Pseudoscalar decays to leptons in Weak effective theory
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The purpose of this note is to review the formulas for BR(P — £7¢'~) decays in general weak
effective theory (WET), keeping an eye on the subtleties such as signs and CP asymmetries, and
carefully following the contemporary conventions as employed in, e.g., flavio.

The WET is defined by the Langrangian

Lwers) = Loop+QED (Vies €,d,u, s, 1, ¢,7,0) + Leg (1)
the non-renormalizable part of which reads
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We assume new physics relevant for P° — ¢T¢'~ to reside in the operators which are usually cast in
the following form:

Oy qeer =N (dyuar) (1) Ob_ygee =N (iuan) (F70) (32)
O10_qqe0 =N (LT'LWQJ (0'H50) 10_qqee =N (@%qu) (0'yF50) (3b)
Og_gqeer = N¢ <ZQR) () O%_gqree = N¢C <£QL) () (3c)
Op.qgee = NC (dhar) (Trs0) O, gyoe = N¢ (dhar) (Ps0) (34)

The normalization coefficients N' and AN differ among various papers. In general, they can be
complex, which will turn out to be a bit cumbersome for the KB g decays. We assume ¢ € R.

As the hadronic elements for the pseudoscalar mesons P = ¢/q read

(0 7+*q|P(k)) =0, (0172 q| P (k) = ifpkt, (4a)
2
Ol q |P(R)) =0, O1d2a|P() = ~ifp2Eoe = <ifpmp, (1)

only the combinations
/
Cax_qqee = Cx_qgeer — Cx_gqowr ()

matter. As 1 (7,)75¢2 < +2(7,)7511 and pseudoscalar mesons are C-even, there are no extra
phases or signs for the antiparticles in the relations (4).
The operators in Eqns. (3) are all non-hermitean (provided ¢ # ¢'). Since

@) = + X0, @v95%) " = + X750, (6)
@) = +xv, (@s5x)" = = x50, (7)

the operator Oag_qqeer = Os_qqree — O —_ spits an extra minus sign under hermitean conjugation

while the other relevant operators, Oag aA10,Ap in obvious notation, do not. In turn, hermiticity of the

effective Hamiltonian implies the following relations among the relevant Wilson coeflicients:
N*Cpg_gqeer™ = +NCag_gqve, N*Car0_gqee™ = +NCaro_gqere s (8a)
N*Cas_gqee™ = —=NCas_gqee N*Cap_qqe™ = +NCap_gqee - (8b)



In flavio, the Wilson coefficients of the _sd¢¢’, _bstf’ and _bdl¢’' types are defined directly while those
of the _dstl’, _sbl¢’ and _dbl¢’ kinds can be obtained by means of the above relations. For example,
the part of effective Hamiltonian relevant for leptonic decays of By and B; reads
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Of course, the effective interaction (9) is C'P-invariant provided the coefficients are real. B
The covariant S-matrix element for the decay of the weak eigenstate P — 0105, where P(q7) =
K°(sd), B(bd) or By(b5), takes the form

N
Mp_m;rg; = —?fP U(p2) [mP‘quq’&Ez + mPPqu’ﬁlfz’YS] U(pl) (10)
with
mpS_qq00o = (M2 —m1) Cag_gqe10, + MPCCOAS_qq'0105 » (11)
mpP_qq010, = (M2 +m1) Cato_ggerts + TPCCAP_gq/0145- (12)

The prefactor mp multiplying S and P is a mere convention (used in flavio or Refs. [1, 2] but not
in [3]). For P(q'q) = K°(d5), B%(db) or Bs(sb), the matrix elements read

*

N — * *
Mp_ otz = ) fempu(p2)| — Sy T Ploqoae, V5 |0(P1) (13)

Notice that the lepton index swap in S applies also to the lepton mass difference in the first term of
Eq. (11).

1 Instantaneous B-meson decays

The B? and B, mesons usually decay before the first oscillation. To some approximation, the oscilla-
tions can therefore be neglected and one can effectively consider the decay of the weak eigenstates. A
more precise treatment will be discussed in Section 3.

From Eq. (10) or (13), one can derive, using the standard trace techniques,

BR(B, — (745) = BR(B, — ({;) = (14)
2 2 2
N2 )\(mBS,ml,mQ)
= TB. 55 - \/ . 5. [(WQBS—(mﬁ-mz)Z) 1S sty 5] + (ngs—(ml—mz)Q) \P,bselbﬂ

with A(a2,b?, %) = [a® — (b—c)?][a® — (b+ ¢)?]. The prediction is C P-symmetric regardless of possible
complex phases of the Wilson coefficients.

Comparison with literature: The relevant equations in Ref. [3], cited in the flavio source
code, is flawed by two subtle mistakes. It uses
4G €2 _ Gro

Vi Vit = DRy e TR
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and ¢Bl = 1 in the calculations but claims ¢ = (47)%/¢? in their eq. (3)3- Furthermore, the WCs

defined in their eq. (3)(3), which can be related to the flavio conventions as Cg?] G _ o X _bslyly, ALE
important for the By — ¢; ¢5 decays and for the conjugated mode Bs; — ¢{ /5, but eq. (5)(3) uses
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them for By — £ 43 . In other words, the RHS of (5)3 in fact applies to By — ¢{¢3 but the LHS
reads BR(Bs — (1 (3 ). The discussion under (6)[5, which mentions solely the Cag-proportional term,
indicates that the authors had not fully understood this subtlety. Apart from these issues, Eq. (14)
agrees with (5)3.

The flavio implementation properly takes into account different (pseudo)scalar normalization
coefficients (¢f127%° = my, ¢l = 1, ignores the typo in (3)g)). Unfortunately, flavio adopts the
incorrect formula in (5)[3] and employs S, P_pse,¢, for predicting By — Kfﬁg_ . This error probably is
not very important at the moment as the standard flavio methods only yield predictions for the sum
of both final states, BR(Bs — (6]).

Considering the special case ¢1 = {3, Eq. (14) simplifies to the form which can be found, e.g., in
Ref. [1], where the normalization convention differs only by a overall minus sign in A/ from Eq. (15).

2 Decays of neutral kaons

Since the kaon particles are far from the weak basis. Neglecting the indirect C' P violation, the relations
between weak and mass eigenstates read

0 0 0\ _ |0
PRLEL) L) o

Accordingly, one obtains

1 — Kp g K
MKgS—wl*e; = —§fK0 u(p1) 54162 JrPM2 5| v(p2), (17)
where
SKLO’S = _N*Sdeggel :I:NS’S(MI& IPKB,S _ N*,P,*sdézfl iN,Pfsdhéz 18
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Furthermore, the SM brings a long-distance contribution to the lepton flavour conserving amplitudes,
consisting in a vy intermediate state, which is not encoded in the effective operators in Eqns. (3).
Indlucing these long distance contributions, the amplitude coefficients for ¢; = fo = £ read

0 0 ~

ShE = iv/2Im (N'S_sane) , Pyt = V2Re (NP yaue) — me AL, (19a)
0 ~ 0

Sy = —V2Re (NS gaze) +meBS, o, Py = —iv/2Im (NP_gaer) (19b)

The long-distance contributions for the case ¢ = p are known [2]

~ 2GZm2,m
S W S . - -
muB, = V2=T5 - EBY. = V2 (-2.65+1.14i) x 10" "' GeV 2 (20a)
~ 2GEm3,m
L _ F "W 4 S _ ; —11 -2
mu Ay, = V2= A= +£v2 (0.54 — 3.96) x 107" GeV (20b)

up to an mere (but sometimes important) overall sign in one case. Our convention differs from [2]
only in irrelevant overall phases of Eqns. (19) but the interference between short- and long-distance
contribution matches well. Note that the current version of flavio uses the numerical values of
A%, o B%, . as they follow from Egs. (20) also for the electron channel; I don’t know how important
the differences are.

The BR can be be readily obtained in direct analogy with Eq. (14):

KOs VA

BR(K? ¢ — (705) = ~ = m3. 2
1 (my1 + ma)? §'Es ? 1 (m1 — ma)? phLs 2
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Taking N = 1, ¢ = m; and ¢1 = f5 = p, the result is fully consistent with Eq. (2.9)z . In flavio,

G’Fa

¢ =ma, N=neg= (S0 (22)

is used, and the real prefactor N is withdrawn from the definition of S, P in (19) and forms an extra
factor of [N|? in (21).

Note that a general but awkwardly cast formula for BR(K — £1¢'~) can be found also in Ref. [4].
3 Time-dependent B decays

Nothing in there yet.
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