
EQ-TARGET;temp:intralink-;;53;744

! ΣW1W1jw2
" ΣB1B1

!
1" τT2 Σ

−1
W2W2

τ2
1" τT2 Σ

−1
W2W2

τ2

"

"
ΣW1W2

Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣW2W1

1" τT2 Σ
−1
W2W2

τ2

− ΣB1B2
Σ−1
W2W2

ΣB2B1

!
1" τT2 Σ

−1
W2W2

τ2
1" τT2 Σ

−1
W2W2

τ2

"

"
ΣB1B2

Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1

1" τT2 Σ
−1
W2W2

τ2

− 2ΣW1W2
Σ−1
W2W2

ΣB2B1

!
1" τT2 Σ

−1
W2W2

τ2
1" τT2 Σ

−1
W2W2

τ2

"

" 2
ΣW1W2

Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1

1" τT2 Σ
−1
W2W2

τ2

EQ-TARGET;temp:intralink-;;53;548

! ΣW1W1jw2
" ΣB1B1

σ2Hjy2
" ΣB1B1

τT2 Σ
−1
W2W2

τ2σ2Hjy2

" ΣW1W2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣW2W1
σ2Hjy2

EQ-TARGET;temp:intralink-;;53;503

− ΣB1B2
Σ−1
W2W2

ΣB2B1
σ2Hjy2 − ΣB1B2

Σ−1
W2W2

ΣB2B1
τT2 Σ

−1
W2W2

τ2σ2Hjy2

" ΣB1B2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1
σ2Hjy2

− 2ΣW1W2
Σ−1
W2W2

ΣB2B1
σ2Hjy2

− 2ΣW1W2
Σ−1
W2W2

ΣB2B1
τT2 Σ

−1
W2W2

τ2σ2Hjy2

" 2ΣW1W2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1
σ2Hjy2

EQ-TARGET;temp:intralink-;;53;399

!ΣW1W1jw2
"τ1τT1 σ

2
Hjy2

"ΣW1W2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣW2W1
σ2Hjy2

−2ΣW1W2
Σ−1
W2W2

τ2τT1 σ
2
Hjy2 "ΣB1B1

τT2 Σ
−1
W2W2

τ2σ2Hjy2

−ΣB1B2
Σ−1
W2W2

ΣB2B1
σ2Hjy2 −ΣB1B2

Σ−1
W2W2

ΣB2B1
τT2 Σ

−1
W2W2

τ2σ2Hjy2

"ΣB1B2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1
σ2Hjy2

−2ΣW1W2
Σ−1
W2W2

ΣB2B1
τT2 Σ

−1
W2W2

τ2σ2Hjy2

"2ΣW1W2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1
σ2Hjy2

:

The top two lines of the previous equivalence are what we
need, that is, they are the conditional covariance of the pro-
posed model. This means that all the lower terms in the pre-
vious equivalence must cancel out. Rearranging the bottom six
terms and dropping the positive σ2Hjy2 , we get

EQ-TARGET;temp:intralink-;;53;212

ΣB1B1
τT2 Σ

−1
W2W2

τ2 − ΣB1B2
Σ−1
W2W2

ΣB2B1

" ΣB1B2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1

− ΣB1B2
Σ−1
W2W2

ΣB2B1
τT2 Σ

−1
W2W2

τ2

" 2ΣW1W2
Σ−1
W2W2

τ2τT2 Σ
−1
W2W2

ΣB2B1

− 2ΣW1W2
Σ−1
W2W2

ΣB2B1
τT2 Σ

−1
W2W2

τ2

.
Noting that τT2 Σ

−1
W2W2

τ2 is a constant, and expanding each
ΣBjBk

! τjτTk , this becomes

EQ-TARGET;temp:intralink-;;320;744

τ1τT1 #τT2 Σ−1
W2W2

τ2$ − τ1#τT2 Σ−1
W2W2

τ2$τT1
" τ1#τT2 Σ−1

W2W2
τ2$#τT2 Σ−1

W2W2
τ2$τT1

− τ1#τT2 Σ−1
W2W2

τ2$τT1 #τT2 Σ−1
W2W2

τ2$

" 2ΣW1W2
Σ−1
W2W2

τ2#τT2 Σ−1
W2W2

τ2$τT1
− 2ΣW1W2

Σ−1
W2W2

τ2τT1 #τT2 Σ−1
W2W2

τ2$ ! 0:

Thus, we have proven the equivalence of the proposed con-
ditioning method’s mean and covariance with that given by the
conditional MVN equations.

APPENDIX B
Mixed native and nonnative station data updating
Suppose that we have a grid of K points for which we are trying
to estimate the ground motions Y given ground motions YD !
yD at a set of L stations. Suppose that the ground motion of
interest is a particular ground-motion measure (peak ground
acceleration [PGA], for example). Also, suppose that the sta-
tion data can be divided into M + 1 ground-motion measures,
of which the ground-motion measure corresponding to Y is
one of them. We can divide the station data into the native
(PGA, call it YN ) and nonnative data (not PGA, call them
YNN) by partitioning YD such that,

EQ-TARGET;temp:intralink-;dfb1;320;445YD !

2

4
YN
−

YNN

3

5: #B1$

This note does not assume that the between-event residuals
for different ground-motion measures are perfectly correlated;
hence, there is a different normalized between-event residual
for each different measure. We say that

EQ-TARGET;temp:intralink-;dfb2;320;338Y ! μY "WY " τYHN ; #B2$

EQ-TARGET;temp:intralink-;dfB3;320;286YN ! μYN
"WN " τNHN : #B3$

We can define YNN ! %YT
1 j…jYT

M &T partitioned into the M
different ground-motion measures, in which

EQ-TARGET;temp:intralink-;dfb4;320;233Yi ! μYi
"Wi " τiHi; i ! 1;…;M; #B4$

and we define

EQ-TARGET;temp:intralink-;dfb5;320;182YD ! μYD
"WD " TDHD; #B5$

in which μYD
!

2

666666664

μYN

−
μY1

−
..
.

−
μYM

3

777777775

;WD !

2

666666664

WN
−
W1
−
..
.

−
WM

3

777777775

;HD !

2

666666664

HN

H1

..

.

HM

3

777777775

;
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TD !

τN j 0 j … j 0
− − − − − − −

0 j τ1 j . .
.

j ..
.

− − − − − − −
..
.

j . .
.

j . .
.

j 0
− − − − − − −
0 j … j 0 j τM

2

6666666664

3

7777777775

, and TDHD !

2

6666666664

τNHN
−

τ1H1
−
..
.

−
τMHM

3

7777777775

(TD is a lower diagonal partitioned matrix called capital tau).

Then, we can use the law of total probability to get

EQ-TARGET;temp:intralink-;dfb6;41;612f Y jYD
#yjyD$ !

Z

HD

f Y jYDHD
#yjyD; ηD$f HDjYD

#ηDjyD$dηD;

#B6$

in which
R
HD

#$dηD !
R
HN

R
H1

…
R
HM

#$dηM…dη1dηN . This
once again splits the density into the between- and within-
event portions.

Determining f HDjYD
#ηDjyD$:

Using the Bayes equation, we get

EQ-TARGET;temp:intralink-;dfb7;41;465f HDjYD
#ηDjyD$ ∝ f YDjHD

#yDjηD$f HD
#ηD$: #B7$

Now HD ∼MVN#0;ΣHDHD
$, in which ΣHDHD

is the cross-
intensity measure correlations for the M " 1 intensity mea-
sures present. Given the residual bias vectorHD ! ηD, we have
YDj#HD ! ηD$ ∼MVN#μYD

" TDηDΣWDWD
$. We can then

determine the distribution of HDj#YD ! yD$ using the com-
pleting the square method for matrices:

EQ-TARGET;temp:intralink-;;41;340 f HDjYD
#ηDjyD$

∝ exp
#
−
1
2
#yD − μYD

− TDηD$TΣ−1
WDWD

#yD − μYD
− TDηD$

$

× exp%−
1
2
ηTDΣ

−1
HDHD

ηD&

! exp
#
−
1
2

!
#yD − μYD

$TΣ−1
WDWD

#yD − μYD
$

" ηTDT
T
DΣ

−1
WDWD

TDηD − 2#yD − μYD
$TΣ−1

WDWD
TDηD

" ηTDΣ
−1
HDHD

ηD

"$

∝ exp
#
−
1
2
#ηTD#TT

DΣ
−1
WDWD

TD " Σ−1
HDHD

$ηD

− 2#yD − μYD
$TΣ−1

WDWD
TDηD$

$
:

Let M ! TT
DΣ

−1
WDWD

TD " Σ−1
HDHD

and b ! TT
DΣ

−1
WDWD

#yD − μYD
$. Then, we have

EQ-TARGET;temp:intralink-;;308;744

f HDjYD
#ηDjyD$ ∝ exp%−

1
2
#ηTDMηDηD − 2bTηD$&

! exp%−
1
2
#ηTDMηD − 2bTM−1MηD$&

! exp%−
1
2
##ηD −M−1b$TM#ηD −M−1b$ − bTM−1b$&

∝ exp%−
1
2
#ηD −M−1b$TM#ηD −M−1b$&:

By inspection this means that μHDjyD ! M−1b and
ΣHDHDjyD ! M−1, or

EQ-TARGET;temp:intralink-;dfb8;308;613μHDjyD ! #TT
DΣ

−1
WDWD

TD " Σ−1
HDHD

$−1TT
DΣ

−1
WDWD

#yD − μYD
$;

#B8$

EQ-TARGET;temp:intralink-;dfb9;308;564ΣHDHDjyD ! #TT
DΣ

−1
WDWD

TD " Σ−1
HDHD

$−1: #B9$

Determining f Y jYD ;HD
#yjyD; ηD$:

Now f Y jYD ;HD
#yjyD; ηD$ ! f #μY"WY"τYηN $jWD ;HD

#yjw2; ηD$
using equation (B2) and the fact that being given YD;HD is
equivalent to being given WD;HD (using equation B5), this
then reduces to finding the distribution of WY given
WD ! wD ! yDμYD

− TDηD: Using the conditional MVN
equations (4) and (5), this implies that

EQ-TARGET;temp:intralink-;dfb10;308;421Y j#YD ! yD;HD ! ηD$ ∼MVN#μY jyD ;ηD ;ΣYY jyD ;ηD$; #B10$

with

EQ-TARGET;temp:intralink-;dfb11;308;369μY jyD ;ηD ! μY " τYηN " ΣWYWD
Σ−1
WDWD

#yD − μYD
− TDηD$;

#B11$

EQ-TARGET;temp:intralink-;dfb12;308;320ΣYY jyD ;ηD ! ΣWYWY
− ΣWYWD

Σ−1
WDWD

ΣWDWY
: #B12$

Determining f Y jYD
#yjyD$:

By introducing the K × #M " 1$ matrix

EQ-TARGET;temp:intralink-;;308;242 TY0 !

2

664

τY1
0 ' ' ' 0

..

. ..
. . .

. ..
.

τYK 0 ' ' ' 0

3

775;

we can rewrite

EQ-TARGET;temp:intralink-;;308;166 μY jyD ;ηD ! μY " TY0ηD " ΣWYWD
Σ−1
WDWD

#yD − μYD
− TDηD$:

We proceed by following the same steps as in the
main portion of this article. We first define the matrix
C ! TY0 − ΣWYWD

Σ−1
WDWD

TD. Then again, we can rewrite

EQ-TARGET;temp:intralink-;;308;88 μY jyD ;ηD ! μY " CηD " ΣWYWD
Σ−1
WDWD

#yD − μYD
$:
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We recast the problem into the following random variables
V ! CHDj#YD ! yD$; v ! CηD, and U ! Y j#YD ! yD;
HD ! ηD$ − v. Then, we have

EQ-TARGET;temp:intralink-;dfb13;53;705V ∼MVN#μV ! CμHDjyD ;ΣVV ! CΣHDHDjyDC
T$; #B13$

EQ-TARGET;temp:intralink-;dfb14;53;652

U ∼MVN#μU ! μY " ΣWYWD
Σ−1
WDWD

#yD − μYD
$;

ΣYY ! ΣWYWY jwD
$: #B14$

Then, we can expand f Y jYD
#yjyD$ in terms of V instead

of HD:

EQ-TARGET;temp:intralink-;;53;558 f Y jYD
#yjyD$ !

Z

V
f Y jYD ;V#yjyD; v$f VjYD

#vjyD$dv

!
Z

V
f U"VjYD ;V#yjyD; v$f VjYD

#vjyD$dv

!
Z

V
f U"VjV#yjv$f V#v$dv;

in which we have used the fact that being given V is equivalent
to being given HD and noting that both U and V are already
conditioned on YD. This implies that Y j#YD ! yD$ ! U " V ,
and because U and V are independent MVN random variables,
we get

EQ-TARGET;temp:intralink-;dfb15;53;388Y j#YD ! yD$ ∼MVN#μY jyD ;ΣYY jyD$; #B15$

with

EQ-TARGET;temp:intralink-;;53;336

μY jyD ! μU " μV

! μY " CμHDjyD " ΣWYWD
Σ−1
WDWD

#yD − μYD
$ΣYY jyD

! ΣUU " ΣVV ! ΣWYWY jwD
" CΣHDHDjyDC

T :

In summary, we have

EQ-TARGET;temp:intralink-;dfb16;53;236

μY jyD ! μY " τYμHN jyD " ΣWYWD
Σ−1
WDWD

× #yD − μYD
− TDμHDjyD$; #B16$

EQ-TARGET;temp:intralink-;dfb17;53;166ΣYY jyD ! ΣWYWY jwD
" CΣHDHDjyDC

T ; #B17$

in which

EQ-TARGET;temp:intralink-;dfb18;53;113μHDjyD ! #TT
DΣ

−1
WDWD

TD " Σ−1
HDHD

$−1TT
DΣ

−1
WDWD

#yD − μYD
$;

#B18$

EQ-TARGET;temp:intralink-;dfb19;320;744μHN jyD ! %μHDjyD &1; #B19$

EQ-TARGET;temp:intralink-;dfb20;320;704ΣHDHDjyD ! #TT
DΣ

−1
WDWD

TD " Σ−1
HDHD

$−1; #B20$

EQ-TARGET;temp:intralink-;dfb21;320;649ΣWYWY jwD
! ΣWYWY

− ΣWYWD
Σ−1
WDWD

ΣWDWY
; #B21$

EQ-TARGET;temp:intralink-;dfb22;320;595C ! TY0 − ΣWYWD
Σ−1
WDWD

TD: #B22$

If no native data are present, then the results hold as
described in equations (B16)–(B22), except

EQ-TARGET;temp:intralink-;;320;517 TD !

0 j τ1 j 0 j ' ' ' j 0
− − − − − − − − −

0 j 0 j τ2 j . .
.

j ..
.

− − − − − − − − −
..
.

j ..
.

j . .
.

j . .
.

j 0
− − − − − − − − −
0 j 0 j ' ' ' j 0 j τM

2

6666666664

3

7777777775

! %0 j TNN &;

and yD; μYD
;ΣWDWD

; andΣWYWD
become

yNN; μYNN
;ΣWNNWNN

; andΣWYWNN
, respectively.

Comparing with the main result of this article:
From this article, we had

EQ-TARGET;temp:intralink-;df19a;320;334μY1jy2 ! μY1
" μB1jy2 " ΣW1W2

Σ−1
W2W2

#y2 − μy2 − μB2jy2$;

#19a$

which looks very similar to equation (B16) if we note that
μBY jyD ! τYμHN jyD and μBDjyD ! TDμHDjyD , we get

EQ-TARGET;temp:intralink-;;320;249 μY jyD ! μY " μBY jyD " ΣWYWD
Σ−1
WDWD

#yD − μYD
− μBDjyD$:

Similarly, from this article, we had
EQ-TARGET;temp:intralink-;df20a;320;192

ΣY1Y1jy2 ! ΣW1W1jw2
" ccTσ2Hjy2

! ΣW1W1jw2
" #τ1 − ΣW1W2

Σ−1
W2W2

τ2$

× #τ1 − ΣW1W2
Σ−1
W2W2

τ2$Tσ2Hjy2

! ΣW1W1jw2
" τ1τT1 σ

2
Hjy2

" ΣW1W2
Σ−1
W2W2

#τ2τT2 σ2Hjy2
$

× Σ−1
W2W2

ΣW2W1
− 2ΣW1W2

Σ−1
W2W2

#τ2τ1σ2Hjy2
$

! ΣW1W1jw2
" ΣB1B1jy2 " ΣW1W2

Σ−1
W2W2

ΣB2B2jy2

× Σ−1
W2W2

ΣW2W1
− 2ΣW1W2

Σ−1
W2W2

ΣB2B1jy2 ; #20a$
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which looks very similar to equation (B17) if we expand it

EQ-TARGET;temp:intralink-;;41;731 ΣYY jyD ! ΣWYWY jwD
" CΣHDHDjyDC

T

! ΣWYWY jwD

" #TY0 − ΣWYWD
Σ−1
WDWD

TD$ΣHDHDjyD#TY0

− ΣWYWD
Σ−1
WDWD

TD$T

! ΣWYWY jwD
" TY0ΣHDHDjyDT

T
Y0

" ΣWYWD
Σ−1
WDWD

TDΣHDHDjyDT
T
DΣ

−1
WDWD

ΣWDWY

− 2ΣWYWD
Σ−1
WDWD

TDΣHDHDjyDT
T
Y0

! ΣWYWY jwD
" τYτTYσ

2
HN jyD

" ΣWYWD
Σ−1
WDWD

#TDΣHDHDjyDT
T
D$Σ−1

WDWD
ΣWDWY

− 2ΣWYWD
Σ−1
WDWD

#TDΣHDHDjyDT
T
Y0$:

Noting that ΣBYBY jyD ! τYτTYσ
2
HN jyD

;ΣBDBDjyD !
TDΣHDHDjyDT

T
D and ΣBDBY jyD ! TDΣHDHDjyDT

T
Y0, we get

EQ-TARGET;temp:intralink-;;308;744 ΣYY jyD ! ΣWYWY jwD
" ΣBYBY jyD

" ΣWDWD
Σ−1
WDWD

ΣBDBDjyDΣ
−1
WDWD

ΣWDWY

− 2ΣWYWD
Σ−1
WDWD

ΣBDBY jyD :

Looking at equation (B17), we still have separated condi-
tional within- and between-event processes. However, unlike
the main result of this article, the between-event covariance
matrix CΣHDHDjyDC

T is no longer perfectly correlated, because
it cannot be expressed as an outer product of vectors.
Nonetheless, simulating this between-event process only
involves simulating MVN realizations of ΣHDHDjyD and then
scaling them appropriately by C.
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