Segway Model
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1 Parameters and notation

Our notation is similar to [1].

g = 9.80665 . gravitational acceleration (m/s?)

m = 0.0165/0.0295 : NXT2/RCX wheel weight (kg)

R =0.0216/0.0408 : NXT2/RCX wheel radius (m)

w = 0.022/0.015 : NXT2/RCX wheel width (m)

Jo = mR?%/2 : wheel inertia moment (kg - m?)

M = 0.55 :  body weight (kg)

W = 0.15 : body width (m)

D = 0.045 : body depth (m)

H = 0.158 : body height (m)

L = H/2 : center of mass distance from the wheel axle (m)
Jy = 0.00805 : body pitch moment of inertia (kg - m?)
Jp = 0.005 . body yaw moment of inertia (kg - m?)
Yo = -2 :  balanced pitch deviation from upright position (deg)
B = 0.18 : DC motor constant (Nm - s/rad)

K = 20 :  DC motor constant (Nm/V)

v = : body pitch angle (rad)

O1rp = 0F Wo/(2R) : left/right wheel roll angles (rad)

6 = (6,+6,)/2 : axle midpoint roll angle (rad)

¢ = R(0.—0,)/W : body yaw angle (rad)

Py = [T yiyr BT ¢ left/right wheel positions (m)

Pm = |Zm ym R]T : axle midpoint position (m)

Pe = [veye 2T : body center of mass position (m)

Uy = . left/right DC motor control power (V)

1.1 Robot position

The position of the center of mass and its derivative can be expressed as

sin vy cos ¢ 1/>cosz/1cos¢—q'ﬁsinwsin¢
Pe =Pm + L | sinysing . Pe=DPm+L | Ycosysing + dsinpcoseg | , (1)
cos i le}sinw

where p,, = (p; + pr)/2. Furthermore, if the ¢ is constant and the wheels are rotating §6; and 06, radians in
0t seconds, then the wheel positions are changing by

cos ¢ cos ¢
opi=Rd60; | sing , Opr=RH0, | sing | . (2)
0 0

As we take 6t — 0, ¢ becomes constant on this infinitely short §t interval, and so we obtain

| cos¢ . cos ¢ | cos¢
p:=R6; | sing , Pr=R0O.| sing , Pm=RO| sing | . (3)
0 0 0



1.2 Pitch equilibrium

This model assumes that the center of mass is of the robot body is just above the axle at the middle when the
robot is in equilibrium. In real it is not quite true, so one can shift the pitch angle by a constant ¢y and use
1 — g in the model.

But notice that moving the body center of mass also changes the body moment of inertias, Jy and Jg, so
these quantities should be identified for a fixed ).

2 DMotion equations

The system is divided into two subsystems: the driven segway robot and the driving DC motors.

2.1 Segway robot dynamics
The Lagrangian of the system (without the DC motor) is
L=E,+E —E,, (4)

where E; is the translational kinetic energy, E, is the rotational kinetic energy and E, is the potential energy
defined as
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E, = 29§24 Zwg2 b2, 2é a2 (

E, =mgR+mgR+ Mgz, .

Then to find the equations of motion with respect to v, ¢ and 6, we write the Euler-Lagrange equations for the
Fy, Fy, Fy generalized forces (see appendix A) as
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2.2 DC motor dynamics

A detailed description of a DC motor model can be found in [3]. However, now we will use a simplified model,
which captures only that the torque is damped by the shaft’s rotational velocity and proportional to the applied
power. So ) _

Fel/r = _B(el/r_w)'i'KUl/r; (7)

where B (Nm-rad/s) and K (Nm/V) are DC motor constants. Then we can express the generalized forces as

Fy=—(Fy, + Fp,) =2B(0 — ) — K(v; +v,),

1 . . v + vy
Fe:§(F0Z+F0T):*B(9*¢)+KZT7 (8)
R . R
Fy = 37 (Fo, — Fo.) = =B + 7 (vr — 1) -

2.3 State space form
By connecting the two subsystems and rearranging the equations, we get
(ML2 + J¢)¢ + (MLR cos )0 = ML23* sinycos b + MgLsint + 2B(0 — ¥) — K (v, + v,) ,
(MLR cos )3 + ((2m + M)R? + 2Jw)é = MLRy?sint — 2B(6 — ¥) + K (v + v,)
(mR2W2 + W?2J, + 2R? (ML2 sin? ¢ + J¢))$ = —2MR?L%¢ip sintp costp — BW?¢ + RWK(’UT — vl) .
9)



By introducing the x = [¢) 6 ¢ V0 ¢, ym]T state and the v = [v; v,.]T control, we can write (9) into

Hx)x=f(x)+Gv, (10)

where H : R8 — R8%8 f:R8 » R8, G € R8*2,
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Notice that det ﬁ(x) > 0 for all x because

det H(x) = (ML2 + ;) (2m + M)R? + 2J,,) = (MLRcos)®
> M?L?R* — M?L?R® cos® ¢y = M?L*R*(1 — cos® 1) > 0.

(13)

Furthermore, for all x, we have ﬁ(x) > 0 and so det H(x) > 0. Hence, 3H(x)~ ! for all x, and the state space
form becomes

x = H(x)™! (f(x) + év) = Hx)"f(x) + Hx)"'Gv = f(x) + Gx) v, (14)
where )
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A Derivation of the Euler-Lagrange equations

Notice that
T COS D + Yo SIN P = Ty, COS @ + Yy SIN D + Lq/}cosw(cos2 ¢ + sin? qi)) = RO+ Lz[;cosd;,

. . 17
ZTesin @ — Y. cosp = x'msin¢—ymcosqS—L¢sinw(sinQ¢—i—cos2 (b) = —L¢siny. (17)

Then
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= MLRécoswaLRézj}sianr (ML2 + Jw)d;JrML(Réz/}sinw ngf)Zsinwcosz/J fgsinw)
= (ML?+ Jy)¢ + (MLRcos)d — ML? ¢? sinpcos ) — MgLsinp.

(18)

Furthermore, notice that d¢/00,,, = ¥R/W and

Ty/p cOS O+ Yy Sing = Rél/,. COSQ¢+R91/T. sin’ ¢ = Rél/,.7
dy/p 8N — y/r cosp = RO, cospsing — R, singcosg =0,
T COSP + YeSinp = Récos2¢+L(z/}coswC052¢ — ésinwsinqﬁcos@ (19)
+Résin2¢+L(&coswsiHQqb—i—gbsinzbcosqﬁsingb) = Ré—l—Lz/.)coszb,
Tesing — y.cos ¢ = RécosgbsinqSJrL(z/.}coswcosd)sinqbfgﬁsind;sinQ (;5)
— ROsin ¢ cos ¢ — L(¢ cossin ¢ cos ¢ + psiny cos? ¢) = —Losiny) .



Then the forces of the left/right axle endpoints can be expressed as

poo_d (oL _ oL
e dt \ 96y, ) 90y,

d
(mR(ml/T oS ¢ + gy /r Sin @)

T dt
MRr. 2L ) s 2L . R _ .
+ - [mc(coscé + W smz/)smqb) + yc(sm(b$ W sm¢cos¢)} + Jwbir F WJ¢¢)
2 . . . .
F mwlj (:‘clel sin ¢ — 9,0, cos ¢ + &,.0,. sin ¢ — £,.0,- cos ¢)

F @(% [Résingﬁ + L(w cosYsing + Q.Ssinwcosgi))]

w
-HJC[—Récosqﬁ—i—L(—¢coswcos¢+$sinwsin¢)})
(20)

d M
= dt( R, +—R(R9+szcos¢)

L2. ) . R .
¢Sln21/)+ onl/r F J¢¢>

FOF MW(R9+L¢COSw>( qusmz/))

= mRQHZ/r + TR(RG + L) cosyp — Lip? sinz/J) F

qumz/J(RH + L¢cos¢)

((b sin? ¢ + 2¢w sin v cos 1/))

R .
o

+ Jwél/r + W

. MR?. (MRL
:(mRerJw)Gl/rJr 0+(

2 5 S¢>¢¢28m¢

QMRL2

T % (ML2 sin? ¢ + J¢>gz; Y sint cos .

By using Fp, and Fp, , we can compute the Fy, Fi, generalized forces as

00 00  Fy + F,
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