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DynProg for IS and 3COL
look similar, but are not
exactly the same.
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Logical Meta Theorems: A Teaser

Problem in Monadic Second Order Logic > Meta Theorem > FPT parame terized by treewidth




SeT P < A Or 7 & 5, ald el The auplcator alsSwers Dy & SUDSET
(Q C B or P C A, respectively. Atter m moves, elements a;,...,a, and
subsets P;,...,P; in A, and corresponding elements by,...,b, and subsets

(1, e ()s in B (with m = r + s) have been chosen. The duplicator wins if
ar>bePart((AP,...,P),(B,Q1,...,Q)).

Theorem 3.1.1 4 =M5© B iff the duplicator wins MSO-G,, (A, B).

The following exercise leads to a proof of this theorem (along the lines of
the proof of the corresponding result 2.2.8).

Exercise 3.1.2 Given A,d(=a; ...a,)in A, and P (= P, ... P;) a sequence
of subsets of A, define the formulas w% 5 similar to the 7-isomorphism type

go%}, but now taking into account also the second-order set quantifiers:
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W0 =

,P
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Monadic Second Order Logic (MSO)
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MSO MODEL CHECKING

Input: A graph G and an MSO sentence ¢.
Question: Does G F ¢ hold?

PSPACE-complete TIME (O(2"%))

n number of vertices
k size of input sentence



fixed-parameter linear with respect to (F, ¢) where ¢ is the input sentence.

(2) For every triple of finite, pairwise disjoint sets of labels (C, K, A), the
problem of checking whether [val(t)|c | @ fort € T (FE?K ap) and ¢ €

CMS2(Rum,c [k.A], D) is fixed-parameter linear with respect to (C, K, A, ¢).

(3) For every triple of finite, pairwise disjoint sets of labels (C, K, A), the
problem of checking whether |val(t)|c = ¢ fort € T (Fg P[{K7 A]) and ¢ €

CMS(Rs,c,1x,A], D) is fixed-parameter linear with respect to (C, K, A, ¢).
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Courcelle’s Theorem

Let G be an n-vertex graph and let ¢ be an MSO formula. There exists an
algorithm that, given a tree decomposition of G of width k, determines
whether G F ¢ intime f(|@ |, k) - n for some computable f.

MSO MODEL CHECKING is FPT parameterized by the treewidth of G and | @ |.
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3-COLORABILITY

Input: A graph G.
Question: Does G have a vertex-coloring with 3 colors?

AXdYAZVx(XxV YxV Zx) A

(" XxVYX)A(XxVZx)A(0YxVZx) A

VxVy Exy = (n(Xx AXy) A(Yx A YY) A (Zx A Zy))
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Edge Sets

HAMILTONIAN CYCLE

Input: A graph G.
Question: Does G have a Hamiltonian Cycle?

Can we say “there is a Hamiltonian Cycle” in MSO+7?

I~
‘ GFog H G has a Hamiltonian cycle
®

‘ ‘ There is no such MSO1-sentence.
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Atomic formulas Xx 41X ¢ VX @
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HAMILTONIAN CYCLE

Input: A graph G.
Question: Does G have a Hamiltonian Cycle?

“There is a set of edges forming a Hamiltonian cycle” in MSOa:
dycgconnectsgraph(Y) AV o degree,(v,Y)

Vycy(FxXx A dx—Xx) —» dxIyXx A 7 Xy A 3,y lxe A Lye

1, eyJeerlve, Alve, AV cylve — (e =€ Ve =e))



A Generalization of Courcelle’s
Theorem to Optimization Problems
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MSO and Cardinalities

INDEPENDENT SET
Input: A graph G and an integer k.

Question: Does G have an IS of size k?

dvy;...3dv, /\ AN

1<i<j<k
MSO MODEL CHECKING is FPT INDEPENDENT SET is FPT parameterized by
parameterized by the treewidth of G the treewidth of G and k.

and the length | @ | of .
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Syntax Semantics
open MSO: formula ¢(X|, ..., X)) graph G
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..., € Q
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Meta-Theorem

LInEMSO Maximization

Input: A graph G = (V, E,flG, ey ,f,f, ri, ..., 1), an MSO formula ¢(Xj, ..., X)),
and a linear EMS evaluation term g(X{, .-+» X, 1, V{5 -+ +5 V;)-

Output:  max g( ) fl(@)..... ) f@).r,....r)

A, ..,AACVUE " -
ac ac
GEglA,... ,A] 1 l

There is a computable function f( - , - ) such that LinEMSO Maximization can be
solved intime f(|@| + | g|, k) - ||G|| given a width k tree decomposition of G.
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