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Abstract Full-waveform inversion (FWI) includes both migration and tomography modes. The migration
mode acts like a nonlinear least squares migration to map model interfaces with reflections, while the
tomography mode behaves as tomography to build a background velocity model. The migration mode is the
main response of inverting reflections, while the tomography mode exists in response to inverting both
the reflections and refractions. To emphasize one of the twomodes in FWI, especially for inverting reflections,
the separation of the twomodes in the gradient of FWI is required. Here we present a newmethod to achieve
this separation with an angle-dependent filtering technique in the plane wave domain. We first transform
the source and residual wavefields into the plane wave domain with the Fourier transform and then
decompose them into the migration and tomography components using the opening angles between the
transformed source and residual plane waves. The opening angles close to 180° contribute to the
tomography component, while the others correspond to the migration component. We find that this
approach is very effective and robust even when the medium is relatively complicated with strong lateral
heterogeneities, highly dipping reflectors, and strong anisotropy. This is well demonstrated by theoretical
analysis and numerical tests with a synthetic data set and a field data set.

1. Introduction

Full-waveform inversion (FWI) is an effective technique for the recovery of Earth properties from seismic data.
It is being used widely for both oil and gas exploration (e.g., Cheng et al., 2016, 2017; Silva et al., 2016; Virieux
& Operto, 2009; Warner et al., 2013) and global seismology (Chen et al., 2015; Tao et al., 2017; Zhu et al., 2012).
It is achieved by optimizing an objective function constrained by a wave equation (Tarantola, 1984). Recent
advances in computer hardware and numerical modeling algorithms (Y. Wang et al., 2014; Yao et al., 2016)
have significantly reduced the computational burden of FWI.

Theoretical analyses suggest that FWI includes two modes: tomography and migration (Mora, 1989).
Successful examples of using the tomographic mode of FWI to improve background models all seem to be
related to data with large offsets, which are rich in refractions and wide angle reflections. However, conven-
tional acquisition geometries, for example, towed streamer, are dominated by reflections. Applying standard
FWI on the reflections from this type of data sets is essentially equivalent to carrying out nonlinear least
squares migration (e.g., D. Wu et al., 2016; Yao & Jakubowicz, 2016; Yao & Wu, 2015). Thus, the migration
mode of FWI dominates the inversion. Although the inversion also includes the tomographic mode, it is much
weaker than the migration mode (Yao et al., 2014).

To emphasize one of the modes, it is necessary to separate the two modes of FWI. There are several existing
methods to achieve this goal. Parameterizing the model into a long-wavelength background velocity and
short-wavelength impedance (Zhou et al., 2015) or reflectivity (Yao & Warner, 2015; Yao & Wu, 2017) is an
effective method to separate the two modes of FWI. This method generates two wavefields, one of which
is the full wavefield modeled with background velocity and impedance or reflectivity, and the other of which
is the background wavefield generated with background velocity only. The full wavefield includes both the
incident wavefield and the scattering wavefield, while, ideally, the background wavefield includes only the
incident wavefield. As a result, the subtraction of the two wavefields gives the scattering wavefields.
Alternatively, Born-based modeling can also separate the scattering wavefield from the incident wavefield
(Sun et al., 2016; Xu et al., 2012; Yao & Wu, 2017; Zhang et al., 2011). Cross-correlating the corresponding
wavefields then can produce the gradient of long-wavelength background velocity and the gradient of
short-wavelength impedance or reflectivity. The former is dominated by the tomography component,
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while the latter is mainly the migration component. However, the scattering wavefield produced by the sub-
traction or Born-based modeling is not pure backward scattered energy but includes forward scattered
energy as well. Furthermore, if the background velocity is not smooth enough, then the background wave-
field includes scattering energy. As a result, this method may be unable to achieve a high-quality separation
of the two modes.

Another method is to split the wavefields along the up and down, and along the left and right propagation
directions, and then cross-correlate each one of these components separately (Irabor & Warner, 2016;
F. Wang et al., 2013; Z. Wu & Alkhalifah, 2016). Similarly to the parameterization method, this method
achieves the mode separation by separating the backward scattering wavefields from the incident wave-
fields. But it assumes the backward scattering waves propagate along a different direction to the incident
waves. However, if only the left-right and/or up-down separation is applied, it might not be possible to
distinguish the backward scattering waves from the incident waves. Consequently, the mode separation
may be incomplete.

Alternatively, we can directly extract the components of the two modes from the normal gradient according
to the opening angle of the source wavefield and the residual wavefield, which are cross-correlated to gen-
erate the gradient. The fundamental principle of this type of methods is that the waves forming the tomogra-
phy component have an opening angle close to 180°, while the waves with other angles mainly contribute to
the migration component. As a result, it is crucial to accurately estimate the opening angle.

The Poynting vectors determine the propagation directions of the wavefields; thus, they can be used in prin-
ciple to measure the opening angle of the source wavefield and the residual wavefield (Xie et al., 2005). This
measurement is accurate for events that are separate from each other. However, in places where multiple
wave events overlap with each other, the Poynting vector points to the same direction for all the overlapping
events. Thus, it is impossible to measure the opening angle of two events from the source and residual wave-
fields in these areas accurately, unless the two wavefields can be separated effectively with some sort of
decomposition technique. Local slant stack is a way to decompose the overlapped waves into plane waves,
which travel in different directions (apparent slowness), by applying slant stack inside the sliding windows.
Consequently, the opening angle can be measured after decomposition (Xie, 2015). Generally, small size win-
dows are chosen to balance the accuracy and computational cost. However, a small window is prone to give a
low resolution.

The inverse scattering imaging condition is another method to separate the two components through angle
filtering (Whitmore & Crawley, 2012). The method produces the gradient of bulk modules and the gradient of
density. Subtraction of the two gradients after scaling gives the tomography component enhanced gradient,
while the summation of them produces the migration component enhanced gradient. The enhancement is
equivalent to filtering with the cosine square of the opening angle, which has a range from 0 to 180°.
Obviously, the filtering function with a wide transition band could lead to the leakage of one component
to the other. To mitigate the leakage, Ramos-Martinez et al. (2016) used an adaptive weighting before the
subtraction and summation.

Khalil et al. (2013) proposed a method to attenuate the low-wave number noise in reverse-time
migration (RTM) with time-shift gathers under the assumption of isotropic velocity. Since the low-wave
number noise of RTM is the tomography component in the gradient of FWI effectively, this method was
then further used to separate the modes of FWI with angle filtering (Alkhalifah, 2015; Z. Wu & Alkhalifah,
2015; Z. Wu & Alkhalifah, 2017). This method has to apply a coordinate transform for adapting to
variable velocity.

Herein, we propose an easy-to-implement and effective method to achieve this separation by an angle-
dependent filtering technique in the plane wave domain. In our method, we apply a spatial Fourier transform
to decompose the waves into plane waves and then filter the gradient by angle.

2. Methodology

The wave equation can be expressed symbolically as

Ap ¼ s; (1)
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where A denotes the wave equation operator, p is the wavefield, and s is the source wavelet. Conventional
FWI then minimizes an objective function ϕ

ϕ ¼ 1
2

d� d0ð ÞT d� d0ð Þ ¼ 1
2
δdTδd; (2)

where d and d0 represent the predicted and observed data, respectively, and δd is the residual. The gradient
of the objective function with respect to the model m can then be derived as

∂ϕ
∂m

¼ �pT ∂A
∂m

� �T

A�TDTδd; (3)

where D is the picking matrix so that d = Dp, p is the source wavefield, and A�TDTδd is the residual wavefield.
Equation (3) means that the model gradient in FWI is formed by the zero-lag cross correlation of the source
wavefield and the back-propagated residual wavefield, scaled by ∂A

∂m. If the velocity of Pwaves is the inversion
parameter, then the gradient is expressed as

∂ϕ
∂v

¼ g xð Þ ¼ 2
v3
X
t

€ps x; tð Þpr x; tð Þ; (4)

where €ps represents the second-order time derivative of the source wavefield and pr indicates the back
propagated residual wavefield.

Here we develop an angle filtering technique to isolate the migration and tomography components of FWI,
which requires knowledge of the opening angle between the source wavefield and the residual wavefield. In
the case of two plane waves, it is conceivable to use the respective wave vectors to define the opening angle.
Thus, we first convert the wavefields from the space domain into the wave number domain by the Fourier
transform. Applying the spatial Fourier transform on the wavefields along the spatial axes, x, yields

eg kð Þ ¼ 2
v3
X
t

e€ps ks; tð Þ�epr kr ; tð Þ ¼ 2
v3
X
t

X
i

X
j

e€ps ksi; tð Þepr krj; t
� �

; (5)

where e€ps and epr denote the counterpart of €ps and pr in the wave number domain, ks, kr, and k are the wave
number vectors of the source wavefield, the residual wavefield, and the gradient, i and j are the indices of the
wave number of ks and kr, respectively, t is the time, and asterisk represents a convolution. The convolution in
the wave number domain is the counterpart of the multiplication in the space domain. In this analysis, we
assume that the velocity is constant, but the method is valid for variable velocity because we can take the
inverse Fourier transformation after the summation over time and before the scaling with 2

v3. In the Fourier
domain, each element represents a plane wave with a particular wave number, amplitude, and phase. The
gradient is formed by multiplication and summation described in equation (5). For example, the multiplica-
tion of two plane waves, Asejθs ejks �x and Arejθr ejkr �x , from the source and the residual wavefields can be
expressed as

AsAre
j θsþθrð Þej ksþkrð Þ�x: (6)

The wave number vectors of the gradient, therefore, satisfies the following relationship

k ¼ ks þ kr : (7)

The wave number mapping of the multiplication is sketched in Figure 1. Using equations (5) and (7), we can
compute explicitly the FWI gradient in the wave number domain.

In general, the tomography component of the gradient is formed when waves from the source wavefield and
the residual wavefield have opposite directions, which means that the opening angle, α, shown in Figure 1, is
180°. By considering the finite frequency of seismic data, the opening angle of waves forming the tomogra-
phy component is around 180°. In contrast, the waves producing the migration component have much smal-
ler angles since it is formed by reflections. The two modes, therefore, can be isolated based on the opening
angle between the two wave number vectors, which can be used to design a filter, f(α), to extract one mode
from the FWI gradient,

ĝ kð Þ ¼ 2
v3
X
t

X
i

X
j

f αð Þe€ps ksi; tð Þepr krj; t
� �

: (8)
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Figure 1. Sketch of the wave number mapping in the multiplication process to form the gradient in the plane wave
domain.

Figure 2. The mode separation of the gradient of the two-layer model with a one-source-one-receiver configuration. The
interface of the model is at the depth of 4 km indicated by the dashed line in Figure 2a. The true velocity is 2 km/s above
the interface, while it is 3 km/s below the interface. The initial model is also a two-layer model with the interface at the same
depth as the true model, but the velocity is 1.9 km/s for the top layer and 2.925 km/s for the bottom layer. The source
indicated by the blue cross is located at the depth of 2.5 km and at the distance of 1.5 km. The source signature is a 5 Hz
Ricker wavelet. The receiver represented by the green cross is positioned at the depth of 2.5 km and at the distance of
3.5 km. (a) The normal gradient. (b) Low-angle-pass filtered gradient with a transition band from 100° to 120°. (c) High-
angle-pass filtered gradient with a transition band from 140° to 170°. Figures 2b and 2c show the migration and tomo-
graphy components of the gradient, respectively. (d) The angle filters used for Figures 2b and 2c. The red curve shows the
filter for Figure 2b, while the blue curve represents the filter for Figure 2c. The vertical dash lines indicate the filters’
transition bands, which have a shape of the square of cosine.
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The opening angle α here can be computed from the two wave num-
ber vectors of the source and residual wavefields:

cosα ¼ ks�kr
ksj j krj j : (9)

If the filter is high-angle pass which keeps the plane waves having
opening angles around 180°, then the gradient is controlled by the
tomography component. On the contrary, if the filter is low-angle
pass which rejects the plane waves having opening angles close
to 180°, then the calculated gradient is dominated by the
migration component.

If we only look at a single temporal snapshot of the wavefields, it is
essentially impossible to distinguish whether a plane wave propa-
gates along the direction indicated by the wave number vector or
in its opposite direction. This 180° ambiguity could seemly undermine
the performance of the angle-filtering technique proposed here.
However, as shown in Appendix A, the ambiguity can be resolved
when multiple time steps of data are used since only along the
correct directions the plane waves are expected to have
coherent phases and therefore can be superposed constructively.
In contrast, the unwanted components in the final stacked
gradient are generally incoherent and therefore are eliminated by
destructive stacking.

Herein, we apply the new mode separation method to a synthetic
two-layer model, which is described in Figure 2, for demonstrating
the effectiveness of the proposed method to the most elementary
acquisition configuration: one source and one receiver. A source
and a receiver are placed within the top layer. The initial model
described in Figure 2 is also a two-layer model but has a lower velo-
city than the true model. The direct arrivals are removed from the
observed and predicted data. More details can be found in the
caption of Figure 2.

Since the initial model has an interface, the reflection exists in the
source and residual wavefields. Consequently, the gradient of FWI
includes both tomography and migration components as depicted in

Figure 2a. The migration component appears as an ellipse; each point of which has an identical travel time
summation to the source and the receiver. Stacking this component from all sources and receivers builds
the gradient information for FWI to correct the interface but not the background velocity. The remainder
of the gradient is the tomography component, which gives the information required by FWI to update the
background velocity. This tomography component is colloquially referred to as “rabbit ears” in the explora-
tion geophysics community.

Figure 2b shows the migration component extracted by low-angle-pass filtering with a transition band
between 100° and 120°. The filter is represented by the red curve in Figure 2d. One can observe in
Figure 2b that the ellipse-like migration component is kept but the rabbit-ears-like tomography compo-
nent is removed. On the contrary, high-angle-pass filtering with a transition band from 140° to 170°
extracts the tomography component of the FWI gradient (Figure 2c) but eliminates the migration compo-
nent. The filter is represented by the blue curve in Figure 2d. This test demonstrates that the proposed
method is effective in separating the migration and tomography components. This test illustrates the prin-
ciple of our method in a configuration with one source and one receiver. In the next section, we demon-
strate the application of our method to a synthetic data set generated with a complex velocity model for
multiple sources and receivers, as well as, to a real data set.

Figure 3. (a) The true velocity model of Marmousi. (b) One shot record from
Figure 3a. The source is located at the distance of 2.69 km and the depth of
25 m. The source signature is a 10 Hz Ricker wavelet. (c) The initial velocity model
for this FWI test.
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3. Examples

In this section, we apply this new approach on both synthetic and field data sets to extract the
tomography component of the gradient and further update the background velocity model with the
tomography component.

3.1. Marmousi Model

The first example is based on the Marmousi model (Figure 3a). We generated 128 shots with a 10 Hz Ricker
wavelet at the depth of 25 m. The receiver array is fixed at the same depth as the sources, and it extends
across the whole model with a spacing of 12.5 m, which is the cell size of finite difference modeling in this

Figure 4. The gradient from the Marmousi model. (a) Normal gradient. (b) Migration component of the gradient with low-
angle-pass filtering with a transition band from 100° to 120°. (c) Tomography component of the gradient with high-
angle-pass filtering with a transition band from 140° to 170°. (d) As Figure 4c but the transition band is from 160° to 180°.

Figure 5. (a) The invertedmodel by using tomographic mode only. (b) A velocity profile at the distance of 6.25 km. The solid
curve represents the true velocity, the dotted curve denotes the initial velocity, while the dashed curve is the recovered
velocity. (c and d) The smoothed true velocity models with the cosine-square window size of 30 and 60 cells, respectively.
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test. Free surface is applied to generate the record. A shot gather for the
source located at 2.69 km is shown in Figure 3b. The starting model
used in the inversion is a simple and very smooth model (Figure 3c),
which has significant errors of background velocity and needs to use
the tomography mode of FWI to fix them.

Figure 4a shows the normal gradient, which includes both the tomo-
graphy and migration components. The data used to generate the gra-
dient have a narrow frequency band centered at 3 Hz. One can observe
in Figure 4a that the left and bottom regions are dominated by the red
color while the middle-right region has a blue background color. This
means that the velocity of the left and bottom regions should be
decreased, while the velocity of the middle-right region should be
increased for decreasing the value of the objective function. On top
of the background color, we can also see the short-wavelength pertur-
bations, which correspond to the migration component. With low-
angle-pass filtering using a transition band of 100–120°, we extract
the migration component of the gradient (Figure 4b). The migration
component shown in Figure 4b apparently exhibits the structure of
the Marmousi model, but the reflectors are placed at the wrong depths
because the starting model has a wrong background velocity. To cor-
rect the background velocity, FWI needs to use the tomography com-
ponents of the gradient, which is generated by cross-correlating
waves having an opening angle around 180°.

Using high-angle-pass filtering on the gradient, with a transition band
from 140° to 170°, we obtain the tomography component (Figure 4c).
It can be seen that the gradient is smooth and that it has the correct
sign at the left and right parts of the model. However, one can still
observe some residual of the migration component. We, therefore,
push the transition band up to 160–180°. The resulting tomography
component is shown in Figure 4d. Compared to Figure 4c, the
gradient in Figure 4d has the same trend but is smoother, which
means the faint residual of migration component is removed. This
example demonstrates that the angle-dependent plane wave filtering
method is also effective for complex wavefields.

Figure 6. The inverted models with FWI by using normal gradient started from
(a) the initial velocity model, which is shown in Figure 3c, and (b) the inverted
model with tomography mode only, which is shown in Figure 5a. Top on the
inverted velocity model, the thin curves indicate the main velocity interfaces of
the true model. The red curves represent the positive reflectivity, while the black
curves are for the negative reflectivity.

Figure 7. (a) One preprocessed shot gather and (b) the extracted source wavelet.
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If we iterate the inversion with high-angle-pass filtering of 160–180°,
the tomography mode dominates the FWI, resulting in a rather
smoothed velocity model. The final model after 20 iterations is shown
in Figure 5a, which has the general structural features of the true
model. For comparison, we plot out a velocity profile located at the dis-
tance of 6.25 km in Figure 5b. One can see that the recovered velocity is
smooth and has a much closer trend to the true velocity than the initial
velocity. Furthermore, we generate two smoothed versions of the true
model with the cosine-square window size of 30 and 60 cells, which are
shown in Figures 5c and 5d, respectively. A quick comparison of the
three models shown in Figure 5 suggests that the recovered model
(Figure 5a) has roughly the similar resolution as Figure 5c at the top sec-
tion and the similar resolution as Figure 5d at the bottom section. This
implies that the resolution of the tomography mode decreases with
depth. This is because the resolution of tomography is inversely pro-
portional to the width of the first Fresnel zone, which increases with
depth (Pratt, 1999; Williamson, 1991).

Figures 6a and 6b show the result of FWI without mode selection start-
ing from the initial model (Figure 3c) and the recovered model with
tomography mode only (Figure 5a), respectively. The inversion here
employs the so-called multiscale strategy (Bunks et al., 1995), which
starts from a relatively low frequency of 5 Hz and gradually increases
up to 15 Hz with an increment of 3 Hz. Note that each frequency in
the inversion is selected by narrow band-pass filtering, so each fre-
quency indicates a narrow frequency band. Comparing with the true
model, one can observe that the depth of the reflectors in Figure 6b
matches better than that of the reflectors in Figure 6a, to the depth
of the reflectors in the true model. The strong interfaces of the true
model (Figure 3a) are indicated by the thin black curves in Figures 6a
and 6b to aid comparison. In addition, the reconstruction of the velocity
structures in the shallow part of Figure 6b show a stronger sharpness,
which is also much closer to the true velocity model (Figure 3a).

This result demonstrates the effectiveness of our method of angle filter-
ing to correctly extract the tomography component of the FWI gradient
for improving the kinematics of the backgroundmodel, which is key for
correct positioning of the anomalies in depth, thus explaining the
improvement of the inverted model in Figure 6b.

3.2. A Marine Towed Stream Field Data Set

We also applied the proposed technique to an offshore field data set
acquired within the Carnarvon basin located on the northwest coast
of Australia. Here we use a ~20 km section of a 2-D survey, which has
a total length of ~80 km. The 2-D survey was designed especially for

FWI. The length of the streamer cables is 10 km, which is longer than the typical length of streamer cables.
This extended length is more suitable for recording refraction events, which are the key information for a suc-
cessful application of FWI. The streamers and air gun arrays are fixed at the depth of 25 m and 10 m, respec-
tively, which is deeper than conventional acquisitions (e.g., 7 m for streamers and 2 m for air gun arrays). This
setting can boost low-frequency signals as compared to conventional acquisitions. Because the air gun arrays
are deployed deeper, the volume of air guns was increased to 5040 cubic inches in order to maintain the air
bubble size similar to that at the regular (shallower) depth, resulting in a source signal with more low-
frequency contents. The shot and receiver intervals are 50 m and 12.5 m, respectively.

We first applied a low-cut filter to the raw data to remove contents with frequencies lower than 1.9 Hz, which
are contaminated by the swell noise. We also filtered out signals and noises with frequencies higher than

Figure 8. The initial models of (a) vertical velocity, (b) epsilon, and (c) delta.
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24 Hz. An example of the preprocessed shot gather is shown in Figure 7a. The wavelet used for this inversion
shown in Figure 7b is extracted from the direct arrivals. More details about acquisition and preprocessing can
be found in Kalinicheva et al. (2017).

In this example, we test how the new angle filtering method extracts the tomography component of the FWI
gradient to achieve tomography with FWI. Figure 8 depicts the initial models for velocity and Thomsen’s para-
meters epsilon and delta (Thomsen, 1986). In this inversion, we considered the anisotropic effect by using an
acoustic VTI wave equation to model the wave propagation. However, the anisotropic parameters, epsilon
(Figure 8b) and delta (Figure 8c), were fixed in the inversion as in Warner et al. (2013). It must be noticed that
the data set is acquired in a 3-D setting, while we used a 2-D modeling engine in the inversion. To compen-
sate the difference of wave propagation between 2D and 3D, we carried out two processes: first, the source
wavelet was multiplied with

ffiffiffiffiffi
jω

p
to compensate the phase difference between 2D and 3D (Y. H. Wang & Rao,

2009); second, the coordinates of receivers were projected onto the sail line to ignore the feathering effects of
steamers (Kalinicheva et al., 2017). The frequency multiscale strategy is also applied here. We performed the
inversion from the low frequency of 2 Hz and then gradually increased the frequency content by an incre-
ment of 1 Hz up to 6 Hz, following by a step of 2 Hz till 24 Hz. Thus, the number of frequency blocks is 14
in total. Each block includes 4 iterations, so there are 56 iterations in total. We applied a high-angle-pass
filtering on the gradient with a transition band of 160–180° in each iteration. As the result, the inversion only
uses the tomography mode updating the background velocity only. The final velocity model with the
tomography model inversion is shown in Figure 9a. Figure 9b shows the model update, which is the differ-

ence between the final and initial models. The final model and the
model update are smooth because the filtered gradient updates only
the long wavelengths of background perturbations. These results
demonstrate that the angle-filtering technique proposed here is also
capable to separate the tomography and migration modes of FWI for
anisotropic media.

To verify the effectiveness of the inversion, we plotted out the value of
the objective function against the number of iterations in Figure 10. It
shows that the functional value decreases gradually in each inversion
block. This means more iterations improve the data fit. The improved
data fit can also be seen from the alternating display of the observed
data with predicted data from the initial model and the final recovered
model (Figure 11). To further assess the quality of the inversion, we
applied Kirchhoff prestack depthmigration with the initial and inverted
velocity models. The migrated profiles are shown in Figures 12a and
12b, respectively. The most noticeable difference between the two pro-
files is the shift of the depth of reflectors due to the velocity update.

Figure 9. (a) The inverted model of vertical velocity. (b) The update by the inversion, which is the difference between the
inverted model and the initial model.

Figure 10. The value of the objective function versus the number of iterations.
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Furthermore, we can see that the inverted velocity model improves the continuity and focusing of the
reflectors; some of which are indicated by the red and black arrows, respectively. These features can be
seen in Figure 13 clearly. The improved migration image demonstrates that the tomography mode of FWI
does improve the accuracy of the background velocity model.

To further verify this statement, we generate the common imaging-point gathers (CIGs) shown in Figure 14.
The flatness of CIGs is a reliable and robust indicator of the accuracy of the migration velocity. The flatter the
CIGs, the more accurate the migration velocity. Comparing the CIGs, we can see that the flatness of the CIGs
from the inverted velocity model is improved relative to that of the CIGs obtained with the initial velocity
model. The improved flatness of the CIGs is indicated by the dotted red lines in Figure 14. All the assessments
prove that both our FWI and the new angle filtering method work with field data sets affected by
seismic anisotropy.

4. Discussion
4.1. Parameter Selection in the Angle Filtering

The proposedmethod of angle filtering separates the tomography andmigrationmodes of FWI by essentially
using the fact that if the source wavefield travels opposite to the residual wavefield, meaning an opening
angle about 180°, the gradient formed by them will be dominated by the tomography component; other-
wise, the gradient is mainly the migration component. Since the seismic data have limited bandwidth, which
means the wiggles of seismic waves have a certain width, the opening angle for extracting the tomography
component should not be limited to 180°. To demonstrate this, we plotted out the tomography and migra-
tion components of Figures 2a in 15. Figure 15a shows the tomography component. As can be seen, the
tomography component produced by the 5 Hz Ricker wavelet has an oval shape. The center black part is
the first Fresnel zone, which contributes to the stacked gradient of the tomography component, while the
others are the high-order Fresnel zones, which are canceled out when stacking the gradients from different
sources and receivers. Thus, we are only interested in the first Fresnel zone for extracting the tomography
component. The angle αtmin indicates the maximum angle of a point on the edge of the first Fresnel zone

Figure 11. Alternating display of one shot observed data and the predicted data with (a) the initial model and (b) the
observed model. In the display, the predicted data are shown first and then followed by the observed data. (c and d)
The enlarged view of Figures 11a and 11b, respectively. The source of this shot is located at the distance of 17.625 km.
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to the source and the receiver. Thus, any two plane waves from the source and residual wavefields having an
opening angle larger than αtmin will form the tomography component inside the first Fresnel zone. For a
constant velocity, the relation between αtmin , the depth of the reflector, d, and the wavelength, λ, can be
expressed as

sin
αtmin

2
¼ 4d

λþ 4d
: (10)

As a result, we can use the αtmin as the cutoff angle in the high-angle-pass filter for extracting the tomography
component.

Similarly, we illustrate the maximum opening angle, αmmax for extracting the migration component in
Figure 14b. For a constant velocity, the relation between αmmax, the depth of the reflector, d, and the offset, h,
can be expressed as

tan
αmmax

2
¼ h

2d
: (11)

Figure 12. The images of Kirchhoff prestack depth migration with (a) initial vertical velocity and (b) inverted vertical
velocity. The black arrows indicate the reflectors which are focused differently in the two migration images, while the
red arrows point out the reflectors which have different continuity. Each pair of the arrows in Figures 12a and 12b are
located in the same position.
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As a result, any two plane waves from the source and residual wavefields having an opening angle smaller
than αmmax will contribute to the migration component only. Thus, we can use the αmmax as the cutoff angle
in the low-angle-pass filter for extracting the migration component.

However, since the velocity usually is not a constant or reflectors are not located at the same depth, therefore,
the cutoff angle αtmin and α

m
max cannot be calculated analytically, as shown in equations (10) and (11). A rule of

thumb of the angle selection is that we can select a narrow transition band around 180°, for example,
160–180°, to extract the tomography component or to remove the tomography component for keeping
the migration component.

4.2. Reduction in the Computational Cost

The proposed angle filtering method is achieved by using equation (8), which has three loops of multiplica-
tion and thus is computationally intensive. As shown in the previous section of angle selection, only a small
portion of angles contributes to the tomography component; therefore, the multiplication in equation (8)
only needs to be implemented on these angles. Furthermore, the maximum wave number of the wavefields
is much smaller than the Nyquist wave number of the grids of finite difference modeling. The multiplications

Figure 13. Enlarged view of the images of Kirchhoff prestack depth migration shown in Figure 12. The arrows have the
same indication as those in Figure 12.
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in equation (8), therefore, can be only carried on from zero to the max-
imum wave number. Consequently, as illustrated in Figure 16, an ele-

ment of e€ps ksi; tð Þ just needs to multiply the elements of epr kr ; tð Þ in
the top part of the cone, which is indicated by the red triangle. In addi-
tion, since seismic wavefields are real valued, equation (8) can be calcu-

lated on half elements of e€ps ksi; tð Þ, and the other half elements are the
complex conjugate of the first half elements. Finally, the loop over time
in equation (8) can be as sparse as the half period of the highest fre-
quency of wavefields, which is much larger than the time sampling
interval of finite difference modeling. These four strategies can be used
to significantly improve the efficiency of the angle-filtering technique
proposed here. In addition, as the algorithm described in equation (8)
is very simple but computational intensive, the efficiency can be further
accelerated with fast computing hardware, such as graphics processing
unit (GPU) and field-programmable gate array (FPGA).

5. Conclusions

We have presented a new effective method for separating the tomo-
graphy and migration components of the FWI gradient. Our method
is robust for heterogeneous velocity, the dip angle of reflectors, the
direction of wave propagation, and anisotropy. The method is imple-
mented by Fourier transforming the source and residual wavefields

into the plane wave domain and then by selecting the opening angle of the plane waves from the two wave-
fields to distinguish the tomography and migration components. The tomography component corresponds
to opening angles around 180°, whereas the migration component corresponds to smaller opening angles.
The tests on the 2-D synthetic and field data sets have demonstrated the effectiveness of this method for
extracting the tomography component to fix the background velocity, which is crucial for correctly position-
ing velocity anomalies and reflectors in depth, as well as for improving the flatness of image gathers. These
are aspects of importance for a more automated and improvement of seismic processing and imaging
techniques. This angle-dependent filtering in the plane wave domain can be used not just for extracting
the tomography and migration components of the gradient of FWI but can also be further applied to
removing low-wave number noise from RTM images. Extension of this technique to 3-D applications is
also straightforward.

Figure 15. Illustration of the angle selection for extracting (a) the tomography component and (b) the migration compo-
nent of the FWI gradient. The geometry setting is identical to the test in Figure 2. The horizontal dashed lines indicate the
interface of the two-layer model. The blue and green crosses represent the source and the receiver, respectively. The
bottom green cross in Figure 15a represents the mirror receiver. αtmin in Figure 15a shows the maximum opening angle
between the source wavefield and the residual wavefield on the edge of the first Fresnel zone.αmmax in Figure 15b shows the
maximum opening angle of the central rays of the source and residual wavefields for the migration component.
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Figure 14. Two pairs of the common imaging-point gathers after Kirchhoff pre-
stack depth migration with (a, c) initial vertical velocity and (b, d) inverted ver-
tical velocity. The imaging point of Figures 14a and 14b are located at the
distance of 2.875 km, while Figures 14c and 14d are at the distance of 10.562 km.
The horizontal red dashed lines are used to indicate the flatness of the gathers.
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Appendix A: A Proof That Imaging in the Wave
Number Domain Is Capable to Distinguish Two Plane
Waves Traveling in Opposite Directions

Assuming that there are two plane waves, one from the source wave-
field and the other from the residual wavefield. After the Fourier trans-
form along space axes, the plane wave of the source wavefield and its
complex conjugate field can be expressed as

ps0 ¼ Ase
jθs ejks �x

p†s0 ¼ Ase�jθs e�jks�x:

(
(A1)

Here “dagger” represents complex conjugate. Similarly, the plane wave
of the residual wavefield and its complex conjugate are

pr0 ¼ Are
jθr ejkr �x

p†r0 ¼ Are�jθr e�jkr �x:

(
(A2)

If we take the product of one source and one residual wavefields to
form one component of the image, then we can obtain a total of four
components, which are

I10 ¼ ps0pr0 ¼ AsAre
j θsþθrð Þej ksþkrð Þ�x

I20 ¼ ps0p
†
r0 ¼ AsArej θs�θrð Þej ks�krð Þ�x

I30 ¼ p†s0pr0 ¼ AsArej �θsþθrð Þej �ksþkrð Þ�x

I40 ¼ p†s0p
†
r0 ¼ AsAre�j θsþθrð Þe�j ksþkrð Þ�x:

8>>>><>>>>: (A3)

In the next time step, the phase of the two plane waves increases by a factor of Δθ when they travel in the
direction indicated by their wave number. Consequently, the new plane waves become

ps1 ¼ Ase
j θsþΔθð Þejks �x

p†s1 ¼ Asej �θs�Δθð Þe�jks �x

(
(A4)

and

pr1 ¼ Are
j θrþΔθð Þejkr �x

p†r1 ¼ Arej �θr�Δθð Þe�jkr �x:

(
(A5)

The four components of the image are

I11 ¼ ps1pr1 ¼ AsAre
j θsþθrþ2Δθð Þej ksþkrð Þ�x

I21 ¼ ps1p
†
r1 ¼ AsArej θs�θrð Þej ks�krð Þ�x

I31 ¼ p†s1pr1 ¼ AsArej �θsþθrð Þej �ksþkrð Þ�x

I41 ¼ p†s1p
†
r1 ¼ AsAre�j θsþθrþ2Δθð Þe�j ksþkrð Þ�x:

8>>>><>>>>: (A6)

Assuming that the plane wave of the residual wavefield travels opposite to the direction of its wave number,
then in the next time step, the phase of this plane wave is shifted by �Δθ. However, the plane wave of the
source wavefield will get a phase shift, Δθ. Consequently, the plane waves in the next time step become

ps1 ¼ Ase
j θsþΔθð Þejks �x

p†s1 ¼ Asej �θs�Δθð Þe�jks �x

(
(A7)

and

pr1 ¼ Are
j θr�Δθð Þejkr �x

p†r1 ¼ Arej �θrþΔθð Þe�jkr �x:

(
(A8)

Figure 16. Schematic illustration of reduction in the computational cost by
selecting a small region of epr kr ; tð Þ, which is indicated by the red triangle, to
multiply with e€ps ks; tð Þ, which is represented by the green square. The angle α
indicates the range of the passing angle.
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The four components of the image are

I11 ¼ ps1pr1 ¼ AsAre
j θsþθrð Þej ksþkrð Þ�x

I21 ¼ ps1p
†
r1 ¼ AsArej θs�θrþ2Δθð Þej ks�krð Þ�x

I31 ¼ p†s1pr1 ¼ AsArej �θsþθr�2Δθð Þej �ksþkrð Þ�x

I41 ¼ p†s1p
†
r1 ¼ AsAre�j θsþθrð Þe�j ksþkrð Þ�x :

8>>>><>>>>: (A9)

Stacking all the N time steps for the first situation, in which the two plane waves have a phase increase of Δθ,
the image becomes

I1 ¼
XN
i¼1

psipri ¼ AsAre
j θsþθrð Þ XN

i¼1

ej 2iΔθð Þ
 !

ej ksþkrð Þ�x

I2 ¼
XN
i¼1

psip
†
ri ¼ NAsAre

j θs�θrð Þej ks�krð Þ�x

I3 ¼
XN
i¼1

p†sipri ¼ NAsAre
j �θsþθrð Þej �ksþkrð Þ�x

I4 ¼
XN
i¼1

p†s1p
†
r1 ¼ AsAre

�j θsþθrð Þ XN
i¼1

e�j 2iΔθð Þ
 !

e�j ksþkrð Þ�x :

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

(A10)

Since summation of a series of complex numbers having a unit amplitude but different phases can be can-
celed out, the magnitude of I2 and I3 having the wave number of ks � kr is much greater than that of I1
and I4 having the wave number of ks + kr.

Stacking all the N time steps for the second situation, in which one plane wave has a phase increase of Δθ but
the other has a phase increase of �Δθ, the image becomes

I1 ¼
XN�1

i¼0

psipri ¼ NAsAre
j θsþθrð Þej ksþkrð Þ�x

I2 ¼
XN�1

i¼0

psip
†
ri ¼ AsAre

j θs�θrð Þ XN�1

i¼0

ej 2iΔθð Þ
 !

ej ks�krð Þ�x

I3 ¼
XN�1

i¼0

p†sipri ¼ AsAre
j �θsþθrð Þ XN�1

i¼0

e�j 2iΔθð Þ
 !

ej �ksþkrð Þ�x

I4 ¼
XN�1

i¼0

p†sip
†
ri ¼ NAsAre

�j θsþθrð Þe�j ksþkrð Þ�x

8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:

: (A11)

Equation (A11) shows that the magnitude of I1 and I4 having the wave number of ks + kr is much larger than
that of I2 and I3 having the wave number of ks � kr. This is opposite to the first situation. As a result, we have
proved that imaging in the plane wave domain can distinguish the plane waves traveling in one direction or
its opposite direction.
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