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OrthogonalProjections andOrthonormalBases

Def a T TE IR are orthogonal if E i o

C VW Vwattown6 JeIR haslength Intuitive
c I is a unitvee.to ifllull l
2 IEIR is orthogonal to a subspace V ofR

if F f o for all FEV

Consequence If subspaceV has basis B I tn
then I is orthogonalto I J 0 forall

I sism

Recall JER M it It is a unit vector

Def Vectors I In in IR are orthonormal if

ti ti to if Hill I
Tat is It.ge

Ega E en are orthonormal since

É E Ttt 7 I

E g 0 if i j
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at
are orthonormal since

I I Ba ka E t 4 4 1
It E EE E 4 4 1

I te ETE E D
In fact I g ui fifa are orthonormal

foranyA

the a Orthonormal Vectors are linearly independent

b If I In are orthonormal vectors in R
then they form a basisof IR

Orthogonal Projections

For Ie IR and a subspace V of IR then

we can write I I It such that

I EV and
It is orthogonal to V

Such a Leesposition is unique
Wecall Y the orthognalprojection of itontoV
Denote this as projf Note projj.IR IR is a

linear transformation

The If V has an orthonormal basis us an then
I product dit wit ait uit theme In
for all I E IR

Eg a Project I p
onto V xyplane

spang3
Thousandbasis
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U F E I are unitvectors and
T ve o so use is an orthono lysis

projr I nitwit I we l l 21 3.0 4 1 t

t t t l l 2 fi 3.1 4D I
Tsui Est a

trig
Consequence For B visa in an orthonormal basis of IR then

I E Ewit in E in for all TER
Upshot Easy to find coordinates for Teriithrespect to

orthonormal basis B hi in I Efab orthonormal

E If



For proju R Rn in prog V
WhatisKerpaju

Def For subspace V of IR the orthogonalcomplement of V

is V I in IR suchthat I E o for all fin V
Thus kelproju V

The a V is a subspace of IR since keelproju v

b Vnv 8 be 5 istheonly vectororthogonaltoitself
c
By ranknullity on T proju IR IR

Lim V t dinVt n

n n't V
v

y
Question How toconstruct an orthonormal basis
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