Ty-1
_v e 1+ 1%y w,T2
= W Wi w, B, B, 1+TT2—1 T
22w,w, T2
2 eIy 5% 2D SN 3
W, W, 2w, w, 1272 2w, w, 2w, w,
Ty-1
1+ 7%y w,T2
Ty-1
1+ szwz“'z)
Ty-1
1+ 7%y w,T2

-1
- Z:31Bzzwz w, ZBZBI (

-1 Ty-1
Z:Ble z:Wz w, 727, sz w, ZBzBl
Ty-1
1+ 7%y w,T2
Ty-1

1+ szwﬂ'z)

Ty-1
1+ 7%y w, T2

- 22W1 W, Z;‘}z W, ZBzB1 (

-1 Ty-1
Zwl VVZZWZWZTZT2 szwzszBl
Tsy-1
1+ 7%y w,T2

+2

— 2 Ts-1 2
- z:"Vl"vl‘wz + ZBIBI O'H\yz + ZBIBI T ZWZWZTZO'H\}JZ

-1 Ty-1 2
+ Zw,w, 2w, w, 272 2w, w, 2w, w, Oty)y,

- zBle 2:;‘}z w, szBl 0-12{\}’2 - ZBIBZ z;‘}zwz ZBZBI ng;;zwz TZUIZ‘I\}’z
+ ZBIBZ 2;‘}2 W, Tzrgz;&z W, ZBZBI UIZ‘ID’z

= 2Zw,w, 2w, w, 25,5, Oy,

= 22w, w,ZW,w, 28,8, T3 Zw,w, 72‘712{|y2

-1 Ty-1 2
+ Zzwlwzzwz w, 1212 z:Wz w, ZBzBlaHb’z

— T2 -1 Ty-1 2
=2Zw,w,w, T T171 Oy, + 2w, w, 2w, w, T2T2 2w, w, 2w, W, Oy,
_ -1 T2 Ty-1 2
22w, w,Zw,w,T2T1 Oy, 2p,B, T3 szwz“'z‘f}uy2
B -1 2 -1 Ty-1 2
ZBlBZZWZWZZBZBIO'Hb’z ZBIBZZWZWZZBZBlTZ ZWszTZO'H\J'z
-1 Ty-1 2
+ ZBlezwz w, T sz w, ZBzBl aHIyz
_ -1 Ty-1 2
22W1W22W2W12323112 ZWZWZTZUH‘}’z
+ 22w, w, W, w, T2T2 2w, w, ZB,B, 0%
WW,<w,w, *2%2 W, w,<B,B, Y Hly,"
The top two lines of the previous equivalence are what we
need, that is, they are the conditional covariance of the pro-
posed model. This means that all the lower terms in the pre-

vious equivalence must cancel out. Rearranging the bottom six
. L
terms and dropping the positive o3y, , we get

258,73 Zw,w, T2 ~ 5,8, 2w, w, 28,5,
+ Z5,5,Zw, w, 7271 2w, w, 28,5,
~ 25,5, Zw, w, 28,8, T2 2w, w, T2
+ 22w, w, Zﬁ}z W, Tzszzﬁ}z w,2B,B,

-1 Ty-1
- ZZWI szwz w, ZBZBI 72 zwz w, 7

Noting that 77 33, w,T2 is a constant, and expanding each
Zpp, = 7;7}, this becomes
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TlﬁT(Tsz;t}zwz T) - T) (‘szzﬁ}zwZ )7
+ 71(7] 2w, 1) (TT 24w, T2) 7]
! (TzTZ;t}ZWZTZ)TlT(TZTZE&ZWZQ)
+ 22y, wzzﬁ}zw2 Tz(“'zTZ;x}zwzfz)TlT

-1 T Ty-1 _
= 22w, w, Zw,w, 271 (T3 23w, T2) = 0.

Thus, we have proven the equivalence of the proposed con-
ditioning method’s mean and covariance with that given by the
conditional MVN equations.

APPENDIX B
Mixed native and nonnative station data updating
Suppose that we have a grid of K points for which we are trying
to estimate the ground motions Y given ground motions Y, =
yp at a set of L stations. Suppose that the ground motion of
interest is a particular ground-motion measure (peak ground
acceleration [PGA], for example). Also, suppose that the sta-
tion data can be divided into M + 1 ground-motion measures,
of which the ground-motion measure corresponding to Y is
one of them. We can divide the station data into the native
(PGA, call it Yy) and nonnative data (not PGA, call them
Ynn) by partitioning Y, such that,
Yy
Yp=| -
YN

(B1)

This note does not assume that the between-event residuals
for different ground-motion measures are perfectly correlated;
hence, there is a different normalized between-event residual
for each different measure. We say that

Y =py + Wy +7yHy, (B2)

YN = ‘uYN + WN + TNHN' (B3)

We can define Yy = [Y7]...|YL]T partitioned into the M
different ground-motion measures, in which

Yi=py, +Wi+rH,i=1..,M, (B4)
and we define
Yp =y, + Wp + TpHp, (B5)
[ Hyy ] [ Wx M Hy T
By, Wi H,
in  which py, = ) Wp=| - |Hp= >
-F;M i L M;M i L Hp
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_TN | 0 | | 0] B TNHN ]
o | = | .| : 7, H,
TD = - - - - - - = 5 and TDHD = -
| | 0
0 | ... | 0 | 7nl | TmHu |

(Tp is a lower diagonal partitioned matrix called capital tau).

Then, we can use the law of total probability to get

fY\YD(yb’D) = A fY|YDHD(}’|}’D: nD)fHD|YD(’1D|yD)d’1D’
(B6)
in which [y Odnp = [y [y, - Ju, Odriy-..dyidry. This

once again splits the density into the between- and within-
event portions.

Determining fy |y, (fp|yp):
Using the Bayes equation, we get

Juyv, Mplyp) &« fy,m, Wnlip)f u, (1p)- (B7)

Now Hp ~ MVN(0, 2y, g, ), in which Zy g is the cross-
intensity measure correlations for the M + 1 intensity mea-
sures present. Given the residual bias vector Hp = #p, we have
Ypl(Hp = #1p) ~ MVN(py, + TpnpZw,w,). We can then

determine the distribution of Hp|(Yp = yp) using the com-
pleting the square method for matrices:

fHD|YD ("1plyp)
1
& exp |:_E (p - My, — TD”D)TZ;;DWD (b —py, — TD”D)i|
1 reo1
x exp[— 5 NpZHpH, 1p]
1
= exp [—5 ((J’D = ty,) =0, w, Op — #y,)
+ 15 ThZW, w, Totio = 2(vp = #y,) "Zw,w, Tptip
+ nﬁz;}bnunn)]
1
& €xp [— 3 (ﬂzT)(ngﬁ}DwD Tp + 2y, u,)Mp

-2(yp — #y,) "Zw,w, TD”D)]'

Let M= TITJZ;;DWD Tp+ Zﬁlnﬂn
(¥p — #y,)- Then, we have

and b =TLIy w,
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Futtr Ciolyp) o< expl- (5 My 15 ~ 2671p)]
= eXp[—% (npMnp - 26" M~ Mrp)]
= expl- 3 (01 ~ MB) M(p ~ M71b) ~ " M-'D)]
o expl- 3 (1p — M™8) MG ~ M)}

By inspection this means that gy, = M'b and
— Ml
ZHpHply, = M, or

iy = (THEw,wo To + Zibm,) ™ ThE W, w, b — #y,)s
(B8)

ZHDHD‘J’D = (ngwnwl) TD + z“I_-Ill-,HD)_l' (B9)

Determining fyy, u, (¥[¥p. 11p):

Now  fyiy,m, YD 11D) = f (uytwytrymoiwpit, VW2 11p)
using equation (B2) and the fact that being given Yp, Hp is

equivalent to being given Wp, Hp (using equation B5), this
then reduces to finding the distribution of Wy given
Wp = wp = ypliy, — Tpp. Using the conditional MVN
equations (4) and (5), this implies that

Y|(Yp =yp,Hp =11p) ~ MVN(!‘Y\yD,qD: ZYY\yD,nD)) (B10)
with

BYlypup = By + Tylly + Zwywnzﬁ}nwn(}’n -y, — Tphip),
(B11)

ZYY\}’D»’ID = ZWYWY - ZWYWDZ;"}DWDZWDWY' (BIZ)

Determining fyy, (¥yp):
By introducing the K x (M + 1) matrix

Ty 0O --- 0

1

TYO = . . .
Tyk 0 -+ 0

we can rewrite
By = By + Tyollp + Zw,w, Zw,w, p — #y, = Tplip).

We proceed by following the same steps as in the
main portion of this article. We first define the matrix
C="Ty- ZWYWDZ;;DWD Tp. Then again, we can rewrite

BYlypap = By + Clip + Zw,w, Zw w, b — #y,)-
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We recast the problem into the following random variables
V = CHp|(Yp =yp),v=Cnp, and U=Y[(Yp=yp,
Hp = 1p) — v. Then, we have

Vo~ MVN(‘MV = C‘uHDlyD, ZVV = CZHDHD‘}IDCT)) (B13)
U ~MVN(uy = py + Zw,w, Zw,w, Up — br,):
Zyy = Zwywylwp)- (B14)

Then, we can expand fyy, (y|lyp) in terms of V instead
Of HD:

Frn00) = [ ey Oy v, )
= /;]fU+V\YD,V(y|yDJ V)fvm, (vlyp)dv

- / oy GIVfy@)dv,

in which we have used the fact that being given V is equivalent
to being given Hp and noting that both U and V are already
conditioned on Y. This implies that Y[(Yp = yp) = U + V,
and because U and V are independent MVN random variables,
we get

Y|(Yp = yp) ~ MVN(pyjyp. Zyyly,)> (B15)

with
Uyly, = pu + By

= py + Conyly, + Zwywy, 2w, w, D — By,) Zyyiy,
= Zpv + Zvv = Zw,wywp T CEHpH,y, C'-

In summary, we have

Bylyy, = By + Tybhuy, + Zwywo Zw,w,

X (yp — vy, — Topu,yjy, ) (B16)

vyl = ZwyWylwp T CZHpH,ly, C (B17)

in which

iyl = (TZw,w, To + Zebm,) " ThZw, w, Vb — Hy,),

(B18)
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Higly, = Byl (B19)

ZHpHplyy = (ngﬁ}pwp Tp+ Zﬁl,)HD)fl’ (B20)
W Wylwp = ZWyWy — ZWyWo W, W, ZWp Wy (B21)
C=Ty- ZWYWDZ;&DWD Tp. (B22)

If no native data are present, then the results hold as
described in equations (B16)-(B22), except

[0 | = | O | |07
ol o | = | | :
Tp=|-- - - - - - - - [=[0] Tw}
[ = 1 . ] o
Lo [ 0 | |0 | 7ud
and YD By Zwywy andZy w, become

VNN BY 0 W Wan ANAZ > TESPectively.

Comparing with the main result of this article:
From this article, we had

Hy\ly, = By, + U8, y, + Zwlwzza}zwz(y2 — by, _AuBzU’z)’
(19a)

which looks very similar to equation (B16) if we note that

UByly, = TY‘uHNlJ’D and UByly, = TDAuHDU’D’ we get

‘uYU’D = ”Y + luByb’D + ZWYWDZ;‘}DWD(}’D _”YD _[IBD‘)'D)'
Similarly, from this article, we had

z:YlY1|}’z = zwl Wilw, + CCTalz-Ilyz
=Zw,w,w, + (71 = Zw,w, Zw,w, T2)
x (1, - ZWIWzZ;&ZWZTZ)TUIZﬂyZ
= Zw,w,w, + 7171T012H|y2 + Zw,w, Zw,w, (rzrgaﬁ‘yz)
X z;,}zwzzwzwl - 2Zw1wzzﬁ}2wz (7271012.1\y2)
= Zw,wiiw, T ZB,Bily, T ZWow, 2w, w, ZB,Bly,

x Z;‘}zwzzwzwl - zzwl szwzwzszBl [y2° (20a)
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which looks very similar to equation (B17) if we expand it Zy¥ylyp = ZwyWylwpy T ZByBylyp

— z Show Z S Z
ZYY\}’D - zWywylwx) + CZHDHD\}’DCT T 2w,w, WpWp=BpBplyp =“WpWp=WpWy
-1
= 2WyWy|wD - ZZWYWDZWDWDZBDBYU'D'
_ -1
+ (Tyvo = Zwywy 2wy w, To) 2ttt s (Tro Looking at equation (B17), we still have separated condi-
- ZWYWDZ;;DWD Tp)T tional within- and between-event processes. However, unlike
the main result of this article, the between-event covariance
matrix CZy,p, |, C” is no longer perfectly correlated, because
+Z 2w w, TpZ TSy w2 i
WyWp=W,Wp,  DZHpHplyp L DEWpW,p~WpWy it cannot be expressed as an outer product of vectors.

T
- ZWYWY"VD + TYOZHDHD\}’D TYO

Nonetheless, simulating this between-event process only
involves simulating MVN realizations of Xy g, and then
scaling them appropriately by C.

-1 T
- ZZWYWDZWDW[) TDZHDHDU’D TYO
— T 2
- ZWYWYlwb + TYTYO.HNU’D
-1 Tyy-1
+ z“"V}'WDZWDWD(TDZI"IDI’IDLVD TD)ZWDWDZWDWV

- ZZWY Wp 2;1}D Wp (TDZHDHD\)'D T;O)

; _ T 2 —

Noting " that z“1-‘31'3y|y1) - TYTYO#N\};D’ ZBDBDU’D - Manuscript received 7 July 2021
TDZHDHDU/D Ty and ZBDBylyD = TDZHDHD\yDTY(p we get Published online 11 January 2022
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