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Start with the model problem with a tensor-valued continuous variable coeffi-
cient A = A (x)

-V-(AVu)=f inQ, (1)
u=g¢g on re, (2)
Vu-n=h onTV. (3)

Introduce an auxiliary variable o to acquire two first-order equations

-V-(Ao)=f, (4)
oc=Vu. (5)

Multiply Eq. 5 with the variable coefficient A, then multiply both equations
with appropriate test functions and integrate over cells

(0n, =V - (Aon))g, = (vn, fla, (6)
(‘rh,)\a'h)QE = (‘I’h,)\vuh)ﬂc . (7)

Integrate the LHS of Eq. 6 by parts and introduce the numerical flux o} of the
auxiliary variable

(Von, Aan)g, — (vh,aZ)\Tn)aQE = (vn, fq, - (8)

Integrate the RHS of Eq. 7 by parts and introduce the numerical flux uj of the
solution

(ThsAon)g, = — (V- (ThA) ,un)q, + (Th, Aupm)yq, - (9)



As the next step to get to the primal formulation, integrate this once more by
parts to obtain

(Ths Aon)q, = (Ths AVuR) g — (Th A (un — up) 1)yq, - (10)

Set 7, = Vo, and substitute Eq. 10 for the first term in Eq. 8, which gives the
primal form

(Vun, AVup) g — (Vop, A (un — up) 1) aq
— (vh, o3 ATn)
- (’U}“ f)QE
0.

e

02 (11)

Define the fluxes according to the SIPG method with the average and jump
operators

up = flunl}t (12)
op = {Vunlt — 7 [un] - (13)

Substitute the fluxes to finally get

1
(Von, AVun)g, = 5 (Von, A [un]) g,

— (vn, {Vur} ATn) o,
— (vn, 7 [un] A n) o, (14)

— (Un, f)Qe
0



