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LinearTransformations between linearspaces

Def For VW linear spaces a function T VAW is a linea

transfolfa T ftg TCF Tcg for all f g EV
6 TCA KTLA for all f EV and scalars12

Eg P ax't bx C a b c scalars

Basis B x2 x I

LB P IR Lp ax thx to
is a linear transformation

Check a Lpl x thx c pxtqxtr atp x big atCtrl

I
till's
L lax'tbxtc thypagan

b Similar because

I kg
LB R 1123 is a linear transformation

FactForany linear space V with
him V n and basis B Lj Vs IRis a linear transformation



DefTV W a lineartransformation

in T TCA f inv is a linear subspace of W and

Ker T it inV TCA 0 is alinearsubspace of V
If Lincin T CA then rank T him in T

din Ker T a then nullity T Lineker T

Note If LimV ex then dimv rank T nullity T

Eg Infinitely differentiable functions f IR IR
smooth functions denoted as C
C and consider Dlf f

Is D a linear transformation
a Dlftg Atg f t g D f Dlg
b DCRf ka k f R Dlf

kerD 7What are all fed satisfy Dlf o

herD all constantfunctions
Span I so him ke O 1

in D What are all get suchthat thereexists an fsatisfying Dlt g
FundTheCalc All 0 functions have a antiderivative

so im D c

so D co c issurjective but not injective P sn
D f

Def An invertible linear transformation is called an isomorphism oflinearspace
If T V W is an isomorphism then V andW are isomorphic

Eg a D C o is not an isomorphism
1 Id Goff is an isomorphism so C is isomorphictoitself

Any V is isomorphic toitself



C If B fi An is a basis for V then LB V IR
is an isomorphism

with c.tn cars E er
for unique scalars

So V is isomorphic to IR
Ta A linear transformation T V W is an isomorphism
if and

only if Kent 03 and int W
injective surjective

Eg Is T P P for TCA xfex an isomorphism

No fix I is not in in T so inCT P
and so by our thn T is not an isomorphism

Ty Forfinite dimensional linear spaces V W
a dinV dinW V is isomorphic to W
a diner E by tak nullity

VER W G

B a basis f

B gives a isomorphism
BabasisforV V W

6 If T V W is a linear transformation with herT 03

and diner dimW then T is an isomorphism
C If T V W is a linear transformation with in T W

and diner dimW then T is an isomorphism



EgD R R given by Def f
B xx I

Can
you find

a matrix B such that Bff B
f
p

Picture R IR
tips

g
stir

1 ax't bx c Zax b

Matrix B suchthat BE P
13 1

Nexttie Make finding B more systematic


