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Singular Values

For 2 2 matrix A can we find orthogonal vectors Vitz
such that Avi and Avi are also orthogonal

Viv o Avi Avi o

a If A is orthogonal then It preserves angles
so if vi É o 3 AriAri o in thiscase

6 If A is symmetric choose two orthogonal eigenvectors I ve
then vi to and At Avi Xii Xii o

In general
Consider For any 2 2 matrix A then ATA is always symmetric

ATA has an orthonormal eigerbasis risk
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Er kerf span fi vital
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Avi tr t Ari try are also orthogonal
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Def The singularitaives tf man matrix A are the square rootsIii.gg jjiiteauitnaigeoaicmitiptieits

Denote singular values as 9 a such 9292 2920

Note All eigenvalues of ATA are 20

The a For invertible T.IR 9117 the image of unit circle isan ellipse with length of III Its I
6 More generally for T IR IR TLE AI there exists an
orthonormal basis vis in of 112m such that
i Tail Thi are orthogonal

ii TIF I G for all I Eism where a a are singulguy



Tn fact Vi fm is an orthonormal eigabasis of ATA
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TCF Y TLE Eg TLE p are orthogonal
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Th If A is an axn matrix of rank r then

singularvalues G or are non zero
Ft l IG are Zero

Setup in terms ofmatrices

For nm matrix A of rash r pick Vi son asabove
set I Avi lift Avi and anti yen so that

hi in is an orthousnal
So AI qui Hinata basis of IR
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The SingularValue Decomposition For A an nm matrix ofrank r

It can be written asA UEVT for

U orthogonal na matrix
V is orthogonal man matrixE is an nxm matrix satisfying E for kier

and all otherentries 0

In other words A quit t r t quiver
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