.27597 1.85
my(my) 172.5 171.342.3 0.52
Mg /Mg 19.4 19.5+2.5 0.04
m(2Gev) | 109.6x1073 105732 x 1073 0.184
my(my) 4.31 4.240-47 0.58
Vs 0.223 0.225540.0019 1.3
Vi 38.9x1073 (41.241.1)x1073 2
Vi 4.00x1073 (3.9340.36) x 103 0.7
n 0.319 0.34910012 1.7
me(me) 0.511x1073 0.511x1073 -
mu(m,,) 105.6x1072 105.6x1073 -
me(m,) 1.776 1.776 -
Am2, | 7.69 x 1073%eV? | (7.594+0.2) x 1073%eV? | 0.5
Am2, |2.36 x 107%eV? | (243 4+0.13) x 1073%V* | 0.5
sin 639" 0.555 0.566-+0.018 0.61
sin Oh, 0.811 0.707-+0.108 0.96
sin 0,3 0.141 <0.22

Table 3.3:

fermion masses, except the neutrino masses, are in GeV.
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Mass Insertion (§) | Model Predictions | Exp. Upper Bounds
(84 L 0.062 o+ (8, RAN 6 x 10~
(8RR 6.1 x 107% o 0.09

(0')) R LR (0.084, 0.0096) k 1075
(641t 0.022 o+(d%,) N 0.15
(643) R 0.028 o -

(0%2)rE.LR (0.0335, 0.076) k 0.04
(64 0.27 o+(8t,)BAN 0.12
(65 rR 0.034 o -

(0%) rL. LR (0.055, 0.899) & 0.03
(041 1.9x 1074 o 0.014
(6% rR 0.15 o 0.009

(6%) LR.RL (0.029, 0.035) k 9x10°°
(6%) 1L 0.014 o 0.09
(6%) rR 0.061 o 0.07

(6%) LR.RL (0.173, 0.016) k 1.7 x 1072
(6411 0.054 o 0.16
(6%) rr 0.29 ¢ 0.22

(6%)LR.RL (0.875, 0.064) k (0.006, 0.0045)

Table 3.4: The mass insertion parameters predicted by SO(10) x A4 model and their

experimental upper bounds obtained from [55].
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Table 3.5: Branching ratio of 1 — ey for different choices of input parameters at the

GUT scale. Cases I and II correspond to In

to In

I IT I1I v

a 1.14 1.07 1.14 0.62

by 1.9 1.5 1.24 1.24

by 1.9 1.5 1.24 1.24

My, 042 886 2932 675

M s 350 787 1924 350
BR(u—ey) | 1.4x 1078 | 1.16 x 10711 | 1.2 x 107! | 2.2 x 10712

M
G

Mgur

*

M*
Mgur
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CHAPTER 4

Higgs Boson Mass in Gauge-Mediating Supersymmetry

Breaking with Messenger-Matter Mixing

Supersymmetric (SUSY) grand unification theories (GUTSs) are promising candidates
for physics beyond the standard model (SM). However, supersymmetry is not an exact
symmetry at the low-energy scale and it must be broken somehow to be relevant to
nature. SUSY can not be broken at tree level since the supertrace theorem leads to
non-phenomenological particle spectra. Therefore, it is assumed that SUSY breaking
occurs in the hidden sector which has no renormalizable tree level couplings with
the observable sector. SUSY breaking is transmitted to the visible sector either via
gravitational interactions as inspired by supergravity models (SUGRA)[44], or by SM
gauge interactions as in theories with gauge-mediated SUSY breaking (GMSB)[59, 60,
61]. In the first scenario, the soft terms are generated at the Planck scale. In general,
these soft terms are not flavor-invariant. The gravity-mediated scenario can only give
realistic models if the universality or an approximate alignment between particle and
sparticle masses is imposed in order to suppress the flavor violation processes. On the
other hand, the universality condition is naturally satisfied in the GMSB where the
soft terms are generated at the messenger scale, below the GUT scale, from radiative
corrections.

In GMSB theories, messenger fields communicate the SUSY breaking from the
hidden sector to the visible sector. In addition to the observable sector, at least
one gauge singlet superfield (Z) is needed in order to give mass to the messenger

fields and break SUSY by giving vacuum expectation values (VEVSs) to its scalar-
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component ((Z)) and to its auxiliary F-component ((Fy)) respectively. The SUSY
breaking factor (i.e. (Fyz)) that appears in the mass splitting between the fermionic
and scalar components of the messenger field is communicated to the MSSM particles
through radiative corrections. For example, the gauginos and the scalars of MSSM
get their masses at the messenger scale M, from one-loop and two-loop Feynman

diagrams respectively as fellows:

«
M, = ¢Npess—A, 4.1
Ar g . (4.1)

2 > f o; 2
n° = 2 Nijess A7, 4.2
m sz::l Cr (471')2 ( )

where Npess is called the messenger index. For example, Nyess = 1 (Vpess = 3) for

messenger fields belong to 5 + 5 (10 + 10) of SU(5). Here, A = <<FZZ>> is the effective
SUSY breaking scale, C’f are the quadratic Casimir invariants for the scalar fields,
and «,. are the gauge coupling constants at the scale M,.s. These gauge couplings are
all equal at the GUT scale. In Egs.(4.1) and (4.2), f and ¢ are the 1-loop and 2-loop
functions whose exact expressions can be found e.g. in Ref.[61]. The universal scalar
masses in Eq.(4.2) are obtained when the messenger and matter fields are completely
separated. There are additional contributions to universal masses if messenger-matter
mixing is allowed.

Two interesting features of GMSB are concluded from Eqgs.(4.1) and (4.2). Firstly,
the scalar masses are only functions of gauge quantum number so scalar masses with
the same gauge quantum number are degenerate. As a result, the supersymmetric
flavor problem is solved. Secondly, GMSB is highly predictive since all soft terms at
the messenger scale are determined by only two parameters A and Np.s. In order
to preserve the successful gauge coupling unification of MSSM, the messenger fields
should reside in complete SU(5) multiplets. In this chapter, we consider two cases

when the messenger fields belong to 5 + 5 and 10 + 10 of SU(5). In both cases the

perturbative unification is still maintained, as shown in Fig. 4.1.
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10+

2 4 6 LBOgm(ﬂ/Gelz/) 12 14 16
Figure 4.1: The evolutions of the gauge couplings with Mees = 10% GeV and tan 3 =
10. Solid lines correspond to MSSM. Dashed lines are for MSSM~+10 + 10 and dotted

lines are for MSSM+5 + 5.

The complete separation of messenger sector and visible sector is problematic
in cosmology because this leads to models possessing stable particles [62]. Besides,
messenger-matter couplings are allowed by gauge symmetry and they can only be
forbidden by imposing discrete flavor symmetry. If one allows these couplings, ad-
ditional contributions to the universal scalar mass given by Eq.(4.1) and (4.2) are
obtained [63, 64, 65]. These new contributions reintroduce flavor violation either in
the leptonic or the quark sector depending on the structure of the messenger fields. In
this chapter, we have shown that the induced flavor violation from messenger-matter
mixing that occurs mainly with the third generation is still sufficiently suppressed.
Another advantage of the messenger-matter mixing—the main result of this chapter—
is that it might increase the lightest Higgs mass to value as large as 125 GeV, which
is difficult to realize without such mixing.

In order to reproduce the known qualitative features of quark and lepton masses
and mixings, we consider the Froggatt-Nielsen mechanism [66]. This mechanism

leads to the lopsided structure of down-quark and charged lepton mass matrix. It
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was shown that in this kind of structure the u — ey decay rate is generally large by
adopting gravity mediated SUSY breaking and it is consistent with the experimental
limit of Br(y — e7) only with a heavy SUSY spectrum [67]. On the other hand, the
lopsided structure works well in the GMSB regarding the flavor violation processes
even with light SUSY spectra as we show in this chapter.

This chapter is organized as fellows: In section 4.1 the Higgs mass bounds are
considered in two models. The first is 5+5 model in which the messenger fields belong
to the 5 + 5 representation of SU(5) while the second is 10 + 10 model in which the
messenger fields belong to the 10 4+ 10 representation of SU(5). In both models, the
messenger-matter couplings (i.e. the exotic couplings) are allowed. We investigate
the effect of these couplings on the lightest Higgs mass of MSSM. In section 4.2, we
construct the general structure of the superpotential of both models by employing the
U(1) flavor symmetry of the Froggatt-Nielsen mechanism as discussed in section 4.2.1.
We find that the FCNC processes that are induced by the exotic Yukawa couplings
are in agreement with experimental bounds. The Yukawa RGEs between messenger
and GUT scales for both models are listed in Appendix C. The soft terms which are

induced by the exotic Yukawa couplings are evaluated in Appendix D.

4.1 Higgs Mass Bounds

One of the interesting features of MSSM is setting upper bounds on the lightest Higgs
mass. The tree level bound on the lightest Higgs mass equal to M, has been already
excluded by the LEP2 lower bound m;,, > 114.4 [68]. However, radiative corrections
push this mass above the LEP2 bound. The leading 1- and 2- loop contributions to
the CP-even Higgs boson mass in the MSSM are given by [70, 71]

3 m?
2 2 2 t
my = M;cos”26(1 — 872 02 t)
3 mi1 1 3m?
472 T;bxt T 1672 (575 — 32mas) (Xt + t2)]’ (43)



where v? = v3 + v2,

M2 Y
t s B

Here the scale M, has been defined in terms of the stop mass eigenvalues as

s

A= A — i cot 3, where A; denotes the stop left and stop right soft mixing parameter.

The upper bound on the lightest Higgs mass depends crucially on the soft su-
persymmetry breaking terms. For example, the upper bound of around 125 GeV
corresponds to the maximal mixing condition, flt = +/6M,. Since there are restric-
tions on these soft terms from GMSB, it will be interesting to study the effect of these
restrictions on the lightest CP-even Higgs mass. In the following subsections we will
investigate the effect of allowing messenger-matter couplings on the soft terms of
MSSM and consequently on the lightest CP-even Higgs mass. In the ordinary GMSB
(i.e. without messenger-matter mixing), both A-terms and the soft breaking param-
eter B vanish at the messenger scale. However, B can be induced in the process

of running. By using the following equations that result from minimizing the Higgs

potential,
M; o, mj;, tan® 3 — my;, (4.6)
2 — H tan? 3 — 1 ’ ‘
2B
sin2f3 = a ) (4.7)

202 +myy, +miy,
one can solve for the parameters tan # and p. Then tan § turns out to be large (around
35-45) when the messenger scale is close to the effective SUSY breaking scale A. On
the other hand, by allowing messenger-matter couplings B is induced significantly at
low energy scale. This can be understood from the following RGE for the parameter
B:

dB 1 3
E = %(30415At + 3OZ2M2 + galMl), (48)
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Xy | mp(GeV) | A(10°GeV) | M(103GeV) | my, (GeV) | my, (GeV)
0 117 2 1.78 1634 2012

0.8 118 2 10 1590 1857
1.2 119 2 10 1065 2788

Table 4.1: We show the values of the minimal GMSB input parameters, A, A, and
M ess that lead to the highest my, values at tan g = 10.

where oy = i—; and \; is the top Yukawa coupling. Since A; does not vanish in the
presence of messenger-matter mixing as shown in Eqgs.(4.13) and (4.21), the first term
of Eq.(4.8) that pushes B to large values becomes more significant than in the case
when A; is zero. This leads to small tan 8. For example in the 10 4+ 10 model, the
range 1.64 < tan 3 < 7 corresponds to 10° GeV <M e <10 GeV.

In the subsequent analysis, we will give the scalar mass spectrum that leads to the
highest my, for two cases. The first case is to assume a non-vanishing B is somehow
generated at the messenger scale such that tan 5 = 10 is obtained by using Eqgs.(4.6)
and( 4.7). The potential solution to the u problem based on flavor symmetries was
suggested by Ref. [72]. The authors of Ref. [72] gave an example of Bu ~ pu?
that leads to unconstrained values on tan 3 by introducing three singlets that are
charged under U (1) flavor symmetry. The second case is having a vanishing B at the
messenger scale as predicted by both 5 + 5 and 10 + 10 models. In this case tan 3 is

determined by Egs.(4.6) and (4.7) where B at low energy scales is obtained by solving

the RGE with the boundary condition of vanishing B at the messenger scale.

4.1.1 Higgs Mass Bounds in the 5+ 5 Model

The messenger fields belonging to 5 + 5 of SU(5) decompose to down-quark singlets

d¢, and d¢,,, and to lepton doublets L,, and L,,. The additional contributions to the
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Figure 4.2: The left graph is m2. versus A, at the scale M for two different
messenger scales. The right graph is m% versus \j at the low energy scale for two

different messenger scales.

MSSM superpotential due to messenger-matter couplings is
Wiz = fadonds,Z + NQsds Hy+ feLyLinZ + N.cLye§H,. (4.9)

We assume the messenger fields couple only with the third generation of MSSM. We
will show later that the superpotential Wy, 5 can be obtained by imposing the U(1)
flavor symmetry of the Froggatt-Nielsen mechanism. Also, we have assumed that the
exotic Yukawa couplings Aj and \.. (f; and f.) are obtained from one unified coupling
Xo(fo) at the GUT scale by solving the RGEs listed in the Appendix C.1 between the
messenger scale and the GUT scale.

In the universal case (i.e. without including messenger-matter couplings), the
scalar masses are obtained by employing Eqs.(4.1) and (4.2), while the trilinear soft
terms (A-terms) vanish at the scale My,s. There are new contributions to the univer-
sal scalar masses and A-terms in the presence of messenger matter couplings. It was
shown [63] that the messenger-matter couplings induce negative one-loop contribu-
tions to the supersymmetry-breaking masses. However, these one-loop contributions
can be safely ignored in the limit of F/M?2_ . < g3/4m, as we will assume in this chap-

ter. On the other hand, these couplings induce dominant two-loop contributions to
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the quadratic soft terms and one-loop contributions to the A-terms. The expressions
for supersymmetry-breaking terms induced by messenger-matter mixing were derived
in [64, 65]. The Yukawa couplings A, and \.. cause splitting on the masses of squark
doublet (Q3) and the right handed selectron singlet (e5) respectively. In order to find
this splitting, we will employ the general expression in Ref.[65]. In addition to the
universal masses, the mass shifts 67g),, 677135 and dm?, due to the messenger-matter

couplings at the messenger scale are given as follows (see Appendix D.1):

. ay A? 1 8 3 7
5mé3 = # <30{g + 50[2_‘: - 5(1/3 — 5062 - 3OO[1> s (410)
. 20/ . \? 3 3 9
5mi§ = 8;2 (20/76 + 504) — 52— 10(11) , (4.11)
ol 3A%0) 00
~ 92 _ (& ~ 92 b t

and the A-terms generated by messenger-matter couplings at the messenger scale are

1 /
51475 = —E(IbA, (413)
4ot + o’
04, = —|—L——"""|A 4.14
o= (M) (4.14)
3ot + 3a’.
A, = — =T A 4.1
(2 (1.15)

/2

A A2 . - . .
where o, = 3=, and o). = 7==. Since A, and \]. originate from one unified coupling

Ay as shown in the left graph of Fig.4.3, the scalar mass spectra depend on A, the
messenger scale M., and the effective SUSY breaking scale A. In order to prevent
negative squared mass generated at the scale Myess, sSome ranges of )\ are excluded.
These ranges depend on the value of M .. The lower value of M, is taken to be

around 107 GeV to ensure F'/M?2... < g3/4m, so the one-loop contribution to the scalar

ess
masses from messenger-matter mixing is ignored. The upper bound My < 10
GeV arises from demanding that the gravity mediated contributions, proportional to
(Fz)/Mp, amount at most to 0.1 percent of the gauge mediated contributions. The

left graph of Fig.4.2 shows the interval 0.1 < A\ < 0.5 that leads to negative ﬁﬁR at

the scale M, is roughly applicable to all values of M egs-
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Below the scale M,e, the theory is just the MSSM. Therefore, we have solved
the one-loop RGEs of MSSM at the supersymetry breaking scale with the boundary
conditions at the scale M e given by Eqgs.(4.1) and (4.2) and Eqgs.(4.10)-(4.15). The

soft breaking mass squared m3; is driven to negative values at low energy scale leading

2

to the electroweak symmetry breaking. In order to avoid driving mj,

to negative
values at low energy scale, otherwise the color charge will be broken, a region of A is
forbidden. For example, the region of A > 1.3 for My = 10' GeV is forbidden as
shown in the right graph of Fig.4.2. In that forbidden case Tth is driven to negative
values because of the term that contains the top Yukawa couplings in the RGE of
right-handed stop mass. This term increases with larger exotic Yukawa coupling.
All the soft terms at the messenger scale are fully determined by three parameters:
Ay, A and Mpess. Consequently, the lightest Higgs mass is also determined by these
three parameters. As we discussed previously, the maximal mixing condition —
A, = V6M,— gives the upper bound on the lightest Higgs mass of MSSM. It is
not possible to realize this maximal condition in GMSB without messenger-matter
mixing because A; vanishes at the scale M, and the induced value at low energy
scale through RGEs is not sufficient. On the other hand, allowing messenger matter
couplings generates A; as shown in Eq.(4.13). This leads to an enhancement of the
Higgs mass. By allowing these parameters to be in the respective ranges 4 x 10* GeV

< A < 2x10° GeV, 107 GeV < Myess < 101 GeV and 0 < \) < 2, we report the

numerical values of these parameters that give rise to the highest m;, value in Table

2

-, and

4.1. In this Table, we exclude values of \{ that give negative values for m
mfR. The lightest Higgs mass around 117 GeV is obtained in the 5+ 5 model without
messenger-matter mixing and a small enhancement of the Higgs mass is obtained
in the presence of messenger-matter mixing as shown in Table 4.1. However, large

enhancement of the lightest Higgs mass is obtained when the messenger fields belong

to 10+10 in the presence of messenger-matter mixing as shown in the next subsection.
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Figure 4.3: The left (right) graph shows the running of two exotic Yukawa couplings
from the GUT scale Mgur = 2 x 10*® GeV to the messenger scale My = 108
GeV for the 5+ 5 (10 4 10) model where the unified Yukawa coupling is taken to be
Ay = 1.6.

4.1.2 Higgs Mass Bounds in the 10 + 10 Model

In this subsection we have messenger fields belonging to 10 + 10 of SU(5). This

decomposes in terms of MSSM multiplets as:

10+ 10 = (Q + Q) + (u” + uf) + (e + €°). (4.16)

We have assumed the messenger fields only couple with the third generation of MSSM

fields. In this case the MSSM superpotential has the additional contribution

+  fecm€ Z + fuctlCnul, Z + f0QQmZ. (4.17)

Although the coupling @),,,d°H, is allowed by gauge symmetry, we have not included it
in the above superpotential because it is suppressed by the small expansion parameter
e as we will see later. We have assumed that the Yukawa couplings Aj. and A; are
equal to one unified coupling A\ at the GUT scale as shown in the right graph of

Fig.4.3. The three Yukawa couplings fe, fo and f, are equal to f, at the GUT scale
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as well. In other words, the six Yukawa couplings appearing in the superpotential
Wio410 are reduced to three (A, fo and X ;) at the GUT scale. These six Yukawa
couplings are obtained from the unified ones by solving the RGEs given in Appendix
C.2.

The exotic Yukawa couplings Ai., \; and A/, generate 2-loop (1-loop) scalar masses
(A-terms) at the scale M5 as shown in Appendix D.2. So, the universal scalar
masses given by Egs.(4.1) and (4.2), substituting Nyess = 3, have additional contri-

butions at the scale Mg given by

~ A? 3 S 8 3 13
(5sz3 - @ (Oél/gc(3af¢lc + 50&2 + 50[;1 - §Oé3 - 50&2 — %Oél>
d 3
- Oét(iai + 20%)) : (4.18)
. 202 3 8 3 13
5mi§ = @ (&;(30[2 + 50&20 + 206;n - 5063 — 50&2 — %Oél>
3
— (20 + 204”)) : (4.19)
~ 3A? 3 ) 8 3 13
(57773'-[“ = @ (Oé;c(3062c + 50[2 + §C¥;n — 5043 — 50&2 — %&1>
3 3 13
+ (3] + iagc + 20l — 308 50— %al)
) 8 3 13
+ al,(3al, + 20 + 5046 — 303 T 50— 30041)) : (4.20)
5 / 4 /C 3 /
5A, = — ( &t Z‘; + O‘m) A, (4.21)
/
5A, = —Z‘; A, (4.22)
where aj. = Z’f, ay = Z—t:, and o, = j\l—f. The interesting feature of the 10+ 10 model

is that A; is generated sufficiently at the scale M. Consequently, we are able to
obtain the maximal mixing condition (i.e. % — /6) that leads to the upper Higgs
mass limit of the MSSM.

In order to find the Higgs mass and the other scalar mass spectra, we solved the
MSSM RGEs numerically from the messenger scale to the low scale. The scalar mass

spectra depend on the four parameters A, Mpess, Ay and A, ;. We report the values

of three of these parameters A, M,ess, and Aj for A ;= 0 and X, = 1.6 that lead to
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Figure 4.4: The left graph is a plot of my, versus A for A\j; = 0 and A\, = 1.2. The

right graph is my, versus \) for different messenger scales at A = 105 GeV.

the highest my, in Table 4.3 and Table 4.4 respectively. In the case of A}, = 1.6, the
Higgs mass can be up to 125 GeV for A\ = 0.4 . Let us take A/, = 0 for simplicity. In
the case of messenger fields belonging to 10 + 10 without messenger-matter mixing,
the Higgs mass limit 119 GeV corresponds to around 3.5 TeV for the lightest stop
mass. However, in the presence of messenger-matter mixing, we can obtain a Higgs
mass limit up to 125 GeV corresponding to around 1 TeV for the lightest stop mass
as can be seen from Table 4.3.

The left graph of Fig.4.4 shows the lightest Higgs mass with messenger-matter
mixing is enhanced about 10 GeV compared to the case without messenger-matter
mixing for low values of A (i.e. around A = 4 x 10* GeV) and it is enhanced around
6 GeV for larger A. The low values of A correspond to 500 — 600 GeV of the lightest
stop mass which might be accessible to LHC. The right graph of Fig.4.4 shows a
constraint on the values of the exotic Yukawa coupling A, when the messenger scale
is above ~10'® GeV. This constraint arises from the stop mass turning negative at
low energy scale.

The range of messenger scale My < 3 x 108 GeV is preferred by cosmology

because this corresponds to gravitino mass less than ~ 1 keV [69]. Therefore, we
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Name 10+10 | 10410 | 5+5
Inputs M iness 108 4 x 10° 108
Nmess 3 3 1
A(10°GeV) 0.3 0.3 0.95
tan 8 10 5.6 11.6
A, 1.2 1.2 1.2
Higgs: mp, 121 117.7 114.6
mY, 675 675 1107
ma 675 674 1107
M+ 679 678 1110
Gluino: My 852 852 899
Neutralinos: My, 121 127 128
My 234 245 248
My 667 658 706
My, 675 668 713
Charginos: X7 236 233 250
X3 676 667 738
Squarks: My cr, 810 87 1120
Mug,cr 786 765 1071
My sy, 810 787 1121
Mdp.sn 782 763 1064
My, 692 682 997
Mpp 780 763 1045
My, 692 682 997
My 518 531 890
Sleptons: Mey ur, 224 201 371
Ty v, 224 201 371
Mep.up 168 150 182
My, 224 201 352
Mory 167 150 1014

Table 4.2: The spectra corresponding to 10 + 10 model and 5 + 5 model. All the

masses are in GeV.
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Ny | mp(GeV) | A(10°GeV) | Miyess(103GeV) | 1y, (GeV) | 1y, (GeV) | Ay/M,
0 119 1.6 3.16 x 10° 3590 4145 -0.86
0.4 120 1.36 1 2756 3289 -1.1
0.8 123 0.912 10° 1553 2143 -1.55
1.2 125 0.784 17782 1088 1751 -1.95
1.6 125 0.784 1778 1066 1743 -2
2 125 0.784 177 1138 1762 -1.93

Table 4.3: We show the values of the GMSB input parameters, A, A\ and My,ess that

lead to the highest my, values. These values correspond to A/, = 0 and tan 3 = 10.

find that the lightest Higgs mass up to 123.5 GeV can be obtained at M. = 108
GeV. We give the spectra for both the 10 + 10 and 5+ 5 models in Table 4.2. In this
Table, the given values of tan 3 = 5.6 and tan 8 = 11.6 for the 10 + 10 model and the
5 + 5 model respectively are obtained from Eqs.(4.6) and (4.7) where B vanishes at
the scale M., while the given value tan 8 = 10 for the 10+ 10 model is an arbitrary

choice.

4.2 Flavor Violation

GMSB has the interesting feature that FCNC processes are naturally suppressed in
agreement with experimental bounds. This suppression is due to the degeneracy of
scalar masses at the messenger scale. This degeneracy is broken when the messenger-
matter coupling is allowed. As we have seen previously, the third generation of the
scalar masses splits from the other two. Consequently, the flavor violating off-diagonal
elements of quadratic scalar matrix are introduced in the fermion mass eigenstate
basis.

In this section we will investigate the flavor violation processes of the charged
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Ao | ma(GeV) | A(10°GeV) | Mpess (101 GeV) | 1y, (GeV) | 1y, (GeV) | Ay/M,
0 123 0.97 178 1344 2163 -1.8
0.4 125 0.91 316 1046 1969 2.1
0.8 125 0.848 56 960 1831 2.3
1.2 125 0.848 10 997 1834 2.3
1.6 125 0.784 1.78 1005 1716 2.3
2 125 0.784 1 1007 1717 2.3

Table 4.4: We show the values of the GMSB input parameters, A, \j and My,ess that

lead to the highest m;, values. These values correspond to X/, = 1.6 and tan 3 = 10.

leptons and down quarks for both 5+5 and 10+ 10 models through the mass insertion

parameters given by

dl dl -~ d,l ~

(5LL,RR>z‘j = (UE,R» m%L,RRUL,R)ij/m?i,la (4.23)
dl d,l ~ dl ~

(5LR,RL>z‘j = (U;%,Lm%R,RLUL,R)ij/m?l,l’ (4.24)

where mg,l is the average of the diagonal entries of the quadratic scalar mass matrix for
the down quarks and charged leptons, Uz‘fl’é are the bi-unitary transformations needed
to diagonalize the down quark and charged lepton mass matrix and the matrix m?2 R.RL

is related to trilinear soft terms (A-terms).

4.2.1 Flavour Violation in 5+ 5 Model

Let us first show how to obtain the superpotential W5,z in Eq.(4.9) by imposing U(1)
flavor symmetry. The hierarchy in the masses and mixings of the quarks and leptons
can be understood by employing the Froggatt-Nielsen mechanism. In this approach,
U(1) flavor symmetry is assumed. This flavor symmetry is broken at high scale, M*,
by giving a VEV to a scalar field “S”, usually SM singlet. The fermion mass matrix in

the effective theory below M* appears as a power expansion in the parameter € = ]<j> :
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SU(5) | 104 | 105 | 105 | 51 | 52,55 | 5054 | S | B | B | Z

Ul | 4 | 2 O [ptl| p 0 |-1|—a] 0 |«
Table 4.5: The U(1) charge assignments to the messenger, MSSM, Z and S fields.

The superfields of MSSM can be accommodated into three copies of 5 + 10 of
SU(5). The two Higgs doublets H, and Hy, reside respectively in 5, and 54 of SU(5).
The U(1) charge assignments for all superfields are shown in Table 4.5. The new

superpotential invariant under the U(1) flavor symmetry at the messenger scale is

Wiz = (kndl, + kid{e" ™ + kodse? + kydye?)d 2
+ (kK Ly + K L€' 4+ Ky Loe? + ki L3e?) L, Z
+ (MQie" + XaQ26 + A3Q5)ds, Hy
+ L (NeS§e* + Noese® 4+ Nye§) Hy. (4.25)

Without loss of generality, one can redefine the combinations of fields in the paren-

thesis as:

Fad = kS, + kydSe™P + kodSe? + kadse?, (4.26)
FLS = K L+ K Lie"P 4 K Loe? + k. Lye?, (4.27)
M@ = MQie' + XaQae” + \3Qs, (4.28)
MNeef = NeSet + NyeSe? + Nyes. (4.29)

Dropping the prime notation on the superfields we obtain W;,s in Eq.(4.9). The

Yukawa coupling interactions of the superpotential W;_ 5 are
Ey = fdQ QmZ —+ )\ dic Hd -+ feL L Z + )\ Lm€3Hd (430)
In order to decouple the fermionic part of the messenger superfield, we redefine the

fermionic fields in Eq.(4.30) as fid'¢,, = fadm(Z) + Nydsvg and fle',, = fen(Z) +
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N ce§vq, where vg = (Hy). Accordingly, the fermionic mass matrix can be written as:

Y3vge®™ Ydvge3tP Yidvgel® m
Y vgett Y Vg€t Y2 €P Mo
M, = 21 - 23 , (4.31)
Ydvget™ Yivge?P YivgeP 3
0 0 0 fil2)
Ylel Ud€5+p Y162 Ud€4+p Y1€3Ud€4+p 0
Y5 Ud63+p Y Ud€2+p Y Ud€2+p 0
M, = 21 22 23 . (4.32)
Yivae'™  YHvee?  Yvgel 0
T 12 n3 filZ)

The off-diagonal block elements n are negligible because they are of order ~ 5’7‘3
The Yukawa couplings Y in the above matrices are taken to be of order one. The
convention being used here is the above matrices are multiplied from right by left-
handed fermions and from left by right-handed fermions. The above charged lepton
and down quark mass matrices have lopsided structure that lead to an order one
atmospheric angle and to small quark mixing, V., simultaneously. The upper 3 x 3

block of the light fermion mass matrices for both down-quarks and charged leptons

can be diagonalized by bi-unitary transformations:

1 € €

Up = U~ e w ow |y (4.33)
€ W w
1 & ¢

Up = Ui~ & 1 —¢ |, (4.34)
et e 1

where U} 5 and Uf ; are used to diagonalize the charged lepton and down quark mass
matrices respectively and w is an order one parameter.
Since the messenger superfields couple with left-handed down quark and right-

handed charged lepton superfields, the flavor violating off-diagonal elements are only
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SU(5) | 10y | 105 | 105 | By | 52,55 | 5u.Ba | S | 10, | 10,0 | Z

ul) | 4 (2|0 |14p| p 0 |[-1] 0 | -a |«

Table 4.6: The U(1) charge assignments to the 10 + 10 messenger, MSSM, Z and S

superfields.

induced in the quadratic scalar mass matrices for the left-handed down quarks and
right-handed charged leptons. These matrices are given in Appendix D.1. By using
Eqgs.(4.23) and (4.24), where the unitary transformations are given in Eqgs.(4.33) and
(4.34), we present the mass insertion parameters as power expansions in € in Table 4.7.
The experimental bounds of the mass insertion parameters o1, drg and dg gy that
are presented in the table were obtained by comparing the hadronic and leptonic flavor
changing processes to their experimental values [73, 57]. We used the branching-ratio
expressions of the decay rates [; — [;y given in [57] in order to find the experimental
upper bounds on the leptonic mass insertion parameters that is consistent with the

mp - Ad

spectra presented in Table 4.2. The numerical values of k%! = are given in

5 2
md,‘r

Table 4.7. These numerical values are based on the spectra given in Table 4.2. We
can see from Table 4.7 that the 5 + 5 model is safe from flavor violation problems as

long as p > 2.

4.2.2 Flavour Violation in 10 + 10 Model

The new superpotential when the messenger fields belong to 10410 of SU(5) is given
by

Wiosis = QmAnul, + NouSet + Mause? + Nu§) Hy, + uly (N Qe
+ ch@2€2 + A\e@3)Hy, + Qm()\cndeHp + Agpd5€?
+ )\d3d§6p>Hd + 6%()\61L1€1+p + )\QQLQEP + /\63L3€p)Hd

+ Q,(komQum + ko, Q1e* + kg,Qa€® + ko, Q3) Z + U (kumus, + Ky, ufe
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+ ko uSe? + kyyus) Z + €€ (kemel, + ke, €5e* + keye5e® + keyes) 2. (4.35)

The U(1) charge assignments for the messenger, MSSM, S, and Z are given in Ta-
ble 4.6. One can redefine the linear combination of the fields inside the last five
parentheses of Eq.(4.35). This redefinition simplifies the superpotential W,y 15 as

follows:

Wigis = (Npe€'Q1 4 M€ Qs + NeQ3)ul, Hy + Quu (N €' uf + Noe*us
+ Nu§) Hy + N, Quuti, Hy + Ny QndSHy + No€P Lael, Hy

+  fec€m€oZ + fuetulnul,Z + f0Q,QmZ. (4.36)

In the scalar mass analysis, the Yukawa couplings suppressed by the expansion pa-
rameter € are ignored in the superpotential Wy, 15 given by Eq.(4.17). However, we
keep them in the flavor violation analysis. In the 10 + 10 model, the flavor violat-
ing off-diagonal elements are induced in the scalar matrices of the left-handed down
quarks, right-hand down quarks, and left-handed charged leptons. These matrices
are evaluated in Appendix D.2. Using Eqs.(4.23) and (4.24) and the unitary transfor-
mation given in Eqs.(4.33) and (4.34), the mass insertion parameters for the 10 4 10
model are listed in Table 4.7. The stringent constraint comes from the y — ey decay
as shown in Table 4.7. The inequality p > 1 should be satisfied in order to suppress
the 1 — e~y decay process. This justifies why we have ignored such couplings Q),,d°Hy

and el LH,; in the scalar mass spectrum analysis.
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Mass Insertion (§) 5+5 10+ 10 Exp. Bounds
(0i2)r - S 0.00028
(012) rR €6 - 0.0004
(0%9)RL.LR KL(ePHe, P3| gl €SP+l 1.3 x 106
(0l3)LL - el 0.026
(013)rR el - 0.04
(8%3)RL.LR (Pt Pty | gl et 0.002
(659 - tr 0.02
(053)rR €2 - 0.03
(85) R, LR KL (ePH2) €P) Ko €P 0.0015
<\/Re(5§2)§L, \/Im(ag‘Q)iL) ¢ €6 (0.065, 0.0052)
(VReGh)e) /@R | - e | (0.065, 00052)
(VR ImGPun) | e | a5 | @007, 52 x 107
(\/Re(é‘liQ)iR, \/ (Im(agiZ)?)LR) kiedtr Koel 3P | (0.007, 5.2 x 107°)
\/ Re(6%5)1r(015)rR - e3:5+2p 0.00453
V/Im(8%)LL (6%, re - €35+ 2p 0.00057
(Redds, Tmégs)p 1, et et (0.238, 0.51)
(Redfs, Imdfs)rr - ety (0.238, 0.51)
(Redsy, TmdSs ) LR RL k(WP HP) | g el TP (0.0557, 0.125)
(5513)LL €2 €2 1.19
(0%3) R - el 1.19
(0%3) LR, RL RE(PH2, ) | kg€, 1) 0.04

Table 4.7: The calculated mass insertion parameters for the 5+ 5 and 10+ 10 models

and their experimental upper bounds. The numerical values of ’s are ¢ = 0.0066,

KL = 0.032, k%, = 0.0028 and k%, = 0.0025.
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CHAPTER 5

CONCLUSION

In spite of the impressive success of the standard model in producing most of the
observed low energy data, it leaves many unanswered fundamental questions. There-
fore, we need to go beyond the standard model. Grand unification theory is a more
symmetrical theory than the standard model, it combines the standard model inter-
actions (electroweak and strong interactions) into one simple gauge group that has
one gauge coupling constant. In addition, since one family of fermions is now grouped
into a larger representation of the GUT symmetry, fewer Yukawa couplings are ob-
tained in the GUT model. The minimal-SO(10) gauge group has several advantages
over the minimal-SU(5) such as: (1) One family of the standard model fermions plus
the right-handed neutrino are unified into one 16-dimensional irreducible represen-
tation of the SO(10). This is in contrast to two irreducible representations of the
SU(5) (5, 10) are required to unify one family of fermions (except the right-handed
neutrino). (2) Since the right-handed neutrino is automatically accommodated in the
16-dimentional irreducible representation of SO(10), which is not the case in SU(5),
the seesaw mechanism is implemented naturally in the SO(10). (3) Minimal SO(10)
model has less free parameters than the SU(5) model.

The three gauge couplings do not unify at high energy scale in the SM. However,
if the supersymmetric extension of the standard model (MSSM) is used instead of
the standard model, not only the unification of the three gauge coupling constants
is obtained, but also the gauge hierarchy problem is solved. The price we pay by

supersymmetrizing the theory is increasing the number of free parameters and get-
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ting new sources of flavor violation. These SUSY-shortcomings might be solved if we
know the origin of supersymmetry breaking. There are two main proposed scenarios
for supersymmetry breaking. Gravity-mediated and gauge-mediated supersymmetry
breaking. The gravity mediated supersymmetry breaking scenario gives only realistic
models if the scalar mass universality condition is assumed at M*. Consequently, the
FCNC problem is solved. This universality boundary condition can be arranged by
employing flavor symmetry such as the non-abelian discrete A, symmetry. On the
other hand, the universality condition is naturally satisfied in the gauge-mediated
supersymmetry breaking scenario. Besides, models with gauge-mediated supersym-
metry breaking are highly predictive. In this study, both scenarios are considered in
the unification framework.

The SO(10) x A4 model is the first SUSY grand unification model based on the
gauge symmetry SO(10) with the discrete family symmetry A, leading to the doubly
lopsided structure for lepton and down quark mass matrices. This structure success-
fully accommodates the largeness of the neutrino mixing angles and the smallness of
the CKM mixing angles. A few works on SO(10) x A, have recently been published,
but what makes this work unique is the assumption of using the minimal set of Higgs
fields that break SO(10) to the SM group. This assumption acts as an important guide
for searching for good models. The possibilities of renormalizable Yukawa interactions
for quarks and leptons are very limited because the minimum Higgs breaking scheme
is imposed and the superpotential must respect the assigned symmetry of the model.

Based on that, a general mass structure for the heavy SM fermion generations has

been obtained which explains the following features: (1) m) ~ m?2, (2) :1% =3, (3)

m0

—5 << Z% It is important to mention that another work [32] obtained the same mass
t b

structure for heavy fermions. In that work, the authors did not employ the flavor
symmetry but showed that the hierarchy between the second and third generations

can be understood by choosing a specific direction of (455). Also, they employed
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another adjoint Higgs field (45y) to include the first family in their model. On the
other hand, in the SO(10) x A4 model, the above features of heavy fermions have
been obtained by picking a specific direction of (45g), but the hierarchy between
the three generations can be understood in the framework of A4-symmetry. Without
adding another adjoint to the model, the first family is successfully included in the
model and excellent predictions are obtained. For fitting purposes, some approximate
analytical expressions given in Eq.(2.26) are derived for mass ratios and mixing angles
of the quarks and the leptons by combining the Yukawa couplings represented by the
three Feynman diagrams in Figs. (2.1)-(2.3). However, exact numerical fitting at the
low scale was done. Without including the neutrino sector, the model predictions at
the low scale for the masses and the mixing angles (except the atmospheric angle)
of the quarks and the charged leptons, as well as the CP violation parameter, are in
excellent agreement with data (i.e. within 20). The atmospheric angle needs to be
corrected by considering the neutrino sector. The symmetry of the model succeeds
in producing the appropriate right-handed neutrino structure that gives not only the
correct contribution to the atmospheric angle, but also the correct neutrino mass
differences. The neutrino contribution to the solar angle is negligible.

I also investigated flavor violating processes that arises below and above the GUT
scale in the SO(10) x A4 model in chapter 3. Above the GUT scale, I study how flavor
violation gets linked with the fitting of fermion masses and mixing through the factors
Ty, T, and T3. The requirement of top Yukawa coupling being ~ 0.5 necessitates
some of these factors to be large. Consequently, this corresponds to an order one
mixing of the light fields with the exotic heavy fields. In this case, flavor violation is
reintroduced at the GUT scale when A4 symmetry is broken. The stringent constraint
on the y — ey decay rate requires a high degree of degeneracy of the soft quadratic
masses of the exotic heavy fields and the light fields. Therefore, all the quadratic soft

masses are assumed to be universal at the scale M* ~ 3Mqgyr. Flavor violation is also
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induced below the GUT scale in the presence of right handed neutrinos through the
RG running from Mgyr to the right handed neutrino mass scales. This F'V source is
predicted by the SO(10) x A4 model because the Dirac neutrino Yukawa couplings
are determined from the fermion masses and mixing fitting. Combining all sources
of FV, we found that the choice of the slepton masses of order 1 TeV is associated
with a u — ey decay rate close to the current experimental bound. This choice is
consistent with the correct fitting for the fermion masses and mixing as well as with
the Yukawa couplings being perturbative at M*.

In the last part of this thesis, I present the work done in collaboration with my
advisor Prof. K. S. Babu. In this work we have constructed the superpotential for
the 5+ 5 and 10 4+ 10 models by employing U(1) flavor symmetry of the Froggatt-
Nielsen mechanism. The assigned symmetry for both models allows messenger-matter
couplings. These couplings enhance the lightest Higgs mass of the MSSM. We have
shown by allowing the messenger-matter mixing in the 10+ 10 model that the lightest
Higgs mass can be increased up to 125 GeV with the lightest stop mass around 1 TeV.
The value of 125 GeV is the upper limit allowed by the leading 1 and 2-loop order
corrections to the lightest CP even Higgs boson of the MSSM when M = 175
GeV. We also found, consistent with cosmology preference, that the lightest Higgs
mass can go up to 121 GeV with the scalar mass spectra below 1 TeV. Introducing
messenger-matter couplings in the 10 + 10 model has also the advantage of obtaining
all the scalar mass spectrum below 1 TeV with m;, ~ 118 even at the messenger scale
close to the effective SUSY breaking scale A. This advantage is not available in the
ordinary GMSB when the messenger scale close to A. These results are consistent
with the gauge coupling being perturbative and unified at the the GUT scale and
with the exotic Yukawa couplings being unified at the GUT scale as well as with the

FCNC processes being suppressed in agreement with experimental bounds.
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APPENDIX A
Diagonalization of Fermion Mass Matrix

A.1 Derivation of the Light Fermion Mass Matrix

In order to block-diagonalize the mass matrix of W, of Eq(3.1), we define the new
orthogonal basis as Y = UX, where Y(X) is the column matrix that contains the
new(old) eigenstates and U is the 5 x 5 orthogonal matrix (i.e UTU = UUT = I).

These matrices are given by:

L2 —N1 0 0 N139T2 0 ¢2
fNicoseTZ f Jies fNicoT: fQFTLT:
Ly 17’2 = T Nirr N17"1F ;29 * - f\fﬂ; : 1’/]3
Hy 0 0 GrQrTs 0 GF x| (A)
H2 NQSGTQ NQCGTQ 0 N2 0 X2
H [NacoseT3Ty  _ _fNoTy  _ fGp  [NaceToTi  fQrGrTs
3 Grprp N12GF7‘F Norp Grrp Norp X3

where Ny = 1/4/1 4+ T3s3, Ny =1/\/1+ T3, Gp =1/\/1 + T3Q%, f = (1+T3+T7(1+

s2T2))7Y2 Jand rp = \/(1 + QFT3T?(1 + s3T3) f?). The parameters appearing in the

above matrix are assumed to be real. Define ¢;, E;, E%, g;, ., g/, and g to be the

/
7

charge (—1) leptons in the ¥;, x4, X;, s, !, and ¢!, respectively; and define ef, Ef,
E;, g5, g, g7, and ¢! to be the charge (+1) antileptons in the same representations.
By writing the old eigenstates appearing in the superpotential (Wspin + Weet) of

Egs.(3.1) and (3.2) in terms of the new ones, and restricting attention to the electron-
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type leptons, one gets a 21 x 21 mass matrix:

€;
E,
FEe,
s mog M
Winass = ( ¢ Eq Ea g7 97 9° 97 ) 9i
M M
/
9;
1!
g;
"
i
where,
0 0 0
my = 0 0 _ afvgQesoT1ToT3
Te
0 — afvaQecseTiToTs _ af*04(Qet+Qec)cgTiToTs
Tec TeTec

The matrices M’, m and M can be written in the compact form as

[
0
m

mT _ 11 7
0
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where

!/
11

afN1vgGeccgTo
CLvadGec 59T2 BT
0 _afNovgQeT1 T3
Nire
afN1vgGecQecsgTT3 af2vdc‘9 (N%Gic Qee 7N22Q5T12)T2T3
NQT’EC N1 NQGECT’eTEC
0 0
0 0
0 0
0 0
b3fN1v13909T22
bs N1y -
_bsfun
O Ni7re
afNivgcgGeTln
alN1vyGes9Ts alSLedeTes
O _ afNQ’UdQeCTITg
Nirec
afN1vdGeQe89T2T3 anUdco (leGgQﬁfN;QCCTIQ)TQTS
Nore N1NoGererec
0 0
0 0
0 0
0 0
bsf NivscgseTs
by Nyvs P
_ bsfus
0 Nl’l"ec
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! aNzvaGee alfevaZee i My Gloe Qo T
alNavaGe 0 efraCeQs My NocoTr Ty
NG TiTy  afuGeQ@ueTy  08°0a(G2QAGR Qe )eu T, My (NPG2 A N3T?)

e mee GoGeereree NZN2Goeree

MG .Q.T;s My NocyT Ty _W 0

0 % 0 0

e 0 0 0

0 0 0 0

0 b3 Nav1 59T lm"f\’zig% 0

0 bs NovycoTh — %723?1 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
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0

Mo

No

o O o o o o o o o o o o o o o

M;
G.c

o o o o o o o o o o o

o

o o O

o o o o o o

o o O

0 0
bsNovssgTs b3 NovscoTs
bsfNavssgcoT1Ty by fNavsTh
Goorec NZGocree

0 0

0 0

0 0

0 0

0 0

0 0

0 0

Mg 0

0 Mo

0 0

0 0

0 0

0 0

0 0

0 0
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0 0
0 0
0 0
0 0
0 0
0 0
Mo 0
0 Mg
0 0
0 hes
hes 0
hea hey
0 Aovs
A1y 0
Azye Aim
E2QQ. 0
0 k2QQ.
0 0




and

0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
My 0 0 0 0 0 0
M13 =

hea 0 Arys Asye —kaQQe 0 0
hey Asys 0 Ay 0 —koQ2Q. O

0 Arye Aayi0 0 0 —kaQ2Q,
Aqys 0 0 0 m 0 0
Aoy 0 0 0 0 m 0
0 0 0 0 0 0 m
0 m 0 0 0 0 0
0 0 m 0 0 0 0
koQ2Qe 0 0 m 0 0 0

Here v; = (1(16y)), vs = (5(165)), va = (5(10y)), sp = sinf and ¢y = cosf. The
above 21 x 21 mass matrix may be block-diagonalized as follows [32]:

(mo —mM ' M")(1 + yTy)~1/? 0

mo m +
UR UL - y (A6)
M M 0 (MM + M’ M)
where
U I (moM"t 4+ mMTY (MM 4+ M/ M1 (A7)
R = Y N
(MMt 4+ MM~ (m M + mt M) I
and
I (1+yly) =/ 0 I —yf (A5)
L= ' '
0 (MMt 4 M'M'T)=1/2 M M

Here y = M~'M’'. Terms of order (Myyear/Maur)? have been dropped. Then the

3 x 3 light fermion mass matrix of charged leptons in Eq.(3.5) is obtained by applying
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the relation in the left upper block of the matrix in the Eq.(A.6), where the factor
(1 + yfy)~'/2 is close to identity for small mixing between the v; and the 10-plet
vectors. Similarly, one can obtain the down-type quark mass matrix. The parameters

appearing in Eq.(3.5) are defined as follows:

3+ 2«

¢ = c3+0 5 (A.9)
3+ 2«

ﬁ = 023—61 5 s (AIO)

589
= — A1l
T T2+ 3a)c (A-11)
2

N

Ci2 = b3 N1vrvses (A.12)

afzdeQM%O(Qe + Qec)TlTQTS’

(Al - Az)b§k2N1U1U5’V3Q
03 = , A.13
’ (lf2m1)ngM120 (Qe + Qec> T1T2T3 ( )

b2h — N? T2
- shoivs (Zz i€3cosoT5) | (A.14)
afNyvacgMiy (Qe + Qee) T T2 T3

5y = (Al - Az)b§k2v11}59 (72 + N%73C959T%) (A 15)
afmNwaco My (Qe + Qee) TVTRT5 .

—b§h1)11}5€1
Coz3 = , A.16
# afvacoMiy(Qe + Qe ) TWT2Ts ( )
— Ay + Ay)b? Q
5 — (=4 +2 2)bskav1 U571 ' (A7)
afmUdCGMl(J (Qe + Qec) T1T2T3

The above parameters are written in terms of the Yukawa couplings and the VEVs
of the Higgs fields appearing in the superpotentials Wi, and W in Eqgs.(3.1) and
(3.2). The parameters 71, 2 and 3 appearing in the above Eqgs.(A.13), (A.15) and

(A.17) are the VEV components of the Higgs singlet 17;.

A.2 Light Neutrino Mass Matrix

The neutrino mass matrix can be obtained from the superpotentials given by Eqgs.(3.1)
and (3.6). For simplicity, the contribution from the superpotential W, in Eq.(3.2)
is ignored by assuming the coupling of the ordinary spinor fields 16; with the vector
multiplets is small. Define the right- and left-handed neutrinos, denoted respectively

C

by (v and v;), residing in ¢;. Similarly, v¢. and v,,(v%, and 7y,) reside in x;(X;),
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where 7 runs from 1 to 3. Including the six singlets denoted by Z; and Z{, one can

construct 24 x 24 mass matrix written in the following compact form

. 0 Mp
Wmass =N N, (A18)
Mg Mpg
where
T — _
N = ( Vi Uy, V%, Vi VN, Ux Zi Zf ) ; (A.19)
and
0
ML = A.20
D — C 9 ( ° )
0
where
O 0 _afqu,,ngngTg,
0 — afvuQuesyTiToTy _af?uucy(QutQye )T ToTs
Tyc TvTpc
C=10  aNw,GpesgTy —awa’;f"G”CTQ
0 0 _afN2;)\}LQuT1T3
1Tv
O afN1quchycng2T3 an’UuCG(N%GECQVC_NEQ”T12>T2T3
Naor,c N1N2Geryrye

The matrix Mg can be written in the compact form

Mp = ( Mpi1 Mpia Mpiz Mpgig ) ) (A'21>

where the matrices Mg11, Mgi2, Mg13, and Mgi4 are given respectively by
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0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

aN1v, G, s¢To 0 “leU“g;g”s"TQTB 0

afN1vucsGuTs  afNovaQueTaTs  of vuco(NTGEQu—N3 Qe T )ToTs 0

Toe Nirye NiNoGyroroe
0 aNov, Gye WVGM MiGpeQ,eTs
aNsv, G, 0 %UQ”T* M NocoT\ T
afNavucoGuTiTs  afvuGyeQyueTs af?vuce(GhQu+GIcQue )1 TeTs  fMi(N}GEe+N3TY)

Goerye Toe G, Goeryroe NZN2Gere

MiG,QT M Nay T ) 0

0 P 0 0

rem 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
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o

S o o o o o o o o o

Q
‘:O

o o o o o o o o o o o

o O

o o o o

o O

o o O

alN1v, G, seTs 7alevr’:‘29G”T2 0

0 —7‘#]\72}1\;‘1'%:%% aNov, G e
afN1vuGoQusoToTs 0 vuco(NTGLQu—N3QueTP)ToTs o f NyvycyGueTiTo
Nor, NiN2Gororoe G,ry
0 0 M1GeQyeTs
0 0 0
0 0 s
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
— Nyuby M 0

0 — 0
0 0 0
0 0 0
0 0 0
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aNyvu Gy R v MG, QT
0 efouCreQuely M NocoT1 T
afvaGoQ,Ts o vuce(GrQu+GLeQue)TiTeTs  fMy(NPGL+NFTY)
By G, Goeryre NZN.G,r,
My NocoTh T - fhjlzggjfffé;jquz ) 0
& 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
NovbyseTs 7fN2Ubéiif/9Tl 7z 0
NowbycoTy 7% 0
0 0 0
0 0
0 0 0
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o O

oS O

o O o o o o o o o o

o O

o o O

o o o o O

o O

CQs

CQ




0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

—Nivby 0 0 0 0

levbﬁfgseTg _% 0 0 0

0 0 0 0 0
NovbysgTy ~ NovbsyeT, 0 0 0 |- (A.22)

szUbéiiieTszz _ f;\;/;gzifl 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 caz cas

0 0 cas 0  coq

0 0 cas  coq 0

ca3 cap m; 0 0

0 caq 0 m 0

cop 0 0 0 m

The light neutrino mass matrix is given by the seesaw formula as fellows

0 0 0
M, = MpMg'Mh=X|0 x 5 |, (A.23)
0 n 1
where
\ Aa?c? f203TETE (o + af) Q%r2.s2 + 2N anascoQuryese ((Qu + Que) 1y,
N my NEv2bir2ri.
) 2T2 N4 2 ) ) 2T2 2 T2
4 Quryesgly) + Ny (af + a2) 09 ((Q, + ch) T+ QuryesgTy) ?) Ty
my N2v2b3reri. ’
y = N2Q,ertsg (oa3@Qurieseg + NE (a2 4+ a3) co (Qn + Que) 1y + QuriesiTy))

f(A+ B)
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N14 (a% + oz%) 267“433
R— V Ij . A.24
a 7‘2(A + B) ( )

Here the numerical values of aq, as, ag and A are given in section 2, and we have

defined

A = (Oé% + Oé?,) Qgrgcsg + 2N12a205300QeTe550 ((Qe + Qec) Te + QerrecngS) )

B = N} (o@ + ozg) c ((Qe + Qec) Te + Qerecngg) )
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APPENDIX B

RGE from the Scale M* to the GUT Scale in the SO(10) x Ay Model

Neglecting all the couplings in the superpotential W .., since they do not contribute

to the top Yukawa coupling, we present only the RGEs that are needed to find the

parameter o at the GUT scale. The one-loop RGE’s of the unified gauge (gg) cou-

pling, the couplings appearing in Wypnor, and the trilinear soft terms associated with

Wspinor between the scale M*

dga
1672 2=
N

db,
dt
db,
dt
da
dt

1672
1672

1672

and GUT scale are
= 1998,
= by(200° + b2 — 4562),
= by(2002 + b2 — 4562),
63
= a(18a> — —g2),
2
= 2(20b3b; + b2y + 4592 M),
= 2(2003by + b2by + 45g% M),

= 28aa” + 63g¢ M.

(B.1)
(B.2)
(B.3)
(B.4)
(B.5)

(B.6)

(B.7)

The RGE’s soft mass terms for the fields appearing in Wy, are given below:

263 (g, +m3, +mi, +b)

2@@i+m%+miﬁ%@—%%M§
6b7 (g, + 1% +mi, +b7) — 4598 M3,
6@%i+m%+miﬁ@@—%%M§

3203 (my, + M3 +mi, +b}),
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(B.8)
(B.9)
(B.10)

(B.11)



167> = BB}, + 3, + i, + 1) (5.12)
dm?._ .

16772 d)f,s - 10@2(771?(2 + miB + m%DH + d2) _ 4592;M§, (B.13)
dm?

16m*— 2 = 16a” (13, + M3, + iy, +a*) — 3695 My, (B.14)

Here m?_, fnf,H and m3,, are the quadratic soft masses for the Higgs superfields

2

appearing in W, defined in Eq.(3.1) and the quadratic soft masses 1, , 2 _, and

m?2  are defined in Eq.(3.10).

X1,2
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APPENDIX C

Yukawa Couplings RGEs

C.1 MSSM with 5+ 5 Messenger Fields

Here we derive the ordinary Yukawa couplings and the exotic Yukawa couplings ap-

pearing in Eq(4.30) between the messenger scale and the GUT scale:

dg;
dt
dg;
dt
dg}
dt
N2
dt
N2
dt
AN
dt
d\?
dt
d\2
dt
df3
dt
df?
dt

—93
472’
Gy
472’
194}
2072’

A? 2 2 ] 16 2 2
@[6)\15 + A+ A — 395~ 395 — T591],

)\2 / !
87’;[&5 A2+ A2 4 A2 4N - 59— 395 — —

: / 9
(407 + 3] + BN + 30 — 303 — i)

2
812
A
812
XTQC 2 2 2 2 2 2 9
g lAA + 3N 3N+ 3A+ f2 — 393 — =ail,

16, 4 2

f2 /
7d[5f¢3 + Qfez + 2)‘1;2 - 93— Bgl

72 3
2

: , 3
{72 [4f62 + 3.}(3 + ATQC - 393 - gg%]a

: , 16
[6A£+4A,3+AT%+A§+AE+JC§—§g§—3g§——
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C.2 MSSM with 10 4+ 10 Messenger Fields

Here we write only the RGEs for Yukawa couplings that are not suppressed by the

parameter € between two scales, the messenger and the GUT scale.

dg3
23—
dt ’
dgs 9
dt 472’
dgi _ 3g1
dt 572’
AN A2, o Iy W 16, ., 13,
5= O A AN 5N+ 3AT — gl — 3¢5 — i,
d)\l% )‘g 2 2 2 2 16 2 2 7 2
E = @[6)\1) + )\t + )\7- + )\tﬂ - ?,93 - 392 - Bgl]’
AN A2 9
ST = Sl 43N - 36— i)
d/\;i )\lm 2 ] 2 2 2 2 16 2 2 13 2
= BIOAL AN 0N+ 3N+ fG + i — 05 — 393 — 1ot
df2 2 16 12
ec — eCBZC 62 328_72_32_72
7 a5 Bfe + 6/ +3fi — 95— 39; — —g1l,
deC 20 2 2 2 /2 /2 16 2 16 2
u — u . A 2 . 2 - -
dt gz Bur 0o+ Jee 4 2+ 2A = =205 — 101,
df2 3 S [ 1
Yo _ JQrg2 4 gr2 2 N2 N2 22 g2 -2
o <38+ 35+ fE + N+ A% — g — 303 — 141,
d\? A2 s . ) o 16, , 13,
= O BTN T+ fE — gl — 305 — 2ol
d)\;% )\;% 9 9 2 9 2 2 16 , o 13
o5 = ealOAI AT+ AN BNT N+ i — gl - 35 — il
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APPENDIX D

Generated Scalar Masses due to Messenger-Matter Mixing

In this Appendix we will present the generated soft mass terms due to messenger-

matter mixing by employing the following expressions: [65]

- 1 dA d
5y (Muss) = =3 {30 BN = TEAB) + o v}A% (D)
A
1 ! ! /
5Aabc(Mmess) = i(Aa/bCAng +)\ab’cAfyg +>\abc’A7§ )A7 (D2)

for both 5+ 5 and 10 + 10 model. Where the sum is over the ordinary and exotic
Yukawa couplings, AB[A(Mpess)] = O [ M Miess)] — B<[ M Miness)], and Ay(Mpess) =
Yo (Miess) — V< (Mmess ). Here 7= (7<) is the anomalous dimension above (below) My ess

and ([ is the beta function for Yukawa coupling A.

D.1 5+5 Model

Let us write the Ay (Mpess) for the quark doublet @3, right-handed electron e§ and

down Higgs doublet as follows:

M2

A’}/6233<]\4mess) = _877?2’ (D3)
N2

A76§3(Mmess) = _2871'2’ (D4)
3N+ A2

AfYHd(]\/[mess> - - b8772 . <D5)

The anomalous dimensions for left-handed down quarks and right-handed electrons

below M55 are given respectively by

YAYE + YAYE — (8/3)g5 — (3/2)g2 — (1/30)g?
’YQij<(Mmess) _ kit kj kit kj ( / )93 ( / )92 ( / )91’ (D6>

872
L 2vYs - (3/10)67

72 ’

’yefj<(Mmess) - (D?)
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where
Ve Ve Ve
vi= | v vae vae |
Viie' Yie® Y
Vi€ Yt Yile

d _ .p d 4 d 2 d
Yi=e Yiget Yae® Yo )

d 4 d 2 d
Yizet Yye Y
e 5 e 4 e 4
Yier Yiset Yiie
€ _ P e 3 e 2 e 2
Vo= Yioe® Yihe® Yie ’

€ e e
Yise Yy Y3,

By keeping only the leading term of the expansion parameter e, we calculate

Yz (2
AﬂYg‘s (Mmess) = 1672 b
Ye / /
ABY1632,22,13,23UV[mess) = %(Afc + 3>‘b2)7
}/})62 33 / 4
Aﬁy:’iez,iifi (Mmess) = 3 167;_2 ()\7'2‘9 + )\b2>'

The beta-functions for A\; and .. above M, are given respectively by

Ab 2 2 uy2 16 5 2 5
ﬁ/\g>(Mmess) = 1672 (6A + A, + (Y33)" — ?93 — 305 — Bgl)a
by / / 16 7
! Mmess = 77—64>\2c 3/\2—72—32—72.
By ( ) Loz AAre + 3N — =05 = 395 — 1=91)

(D.10)

(D.11)
(D.12)

(D.13)

(D.14)

(D.15)

Note that [v~,v<] = [A7,v<]. Plugging Eqgs.(D.3-D.15) into Egs.(D.1,D.2) and keep-

ing only the leading expansion parameter ¢ we obtain
8420 6+2p  A+2p

2.~ 5m§§ 642 At 242

eHt2p 242 1

€ et et

AeP
0A, ~ m 3 €2 €2

e (BAZ+HAZ) 3N+ L)
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e € €
(SAd ~ (5Ab€p 64 62 1 y <D18)
et 21
0 0 ¢
oy ~ omp, | 0 0 €& |, (D.19)
et 2 1
A2 19
0A; = Wyzazs)‘ba (D-20>

where 57733% , 0mg, and §A, are given respectively by Eq. (4.11), Eq. (4.10) and
Eq. (4.14).

D.2 10+ 10 Model

By looking at the superpotential W, 15 in Eq(4.35), we can write Ayg, Ay, and

Avyy, as

DYT-D U UL VD U

AYo(Mpess) = ;2 ML N2t NN | (D.21)
MeNeet NoAee? A2
X268 2N N6 2N et

Avye(Mypess) = 8;12 N NS 2XN2et 2NN |, (D.22)
2N Net 22X\ e2 202

B3O+ A+
AV, (Myess) = (A, 87T; ). (D.23)

The beta-functions for the exotic Yukawa couplings appearing in the above matrices
above messenger scale are
/

Aucvcc o 9 n 16 4 5 13,
ﬁ/\;%p(MmeSS) = 1672 (BA, +3A + 3N — 393 —39; — Bgl) (D.24)
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ﬂ)\;c> (MmeSS)

/8)\u,c> (Mmess)

6)\2> (Mmess)

AL

(5A2 4+ 602 4+ 302 + 4(Yis)?

1672
16 13
ggé‘f — 3¢5 — 759?), (D.25)

Au7c /2 /2 /2 ].6 2 2 13 2

)\/ ! / !
E(AN2 4 6)2 +3)02 + 5(Y)?

1672
16 13
gg?, — 3¢5 — 759?)- (D.27)

The anomalous dimensions yo< are given by Eq. (D.6) and for right-handed up

quarks they are given by

2Y;pVi — (16/6)g3 — (8/15)gi

Yug;<(Miness) = — 53 , (D.28)
and
le%QS D) 9 9
ABy p(Miess) = 25 (BA0 + 402 +3X7), (D.29)
Ay, (Mess) = §§5(3A2+3)\;3+5)\;2), (D.30)
ABys (Miness) = 1?7%2(3A;3+4A;%+5A;2). (D.31)
Using Egs.(D.1,D.2), we obtain
68 66 64
oingy ~ Oy, | & & 2 |, (D.32)
et e 1
e 6 €
Oge ~ Omge | & |, (D.33)
e e 1
68 66 64
6A, ~ OA | & & & |, (D.34)
et 21
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(5Ad ~ 5141, 66 64 62 5 <D35)

where dmg),, 677135, and §A,, and 6 A, are given respectively by Eqs.(4.18, 4.19, 4.21,
4.22).

The coupling A\e?510,,54 induces scalar quadratic masses for both right-handed
down quarks and left-handed charged leptons and trilinear soft terms (Ag4,Ae). These

generated soft terms are obtained by following the same previous steps as:

62—1—4]0 61—1—4p 61—1—4p

2
M2~ M ~ 2(;(;2)2 A+ A p | (D.36)
61-|—4p 64p 6417
E5—}-317 64—&-3;0 64+3p
SA. ~ A 343p  _243p 2+43p (D.37)
‘ 2(1672) | € ¢ ¢ ’ '
61—}-317 €3p 631?
65+3p E3+31a E1+3p
SA, ~ A 44+3p  243p  3p (D.38)
d 2(1672) € € € . .
(A3 243 3p
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