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Monadic Second Order Logic (MSO)

38 3. More on Games 

3X{\/xXxx A \/x\/y{Xxy -^ Xyx) A \/x\/y\/z{{Xxy A Xyz) -^ Xxz) 
A\fx3^^y{Xxy A y j^ x)). 

We are mainly interested in the fragment MSO of second-order logic known as 
monadic second-order logic. In formulas of MSO only unary relation variables 
("set variables") are allowed. We write A =^^^ B if A and B satisfy the same 
monadic second-order sentences of quantifier rank < m (the quantifier rank 
is the maximal number of nested first-order and second-order quantifiers). 

As in first-order logic, =J)J^^ can be characterized by an Ehrenfeucht-
Fraisse game, MSO-Gm{A,B). The rules are the same as in the first-order 
Ehrenfeucht-Fraisse game, but now in every move the spoiler can decide 
whether to make a point move or a set move. The point moves are as 
the moves in the first-order case. In a set move the spoiler chooses a sub-
set P C A oi Q C B, and then the duplicator answers by a subset 
Q C B or P C A, respectively. After m moves, elements a i , . . . , a r and 
subsets P i , . . . , Ps in A, and corresponding elements 6 1 , . . . , 6̂  and subsets 
Qi,..., Qs in P (with m = r + s) have been chosen. The duplicator wins if 
a^be Part((^, P i , . . . , P,), (;B, Q i , . . . , Q,)). 

Theorem 3.1.1 A =^^^ B iff the duplicator wins MSO-G^(^ ,^ ) . 

The following exercise leads to a proof of this theorem (along the lines of 
the proof of the corresponding result 2.2.8). D 

Exercise 3.1.2 Given A,a{=ai... a^) in A, and P (= Pi . . . Pg) a sequence 
of subsets of A, define the formulas ipi — similar to the j-isomorphism type 

(p^, but now taking into account also the second-order set quantifiers: 

/\{^{vi,..., i'r, V i , . . . , Vs) I if atomic or negated atomic, A |= (p[a, P]} 

aeA aeA PCA PC.A 

Show the equivalence of 
(i) The duplicator wins MSO-G^((^ ,P ,a) , (H, Q, 6)); 
(ii) ^ h V ^ ^ p ^ Q ] ; 
(iii) a, P satisfies in A the same formulas of MSO of quantifier rank < m as 

h.Q'mB. U 

As in first-order logic (compare 2.2.6) or by a direct proof, one easily gets 
the following result which we need later. 

Proposition 3.1.3 For a fixed vocabulary and m G N, the relation =J5J^^ is 
an equivalence relation with finitely many equivalence classes. D 
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Model Checking

Input: A graph  and an MSO sentence .G φ
Question: Does  hold?G ⊧ φ

MSO MODEL CHECKING

PSPACE-complete TIME  (O(2nk))
 number of vertices

 size of input sentence

n
k
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428 CHAPTER 6. ALGORITHMIC APPLICATIONS

of S. The tree-width and the clique-width of a binary structure can be taken
as those of the corresponding labelled graphs. General definitions will be given
in Chapter 9. In the present chapter, we will only consider binary relational
structures that represent words, terms and graphs (via the representation b·c

for the model-checking of CMS sentences, and via d·e for CMS2 ones).

Theorem 6.3

(1) For every finite functional signature F , the problem MC(T (F ),CMS) is
fixed-parameter linear with respect to (F,') where ' is the input sentence.

(2) For every triple of finite, pairwise disjoint sets of labels (C,K,⇤), the
problem of checking whether dval(t)eC |= ' for t 2 T (FHR

C,[K,⇤]) and ' 2

CMS2(Rm,C,[K,⇤], ;) is fixed-parameter linear with respect to (C,K,⇤,').

(3) For every triple of finite, pairwise disjoint sets of labels (C,K,⇤), the
problem of checking whether bval(t)cC |= ' for t 2 T (FVR

C,[K,⇤]) and ' 2

CMS(Rs,C,[K,⇤], ;) is fixed-parameter linear with respect to (C,K,⇤,').

In these statements, we use parameters that are tuples of finite objects rather
than integers. We do not consider F,C,K,⇤ and ' as fixed, but as parts of the
input and of the parameter.5

Proof: (1) Let F be a finite functional signature and ' belong to CMS(RF , ;).
By Corollary 5.67, one can construct a finite deterministic automaton A that
recognizes the set of terms t in T (F ) such that btc |= '. This being done, say
in time f1(F,'), then for any given t 2 T (F ), one need only run A on t to
get the answer. This answer is obtained in time a · |t| where a is an upper-
bound to the time necessary to perform a transition. This time depends on A ,
hence on F and '. The global time for getting the result is thus of the form
f1(F,') + f2(F,') · |t|.

(2) For every C,K,⇤ and ' as in the statement, one can construct by the
Weak Recognizability Theorem for the HR algebra (Corollary 5.69), and by
Proposition 3.76(2) and Theorem 3.62, a finite deterministic automaton A that
recognizes the set of terms val�1(L) ✓ T (FHR

C,[K,⇤]), where L is the set of s-graphs

{G 2 JS
gen
[K,⇤][C] | dGeC |= '}. Then, for any given term t 2 T (FHR

C,[K,⇤]), one

need only run A on t to find out whether dval(t)eC |= '. As above, the
computation time is of the form f1(C,K,⇤,') + f2(C,K,⇤,') · |t|.

(3) Similar to Case (2) with the VR algebra.

The algorithms that prove Assertions (2) and (3) of this theorem take terms
as inputs and not graphs. If we want to check if dGe |= ' for a given graph G, we
need to parse it first, that is, to find a term t 2 T (FHR

C,[K,⇤]) such that G = val(t)

5So, more precisely, Statement (1) says that the problem MC(
S

F
T (F ),CMS) is fixed-

parameter linear with respect to (F,'), where the union extends over all finite functional
signatures F .



Courcelle’s Theorem



Courcelle’s Theorem

Let  be an -vertex graph and let  be an MSO formula. There exists an 
algorithm that, given a tree decomposition of  of width , determines 
whether  in time  for some computable . 

G n φ
G k

G ⊧ φ f( |φ | , k) ⋅ n f

Theorem (Courcelle)



Courcelle’s Theorem

Theorem
MSO MODEL CHECKING is FPT parameterized by the treewidth of  and .G |φ |

Let  be an -vertex graph and let  be an MSO formula. There exists an 
algorithm that, given a tree decomposition of  of width , determines 
whether  in time  for some computable . 

G n φ
G k

G ⊧ φ f( |φ | , k) ⋅ n f

Theorem (Courcelle)



Applications



Applications

Input: A graph .  G
Question: Does  have a vertex-coloring with  colors?G 3

3-COLORABILITY



Applications

Input: A graph .  G
Question: Does  have a vertex-coloring with  colors?G 3

3-COLORABILITY



Applications

Input: A graph .  G
Question: Does  have a vertex-coloring with  colors?G 3

3-COLORABILITY



Applications

Input: A graph .  G
Question: Does  have a vertex-coloring with  colors?G 3

3-COLORABILITY

∃X∃Y ∃Z ∀x(Xx ∨ Yx ∨ Zx) ∧



Applications

Input: A graph .  G
Question: Does  have a vertex-coloring with  colors?G 3

3-COLORABILITY

∃X∃Y ∃Z ∀x(Xx ∨ Yx ∨ Zx) ∧

(¬Xx ∨ ¬Yx) ∧ (¬Xx ∨ ¬Zx) ∧ (¬Yx ∨ ¬Zx) ∧



Applications

Input: A graph .  G
Question: Does  have a vertex-coloring with  colors?G 3

3-COLORABILITY

∃X∃Y ∃Z ∀x(Xx ∨ Yx ∨ Zx) ∧

(¬Xx ∨ ¬Yx) ∧ (¬Xx ∨ ¬Zx) ∧ (¬Yx ∨ ¬Zx) ∧

∀x∀y Exy → (¬(Xx ∧ Xy) ∧ ¬(Yx ∧ Yy) ∧ ¬(Zx ∧ Zy))
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Edge Sets

Input: A graph .  G
Question: Does  have a Hamiltonian Cycle?G

HAMILTONIAN CYCLE

Can we say “there is a Hamiltonian Cycle” in MSO1? 

G ⊧ φ  has a Hamiltonian cycleG

Fact
There is no such MSO1-sentence.
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Compound formulas   φ, ψ φ ⊙ ψ
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Variables for sets of vertices and edges X, Y, Z, …
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Applications

Input: A graph .  G
Question: Does  have a Hamiltonian Cycle?G

HAMILTONIAN CYCLE

“There is a set of edges forming a Hamiltonian cycle” in MSO2:

∃Y⊆E connectsgraph(Y) ∧ ∀v∈V degree2(v, Y)

∀X⊆V(∃xXx ∧ ∃x¬Xx) → ∃x∃yXx ∧ ¬Xy ∧ ∃e∈Y Ixe ∧ Iye

∃e1∈Y ∃e2∈Y Ive1 ∧ Ive2 ∧ ∀e∈Y Ive → (e = e1 ∨ e = e2)
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Theorem
MSO MODEL CHECKING is FPT 
parameterized by the treewidth of  
and the length  of .

G
|φ | φ

Input: A graph  and an integer .  G k
Question: Does  have an IS of size ?G k

INDEPENDENT SET

∃v1…∃vk ⋀
1≤i<j≤k

¬Evivj

INDEPENDENT SET is FPT parameterized by 
the treewidth of  and .G k

Corollary
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Linear EMS Problems

open MSO2 formula φ(X1, …, Xl)

linear function g(x11, …, xml, y1, …, yt)

Syntax Semantics

graph G

r1, …, rt ∈ 𝒬

f G
i : V ∪ E → 𝒬

1 ≤ i ≤ m

max
A1, …, Al ⊆ V ∪ E
G ⊧ φ[A1, …, Al]

g( ∑
a∈A1

f G
1 (a), …, ∑

a∈Al

f G
m(a), r1, …, rt)
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Input: A graph , an MSO formula , 
and a linear EMS evaluation term .

G = (V, E, f G
1 , …, f G

m , r1, …, rt) φ(X1, …, Xl)
g(x11, …, xml, y1, …, yt)

Output: max
A1, …, Al ⊆ V ∪ E
G ⊧ φ[A1, …, Al]

g( ∑
a∈A1

f G
1 (a), …, ∑

a∈Al

f G
m(a), r1, …, rt)

LinEMSO Maximization

Theorem (Arnborg, Lagergren, Seese) 

There is a computable function  such that LinEMSO Maximization can be 
solved in time  given a width  tree decomposition of .

f( ⋅ , ⋅ )
f( |φ | + |g | , k) ⋅ ∥G∥ k G
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