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1 Introduction

In 1907, Einstein described his “happiest thought” [1] which marked the commencement of
the race to create the Theory of General Relativity. Unrealized, he was already decidedly
at a disadvantage. As early 1900, the astronomer Karl Schwarzschild (1873-1916) [2] had
written about Riemann’s geometrical concepts to describe curved space — but not curved
space-time. The latter would not emerge until Hermann Minkowski introduced the concept
of “four-geometry” into physics [3, 4].

By 1914, there were a number of competitors. At a minimum, these included Max
Abraham (1875-1922), Gustav Mie (1868-1957), and Gunnar Nordstrom (1881-1923).
Even the accomplished mathematician David Hilbert (1862-1943) became involved but
at the conclusion made the comment in his own work, “The differential equations of grav-
itation that result are, as it seems to me, in agreement with the magnificent theory of
general relativity established by Einstein [5].”

Along the pathway to the end of the race, the idea of scalar gravitational theories was
explored. It is of note that Nordstrom created two such sets of equations [6, 7] and even
Einstein looked at this idea before discarding it. In the scalar approach, the usual metric
of the space-time manifold is replaced by a single scalar field. A way to do this is to begin
with the Minkowski metric and simply multiply it by a scalar field. This implies that,
geometrically, scalar theories of gravitation are all members of the same conformal class as
the usual flat Minkowski metric. Mathematically, scalar gravitation theories are perfectly
consistent models they simply do not describe the physical laws observed in our universe.

In the nineteen eighties, superspace geometrical descriptions of supergravity in eleven
and ten dimensions were presented in the physics literature. To the best of our knowledge
a list of these inaugural publications looks as:

(a). 11D, N = 1 supergravity [8, 9],

(b). 10D, N' = 2A supergravity, [10],

(c). 10D, N' = 2B supergravity [11, 12], and
(d). 10D, N' = 1 supergravity [13].

Of course these theories had been obtained in other descriptions even earlier. Interested
parties are directed to these works for such references.

If we think of the references in [8-13] as the eleven and ten dimensional analogs of
Einstein’s “happiest thought,” then by analogy all developments since these works are
analogs of the race to find the Theory of General Relativity. This also reveals a glaring
disappointment. Since the “bell was rung” in this new race, all the competition is still at
the starting line.

How would one know the race has been successfully ended? As indicated by the title of
the work [9] (“Eleven-Dimensional Supergravity on the Mass-Shell in Superspace”), these
descriptions possess sets of Bianchi identities that are consistent only when the equations
of motion for the component fields in the theory satisfy their mass-shell conditions. This



holds true for all of the works in [8-13]. So we may take as the sign of the successful
completion of the race, if a set of superspace geometries were explicitly found such that
their Bianchi identities do not require a mass shell condition. By way of comparison,
for 4D, N/ = 1 superspace supergravity, the analogs of the “happiest thought” and the
conclusion of the race occurred within one year as is seen via the works completed by Wess
and Zumino [14, 15].

A new urgency has recently appeared and which drives a need to improve the current
situation. Recent progress [17-19] occurred in the derivation of M-Theory corrections to
11D Supergravity. A series of procedures connecting the corrections to a 3D, A/ = 2 Chern-
Simons theory [20-23] (used in a role roughly analogous to world-sheet o-model S-function
calculations for string corrections) has been successfully demonstrated.

Though the works in [17-19] have presented a method of deriving these corrections
beyond the supergravity limit, these solely treat purely bosonic M-Theory corrections, with
no equivalent results describing fermionic corrections. One traditional way of accomplishing
this is to embed the purely bosonic results into a superspace formulation. This impels us
to a renewed interest in 11D supergravity in superspace. The goal we are pursuing is
to find a Salam-Strathdee superspace [24], as modified by Wess & Zumino [14, 15], such
that superspace Bianchi identities in the Nordstrom limit allow for the appearance of the
M-Theory corrections.

In the earliest days of formulating the superspace understanding of supergravity, an
important discovery was made in a work by Grimm, Wess and Zumino [16] where it was
shown the dynamical equations of motion of the component fields contained within the
supergravity supermultiplet could be derived with no reference at all to a superspace action.
It is important to note all the superspace formulations in [8-13] exhibit this feature. In
fact, for the case of [12], there exists no universally accepted action principle to describe the
theory. .. even at the component level. Thus, using superspace formulations, the dynamics
of the component fields can be obtained without a complete knowledge of the structure of
the superfields that contain them. This allows for a “clean separation” between issues of
representations from those of dynamics of the component fields so being described. Our
investigation will follow this minimalist approach.

As noted by Misner and Watt [25], though scalar gravitational theories are not real-
istic, they have value as computational tools in numerical relativity. This raises a very
intriguing question. The quote, “History doesn’t repeat itself, but it often rhymes”,! has
been stated about many situations. Since scalar gravitation models have value as compu-
tational tools for General Relativity, might extending them to eleven and ten dimensional
supergeometries offer new ways to replicate Einstein’s path from the “happiest thought”
to the higher level of understanding as indicated by his lectures at Gottingen?

It is the purpose of this work to lay a new foundation for such an exploration. We take
as a guiding principle the procedure used to provide the first example of a four dimensional
supergravity supermultiplet including auxiliary fields and where the closure of the local
simple supersymmetry algebra was not predicated on the use of field equations. This was

IThough often attributed to Mark Twain, there is little evidence of this being accurate.



accomplished by Breitenlohner [26] who took his starting point as an off-shell supermulti-
plet, the so-called “non-abelian vector supermultiplet.” The final form of Breitenlohner’s
initial presentation realized a reducible representation of supersymmetry. Finally, this first
work also did mot consider the issue surrounding the construction of an action for the
supermultiplet.

His approach is equivalent to starting with the component fields of the Wess-Zumino
gauge 4D, N/ = 1 vector supermultiplet (vq, Ap,d) together with their familiar SUSY trans-
formation laws,

D, Vp = (7Q)ac Acs

1,
Da)\b = —1 Z([777 r}/d])ab (821)@* 8@1}2) + (75)(11)(1’ (11)
Do d =i (7°79)a’ e,

followed by choosing the gauge group as the spacetime translations, SUSY generators,
and the spin angular momentum generators as well as allowing additional internal sym-
metries. For the spacetime translations, this requires a series of replacements of the fields
according to:

vp = hoe,  Ap ey, d— A, (1.2)

(in the notation in [26] A, = B®,) while for the SUSY generators, the replacements occur

according to:

UQ_>XQ67 )‘b_>¢bc ) d_>XC57 (]‘3)

and finally for the spin angular momentum generator, a replacement of
UQ-)CUQQQ, )‘b_>Xb§d R d—)ng, (1.4)

was used. However, to be more exact, Breitenlohner also allowed for more symmetries like
chirality to be included. Because the vector supermultiplet was off-shell (up to WZ gauge
transformations) the resulting supergravity theory was off-shell and included a redundant
set of auxiliary component fields, i.e. this is not an irreducible description of supergrav-
ity. But as seen from (1.2) the supergravity fields were all present and together with the
remaining component fields a complete superspace geometry can be constructed.

With the Breitenlohner approach as a guiding principle to the study of a class of
curved supermanifolds containing eleven and ten dimensions, it is thus to be expected
the extensions will manifest the same structure of being off-shell but reducible, and not
address the issue of the construction of actions. No off-shell gauge vector supermultiplet
is known beyond six dimensions, thus one is forced to deviate from completely following
the Breitenlohner approach. Since a scalar superfield in any dimension greater than three
is guaranteed to be off-shell, but reducible, the expectation is to be led to the study of
Nordstrém supergravity theories in eleven and ten dimensions in this approach.



In our approach to Nordstrom SG, the analog of the Wess-Zumino gauge 4D, N' = 1
vector supermultiplet is played by a scalar superfield in any of the 11D or 10D superspaces
to be studied. This scalar superfield guarantees off-shell supersymmetry. However, like the
approach taken by Breitenlohner, the resulting theory is expected to be reducible. Also
like this earlier approach, the question of an action principle is not addressed.

We organize this current paper in the manner described below.

Section 2 provides a self-consistent introduction to the field-theory and gauge-theory
based formulation of gravitation described solely by a metric in D dimensions. We use a
frame field /spin-connection formulation from the beginning point of our discussion. This
eases the transition to the case of superspace as for these latter theories it is an impos-
sibility [27] to introduce a metric/Christoffel formulation (i.e. a Riemannian formulation)
in the context of a superspace geometry appropriate to supersymmetry. The restriction of
the full frame field to retain only the degree of freedom associated with its determinant is
presented along with:

(a). the well-known vanishing of the Weyl tensor, and

(b). the residual form of the Einstein-Hilbert action under this restriction.

Section 3 is a transitional one where we review 4D, N' = 1 supergravity as a paradigm
setting arena. We show how the structure of this superspace in this well studied the-
ory suggests pathways that can be pursued for how to carry out construction of scalar
supergravitation in all higher dimensions including ten and eleven dimensional theories.

In sections 4 through 7, we deploy the lessons found in the third section to work in
making respective proposals for linearized theories of scalar supergravitation in the 11D,
N =1,10D, N = 2A, 10D, N = 2B, and 10D, N' = 1 superspaces.

Section 8 is devoted to presentations of all the component level results implied by the
previous four sections. Each respective higher dimensional theory is treated as subsection
of this section.

Section 9 is a short section in comparison to the two that precede it. In 4D, N' =1
supergravity [28, 29], the concept of the “conformal compensator” was introduced some
time ago. The first of these references is distinguished from the second in that the compen-
sator is described by a chiral superfield, while in the second the alternative case where the
compensator is a complex linear superfield was introduced. It is the latter case which is
relevant to our exploration. However, we will demonstrate evidence that chiral superfields
exist for the 10D, N' = 2B superspace. This is unique among superspaces of eleven and
ten dimensions. However, we also present evidence that though chiral superfields appear
to consistently exist in this context, the linearized Nordstréom superspace is such that a
chiral superfield of this type cannot be used as a compensator.

We follow this work with our conclusions, two appendices, and the bibliography.



2 Gauge theory perspective on ordinary gravity

The traditional geometrical approach to describing gravity can be regarded as having driven
an apparent wedge between general relativity and theory of elementary particles. Instead,
a gauge theory and field theory based point of view provides a logical foundation for gravity
which permits an alternative to geometry.

For gravitational theories in D dimensions, the gauge group can be taken as the
Poincaré group, and the Lie algebra generators are momentum F,, = —i0, and spin
angular momentum generator Mg,. These are taken to satisfy the following commutation
relations,

[Pm7pﬂ]:07 [M@7Pm]:07 [M&b78£]:n%ab_77£baﬂ’ (2'1)
[ Mab s Med | = 1eaMpd — 1ebMad — 1daMoe + NaoMac (2.2)

and it might appear that the definition P,, = —i0,, together with the second and third
equations among (2.1) are in contradiction. The resolution to this conundrum is to note

g = 05" O (2.3)

and the factor of §,™ actually corresponds to the vacuum value of the inverse frame field
eq,™ whose first index transforms under the action of M, and whose second index is inert
under the action of the spin angular momentum generator. To distinguish between these
two types of quantities, we use the “early” latin letters, a, b, etc. to denote indices that
transform under the action of M,,. Similarly, we use the “late” latin letters, m, n, etc. to
denote indices that do not transform under the action of M.

The covariant derivative with respect to this gauge group is

1
Va = eq™0m + 5“@%\45; (2.4)

where e, is related to the metric through its inverse e€,% via gmn = €mapen’. The

commutator of V, generates field strengths torsions T, and curvatures Rgped

1
[(Va, V] =TusVe+ 5J%Lbci/\/tdg. (2.5)
Scalar gravitation can be defined by restricting the form of the inverse frame field to
e =1 ", (2.6)

where v is a finite scalar field. By definition, this defines a class of geometries that is
conformally flat in the context of strictly Riemannian spaces. To see this we begin by
setting Ty = 0, which implies

Va=9[0— (9 m)Ma"]. (2.7)
and allows the full Riemann curvature tensor to be solely expressed in terms of the ) field as

Ry = —p(0,00)0," + (0%0) (0e0)0, 0, (2.8)



similarly for the Ricci curvature we find

R = Ry® = —(D = 2)y(0u0%) — ¥(0$)5,5+ (D = 1)(0%) (er))d,S,  (2.9)

and finally for the curvature scalar by R = §.*R,",
R==2(D = 1)$(00¢) + D(D — 1)(99)(9e1h) - (2.10)
The Weyl tensor C, 994 is defined by the equation

1
Cgbgé _ Rgggd _ [D—J R[g[g(;b]d} + [

(D_2)(D_1)] S8, R, (2.11)

and when the results in (2.8)—(2.10) are used, this is found to vanish.
We define e = det(e,™) = ¢” and the Einstein-Hilbert action takes the form

S = % / dPz e R(yp) = % / dPxp™P[ = 2(D — 1)p(0y) + D(D — 1)(0%) (9e1))]
= 2 [aPa[ = 2(D — )P (@) + D(D — 1)y (%) (01)]

K2

=-—=([D-1) /dDw{(D = 2)[¢7P(0%)(0ev)] +20°[v' P (0e¥)] } - (2.12)

As the full off-shell description of 10D and 11D supergravities are yet unknown, we
work with a toy model-scalar supergravity in the higher dimensions, which we expect gives
part of the complete solutions. In the subsequent sections, we replace i by 1 4+ ¥, where
¥ is an infinitesimal superfield, and study the corresponding linearized supergravity.

3 Nordstrom supergravity in 4D, A/ = 1 supergeometry

As a preparatory step for our eventual goals, it is important that we re-visit four dimen-
sional ' = 1 linearized supergravity as there are important lessons to be gained from ask-
ing questions solely in this domain prior to making the leap to eleven and ten dimensions.
The formulation of linearized 4D, AN/ = 1 supergravity in term of the usual supergravity
pre-potential H2 was identified long ago [30]. It is perhaps of importance to note that su-
pergravity pre-potentials bare some resemblance to other better known concepts important
for the mathematical description of theories describing ordinary gravitation.

One of the most computationally enabling formulations of the dynamics of ordinary
gravitation is based on the Arnowitt-Deser-Meisner (ADM) formulation [31] wherein the
quadratic form involving the metric is expressed in the form

dx™ gmn dz™ = (—N2+N£51‘1N1) dt@dt+N; (dt@dat+ dat@dt) —|—G£‘l'dl‘id$l, (3.1)



in terms of the “lapse” function N, “shift” vector N;, and induced 3-metric G;;. For the
equation above to be valid, we can write dz™ = (cdt, dzt, da2, da:i) and

- . ) ) ) i
S [-N?+Ni84“N;] TNy 1IN, 1IN
t N1 Gi1 G2 G
9mn = (3-2)
1N, Gz1 G2 Gg23
1
| s N3 Gz1 G32 Gzz |

The introduction of frame fields can be accomplished by observing that the quadratic form
in (3.1) may also be written as

dz™ g Az = dz™ e, % gy €2 dz™ (3.3)

by “factorizing” the metric into the product of two frame fields e,,%(x) and e,2(x) multi-
plied by the constant Minkowski metric, 7,4, of flat spacetime. Thus, there exist relations
between the ADM variables and the frame fields [32, 33].

The point of the above discussion is to note that the inverse frame fields e,™ may be
regarded as functions of the ADM variables, i.e.

es™ = eg™ (N, Ny, Gij), (3.4)

and that for numerical relativity calculations, the latter are far more useful than the frame
fields e;,%, or even the metric g, , itself. As we will see later, it is the form of 4D, V' =1
supergravity often called the “Breitenlohner auxiliary field set” that is relevant to our work.
For this formulation, it was first shown in the work of [29] the super-frame superfields E 42
are expressed in terms of a more fundamental set of superfields, i.e. the prepotentials H™
and ¥ (with the “conformal compensator” explicitly dependent upon a complex linear
superfield). In an “echo” of the utility of the ADM variables, the prepotentials are far
more useful when component calculations, or quantum calculations are undertaken, with
the latter able to utilize the technology of super Feynman graphs.

As in the discussion of section 7.5 in [34], we write (with X being the superfield
linearization of ¥)

_ 1
E. :Da+XDa+Z§ (Do HY) 0y,

_ — 1 (3.5)
E; =D;+XD;—i (D, HY)0,
Eo=0,+i [;D2D(QH7)&—(DéX)5a7] D, +i [—;DQD(&Hcﬁ) —(DaX)d,7| D
(3.6)
1 _ _
+ = 5(IDa, DY +(X+X)5.2] 0.

for the linearized superframe superfields. Similar to the ADM formulation of ordinary
gravity, the superframe is expressed in terms of two independent superfields, H¢, and X.



The remaining structures needed to specify the supergravity supercovariant derivatives are
the spin-connections which here take the forms

Doy = —CasDy X,

) DQD H ..,
aBy B el

.. = 1D Do H 38.7)
&By 9 (B45) &>

J
Dys, = i5DaD D1,

The superfield X introduced above is a general scalar superfield. This implies that the

&+ CaeDsDim X -

linearized formulation described above is reducible because X is reducible. There are two
widely familiar choices that lead to irreducibility. One choice is implemented by picking X
to depend on H%, and a chiral superfield ¢ (i.e. ﬁ&gb = 0). This is the path that leads to the
minimal off-shell formulation of 4D, N = 1 supergravity. For this choice, the commutator
algebra of the superspace supergravity covariant derivatives takes the forms

Vo, Vst = —2R Mg, [vad} =1V,
= — 77. —G7. — 1 7.7
Vo, Vo} = —i Cag [RVB G va} i(VB)Mas

+iCas [W/.jfﬂ(.j - (V(SGW})M(W} ,

1 X/ Y

1

CTREE:)
1 o _

1
— 5Cas (Vi V2 Gy ; ))]M75}+h.c..

The other widely known choice “the Breitenlohner auxiliary field set” is implemented
by picking X to depend on H%, and a complex linear superfield ¥ (i.e. DY = 0). This is
the path that leads to the non-minimal off-shell formulation of 4D, N/ = 1 supergravity. For
this choice, the commutator algebra of the superspace supergravity covariant derivatives
takes the forms

1
Va, Vg}—f VB)—QRMag,
[Va, Vb} = Zvaé,

1
[Va, VQ} = iTBV ZC’ag [R—i— (V’YT )] V/D’
ilogr. 1 Vil )\ T +1(WT)5V v
BT g as 2 p) TN VBT
—z'[caﬁ(vm JM (V- T,

i 1 o\ . .
+iClg [WM‘SM;S“rG <v5 <V5+T5> T&> M7+ RT; MBV} .



The final commutator [V,, Vy}, derived from equation (3.9), is explicitly found to be

.1 = 1 = . s 1 Y

1 1., o= 1 - -

"
+5(V Té)(VaTv)} My
= 14 5 1 s
—Cap [(vévmab)—izﬂé (WG(S&)} M40, s [(vawﬁﬂ)—iTBWmﬂ} M, }

+h.c.. (3.10)

Under either choice, one can use the definitions of the superframe superfields in (3.5)—
(3.7) together with the set of equations of either (3.8) or (3.9) and (3.10) to find the
dependence of W3-, G4, and R (for the minimal theory) on H2, and ¢, or the dependence
of Wapy, Ga, R,and T, on H%, and ¥ (for the non-minimal theory). These are the standard
and well discussed theories of off-shell 4D, A/ = 1 supergravity, i.e. the consistency of the
Bianchi identities associated with (3.8) or (3.9) and (3.10) for the algebra of the superspace
supergravity covariant derivatives do not require on-shell conditions to be imposed on the
component fields contained within the superfields.

The process of imposing the Einstein Field Equations in the non-supersymmetrical
case in the absence of matter amounts to the condition

1
Rgg—§U@R=0, (3.11)

excluding the cosmological constant.? The equivalent condition in the case of superspace
supergravity arises by setting G4, and R (for the minimal theory) to zero or by setting Gy,
and T, (for the non-minimal theory) to zero. The condition T,, = 0 also forces R = 0 in
the non-minimal theory. Under these conditions, the algebra of superspace supergravity

2The reason the cosmological constant can be ignored in our considerations is because unlike in four
dimensions, there exists no evidence currently available in the literature that it is possible to construct
spaces of constant curvature in ten or eleven dimensions with their respective superspaces.



covariant derivatives takes the universal form
[Va, Vst =0, [Va,Vy} =iV,
LM, (3.12)
Va, Vi} =C, s Waa"Vy +C, (VaWs, %) MsY +hec..

Va,Vip} =i Cop[ W

At this point, we can take a largely unexplored path as it is possible to consider the
limit of these equations wherein H% = (0. This is the route to the 4D, N' = 1 superspace
version of scalar supergravitation theory a la Nordstrom in the eleven and ten dimensions
that are the targets of our study.

The curious reader may wonder from where does the condition H% = 0 arise? On page
335, of [34] there appears the following text.

Nonsupersymmetric deSitter covariant derivatives can be obtained from grav-
itational covariant derivatives by eliminating all field components except the
(density) compensating field (i.e., the determinant of the metric or vierbein).
This follows from the fact that in deSitter space the Weyl tensor vanishes, which
says that there is no conformal (spin 2) part to the metric: it is conformally flat.

From the discussion given in section 2, we saw that Nordstrom geometries in all dimensions
are necessarily such as to describe Weyl tensors that vanish and are hence conformally flat.

Also in the work of [34] it is explained that the conformal part of the metric arises solely
from H2. Since the Nordstrom limit is a conformally flat bosonic space, it must corresponds
to setting H% = 0. Thus, to our knowledge the passage above from “Superspace” marked
the first indication of this. Of course, other authors such as in the work of [35] later
reaffirmed this point about the structure of superspace of supergravity.

In the limit of our interest, we find

E,=Dq+ XD,, E;=D.+ XD,
E, =8, i [(ﬁ;)aﬂ D, — z‘[(DaX)déﬁ]ﬁ& v [(X n Y)%ﬁ] By, (3.13)
=0,

Pagy = ~CapDy X, q)a/éw =0, P44,

In response to this restriction, the forms of the algebras in (3.8), (3.9) and (3.10)
also change. In particular, the superfield Wy, (and consequently W,gz,5) is identically

Doy = iCa(s Dg Dy X -

zero. The latter condition is consistent with the component level description of scalar
gravitation in the previous section as the Weyl tensor of (2.11) is the leading component
field that occurs in W,g,s and occurs at first order in the -expansion of W,g,. The third
result in (3.13) also contains two useful bits of information:

(a). The final term of the equation informs us that the leading term in the #-expansion
of X + X corresponds to the linearization of 1 seen in equation (2.6).

(b). The second term of the equation informs us that the leading term in the f-expansion
of (D4 X)dq” corresponds to the spin-1/2 remnant of the gravitino!

Another point to discuss is the dependence of the field strength superfields Gy, and R
(for the minimal theory) and G,, R, and T, (for the non-minimal theory) on the superfield

~10 -



X. Direct calculation shows that the reality of G, in both cases implies that it only
depends on the difference i(X — X). The superfield T, is found to depend on the first
spinor derivative (i.e. Do) of X. Finally, the superfield R is found to depend on the second
spinorial derivative of an expression linear in X and X.

We have argued previously [36], the minimal supergravity theory does not extend from
four dimensions to eleven dimensions since there is no concept of chirality in the eleven
dimensional superspace. This implies that only features seen in the non-minimal theory
should be expected to occur in the subsequent sections of this work. As we shall see,
this is indeed the case. The commutator algebra for the superspace supergravity covariant
derivatives responds to the condition H¢ = 0, by the elimination of all terms proportional
to Wapy and Wogys. Thus, we find 4D, N' = 1 Nordstrom supergravity that descends
from ten or eleven dimensions and only contains the generators associated with 4D, A/ = 1
simple supegravity is described by

Va, Vlg}—* Vﬁ) QRMQQ,
[Va, V[}}:ZVQB,

Ve, VQ}Z%TWQB—ZC&B [§+ (V1) V.

B
+z'[ca5m[.3—; ((vw Ly )Tﬁ)—i—%(véTg)éoﬂ} v,
—z'[caﬁ(vm JM (V- T, )R)Maﬁ}
+iCap [ (V2 (Vst3 Ta)@)ﬂéhgﬁiﬂg] ,
Vs, vb}_{zz(vﬁTb)v i5 (Vi IV 3 =iC, , [G57+; <<v +2T7> Tﬁ)] Vs
+5 [(VaV, 1)~ 5T, (VTp)] Va
-C, [(VQR) (VoV'T:)+ L RT, (W(VW—TV)TQ)] Vs
+Cs [(Vamé)—%TéGVQ} Vot Cap |5 (VT ;

- li&i
+2C, ;R [R+4(v T%)} Mo
o NArma i, V) T (T | ML
6 " &B 5756( (gv)gﬂv( (';) o

1 1=
—|—6C..[Z(VQR)T7+2R(VQT7)+<V v (V,+ 5T(.s) Tv>

LT ><vaTw>] My

l\.’)\'—‘

— 1=—
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To our knowledge, the results in (3.14) mark the first time that a superspace description
using non-minimal supergravity (one irreducible version of the Breitenlohner formulation)
of 4D, N' = 1 Nordstrom supergravity has appeared in the literature. As we consider higher
dimensional theories, we set the cosmological constant to zero and the original non-minimal
theory is sufficient for our purposes.

To summarize, the limit of off-shell 4D, N' = 1 superfield supergravity where we only
retain the conformal compensator provides a superspace extension of the Nordstrém su-
pergravitation theory that is discussed in section 3. We will make a working assumption
that such an approach is universally applicable to all superspaces. In particular, in the
subsequent sections we will apply this assumption to superspaces whose bosonic subspaces
possess either eleven or ten dimensions.

4 Linearized Nordstrém supergravity in 11D, N = 1 supergeometry

We begin our discussion by reviewing the work of [8, 9] where it was shown that the entire
structure of the torsions, curvatures, and 4-form field strengths could be written in terms
of a single superfield denoted by Wyp.q4. Using the conventions of [36], we can write

. 1
Ta,BQ = Z('Yg)aﬂ 5 Fa,@@ = 5(7@)&5 s FLI)C6 = O,
Fopys = Fopra =0, Fedef = Wedey
Tocﬁfy =0, Tabg =0, (41)
1
Ty = i (WL + 80,5%L) o Woeaey
1 1
Raged = z(VL)apWedes + 75 (Ved™ ) asWesgh -

3 72

In addition to the torsion and curvature supertensors, the formulation above includes the
4-form supertensor, F 4pcp. It should be noted that these equations in (4.1) are the eleven
dimensional analog of the equations in (3.12). In other words, the supergeometry in (4.1) is
an “on-shell” supergeometry. We must find a supergeometry consistent with the Nordstrom
theory as the analog of (3.14).

We now wish to construct the linearized torsion and curvature supertensors with the
property that when all fermions are set to zero, the theory smoothly maps to the lineariza-
tion of the non-supersymmetrical theory described in section 2.

For this purpose we introduce eleven dimensional supergravity covariant derivatives
linear in the infinitesimal conformal compensator ¥ given by

1
Vo =Dq+ i‘IIDa + lO(Dg\IJ)(’}/@)aﬁM@, (4.2)
Vo =0+ U0, + ili (72)*’ (Da¥)Dg + 1o (0.T) M £,
+il3(7,2) P (DaDs¥) Mge , (4.3)

where the “bare” superderivative operators D, satisfy

{Da;Dg}t = i(v*)ap0a , (4.4)

- 12 —



and the torsion tensors and Riemann curvature tensors can be obtained via
[Va, Vst = Tag®Ve + Tag Vo + %Raﬁf/\/lgd,
Voo Vi) = TottVe + Ty V' + 3 Rt M2, (4.5)
[Vga vb} = T(ngvg + Taijv + %RLWQMQQ‘

The commutation relations of the operators with the 11D Lorentz generators satisfy

Mt Dok = 5 () D (16)
[Map, [Med; Dot} + [Megs [Da, Map}} + [Da, [Map, Mea}} =0, (4.7)

in addition to the relations seen in (2.1) and (2.2).

By imposing the constraints

T =0: Top"=i(1ap (4.8)

«

we obtain the following parameterization results
[
10 4

In turn these lead to a set of results that express the torsion and curvature tensors solely

lo = ly=-1, I3=0. (4.9)

in terms of ¥ and its derivatives. We give these in the following.
For the components of the torsion we find the results seen in (4.10)—(4.15).

T, 5 = i(1)as. (410)
3

Tog = @(V[Q])aﬂ(’Y[z})w(Da‘I’) , (4.11)

c 3 c 9 c
T, = 30,"(Da®) + 55 (1) (Dp¥) (4.12)

o1 e 1 . 1 .1 .
Tabﬂy = Z@ - (VQ)JC(S + 5(7[2})07(7@[2])5 - 5(79[3})07(7[3})5 + 5(7[3})07(79[3])5
1 v (~[41)0¢€ 1 Yy 3 c\ v
- I(VQ[M)& (’V ) (D5D€‘11) + g(sa (aQ\IJ) + g(’)@i)a (89\11) ) (413)
T =0, (4.14)
1
T, =iy ()" (D5 ¥). (4.15)
For the components of the curvature we find the results seen in (4.16)—(4.18).

€ 1 e € 1 € ]' €

R,;% = 25| (7*asC™ + ()as (1497 =~ (vp)as (1247 — S (79 0 (o)
1 €
+ @fd*mm(7[5])@(7[4])76 (D,DsV¥), (4.16)

. g 1 4
Rabi = _(a[dDa\Il)égf] + g(Vi)aé(aQDéq/) ) (4.17)
Ry = ~(00"0)3,f . (4.18)
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In reaching (4.10)—(4.18), we used the Fierz identities (A.24)—(A.27) listed in appendix A.

It is the last equation that ensures that we have reached our goal. Namely, the choice
of constraints in (4.9) has led to a linearized super Riemann curvature tensor expressed
solely in terms of an infinitesimal superfield ¥ that has the exact form of the first term
in the non-supersymmetrical Riemann curvature tensor given in (2.8). Recall that the
supersymimetrical theory here is linearized, so to make a proper comparison to the bosonic
theory, that should also be linearized. When this is done, there is a matching of the terms.

We should note the work in [36] also constructs a fully non-linear 11D supergeometry
in terms of a finite scalar compensator. However, its linearization is different from the one
obtained here. In the next three sections, we will obtain new and never before presented
results of this nature for the 10D, N' = 2A, 10D, V' = 2B, and 10D, N/ = 1 supergeometries
that possess the purely bosonic linearized results as in the linearization of (2.8). The Fierz
identities used for simplifying the torsions and curvatures in ten dimensions are listed in
appendix B.

5 Linearized Nordstrém supergravity in 10D, A/ = 1 supergeometry

We begin this discussion by pointing out the on-shell description of 10D, N/ = 1 superspace
supergravity. A set of torsion and curvature supertensors can be written in the form

. 1 1 € €
Tap®=i(0%ap, Tap’ = —3 \[2 [%W 0+ (0%)ap(0a)” } Xe, Tap®=0,
1 1
Top' = —=(0,0°%) 7 |€® Hege — i = (X Tede X)
24 8
= L (0 ) [ Hoge — i = (X e X)
48 bla ede ™ H g A Tede X o
1 c - )
Rogde = —1 1 (0)ap |3e™ " Hege — 0 T (X Ocde X)
i (0% ) | Hage — i~ (X Oape X)
2 dejap abe ™ "y \ A Vabe AT
1
Ragte = =15 | (0)ar Tae" = (0)ary Tee” = (0e)an Ted”) (5.1)

as was noted in the work of [37, 38]. In these expression H . refers to the supercovariantized
field strength of a two-form Bgp. The results in (5.1) are the 10D, N' = 1 analogs of the
results in (3.12) for the 4D, N' = 1 superspace geometry. That is the component fields
embedded in this supergeometry must obey a set of mass-shell conditions. To release these
conditions, one must find the 10D, N/ = 1 analogs of the equations in (3.9) and (3.10).
However, as our goal once more is to find a supergeometry consistent with the Nordstréom
theory, we seek the analogs of (3.14).
The covariant derivatives linear in the conformal compensator ¥ are given by

Va = Da 4+ 10UD, + 11(692) 2 (Dg¥) Mgy, (5.2)
Vo =04 + V0, +il3(00)*? (Da¥)Dg + 14 (0T) M E + il5 (0,2 (D, DsT) Mg, (5.3)
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and similar to the case of the eleven dimensional theory, here we have
{Da,Dg} = i(0%)ap0s - (5.4)

The commutation relations of Poincare generators in 10D
LRy
[Mas, D} = 5(7a2)d’Ds (55)

is similar to the eleven dimensional case. Also the equation in (4.7) is valid in all ten
dimensional theories. There will be some slight modifications for the dotted and barred
spinor indices in type IIA and IIB supergravity, respectively.

By adoption of the constraints

Taflf = 0’ Taﬁg = i(UQ)alg ) (56)
we obtain the following parameterization results
1 1 2
=35, I 10 la=1, I3 =z ly , 15=0 (5.7)

As the consequence of this choice of parameters, we find the torsion supertensors given
in (5.8)—(5.13).

Taﬂg =1i(0%ag, (5.8
Taﬁ’y = 0’ (59)
C 3 (4]
Tab = g |:5b 5015 + (O-Qi)aé] (D(;\I/), (5 10)
1 1
Ta@7 =30 [—(U[Z])J(Ub[z])ﬁ + g(UQ{g})J(J[g’])ﬁ‘S (DDs¥)
3 3
_ 25 2 (5.8 Y
2 5.0000) + (0, (D) (5.11)
Ty =0, (5.12)
2
T, =ix(0)" (9 DsP) (5.13)

For the components of the curvatures, we find the results seen in (5.14)—(5.16).

e .6 . 11, 4 . .

Rog™ = =5 (0)as(010) — 5 | 510 ) as(o1g)* + (s (0,427 | (D, D), (514)
1

R, % =~ (Do 9)3, T+ = (0%) ) (9D, ¥), (5.15)

R,, % = —(0,040)5,7 . (5.16)

It has long been suggested [39] that a superfield with the structure of Gy should
appear in the off-shell structure of 10D, N/ = 1 supergeometry and that it was related by
a superdifferential operator to an underlying unconstrained prepotential V. analogous to
H™ that appears in 4D, N' = 1 supergravity. However, there are reasons to believe [37, 38]
that Vg, must be related to an even more fundamental spinorial prepotential ¥,%. In
the equations of (5.11) and (5.14) the superfield Gupe = (7ape)??(D,Ds¥) has precisely the
structure suggested in the work by Howe, Nicolai, and Van Proeyen.
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6 Linearized Nordstrém supergravity in 10D, N/ = 2A supergeometry

We repeat the discussions as seen in the previous two sections with a beginning of the on-
shell description of 10D, N' = 2A superspace supergravity. A set of torsion and curvature

supertensors can be written in the form

T o=T,0 =T =T, = Ts' =0,

af
Tyt =Ty, = T =0,
Tocﬂi = Z.(O;)Otﬂ 5 TC’Y,Z?7 = Z(O-i)dé )
Tos” = [0a709) + (0%)as(00)® | xs.
= (5.6, 5+ (6. . (0) ] xe 6.1
T {% %) + (09500 }Xa’ (6.1)
1 . . 1
T = _g(“@)a”{@’ CaanT&ga — —g(U@)oﬂG@,
. 1 1
C 3oy’ = 1:(b)as [(U[Q])v‘SK[zl - 12(0[4%61?[41] :
. 1 1
CUT, = _E(%)aa [(0[2})5VK[2] - 12(0[4])6717[4]} :

as was noted in the work of [40]. In these expressions H . refers to the supercovariantized

field strengths of a two-form By, gauge field, and

Kap = ¢ P Fap — Xa(0a)3X”

F X (6.2)
Dy = 2¢"Fly + xa(op))s"x” -

with Fy, and F 4] denoting supercovariantized field strengths for a gauge 1-form and a gauge
3-form respectively. The results in (6.1) are the 10D, N' = 2A analogs of the results in
(3.12) for the 4D, N' = 1 superspace geometry. Those are the component fields embedded
in this supergeometry must obey a set of mass-shell conditions. To release these conditions,
one must find the 10D, N' = 2A analogs of the equations in (3.9) and (3.10). Again the
goal must be to find a supergeometry consistent with the Nordstréom theory, we seek the
analogs of (3.14). In analogy with the 3-form gauge field sector of 11D, A/ = 1 supergravity,
the gauge fields components are:

FQB:CaBe‘I’, Fop=F,, =0,
Feo = i‘f@(%)aﬁXﬁ ’ F..= Z'Cagyeq)(gg)aﬁXﬁ 5
Gapy = Gggy = Gary = G =0,
Geap = i(0c)as Gg&é = _i(Ug)&b ) (6.3)
Funa = Fuse = By 5 =0,
~a[.3(:d = G(D(Jgi)a CBB ;
Foped = —i€® (0pea)apX” Fy g = 10, 56" (03ea) x5 -
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® denotes a dilaton superfield, and x, is its partner dilatino. All of the equations in
(6.1)-(6.3) describe the on-shell 10D, N' = 2A theory, i.e. these are the analogs of (3.12).

The covariant derivatives linear in the conformal compensator ¥ are given by

Vo =Dg + %\IJDO[ +1o(022) F (D) M
V.,=D,+ %xmé + zo(a“—b)f(DB\y)M@
Vo = 0y + hW0, +ila(04)" (Ds¥)Dy + ila(00)° T (D W)D; + 14(0.0)ME
+il5(0, 27 (D3 Dy W) Meg + il (0,23 (DD W) Moy
where the Type IIA supersymmetry algebra
{Da;Dg} = i(0%)agla, {D4 Dy} =1i0®),

is satisfied by the bare derivative operators.

~Ya Da,D' =
302, {DasDy} =0

By adopting the constraints

Tabg =0, Tab’g = i(Ug)aﬂ ) T&E = Z'(Ug)&b )

we obtain the following paramaterization values

1 1
10’ L , =13 , , Is5=1=0

lo = £

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

As the consequence of this choice of parameters, we find the torsion supertensors given

in (6.10)—(6.27).

T3 = —£(0%)as(00) " (D; ),
T f = i), ;.
L] =500, (00 (Ds).
T3 = (0, (o) D, 0),
Tag =0,
T 7= |65 + o) o) D)
T = 5[5 0+ o) S emdoam)
T, = 26,5 Da¥) + 2(0,5).5(Ds),
T,y = ig |50 o) + gy (o) 10| (DsDsW
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(6.10)

(6.11)

(6.12)
(6.13)

(6.14)

(6.15)

(6.16)
(6.17)
(6.18)

(6.19)

(6.20)



. 1 . .
T = iy |7 — (093~ G I o) + o) o)
1 .
+ gi(ouad (01973 DDy, 6:21)
&} 4 C C 5
To'{l; = 55[(])&\1/) + *(Ugf);(Dé\p) ) (6 22)
1 . 1
Ta,j=—280[<ab> "0 4 (09) o) — 2 (o) (o) — S(o) [ (o)1
1 .
+ 4,(%[4]);(0[4})55} (DsD. W), (6.23)
.11 2 1 ;
T&; = Z@ [—2(0[ }) 7(%[2})& + 5(%[3}) V(U[S])ﬁ (D D;;‘I’)
2z 2, .
=20,/ (W) + 2(0y7), (0:) (6.24)
c_ (6.25)
ab ’
| = i (012)"° (9 Ds V), (6.26)
. 1 e
T, =iz(0w)"(9yD;0). (6.27)
For the components of the curvatures, we find the results seen in (6.28)—(6.33).
e 6 g 11 4 . ]
Ragi: —Zg(U[Q)aﬁ(a*]‘I’)—zlo [3,( d [3])aﬁ(0[3])75+(0)ag(aad)w} (D,Ds¥), (6.28)
de _ ;0 iy odgy— L | L (ydeld) 564 (g0 (g deyid
R&,é’ - 25(0- )&B(a v) 10 |:3!(0' )&b(o'[g]) +(o )O'tb(o-g ) (D&D(-S\I/), (6.29)
de_ 1| devyd ( dey b1 (del2]\75
wy 0| CaploT) T HOT) GO =5 o) (0T
L gep2 5 L gepia 5
+5 (0% (o) + e o) (o) | (D,D;9), (6.30)
e 1
R, % =~ (Do 0)5 "+ - (0%)7 (8D, V), (6.31)
e 1 N
R, % = —(D010)5, 42 (0%), (9D, V). (6.32)
Ry, % =~ (0,01 0)3,". (6.33)

7 Linearized Nordstrém supergravity in 10D, A/ = 2B supergeometry

Now for a final time we replicate the discussions as seen in the previous three sections with
a beginning of the on-shell description of 10D, A/ = 2B superspace supergravity here. A
set of torsion and curvature supertensors can be written in the form

Tog*=i(0%ap, Tap®=Ta5"=0, Tu*=0,
Taﬁ = T&B = Taﬁfy = [5(&755)(S + (Ug)aﬁ (Ug)w} As, (7-1)

Top = Tap" =To5" = |:5(0ﬂ55) + (Ug)aﬁ(%)"’ﬂxa,
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Top’ = (03)as(a®) [6‘2‘1’(1 +W)Gpa — e 2 (1 = W) Gz — (o) (AeAy — KEKA)]

+ (0 as(0)" (Gp3 + Gpgy)
1

Ts) = ﬂ(%)a(s(a[?’])‘s'y [6’24’(1 + W)Gps — e 2 (1 = W)Gg) + i(o73) D (AeAy — XJA)]

1 _
+ %(0[3})046(%)67(67[3] +G3)),
1 d

Top' = —Tsp' = 1(0'9)046(0’*)57 [S_Qq)vd(W -W)+ iZ(Ud)EAAeA)\]

1 Lo My k. 2 207
+ig ()’ [8(01’[ NANAY — 3¢ 2 Fb[‘”] : (7.2)

1 _ — _ — . S
Roped = zm(aai[s])ag{e (1 +W)Gg — e 2 (1 — W)Glg) — i(opz) M[AcAy — AAy]

1 _
— 3G+ G[s})}

— i2(oe)a5{e2¢’(1 +W)Gege — € 2P(1 = W)Geae — 1(cde) [AeAr — AcAy]
1 _
+ Z(G% + che)} , (7.3)
1 N _ _ . . —
Rijgeq = 112(00(1[3])&5{6 P14+ W)Gp — e 22 (1 — W)Gg) + (o) M [AcAx — AA,]

1 _
- Z(G[?’] + G[g})}

1 _ _
- z‘2(a€)a5{e—2‘1’(1 + W)Gede — €2 (1 = W) Gege + i(0cde)  [AcAy — AA,]
1 _
+ Z(G@ + che)} . (7.4)

as was noted in the portion of the work in [40] devoted to type IIB supergravity. We will
end our discussion here. As the astute reader can note the expressions are of increasing
complication. But the central message of the expressions in (7.1)—(7.4) is that the on-
shell description of the 10D, N' = 2B theory exists in perfect analogy with the on-shell
description of 4D, N/ = 1 superspace given by the equations in (3.12).
Now for the covariant derivative operators linear in the conformal compensator ¥ and
necessary for a Nordstrom theory may be given by
Vo = Do + %\IIDQ +1o(02) £ (D) My, (7.5)

Va = Do+ 3 ¥D0 + Inf028) (D5 ) Moy (7.6)
Vo =04+ 1100, + 1290, + il3(0,)** (Do ¥)Djg + ils(0,)** (Do W) Dy
+il5(04)* (Do ¥)Djg + ilg(0,)* (Do ¥) Dy
+il7(0,2)*? (DaDg W) Mge + ils(0,2)* (DaDp ) Mge
+ lg(0V)M £ + 110(0 V)M £ (7.7)
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with the Type IIB supersymmetry algebra

{DmDB} =0, {ﬁa,ﬁg}zo, {Daaﬁﬁ}:i(ag)aﬁag'

By adopting the constraints

Taibg = 07 TQBQ = i(Ug)aﬂ ’

we have the following parameterization results

1 1 27
51252257 l3=l4:—337 55:6:—@,
1

Il7=1g=0, l9=l10:—§.

(7.8)

(7.9)

(7.10)

As the consequence of this choice of parameters, we find the torsion supertensors given

n (7.11)—(7.28).

T,;=0,
T,5 = £(0%ap(0e) (D5 ¥)
T, =0,
T.5=0,
e
T.7 =0,
- 2 c
Tag = 5(07)04,3(02)76(1)5\1/)7
TQBQ - Z(G )Oéﬁ Y
1T 1 o3
Taﬁ’y = 390 (O'[ ]) 5(0’[3])7 +ﬂ(0[ ])aﬁ(a[5])76 (Ds¥)
1 1
192 [_(0[ Dap(o13)" + 150 ap (o)’ | (Ds¥),
) 1T 1 |
T,5 = 335 | (" as(ow)” + 55 (0 as(op)"’| (Ds¥)

53 59 1
c_ | P2 scoy ) €y vy
31 27 15 93
T _Z 85 i 99 5
11 1 A
—ig [Qw[ﬂ);(abm)ﬁ (o) (07 ] (D5Ds¥)

27 |1 1 —
" 9560 [2( [ ])av(gb[Q])ﬁ - 3!(0b[3])07(0[3])55] (DsDs¥),
7 11 1 _
T = 519 [2(‘7[ ])aﬂy(ffb[z})ﬁ al 27 (obp3))a’ (@ [3])55] (DgDs V)

27 |1 1
~igagg |30 0 — Gi(ous) (09| (DsDg),

—90 —

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)



1 59

15 — _
C_ | ZZS5E5 Y L (5.9 7 99 e\
Tab N |:325b 6a + 32 (UQ )a:| (D'V\IJ) |:1605b 56! 160 (UQ )a:| (D’Y\Ij)a
11 s 1 R
Ty = ~ig5 [2(0[2})07(%[2})B 3 (b3)d ()7 ] (DsDs¥)
27 |1 1 ggs] = = —
~ '2560 [ ()3 (o)™ = 5 (o)) (o) ] (DsDs ),
y 31 — 27 15 53
T 7§57 5 <\ v Iy S AN
Tap' = ~g% (BT) + 53500 O00) + 64( o (0e9) + 555(0,%)3 (0c¥)
11 - R
27 (1, s 1 RIS
2560 [2(0[”3(%@1)6 —§<%[31)07(0”)5 (DgDs ),
T, =0,
S 1 — Y P —
Ty = 32(U[a) *(9yDsT) +zﬁ(a[g) (8yDs¥),
5 .1 27
Tafb7 = 7‘ﬁ(a[a) (6b] 6\11) + ZT(J[G) (8@]D5\I/) .

For the components of the curvatures, we find the results seen in (7.29)—(7.34).

o 111, 4 a e
Raﬁi = 40 [?)!(Ual[‘?'])cvﬁ(g[3])ﬁﬂS - (U)aﬁ(aad)w] (DyDs ),
de 1 1 de %) a ey | (M D
& ~ 40 [31( s (0)"° = (0%)ap(0,%)"° | (D;D5 ),

Ry = —i2(0)as(0(W + 1)) — i (0%0)os (0,0 + )

(7.23)

(7.24)

(7.25)
(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

— 0 |0, = 5000 = L)1) (D, D5
0 |0, = S0 = ()7 (D,D).
(7.31)
R, % = —%(Daé[ (U +0))6,9 + é(a@)g(abmxp) : (7.32)
Ry, ™ = —%(ﬁaa[ (U +0))8, ;( de) (9D, V) , (7.33)
Ry ™ = 5 (0u0(% + 05 (7.34)

8 Higher dimensional component considerations

In the following four subsections, we will appropriately adapt these results to the cases of

eleven and ten dimensional formulations appropriate for Nordstréom supergravity in those

contexts. There are four steps:

(a). define the Nordstrém SG linearized superspace supercovariant derivatives in terms

of a scalar prepotential leading to component fields,
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(b). express the geometrical tensors of each respective superspace in terms of the compo-
nent fields presented in the previous part,

(c). express the “composition rules” of the parameters of general coordinates, local
Lorentz, and local SUSY transformations, and

(d). write the component level SUSY transformation laws

that we undertake in each of the four cases of 11D, N' =1, 10D, N = 1, 10D, N/ = 2A,
and 10D, N = 2B theories.

8.1 Adaptation to 11D, N' = 1 component /superspace results: step 1

In the case of the 11D N(ordstrom)-SG covariant derivatives we define

1 1
Vo =Dq + i\IlDa + 1—0(7@)0/8([)/3\11)/\/1@, (81)
1
Vi = 00+ 00, + i () (DaT)D; — (0.9 M (82)

and “split” the spatial 11D N-SG covariant derivative into two parts
Vol =Dy +1¢,"V,]|. (8.3)

On taking the § — 0 limit the latter terms allows an identification with the gravitino and
the leading term in this limit yields a component-level linearized gravitationally covariant
derivative operator given by

D, =eq + ¢pa'M, = 0y + V04 + ¢ M, . (8.4)

By comparison of the Lh.s. to the r.h.s. of (8.4), we see that a linearized frame field e,™ =
(1 + U)§,™ emerges to describe a scalar graviton. Finally, comparison of the coefficient

of the Lorentz generator M, as it appears in the latter two forms of (8.4) informs us the
spin connection is given by

e = _%52[4(62}\1,). (8.5)

Comparing the result in (8.2) with the one in (8.3) a component gravitino is identified via

o = i%(’yg)w(D(g\I/) . (8.6)

However, as this expression contains an explicit y-matrix we see that it really defines the
non-conformal spin—% part of the gravitino to be

V5 = (1")y%a’ - (8.7)

This is to be expected. As a Nordstrém type theory only contains a scalar graviton, it
follows only the “~-trace” of the gravitino can occur. So then we have

4 4
— 4 a Y =3
DgW¥ 111(7 )y a = 7% (8.8)

in the 8 — 0 limit.
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In order to complete the specification of the geometrical superfields also requires ex-
plicit definitions of the bosonic terms to second order in D-derivatives. So we define
bosonic fields:

K =C"(D,D;0), Kz = (v3)"°(D,Ds¥),  Kpj = (ya)"* (D, Ds¥), (8.9)

or in other words,

1

1
—(¥),5 K5 + 4!(’7[4])751{[4}} : (8.10)

1 1
5DRD ¥ = o {CM;K -3

32

We emphasize that the component fields (the K’s) are defined by the # — 0 limit of these
equations. The results in (8.9) and (8.10) follow as results from a Fierz identity

1 1 1
5, %057 = 6 {07500"3 - 5(7[3])75(’7[3})‘)‘5 + L“(V[Ll])va(vm)o‘ﬁ} : (8.11)

valid for 11D spinors.

8.2 Adaptation to 11D, N/ = 1 component/superspace results: step 2

Torsions:

T.5=i("ag (8.12)

-3 5
T.,s = Zm(’y[ Nas () 2s, (8.13)

c .3 c 3 c

TaQ7 = Zﬁ |:5b(5aﬂ + 5(7b)aﬁj| wﬁ ) (814)

o1 1 1
T = 193 [ — (WK + () T Ky — g(V@[s])JKB} + *!(V[s})JKQ[g}

1 1r.. c
- O K W]+ L0587 + 3503 0:%). (5.15)

T =0, (8.16)

1
Toy' = 77 ()" Oys) (8.17)

Curvatures:
R de _ 1 (%) a5 K + (1) K[l}@_l( del3)y SK _1( ) I 121de
af - 80 Y af 7[1} af 3| Y afN3] 9 7[2] af
1 €
+ @fd*mm (7[5])a,3K[4]] ) (8.18)
€ : 4 e 1 e

Ry = it 6,500 + 102 0t (5.19)
R,, % = (0,005, (8.20)
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8.3 Adaptation to 11D, N/ = 1 component/superspace results: step 3

Parameter Composition Rules:

€% = —ie"er” (1) apd (1 + V), (8.21)
A = —%qaezﬁ {(’Yde)aﬁK + (V) ap B2 — %(7@[3})0451{[3} - %(’Y[Q])aﬁK[Q@ 52
+ 5!14“6“[5][4](’7[5})04&}([41] +i%610‘625(7@)a5(5§]‘1’)7 |
e = izr e | (P sl - (s )| v (323)
8.4 Adaptation to 11D, N/ = 1 component/superspace results: step 4
SUSY transformation laws:
0Qea™ = —iéﬁﬁ {%d%V + ;(’Yad)ﬁq 84"ty (8.24)

6(4277%6 =1+ ‘lj)ageﬁ - Eé(ag\I')Mgg

o1 1
— i’ [ - (M)ﬁéK + 5(7[2]),36-’(@[2}

3!

1 5 1 1
.. ()8 K+ 5,0 7Kgy (5.5

1 1 c C
- 0 SK0] = 50,508 + 30695 ) 0.0).

St = —z’%eﬁ [@W(aelwﬁ) + ;(W)ﬁé(aa%)} : (8.26)

In the remaining subsections of the section, the steps described for the case of the 11D,
N =1 theory above will be repeated, essentially line by line, in each of the cases for 10D,
N =1,10D, N = 2A, and 10D, N = 2B superspaces. This will imply a certain repetitive
nature to the respective presentation. There will only be slight variations in explicit details.
We are able to minimize this very slightly by noting the result in (8.4) applies universally
in all three cases. So we will not explicitly rewrite it nor its resultant implications several
more times.

8.5 Adaptation to 10D, N/ = 1 component/superspace results: step 1

In the case of 10D A =1 N-SG covariant derivatives we define

V, = Do + %WDQ + %(aa—b)f(Dﬂ\Ir)M@, (8.27)
Vo = 0y + U0, — ig(%)aﬁ (Da¥)Dj — (8.0)ME, (8.28)

and “split” the spatial 10D N = 1 N-SG covariant derivative into two parts
Va| =Dg +1a" V5| (8:29)

Comparing the result (8.28) in with the one in (8.29) a component gravitino is identified via

b7 = —i%(0a) (D5 ). (8.30)
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However, as this expression contains an explicit o-matrix we see that it defines the non-
conformal spz'n—% part of the gravitino to be

Y = (0%)py%a” (8.31)

and it follows only the “o-trace” of the gravitino can occur. So then we have

1 1
Dg¥ = 11(09)571@7 = Ziwﬁ , (8.32)

in the 6 — 0 limit.
The complete specification of the geometrical superfields also requires explicit defini-
tions of the bosonic terms to second order in D-derivatives. We take advantage of the 10D

Fierz identity
7 1 e}
085" = 75 ()0 0) ™ (8.33)

valid for 10D spinors, so we may define a bosonic field:
Gy = (075)*° (D, D5 V), (8.34)

or in other words,

p.p L (0B sa 8.35
5P DY = 75 51(07)rs Gl - (8.35)
We emphasize that the component field (the G) is defined by the § — 0 limit of these

equations.

8.6 Adaptation to 10D, A/ = 1 component/superspace results: step 2

Torsions:
T,5 =i(0%a8, (8.36)
T,; =0, (8.37)
c _ 3 )
Tab - 270 [517 601 +( ) ] Vs, (8.38)
y 1 1 C C
T =igg [ (o)) Ggay + 5 (0013) ma] - [5555 _ (JQ*)(]] 0.9),  (8.39)
T,5=0, (8.40)
1
Ty = —15(0)" (Oyts) (8.41)
Curvatures:
de 6 e 1 1
Rog™ = —ig(0)as(090) - 15 [3v( 4B0) 5 Gg) + (071))ap G (8.42)
e 1 ; .
Ry = i3 [8,40000) + 5 (0% 0| (8.43)
Ry, " = —(9,00)5,7. (8.44)
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8.7 Adaptation to 10D, N' = 1 component/superspace results: step 3

Parameter Composition Rules:

€0 = —je1%e” (09) 001 + U) (8.45)
1 1 A7

A = 1061“626 [?),(Ude[?)])aﬁG[s] + (J[l])aﬁG[l]de] + ZToelaQﬂ(o'[d)aﬁ(adqj)a (8.46)

&= —i%ela@ﬁ(ag)alg(og)‘sewe. (8.47)

8.8 Adaptation to 10D, N/ = 1 component/superspace results: step 4

SUSY transformation laws:

dge ™ = —i%eﬁ |:50Ld5/37 + ;(Jad)[ﬂ] d0g"™) (8.48)
5Q1/’g5 =(1+ \P)ageé - eé(ag\p)Mgg

—igge [—(am) 5 Gap) + 3(0us))g GW] +15¢ [5555 — (0,94 ] (0V),
Sqaale = ~ie {@Jd(aelwﬁ) +2(0%) ;(aa%)] . (3.50)

8.9 Adaptation to 10D, N' = 2A component/superspace results: step 1
In the case of 10D N = 2A N-SG covariant derivatives we define

1 1
Vo = Do + 5 ¥D, + 1—0(0@)&5(1)5\11)/\4@, (8.51)
D+ LoD 4 L (e®) D,
Va =Da+ 5¥Da + 10(0 )i (Dg0) Mgy, (8.52)
1 1
Vo=0,+Y0, — z'g(ag)M(D(;\p)D7 — ig(ag)‘w(DS\IJ)Dﬁ — (0V)ME, (8.53)

and “split” the spatial 10D N = 24 N-SG covariant derivative into three parts
vg’ =D, + wgvvv‘ + wgﬁvﬁ‘ : (8.54)
On taking the § — 0 limit the latter terms allow an identification with the component

gravitinos are identified via

Va) = — i (0a) P (Dsl),  th = —%(%)W(D S0). (8.55)

However, as this expression contains an explicit o-matrix we see that it really defines the

non-conformal spin-1 part of the gravitino to be

2
wﬁ E(O&)ﬁwwg’ya 77[)5 = (Ug)ﬁng;y- (8-56)

It follows only the “o-trace” of the gravitino can occur. So then we have

1 1 1 L1
Dg¥ :zﬁ(ag)ﬁﬂbg = 2§¢5 , Dyl = 25((7@)/5’&7’%7 = Z§¢B’ (8.57)

in the 8 — 0 limit.
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In order to complete the specification of the geometrical superfields also requires ex-
plicit definitions of the bosonic terms to second order in D-derivatives. So we define bosonic
fields:

G = (073)°(D,Ds W), Hpg = (073)"°(D5D39) (8.58)
N = C"(D,D;¥), Npg) = (012)"°(DyDs®), Ny = (079)"°(D,Dg¥),  (8.59)

or in other words,

1 1 3 1 1 3
and . , )
D,Dy¥ = {CvéN + 5(a[Ql)V(;N[Q} + 4!(0[4])75]\7[4}} : (8.61)

We emphasize that the component fields (the G’s, H’s and N’s) are defined by the § — 0
limit of these equations.

8.10 Adaptation to 10D, N/ = 2A component/superspace results: step 2

Torsions:
T.5 =i(0%)as (8.62)
1, .,
T.5 = ZTO(U’)aﬁ(UgW&% ) (8.63)
. 1, iy
T.5 = —igg(0®as(0a) ¥, (8.64)
Tyy =40 (8.65)
1
Y s ay d
T, = —i15(0ap(00) s, (8.66)
. 1 iy
A AN Y6,/
Taﬁ' = 210(0 )dﬁ((’g) %, (8.67)
c __
T i=0, (8.68)
1 s L ab 5
TQB’Y = ZZ [Qy% + 170(0'(1*)@7(0'@)5 :| ¢5 5 (869)
. 1 . 1 .
Yo s Y$O . — (.aby Y )
75 =it |90+ 150, )| s, (8.70)
(& 1 C C
TQE = Zg [25975016 + (O—Qi)a6:| Vs (871)
T 7 =i L6l 1G4 (o), GE —2[5 57— (09](0.9),  (872)
ab 0| 2 a 70[2] T 3 \9b3] e 5 [ Ca b Ja |[\Oc¥),
~ 1 : : 1 : 1 .
Tw' =g [("b)aw = () Nopyy + 5 (aga1)al N = 2:(0) ) Nigg
1 .
+ i (oba)a' N [4]] , (8.73)
T =iz (25,560 + (0,98] (8.74)
ab = Vg |20 %4 T 0y )a | Vs :
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Ty = ﬂ% [(Ub) JN + (M) I Nyy — = (0p2)) 7 NP 7 ( B T Ny
+ i (op4) s N [4]] , (8.75)
T = igg | 503 Hi + o d B9 = 2[5~ (0,97 )0u), (5.0
Ty =0, (8.77)
T, = (o) @), (5.79)
T, = —%O(U[Q)%(ag]%) : (8.79)
Curvatures
R,;% = —ig( 4),5(09W) — % [;(Ude[?’])aﬁG[z] + (o71))ap Gl ] (8.80)
RdB@ — _ig(g[d)aﬁ(ae]\p) 410 [; (0%B3)). apHz + (004 . frlilde ] (8.81)
R = % -(a@)aBN —CN% + %(a@m)asN[Q]
- %(J[Q])aﬁN 2 + 4}41 el (0'[41)@1\7[4]} : (8.82)
Ry = i3 [5,400) + 1050000, 853
oy = iy [5,H0hva) + 50 O] 559
R, %= —(a_[ga[dqf)af . (8.85)

8.11 Adaptation to 10D, N/ = 2A component/superspace results: step 3

Parameter Composition Rules:
¢ = —i[ €% (0%ap + €% (09,5 ] .1+ 1), (8.86)

e 1 a, B 3« e e, L e
)\d*:—@(ﬂ 6264-61662 )[(Jd)aBN—CaBNd+2(O'd[2]) N[Q]

1 de[2 1 de[4][4
= 5(0)ap N + rne (o) s N
. ' (8.87)
+ Elaezﬁ |:2'(O‘[d)a5(86} )+ — [

1
o ( de[g})a,BG[?;} ( o )aﬂG[l]de:H

3! !

&, B 17 d e 1 1 de[3 1lde
+e1%” [210(0[)@5(3}‘1’) + 10 [3!(0[ DasHe + (o) agHME |

1 : 1 .
o _ B ,6’ s dsé ~ (210 é .
€ = 4(61 €” +€17€ ) |:(5a 65 + 10(0’ )a (0[2])3] Pe
1

— igelaqﬁ(ag)ag (O_Q)&we .

(8.88)
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8.12 Adaptation to 10D, N/ = 2A component/superspace results: step 4

SUSY transformation laws:
Sgea™ = —ine? 5d67+1( 7| 64 it 6,857+ L (04) 7| b4 (8.89)
Qg—2€ 65 dvegg 5"&,@4% .
00¥a’ = (14+0)9pe® — (9, W) M, &

1 1 1 c c
—zeﬂ[ ( [2]) Ga[2] (Ua[3]) 5G[3]]+56 [555,86_(05)65} (89‘1')

80 2 3!
1 5 1 ) . (8.90)
+z%e’3 |:(0'a)5' N+(o E ]) Na[l]_i(aa[ﬂ) DUEE g( ol ])B Naps)

+ o)’
Soate =iy 3,40 0a) 5 (0%)) @u)| i [80N0) 4 (0% ] (0|
(8.91)

8.13 Adaptation to 10D, N/ = 2B component /superspace results: step 1
In the case of 10D N = 2B N-SG covariant derivatives we define

1 1
Vo =Da + 5¥Dq + 15(0" by A (DgT) My, (8.92)
= 1— 1 _
Vo =Dq + Q\IIDa + 10( )P (Dp¥) Mas, (8.93)
1 —— 1 _
V=0, + \IJ@ + = \IJ@ —ig5(7a)" ﬁ(Daqj)Dﬂ—iﬁ(%)aﬂ(Da\p)Dﬁ
27 27
_ 2l g8 —iZl gy 8.94
2160(aa) (Do ¥)Dg ZlGO(Ua) (Da¥)Dg (8.94)

1 —
- 5(82\11)/\/{@2 - 5(82\11)/\/‘@2’
and “split” the spatial 10D N = 2B N-SG covariant derivative into three parts
Va| = Do+ %a"Vo | + 9, V, . (8.95)

On taking the § — 0 limit the latter terms allows an identification with the gravitino and
the leading term in this limit yields a component-level linearized gravitationally covariant
derivative operator given by

Dy =eq+ ¢a'M, = 0a + 5 (\I/+ 0)y + ¢a' M, . (8.96)

Comparison of the Lh.s. to the r.h.s. of (8.96), we see that a linearized frame field e,™
= (1 + (U + V) )8,™ emerges to describe a scalar graviton. Finally, comparison of the
coefficient of the Lorentz generator M, as it appears in the latter two forms of (8.96)
informs us the spin connection is given by

ple = _i(gg[d(@z}(\p +7)). (8.97)
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Comparing the result (8.94) in with the one in (8.95) the component gravitinos are
identified via

1 _ _
P = —zﬁ(aa) (D5(5\If +277)), (8.98)
_ 1 _
V) = —zﬁ(aa) (D5(5\I/ +270)), (8.99)
which are equivalent to
Da(5¥ +27V) = i16(0%) 0y, Da(5¥ + 27¥) = i16(0 )sza ) (8.100)

However, as this expression contains an explicit o-matrix we see that it really defines the

non-conformal spin—% part of the gravitino to be

g =(0Npy 0", Vg =—(0%p¥a - (8.101)

Since the results in (8.100) are under-constrained, we are allowed to introduce a fermionic
auxiliary field A\, and its complex conjugate A,. So then we have

D,V = z‘%(a@)mw —2Thy = %wa — 2T\, (8.102)
D,V = z%( 09 ara” + 5Aa = ilwa +5Xa (8.103)
D,V = z%(g—)awa —2TAy = —i= z/)a Ao s (8.104)
D,V = zé( 0oy y” + 5Aq = —25% +5Xa s (8.105)

in the 8 — 0 limit. Also observe that
Do(¥ — ¥) =320, Du(¥ —V)=232),. (8.106)

In order to complete the specification of the geometrical superfields also requires ex-
plicit definitions of the bosonic terms to second order in D-derivatives. So we define bosonic
fields:

U = (013)" (D, Ds ), U = —(073)"°(D,Ds¥), (8.107)
Xp) = (0[3})75(3735‘1’)’ Y[3] = —(0[3])76(D7D5@), (8.108)
Y3 = (073)"° (D, Ds0) Vg = —(o73)"°(D,Ds¥)

= (013)"°(D,Ds¥), = —(013)"°(D,Ds¥) . (8.109)

Ue emphasize that the component fields (the U’s, X’s and Y’s) are defined by the § — 0
limit of these equations.
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8.14 Adaptation to 10D, A/ = 2B component/superspace results: step 2

Torsions:
T, =0, (8.110)
T,5 = —i=(0%a8(00) " Ps+2(0%)as(0e) " Ns, (8.111)
T,5 =0, (8.112)
T,Bgzo, (8.113)
T =0, (8.114)
o1 _
T3 =iz (09as(00) " ¥s+2(9)as(0c) A, (8.115)
T.5=(0%as, (8.116)
9 5|~
TaBA’:—ZzTO( o) as (o) s+ 2 [( ¥ as(orz)’ 30( o) ap(op5)) ] As (8.117)
S 1 1 1
T3 =igg(@™aplo) 05+ [(0[3})%(0[3])“— 30(0[5})(15(0[5})75] s, (8.118)
Taé*:—zg[% 557 +(0,5)a ]zp7 [ 115, 57+(ab )g}/\v, (8.119)
1
v vy Y
T, = o7 | —310,°00 +15(0,)) | (0.90)+ - S [278,55,7453(0,5).7] (0.T)
~lgees { (o) (532 =27¥ by ) = 55 () (5Y 1277 )} (8.120)
T 1 Y
T =iz { (o)) (=5 +27Uppz ) = 55 o) (—5X +27U[3]>] . (8.121)
T&bg = 25 |:25Q§5a7+(0-b2)a7i| w’y+ |:_ 115Q§5a’7+(o.bg)a7i| X’Y’ (8122)
1 1 7
T =iz [ (o) (5Xb[2] 27Ub[2]>——(ab[3]) <5X[3] 270 )} , (8.123)
1 _
v _ ol y
T, = o7 | 318,70, +15(0,%) }(agxlf) 50 | 270,07 +53(0,7) ] (9.0)
1 L 703
- 2560[ CEON ( 5Yb[2]+27Yb[2}) 3'(0'b[3]) ( 5Y +27Y[3])} (8.124)
Ty =0, (8.125)
1
Tay' = =15 (o1)" *(Dgyibs) (8.126)
_ 1 o
Ty =150 (9y¥s)- (8.127)
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Curvatures:

R, % = % [;(ade[3])a6U[3} — (op)aglU [”ﬂ : (8.128)

R = _% '?}!(Ude[s})aﬂy[g] - (a[l])aﬁU[”de] , (8.129)
Ro5™ = —i2(0)as (0 (¥ + T)) = 15500 )as (04 (¥ + T)

_ % -(0[1])‘15 (e — e %(am[d)aﬁ (v - 7) (8.130)

_ %(0@[3l)a5 (}/[3] _ y[g})} , (8.131)

I é@’de)ﬂ@b%)}‘115b[d<8%>+<o-de>g<am>7 (8.132)
(Ude)a”((?b%)] —116,4(09%0) + (0%) 7 (BX,),  (8.133)

0, 04(¥ + 1)) 5, (8.134)

8.15 Adaptation to 10D, N/ = 2B component/superspace results: step 3

Parameter Composition Rules:

1 _
£ = (18" + & %) (0%)0pd ™ (1 + 5 (¥ + m) , (8.135)
17 . T —
M = (198" + & e®) [ - Z?O(a[d)aﬂ(ai(qf + 7)) — zﬁ(gii)aﬂ(ai(m + 7))
1 de e\ 1. g d el
30 [(U[l})aﬁ (y[lL -Y ) - E(U[Q]L)aﬁ (Y oY [2})

1 de v
— (0% 05 (Vg — Y[iﬂﬂ }

1 (07 1 € €
— —e%" [(Ud[gl)aBU[:’m] - (‘7[1])aﬁUmd}

40 3!
+ e 5(0* )apUs) — (o71))as , (8.136)
- 1 € 1 €
e = —(Elagzﬁ +€15€2a) [110 [(0[1])04[3(0[1])6 - ﬂ(g[g])aﬁ(f"[zﬂ)a ] e
1 1 —
# 5 sl = 55 astors)*| 7 (8.137)

]- € 7. €
o, [_25(0[1})%(0[”)5 B+ 2(0M)os(0)’ /\E] .
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8.16 Adaptation to 10D, N' = 2B component/superspace results: step 4

(8.138)

1 1 -
—& {i2 [5ad5ﬁ7+5(0ad)ﬁy] Yyt [_11555,6’7"‘(0@4)57} Ay| 0a™,

Sothe® = <1+;(\p+xp)> ageé—%eé(ag(\uq/))/w;
1 1 _
_ B cs § c\y d _ - B cs c\ 8
i [ 316,504 +15(a,, )5}@\1:) ¢ [275255 +53(0, )5}(6511)

A1
2560 |2

R R R N — 1 5 3 3]
Ti3560° [2("[ oF (5Xg[2}—27Ug[2})—g(%m)ﬁ (5X[ |70 ) ,

(8.139)
+i

_ 1 i3
(o) (5Yalo =27V apz)) — 57 (i) (57 =277 })}

1 — 1 _
Soiale =i3e |84070,) 4 3(0%)70,0,)| ¢ [~ 118/4090:) (0% (000

.1, e 1 e — el € By
—ise [@W(a]wm%(ad);(aaw] & |~ 116,40TX5) +(0%) ] (D)
(8.140)
9 10D, N = 2B chiral compensator considerations

In the limits where all supergravity fields are set to zero, four sets of superalgebras emerge.
These take the forms:

(a). 11D, N =1,
{Da, Dg} =i(v)ap0a, [Da, %] =0, [0, 0] =0 (9.1)
(b). 10D, N = 1,

{Da, Dg} =i(6%ap8a, [Da, %] =0, [0a, O] =0 (9.2)

(c). 10D, N = 2A,

-~
3
Q\_/
o)
N
—
)
o
=
™
——
I

{Da, Dg} =i (0%)apdq {Dd, DB} =i
[Das &) =0, [Das 3] =0, (00, O] =

(d). 10D, N = 2B,

{Da, Dg} =0, {Da, Dg} =0, {Da, Dg} =i(6%)apda,
[Da, &%) =0, [Da, &) =0, [0a, Op] =0,
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We next introduce a complex superfield denoted by 24 into each of these d-dimensional
superspaces and seek to probe the implications of imposing a first order differential equation
on this superfield that utilizes any of the spinorial derivatives above.

For either the 11D, N/ = 1 or 10D, N = 1 superspaces we have

DdeZO — DaDdeZO — {Da,Dg}QdZO — 8£Qd=0, (95)
and by analogy for the 10D, N' = 2A superspace we find

DBQdZO — DaDgﬁdZO — {Da,Dﬁ}QdZO — 8£Qd=0, (9.6)
DBQdZO — DdDBQdZO — {Dd,DB}QdZO — 899(1:0. (97)

Thus, from (9.5) to (9.7) we find the superfield Q, in each of these d-dimensional super-
spaces must be a constant. However, upon repeating these considerations for the 10D, N

= 2B superspace we find

DsQa=0 — DaDgQy=0 — {Da, Dg}Qq=0 — 0=0,

_ _ _ 9.8
DdeZO — DQDQQdZO — {Da,Dlg}Qd:O — 0:0, ( )

which shows that the superfield €24 in this case can be a non-trivial representation of the
translation operator.
The differential equation
DsQq =0, (9.9)

in the context of four dimensions implies that (1; is a “chiral superfield.” On the other
hand the differential equation
Dslg =0, (9.10)

in the context of four dimensions implies that {24 is a “anti-chiral superfield.” While it is not

possible to simultaneously impose both conditions because a chiral superfield is the complex

conjugate of an anti-chiral one, either one or the other can be imposed. This also means

that neither the chiral nor the anti-chiral condition can be applied to a real superfield.
Let us return to the results shown in (8.104) and (8.105)

_ 1—
DoV = i= (0% 0y, + 5Xa = —i=9y + 5Aa

N 21 (9.11)
DoV = i=(0%)ayth,” —2TAa = —iﬂa — 27\,

since the remaining equations can be obtained by complex conjugation. In all the other
cases we have explored, there is no spinor field such as \,. Taking the difference of the two
equations that appear in (9.11), we may obtain

1 _
i=Da(T V) =i),. (9.12)

32
However, the quantity i (¥ — W) is a real superfield. The requirement that \, = 0 is
equivalent to the imposition of an anti-chirality condition on a real superfield and this

condition possesses no non-trivial solution.
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The inability to introduce such a chiral superfield distinguishes the type 2B theory
from the other higher dimensional constructions we have considered. At first order in the
f-expansion of ¥ both the spin-1/2 portion of the gravitino @J and a separate spin-1/2
auxiliary spinor A\, must exist.

10 Conclusion

This work gives a proposal for descriptions of Nordstrom supergravity in eleven and ten
dimensions, as well as the component level descriptions that follow from the superfield
equations we have presented. Our work is based on the assumption that in each of the
cases of 11D, V' =1, 10D, ' = 1, 10D, N' = 2A and 10D, N/ = 2B, a single scalar superfield
is required to provide such a description as this was the case for both ordinary gravitation
as well as 4D, N/ = 1 supergravity. We remark that our work is but a foundation as in
future extensions of this work we plan to continue this exploration.

Having obtained the results for the theories in ten and eleven dimensional superspaces,
we can compare those results with the ones seen in section 3. Looking back at (3.8), with
a bit of effort, one can show that the condition H% = 0 causes only modification in the
form of the equations. Namely the terms W3, will vanish under this restriction. It is thus
pointedly seen all the basic superfields (i.e. R and G,) in the algebra of the superspace
supergravity covariant derivatives are bosonic. This is to be compared to the results shown
in (3.14) where a fermionic superfield 7', appears. In all of the higher dimensional theories
such superfields appear ubiquitously.

In the works of [36, 41] on the basis of the study of solutions to the 11D superspace
Bianchi identities up to engineering dimension one, forms for the superspace torsions and
curvature supertensors were proposed. Upon comparing particularly the results in the
first of these references to the result derived in the current work as seen in (4.10)—(4.18),
apparent concurrence is found. In the work of [41], we have the definition

1 1 1 1
Vads = CapS + (19asta + 5 (1M apty + 5;(asls + (1 asVig + (1 )asZp) -
(10.1)
In this former work, we must set the 11D “on-shell” superfield W g to zero to make

comparisons. When this is done, then by a change of notation where

Vo = Jas K—S, Ky, — v, K[Q]—>t[2], (10.2)
Kig = Upg), Ky — Vi, Kisp = Zps), '

we then look at (10.1) in contrast to the form of (4.10) to (4.18) in this work. We find in
the Nordstréom limit,
Vg = 8Q\I/ N t[Q] = 0, Z[5} = 0, (10.3)

and thus there is significant overlap. In particular, the results in (10.3) tell us something
interesting about the J, tensor. We can decompose it into two parts

Jo=JD +D,0 (10.4)
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which is equivalent to the usual decomposition of a gauge field into is transverse and
longitudinal parts. Upon setting the J ((IT) = 0, one recovers the Nordstrom theory.

There is a further feature noted in the work of [36] that also is indicated as a direction
to include in this new pathway of exploration for 11D superspace supergravity.

While the notation of superconformal symmetry is not presently understood in a num-
ber of approaches to the study of 11D supergravity, the superspace approach in [36] is
indicative of a specific further modification. In particular, by the introduction of a scaling
transformation of the supervielbein, it was found that a modification of the spinor-spinor-

vector component of the supertorsion that is given by the expression

Tag® = i(¥)as + i(yH)as X1g° +i(1)as Xp5)° (10.5)

is consistent with the superspace scale transformations if and only if the “X-tensor” and
“X-tensor” satisfy the conditions,

X@Q — O , €[§]LI)CX@£ — 0 , ‘)?[é]gg — 0 , e[é}abcdeii\abcdei — 0 . (106)

A detailed and careful study of the 11D superspace supergravity Bianchi identities with
the modifications in the current work as well as the works of [36, 41] is indicated to assess
the form of any equations of motion that emerges in the presence of retaining the on-shell
field strength.

In the future we will also address the very important quest of whether there exists a
superspace action for the Nordstrom supergravity theories in higher dimensions. It is clear
that in order for this to be the case, it is necessary that the scalar superfield should satisfy
some superdifferential constraints. The expectation is suggested by the structure of the
4D, N' = 1 theory. We remind the reader that the irreducible theories require that the
superfield X is subject to some differential constraints. So it is natural to expect this to
extend into the higher dimensional theories.

Our approach also raises an interesting question about Superstring Theories, M-
Theory, and F-Theory. Do these theories also possess consistent truncation limits that
include Nordstrom supergravity theories in their low energy limits? If the answer is affirma-
tive, such limits might provide laboratories in which to investigate these more complicated
mathematical structures.

“FEvery boy in the streets of Gottingen understands more about four dimensional
geometry than Einstein. Yet, in spite of that, Finstein did the work and not
the mathematicians.”

— David Hilbert

Note added in proof. This current paper is a combination of the previous results shown
in the works of [42, 43] available on-line. In the previous work of [43], there was made a
conjecture that a possible avenue to reduce the number of component fields could be pos-
sible assuming the condition [A(165)@A(330)m V(H)] + = 0, for a scalar superfield V(1)

can be satisfied. In a future presentation a proof this assumption is not viable will be given.

Dedication. SJG wishes to dedicate this work to the memory of Shota Ivan Vashakidze,
a valued friend and collaborator in the exploration of ten dimensional superspace geometry.
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A 11D Clifford algebra representation

In this section we briefly summerize the convention that we adopted for 11D gamma ma-
trices. Our 32x 32 gamma matrices are defined by the Clifford algebra:

{7442} = 291, (A1)

where T denotes the 32x32 identity matrix and the inverse metric n% follows the “most
plus” signature:

n% = diag(—1,+1,+1,+1,+1,+1,4+1,+1,+1,+1,+1). (A.2)

D—-1

It is known that D-dimensional space-time Dirac spinor has 2 components when D is
odd, and 2P/2 components when D is even. Hence in 11D, the spinor indices of the gamma
matrices, denoted by «, 8 and so forth, run from 1 to 32.

One can raise and lower the spinor indices via the “spinor metric”, C,3, which satisfies:
Cop = —Cha, CogC?’ =6, (A.3)

The gamma matrices with multiple vector indices are defined through the equations:

Vil = 42 4 n2b (A.4)
by — _yab | pab (A5)
yaybe — yabe | palbd] (A.6)
ybena — yabe  palb] (A7)
1

yanbed _ abed 4 577@[@),@] (A.8)

1
,YbCJ,yQ — _,ym + inﬁ[bfyﬁi] (Ag)

1
'YQ’YM _ ,}/abcde + 5,’72[@7&‘56] (AlO)

1
bedea _ abede _ g77g[@7c;-ie] (A.11)

1 1

~abedef _ 5 cabedef (5] Y5 + ang[b,yﬂﬁ (A.12)
’}/mi')/g _ _%eabcdeﬁS],}lm + %ng[bfy@ﬂ (A13)
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The symmetric relations of the gamma matrices are given by:

(7)as = (Y*)8a

()ap = (%) g
(V%) ap = —(7"*) g0
(72)ap = — (124 5o
(,Yabcde)aﬁ ( abcde) o

(va)a” (495" = 326,

(yap)a” (745 = =326 6,
(abe)a” (v2L) " = —328,5,° 5]
('Yabcd)ozﬁ(’)/g&ﬁ) @ = 325[ (5 (5 5d]7

(vabede)o” (P05 = 325,70, %65,/

as well as the following Fierz identities:

3803 = 15 ~ (19005 + 50 as0)" = 50
() g} = 116{ 00190050007 +190 ) as(r)" = 50 )asr5)” |
1 1

1 € €
S (P (gz)* = 5 (gl (7)°

2 BE]

— ) _ v o€
16{ (Wb)ac +

P () g ) 1)

€ 1 € e
(099) 785 = 16 { O (1147~ ()51
1 €
2 e — () 15 4 ()OO

1
5141

(A.24)

(A.25)

(A.26)

(A.27)

. 1
+ e Opas(19) 7 = 5 (M Das (v )" = 51 (4 as Oy )76}

Finally, we list the explicit representations of 11D gamma matrices in terms of tensor

products of Pauli matrices.
Spinor metric:
Cop=—10° 0L LRL®I,

Gamma matrices:
(Yo =i0? 0L oL el ®l,
Yo =0t @02 ®@0?® 0% @ o?
(P’ =000’ 0?0l ®c!

=
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P’ =00’ @0’ 0L oo (A.32)
(Mo’ =ct®d’ 0o @l (A.33)
P’ =c'ec? @t @’ @l (A.34)
19 =0l @’ @l ot ©o? (A.35)
(e’ =c'®c?@L oo’ ® o’ (A.36)
()’ =c'®c' 9L 0l @1, (A.37)
(Mo’ =c'®c’@lhelhol, (A.38)
()’ =*ehehehel (A.39)

B 10D Clifford algebra representation

In this section we briefly summerize the convention that we adopted for 10D sigma matrices.
The Clifford algebra is

(0%)as(0")" + (02)ap(0®)”" = 25,7, (B.1)
where the inverse metric 7% is:
n® = diag(—1,+1, 41,41, +1,4+1,+1,+1,+1, +1). (B.2)

In 10D, the Dirac spinor has 2P/2 = 32 components. We use undotted Greek index
to denote 16 component left-handed Majorana spinor, and dotted index to denote right-
handed ones,

(W) =9y, (@) =y~ (B.3)
where a = 1,...,16 and & = 1,...,16. We raise and lower the spinor indices by spinor
metric C . as follows:

‘:wac'v ¢a=¢/§0'>
L . ° (B4)
C .coP=45.8, C .CoP =45
ay ¥ v B

The sigma matrices are bispinors. There are three types of them: purely left-handed:

(Ug)aﬁ ’ (ULbc)aﬁ > (Um)ocﬁ ; (B'5)

purely right-handed (related to purely left-handed by the following):

(Ug)a,@ _ Caé‘Cﬁé(og)&B , (ULbC)CY,@ _ Caécﬁé(aaic)&B , (UM)aﬁ _ CQ&C’BB(UM)&B :
(B.6)

and mixed bispinors:
C()éé» (U&b)aba (Um)aé> (B.7)

which have relations
8. = Cﬁéca[a’ (G@)aﬁ — CBB(U@)QB’ (UM)QB — Cﬁé(am)aif (B.8)
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Definition of o-matrices with more Lorentz indices:

(Ug)aﬁ(gb)ﬁv — (U@>av + 77@5a7

(aé)aﬁ(a@)m = —( @) g @5 v
(09 (0) 57 = (027 + n2l(c)*
(0%)a” (%) 3y = (6)ar — n®(09) 0y
(0o (02)" = (ged), 7 1 Zpplb(oed),

1
(02)°F (ot} g7 = (p2bete)r . e

cae a aobcae 1 a cae
(0o (0%)3y = (08) 1y = im0}

a cae 1 aocae 1
(09)ap(o?eL)P = —esteded M (o) 7 + <

a[b( cde] )a'y

4l 4'”
(01L)p0) = ~ el o) + (L),
and
(62), 5007 = (02),F + it
(Ué)éhé(ag)é% — _(U&b)&% + 77@5&"7
( )&B(U )é& — (Uaic)é’y + n@[@(ad)&%
(UbC)&E(Ug)B% — (JLbC)M _ T]Q[Q(Ud)&;/
(Ug)&é((jmﬁ& _ (JM)&‘/ + %ng[b(agﬂ)&%
(aM)éB(Ug)é’y _ _<am)&& + %ng[b((j@])o,ﬁ
(aﬁ)é‘é(am)ij _ (JM)&% + %ng[b((,@])&%
(010) 3 (o) . = (o), ~ ;, o
(Uwi)&é(gg)m _ %Eabcdem( o)y’ + 4'77 ol (o cdeﬁ)d&

g[b(ac;deﬁ )a”

(B.19)
(B.20)
(B.21)
(B.22)
(B.23)
(B.24)
(B.25)
(B.26)
(B.27)

(B.28)

The sigma matrices with five vector indices satisfy the self-dual / anti-self-dual identities:

1 5
(o5))as = 56[5][ }(0’[5})04/3

af 1 5 O{ﬂ
(o)™ = 5!6[5}[5](0[5])
@B1)a5 = 51 ¢

) 1 —
(o)™ = g (o)

755 5

& B
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(B.30)
(B.31)

(B.32)



The symmetric relations of the gamma matrices are given by:

(Ug)aﬁ = (U%Ba (B.33)
(ULbC)ag = —(ULZ’C)@a (B.34)
(UM)OAB = (Um)ﬁa (B.35)

From the definition, we can easily work out the trace identities:

(0a)ap(0®)* =166, (B.36)
(0ab)d (0%) 5 —165[a(5b]*, (B.37)
(Cabe)ap(0%l)? = 166[*5 €5 f (B.38)
(Tabed)o (0<19) 5 = 166 57 620 dT’ (B.39)
(Oatece)as(#£229)°7 = 16 |5, L5,7626,06 0 + eqpeae ] (B.40)
and
(00) 5(0D)*” = 166" (B.41)
(0w). (o @)ﬁ = —165,59,", (B.42)
(a@)&é(a@f)é‘ = 16% 5, 547, (B.43)
(am)f(aé&ﬁ)ﬁ 166,55, L5 o4, (B.44)
(Tabede) 5 3(0@@)&5 16 5[a 6,26.20,/0 ~ €ppea ™| (B.45)
From the definition, we can also derive the following 10D sigma matrices identities:
(00)" () Po1a)” = 54(0)*” (B.46)
(02)"7(0,2)5"(0%)] = 6(0,2)*" + T (04)*" — 85,4(02))*” (B.47)
(o) () 2 (o19) 5 = —10(op5)" (B.48)
(o) (o) 2 (01, o), = ~10(o75)" (B.49)
(015))as(09)* (00)"7 = 0 (B.50)
as well as the following Fierz identities:
1
0585 = 154 (09as(00)T + 51 (0 as (019) 7 + 55 (7o)} (B.51)
27 1
(0[2})3(0[2])5 5 (%)ag(o )‘mr*( [3])aﬁ(0[3])5”—@(0[ Dag(ops)™ (B.52)
1
600 = 35 {827 (00 +5(1) ) (0312) ™ — (o) (o)
(B.53)

+%( D (Ub[4) —g(%zﬂ) (o [3})’%}
(0%)3138 = 15{ ~(oas (@140 + () a0 7?
_%(0[3])045( [3]de)75+2( [2][d) (UJ[ })’yé_i_(o_@[l})aﬁ(o_m)'yé (B.54)

1 1

4 T (0[4}@)@8(02] [4] )75 + 5 (U@[?»] )aﬂ (0[3] )75}

_41 -



5
= 15 ~90.7(00)" =5 (07) (002) ~ Ty}

= E{ —2(0(1))ap(eM49)° +2(014) (o)1

_|_

10 Das (0T 4 2 (%) o (0)0? |
= 1{ 0 (Oate) P +6 P egaloy )70
%( [2]) (Uabc[z])w—*( 2D Prgia (o)
lo) (o, b[l]) — (o) (g™
( )’ = (0ga)d (0 ])76+77c[a(0b][1]) P (o)
(o) = 3 ( B0) 2 (0 4bi)"°

\_/m

+(o
(Ub

+ +
\»—'w\,_.u;‘._.
—
q,—
\_7

Q

= 3

cla
Cope)’ gﬁc[a(%}[g])a (o)
(

aﬁ(g [2]) ( (2] ca ) (O.Jm)'yé
+413|6abc[4 1[3] (U ) ( 13 )’Yé (Uabc[ﬂ) ( [1})75}
) (0[1])66

\_/\_/

1

1
3105 Gaga) ™ = 5 (o)’ (07}

15 —2(00)* ()

+(o H)aﬂ(g[ ld (Ub] }[1]) (U[d)aﬁ(og}@)w5
+5[ (5 })aﬁ( g])va_(g[ (5 g})aﬁ(%])vé
( [3]) 55[ [d (Ub] }[3})75
( o)1) (0 242)7° — (P4) B (0] yy))7°
15 — a8 (013)% (013
_2(0[1@) B(U@[l])v5+2(g[1]@)aﬁ(a@[l])v6
+%5[Q[gl(%n2])aﬂ(agl[ﬂ)w?_%5[2[4(0§][2})aﬁ(%]m)vé
_5[2[4(%}&1])aﬁ(a[l])vé_2(0@@)04,8( g])vé
— 5 (01) P (0P 4 2 (01D P (0T
—%5[(1[4(0,)]9“3])“5(0[3})75—(a[g]aib[f)o‘ (o&)2yre

+2(0 M) (opy)) }

1 5
(o). (o) = =567 (00) " = 5 (o). (o) 45 ()7 (1)

(o2ldy

Y
«

(29)

0

B:

1
+—(o

2

(o) (o3a)??

1 e €
112001 as (27 11202 g )

2 € €
+3(03)as ()42 (%) 4 (075}
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(B.55)

(B.56)

(B.57)

(B.58)

(B.59)

(B.60)



(B.61)

(B.62)

1 3 1 3
—5(0a2) 3 ()P4 G010 (017

dey 75,5 _ 1 (0deYY0 1 (gdey oS (Sl
(09078, = 1{ ~C (™) +(0%) ¢ (o)
€ 1 € 5

+ (Ui[2])aé(g[2])76_5(0[3]@%&(0,][3])75

ap

3! af

o m)wé ) . (oo

1
~2(om),;

1 delalf 5
+ mei[4][4] (0[4})aé(0[‘1})76}

(B.63)

dey 55 v _ deyys _ (yde §_ (Ml o o1 de[2]\75
B @ _16{C 5 (05)7° = (0 )QBC’Y (o )aé(a m)” +2(0[2])aé(0 )7

5 d e 5 1 del)a 5
(o) =509 (09) " = e o) (070}

(B.64)

Finally, we list the explicit (real) representations of the sigma matrices in terms of

tensor products of Pauli matrices:

and

(e =hehbelhel

(Nap =0?®0* @ 0* ® 0
(0Dap =0’ ®@0* @[ @0
(0Pap=0"®@0* @1 ® 0>
(Napg =’ @' @0 @1,
(e =0 @0 @%@
(UG)aﬁ =0’ ®o?
(0)ap = 0?21 @ 0® @ o
(DNap=0' QT L a1,

(0Nap =" 0L LI,

(09 = LeLeLel
(MY =02 @0 ®0? @ o?
(0_2)a6 — 0_2 ®O’2 ®H2 ®O’1
(03)045 _ J2 ®O’2 ®H2 ®03
(0_4)aﬁ — 0_2 ®O’1 ®0_2 ®H2
(05)04,8 _ 02 ®O’3 ®02 ®I[2
(06)116 — 02 ®]I2 ®0_1 ®O’2
(0_7)a,8 :0,2®]12®0_3®0_2
@)¥ =c'ehLobel

()P =039 1,
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C Superspace perspective on component results

The technology developed in Superspace [34] allows a presentation of component results
in all superspaces. .. by an appropriate adaptation of notations. In particular, the equa-
tions indicated in section (5.6) in this book can be applied to the cases of eleven and ten
dimensions. This is true even though the sole focus of the book is the case of 4D, N' =
1 supersymmetry. The discussion in the book can be easily modified for use in 11D and
10D superspace theories. The relevant equations were designated as (5.6.13), (5.6.16)—
(5.6.18), (5.6.21), (5.6.22)—(5.6.24), (5.6.28), (5.6.33), and (5.6.34). For the convenience of
the reader, we bring these results all together in the text to follow. In the text, these are
all appropriately modified for the cases of 11D, AV = 1, 10D, A/ = 1, 10D, /' = 2A, and
10D, N = 2B superspaces, respectively.

C.1 Recollection of 4D, N' = 1 component/superspace results

In the context of 4D, N/ = 1 superspace supergravity, we may distinguish among three
types of symmetries:

(a). space time translations with generator iKgc(£™), dependent on local parameters

(b). SUSY transformations with generator i/{g(e%) dependent on local parameters e*(x),
and

(c). tangent space transformations with generator iKpg(A*) dependent on local parame-
ters A\*(z).

The tangent space transformations act as “internal angular momentum,” chirality, etc. on
all “flat indices” associated with the superspace quantities.

The commutator algebra of two SUSY transformations generated by iKg(e1%), and
iK g (e22), respectively takes the form

[iKq(e1), iKq(e2)] = iKgo(€™) +iKq(e) +iKrs(\'), (C.1)

where the parameters &2 €2, and \* on the r.h.s. of this equation are quadratic in €;
and €9, dependent on linear and quadratic terms in the gravitino, and linear terms in the
superspace torsions and curvature supertensors according to:

2= — (%8 + €1§€2Q)Tgﬁg+elgfzéTgﬁg +€1Q€2§Tg6§ €™ (C.2)
[ e e T ST fo ) et AT ST, o et T S, fu
= ) 1% s af Ve 1 €2 Uapg Tap Ve 12 Wap ap e |
(C.3)
N == |6l ve let) (R ST B0 e e (Ras+ T, S0 +efbe (R 14T, £0,)
= €] € +E€ € ap o e €1 € WMapTdapg®c )6 €Uty ap e’

(C.4)
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The supersymmetry variations of the inverse frame field e, (z), gravitino wgé(:n), and
connection fields for the tangent space symmetries gzbi(m) take the forms below and are
expressed in terms dependent on linear and quadratic in the gravitino, and linear in the
superspace torsions and curvature supertensors.

dgeg™ =— | 2T, +BT L (@ Tt )Ty S+ ya T 5 PO IT e, (C5)

S D B S oes 8\ _ B S m e 6y _ By T v T Byem 6 e s
‘5621% =Dge ef(Tég "‘Té@ % ) ﬁf(ng +T§Q T/’g )= (€9g +elthg )(Tﬁ ‘i‘Tﬁ T/’g )
B Y 8 e 8\ BT A & e s
€=ty (T@ ‘i‘Tgi wg ) Etbg (Tﬁj ‘i‘T@ 1/12 )7 (C'G)
W 3,9, 47 B
009 = —(Roy + Ty, 0, ) —E(R 0+ e 0)— (" +eXhe ) (R AT 0e)
Y BT
—eﬁqu(RﬁJrT@%;)— é%f(RB;JrTqus;). (C.7)
The supersymmetry covariantized versions of the torsions, gravitino field strength and
field strengths associated respective with the inverse frame field e, (z), gravitino wf(x),
and connection fields for the tangent space symmetries ¢,'(x) take the forms below and

are expressed in terms dependent on linear and quadratic in the gravitino, and linear in
the superspace torsions and curvature supertensors.

Ty =ty + ¢[aT5b] + ¢a 5t o+ w[awb Ty + 0, T S+ 0 6% B (C.8)
T =to + YTy + %T@ + Pty T + 00, Ty, + %é%T& . (C.9)

In the linearized limit of these theories, not all of the terms in (C.2)—(C.10) appear.
Instead these equations take the forms

m [ o 5 _ B o c a B c Y 5 c m
£m = — _(61*62* + 61*62*)Tg§* + elfeQ*TQé + 6162Ta[3] et (C.11)

[ o B B a 5 Bim 8y, —a_ B, 8
Q= _ (€ €& + 61*62*)(T4§*) + €%y (ng) + 6162(Tg5)] , (C.12)
== (26l v elef) (B 4 el (R + et (R ) (C.13)

RERE 1 €2 o 1 €2 Ulap 1 & Utp)) s .

So = — | 2T, ¢ bd + -BT (C.14)
501 = Dae® — eﬂ(Tﬂg) ’5(Tﬂg ), (C.15)
6Q¢a —€= (Rﬁa) E(Ré;) ) (Clﬁ)
Tab,}l = tab’y ) (017)
T =t (C.18)
R bL =Tw (Clg)

The terms on the r.h.s. of the final three equation correspond to the non-supercovariantized
versions of the respective torsions, gravitino field strengths, and connection field strengths.
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