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1 Definition

(from Tibsirani, ESL)

A natural cubic spline with K knots is represented by K basis functions.
One can start from a basis for cubic splines, and derive the reduced ba-
sis by imposing the boundary constraints. For example, starting from the
truncated power series basis described in Section 5.2, we arrive at (Exer-
cise 5.4):

Ni(X) =1, Nao(X)=X, Ngi2(X)=dp(X)—dr-1(X), (5.4)

where ) .
di(X) = (X = &)y = (X = ) (5.5)
Ex — &k

Each of these basis functions can be seen to have zero second and third
derivative for X > €.

2 3 knot splines
We have N7 and Ny from the definition, but we need N3 for a 3 knot spline.

Ny = Niyo(X) = dy (X) — ds_y (X)

where & is the location of the k" knot and

(X &)} - (X - &)
& — &

di(X) =
and

(X - 52)i — (X - fs)i
&3 — &2

da(X) =



SO

3 3 3 3
N3:N1+2(X): (X_§1)+_(X_§3)+ B (X—£2)+—(X_§3)+
& =& & —&

and we simplify that.
2.1 Simplify

1. Multiply terms by 1

G- (X0 -(X &) -6 (-6 - (X-&)

N3_§3—f2* & -4 & -6 &3 — &

2. Distribute

(63 — &) * (X — &) — (X —&))] — [(& — &) * (X — &)] — (X —&)3)]
(&3 —&1) * (&3 — &2)

(G- &)+ (X —&)5 — (G- &)+ (X —&)3]—[(&—&)* (X —&)] — (& — &) * (X —&)7]

(63— &) * (& —&2)

3. Cancel and simplify

(§3 — &) * (X — fl)i — (&3 — &) * (X — 53)1 — (& —&)* (X — fz)i + (€3 — &) * (X — 53)1
(§3 — &) * (& — &2)

(&) * (X —€)> — (G- * (X —&)2 [~(&-&) + (& - &) * (X —&)
(§3 —&1) * (&3 — &2)

(63— &)+ (X —&)5 — (G- &) * (X — &) + (& — &) * (X —&)3
(&3 —&1) * (&3 — &2)

4. Divide by 1

(G-&)x(X-6)] - (G-« (X -&)i +(&-a)+(X-&)] | (&-&)
(63— &) * (&3 —&2) " (& &)

(-} - [ (- e+ [ (x -9l
(&3 —&1)




