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Abstract 

Recently, ferromagnetism observed in monolayer 2D materials draws attentions due to the 

promising applications in next-generation spintronics. Here, we predicted a novel symmetry-

breaking phase in 2D FeTe2 which differs from conventional transition metal ditellurides shows 

superior stability and room-temperature ferromagnetism. Through DFT calculations, we found 

the exchange interactions in FeTe2 consist of short-range super-exchange and long-range 

oscillatory exchanges mediated by itinerant electrons. Up to 6 nearest neighbor (NN), the 

exchange constants are calculated to be 50.95meV, 33.41meV, 2.70meV, 11.02meV, 14.46meV 

and -4.12meV, respectively. Furthermore, the strong relativistic effects on Te2+ induce giant out-

of-plane exchange anisotropy and open up a significantly large spin-wave gap of ΔSW=1.22meV. 

All these lead to the robust ferromagnetism with Tc surpassing 423K, which is predicted by 

renormalization group Monte Carlo method, sufficiently higher than room-temperature. The 

findings herewith shed a light for the promising future of FeTe2 in 2D magnetic researches and 

spintronic applications. 
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Since the discovery of two-dimensional (2D) van der Waals crystals, 2D materials have 

attracted extensive attentions due to their excellent physical properties. Constant research has 

been conducted to explore the magnetic properties of 2D materials. As the core of many 

theories,1-3 the two-dimensional magnetism promotes the study of topology, the spin wave,4 

experimental and technological generation of new phases and spintronics.5-6 Due to its superior 

strain, chemical, optical and electrical properties,6-9 2D magnetism are expected to have a wide 

range of applications in future 2D heterostructures.10 Therefore, there is a lot of work dedicated 

to explore magnetism in two-dimensional materials e.g., defect and doping engineering,11-15 edge 

quantum well16-20 and epitaxial  growth of magnetic thin films. Recently, the intrinsic magnetism 

was also observed in mechanically exfoliated and atomic thin CrI3 and Cr2Ge2Te6 van der Waals 

(vdW) crystals by polar magneto-optical Kerr effect.21-22 The quasi-free-standing structures of 

these vdW magnets provide excellent flexibilities to integrate with other devices to realize muti-

functional applications.23-32 

Nevertheless, most of the observed 2D magnetic orders can only persist under ultra-low 

temperatures as a consequence of Mermin-Wagner theorem,33-38 which demonstrates that 

isotropic and short-coupled 2D ferromagnetism is easily destroyed by thermal fluctuations.21, 39 

To date, 2D ferromagnetism beyond room-temperature was only observed in limited systems.  

VSe2 is the first observed room-temperature 2D magnetic system, which is still in debate since 

VSe2 has in-plane continual anisotropy indicating no long-range orders corresponding to the 

analytical theory. As well as, X-ray magnetic circular dichroism measurements found no intrinsic 

magnetic signals in VSe2, suggesting the role of substrates.40-42 The room-temperature 

ferromagnetism was also observed in MnSe2,43 which shows no anisotropy or small depend on 

the substrate. On the other hand, the theoretical investigations based on first-principle 
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calculations play essential roles in the research of 2D magnetism via providing promising 

candidates and deep mechanism.44-45 Very recently, C. Huang et. al reported a systematic method 

to enhance the coupling strengths based on an elaborate double-orbital model46, and several 2D 

magnetic systems with ultra-high Tc were then predicted by first-principle calculations.47-49 

In this work, we predicted a novel symmetry-breaking phase in FeTe2 with robust 

ferromagnetism far beyond room-temperature. First-principles calculations are performed to 

study the electronic and magnetic properties of FeTe2. We observed the spontaneous symmetry-

breaking in FeTe2 which is more stable and completely distinct from conventional transition 

metal ditellurides (TMDs). In the new phase, exchange interactions consist of ferromagnetic 

super-exchange and long-range oscillatory exchange mediated by itinerant electrons. We 

considered exchange constants up to 6 nearest neighbouring (6NN) and their strengths are 50.95 

meV, 33.41 meV, 2.70 meV, 11.02 meV, 14.46 meV and -4.12 meV, respectively. Furthermore, 

relativistic calculations showed that the out-of-plane magnetic anisotropy inherent in FeTe2 

layers reaches ~3meV/u.c., which is a significantly large value in record. The long-range 

ferromagnetic orders in ground states are verified by the anisotropic spin-wave theory. And the 

phase transition is studied via renormalization group Monte Carlo method, which predicts the 

Curie temperature of FeTe2 is as high as 423 K. All these indicate that the novel symmetry-

breaking phase in 2D FeTe2 is an excellent candidate to realize room-temperature 2D 

ferromagnetism and will surely merit future spintronic applications. 

The three possible geometry structures of the two-dimensional FeTe2 are shown in Fig. 1a, 

including the two symmetric phases i.e. T-phase and H-phase with C3v symmetry and the 

symmetry-breaking phase with C2h symmetry, which is similar to the T’-phase in MoS2. Firstly, 

let us consider the two symmetric phases. As shown in Fig. 1c, vibration modes with large 



 6 

negative frequencies were presented in T-phase, signifying the structural instability, while the 

negative frequencies in H-phase are negligible. These are in agreement with previous studies and 

may be the reason why previous theoretical investigations on FeTe2 were all focused on H-

phase50-52. However, the previous studies only considered the low-spin state of T-phase, and the 

high-spin state was neglected.51 As shown in Fig. 1b, we found low-spin (2.38μB per Fe ion) and 

high-spin states (2.81μB per Fe ion) in T-phase FeTe2, and the later one was energetically 

favored than H-phase, indicating that H-phase is also metastable, too. The total energies of 1T 

and 2H phases are obtained as E= -12.81eV (1T low-spin phase), -12.90eV (1T high-spin phase), 

and -12.83 (2H phase) respectively. The energies of 1T and 2H phases are both higher than the 

E=-12.95eV of symmetric breaking C2h phase, indicating that the C2h phase is the most favorable. 

Fig. 1b also shows the energy of structures between symmetric C3v T-phase and C2h phase. The 

landscape describes the energy evolution with the superposition of two structures of 1T-high spin 

phase and symmetric breaking C2h phase. These middle structures were constructed by linear 

mixing of two ends. α is the superposition coefficient. The energy barrier between the symmetric 

and symmetry-breaking phase is found to be 139.4 meV. Therefore, one can always obtain the 

symmetry-breaking phase via heating from the symmetric phase of FeTe2 monolayers. 

The stable phase of monolayer FeTe2 can be inferred from the negative-frequency vibration 

mode in T-phase. As shown in Fig. 1d, the soft mode corresponds to the dimerization of Fe ions 

and distortion of Te layers, finally leading to the symmetry-breaking phase with symmetry group 

of C2h. This kind of simultaneously symmetry-breaking process can be well understood by the 

mechanism of Piers-distortion. The symmetry-breaking phase with C2h is similar to the T’-phase 

in MoS2, but the magnetic state is different. In symmetric T-phase, Fe ions were far from Te and 
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bonding states cannot be formed effectively. Biasing from the center shortened Fe-Te distance, 

thus is favored for bonding.  

Table 1 lists the optimized lattice parameters for the symmetry-breaking C2h phase, and this 

structure was demonstrated to be kinetically stable by the phonon spectra. As shown in Fig. 1c, 

only negligible negative frequencies around the Γ point were presented, which may be ascribe to 

the inaccuracies in the calculation of Hessian matrix. Even if the soft modes were true, they 

correspond to the long-wave vibrating modes such as cripples in large samples (with length > 

100 nm). For small samples, these soft modes were inactive due to the confinement. Fig. 1d 

shows the soft mode in C2h, in which every atom vibrates in the same direction, causing no 

distortions.  

 

Figure 1. Topview of (a) two symmetric and one symmetry-breaking geometry structures for optimized 

2D FeTe2. Balls with light and deep colors correspond to the Fe and Te ions. Black lines denote the 

border of unit cell. (b) The total DFT energies for T-phase with low-spin (red dot), H-phase (black dot), 
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T-phase with high-spin (blue dot in left), symmetry-breaking phase (blue dot in right) and the structures 

between T (high-spin) and symmetry-breaking phases (blue dots). The horizontal coordinate α for each 

mediating structure corresponds to the linear mixing factor. (c) Phonon spectra for symmetric H- and T-

phase and symmetry-breaking C2h phase. (d) The vibrating modes correspond to the lowest state at M-

point for symmetric T-phase and the lowest state near Γ-point for symmetry-breaking phase, respectively. 

Blue and orange dots correspond to the Fe and Te ions and arrows denote the vibrating directions. 

 

Table 1. The lattice parameter a, b, the horizontal biased distance δh and vertical biased distance δv of Fe 

ions from the centre of hexagonal Te-framework. 

a (Å) b (Å) δh(Å) δv(Å) 

5.884 3.529 0.351 0.130 

 

 

The spin-polarized calculations manifested that the ground state of FeTe2 is spin-polarized and 

one unit-cell involving two Fe ions possesses 4μB magnetic moment. The local magnetic 

moment on Fe ion is ~2.4μB, larger than the mean-value 2μB, which is induced by the super-

exchange process and we would discuss later. Fig. 2a shows the band structure of the FM 

structures in which the conduction bands and the valence bands are interlaced, indicating that 

FeTe2 exhibits metallic properties and itinerant magnetism in which the exchange interactions 

between local magnetic moments can be very long-range with the help of itinerant messengers. 
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Figure 2. (a) Band structure with Fermi energy fixing to zero. Up- and down-spin channels are denoted 

by red and green lines. (b) PDOS. (c) Spin density isosurface with surface level equal to 0.004 

electrons/Å3. Positive and negative density are colored with yellow and blue, corresponding to the up- and 

down-spin channels, respectively. (d) Distorted Fe-Te octahedra. Four representative p-d hopping are 

denoted by t1~t4. (e) Up panel: principal p-d hopping between Fe and Te ions. Solid lines denote the 

energy levels and small arrows denote occupations of spins. Horizontal dashed line represents Fermi level 

and curved long arrows correspond to the path of principle p-d hopping. Down panel: atomic 

wavefunctions projected to the plane expanded by Te1, Te3 and Te5. Only pσ orbitals were given for Te, 

and dx2-y2, dz2, dxz orbitals were given for Fe, respectively. 
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To further understand the magnetism in FeTe2, the projected density of states (PDOS) is 

plotted in Fig. 2b. One can see that the exchange splitting in d-shell ΔX is slightly smaller than 

the crystal field splitting ΔC, mediating the low-spin states in the Fe-d shell. In addition, the 

strong electron-electron interactions in d-shell split the spin-down t2g orbitals into upper and 

lower Hubbard bands, and the occupied d-states were nearly gapped from empty d-states, 

mediating the integer nature of magnetic moment. 

We also plot the isosurface spin density in Fig. 2c to visualize the real-space distribution of net 

spin. It is evident that the magnetism is mainly contributed by the Fe atoms, which is consistent 

with the results obtained from PDOS. Furthermore, non-negligible polarized spin density on Te 

ions is also presented, and the real-space distribution is significantly anisotropic, which can be 

also ascribed to the super-exchange in distorted octahedra as discussed below. 

We describe the electronic structure in FeTe2 by a simple tight-bonding model: 

𝐻 = ∑ 𝜀𝑖𝛼𝜎𝑐𝑖𝛼𝜎
† 𝑐𝑖𝛼𝜎

𝑖𝛼𝜎

+ 𝐽𝑥𝑦 ∑ 𝑆𝑖𝛼𝑆𝑖𝛽

𝑖,𝛼≠𝛽

+ ∑ 𝑡𝑖𝛼𝑗𝛽𝑐𝑖𝛼𝜎
† 𝑐𝑗𝛽𝜎

𝑖≠𝑗𝛼𝛽𝜎

                (1) 

where the three terms correspond to the onsite energy, on-shell exchange and hopping process. 

Up to mean-field approximation (MFA), all the electron-electron interactions e.g., the exchange 

splitting ΔX and crystal splitting ΔC are included in onsite energies as shown in the upper part of 

Fig. 2e. 

Fig. 2d shows the four approximately co-plane hopping tunnel t1~t4, and the lower part of Fig. 

2e shows the atomic wavefunctions projected to this plane. Apparently, the hopping processes 
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are dominated by the pσ-eg while pσ-t2g hopping are nearly forbidden in t1, t3, t4 tunnels due to the 

symmetry, but available in t2 tunnel due to the symmetry-breaking caused by distortion. 

Therefore, up to 1st order perturbation of hopping, the pσ orbitals in t1, t3 and t4 directions are 

polarized with spin-down states while the polarization in t2 directions is much less, in line with 

the spin density distribution in Fig. 2c. As the exchange, the eg orbitals in Fe are also partially 

spin polarized with up-spin, enhancing the magnetic moment on Fe. Furthermore, expanding the 

hopping process to 4th order, we can obtain the ferromagnetic exchange for 1~3NN Fe ions, i.e. 

the cation-anion-cation type of super-exchange. And one can see Supporting information for 

more details. 

To further figure out the detail magnetic structures especially the properties of long-range 

exchange interactions, we employed Heisenberg model: 

𝐻 = −
1

2
∑ 𝐽𝑖𝑗𝑆𝑖𝑆𝑗

𝑖𝑗

−
1

2
∑ 𝐵𝑖𝑗𝑆𝑖

𝑧𝑆𝑗
𝑧

𝑖𝑗

+ 𝐴 ∑(𝑆𝑖
𝑧)2

𝑖

                (2) 

in which Si represents spin of Fe ion in ith site. J and B represent the isotropic and anisotropic 

parts of exchange interactions respectively. A represents the single-ion magnetic anisotropy on 

Fe. We consider the exchange couplings up to 6th nearest neighbors (6NN) and all parameters in 

eq.2 were solved by energy mapping from relativistic DFT calculations on seven 3x3 supercells 

including one with ferromagnetic (FM) configuration and six additional systems with nonequal 

AFM configurations (see Method section for more details about energy mapping from DFT to eq. 

2). 

Fig. 3b shows the detail magnetic configurations for the six AFM cases, in which the red and 

blue dots represent the Fe ions with up and down net spins respectively. Two Fe connected by a 
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solid line have the same spin direction and represent the ferromagnetic bond. In contrast, the two 

Fe atoms connected by a dashed line have opposite spin directions, which represent an 

antiferromagnetic bond. The red, green, blue, violet, orange and yellow lines denote the 1 to 6 

nearest neighboring between Fe ions, respectively. Fig. 3c represents the anisotropic energy for 

ferromagnetic system with different spin orientations. In the XZ-panel perpendicular to the 2D 

atomic plane of FeTe2, the energy with easy magnetic orientation is lower than hard orientation 

by almost 3 meV, which is a significantly strong value for magnetic anisotropy comparing to 

known systems44-45, 53-54. The magnetic anisotropy in the XY-panel parallel to the 2D atomic 

plane is also as large as ~1 meV. The ultra-strong anisotropy inherent in FeTe2 can be ascribed to 

two aspects viz. i) the biasing of Fe ions from the centers of octahedra lifts the Oh symmetry and 

induced single-ion anisotropy with 2nd order; ii) Te ions embedded in the path of super-exchange 

provided large contributions of exchange anisotropy since Te were also spin-polarized in the 

exchange process as we discussed before, and the relativistic effects on Te ions are strong 

enough to induce significant spin-orbital-coupling.  
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Figure 3. (a) the exchange path for 1 to 6 nearest neighbored Fe pairs (b) the six AFM configurations for 

FeTe2 utilized in this work. Red and blue dots represent the Fe ions with up and down net spins. Solid and 

dashed lines denote the FM and AFM type of bonds between Fe, respectively. (c) relative energies for 

magnetic anisotropy in the XZ-plane (perpendicular to the atomic plane) and YZ-plane (parallel to the 

atomic plane), respectively. 

Table 2 lists all magnetic parameters in Heisenberg model. The exchange interactions 

(isotropic part) turn out to be: J(1)= 54.08 meV, J(2)= 13.11 meV, J(3)= 6.11 meV, J(4)=2.45 

meV, J(5)=33.66 meV and J(6)=-2.93 meV, respectively. The exchange interactions oscillate 

along with the growing of coupling range and preserve non-negligible strength even at 6NN, 

indicating the long-range and RKKY-like coupling nature inherent in FeTe2. This can be 

ascribed to the itinerant electrons which play as messengers, spreading the exchange interactions 

between two local magnetic moments on Fe ions far apart. In addition, because of the long 

stretching of 5p-orbitals of Te ions, the super-exchange of cation-anion-anion-cation can 
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contribute to the long-range coupling nature, too. Most importantly, the single-ion anisotropy A 

is -1.14 meV, showing out-of-plane preferring. And the anisotropy in exchange interactions B 

are shown to be giant, revealing the crucial roles of Te ions. 

Table 2. Single-ion anisotropy and anisotropic exchange constants up to 6th nearest neighbored for FeTe2. 

Range 1NN  2NN  3NN  4NN 5NN 6NN 

J (meV) 50.95 33.41 2.70 11.02 14.46 -4.12 

B (meV) 0.81 -1.68 0.28 0.55 0.69 1.17 

A=-1.14 meV 

 

To figure out the stability of ferromagnetic order, especially for large scales, we calculated the 

spin-wave spectra based on Heisenberg Hamiltonian (eq. 2) and Holstein-Primakoff 

transformations. The harmonic part of spin-wave Hamiltonian is: 

𝐻0 = −𝑆 ∑(𝐽𝑖𝑗 + 𝐵𝑖𝑗)𝑛𝑖 − 𝐽𝑖𝑗𝑏𝑖
†𝑏𝑗

𝑖𝑗

− 2𝐴𝑧𝑆 ∑ 𝑛𝑖

𝑖

                (3) 

in which 𝑏𝑖
†(𝑏𝑖) creates (annihilate) one spin-wave in ith site. And the interacting part is: 

𝐻1 =
1

2
∑(𝐽𝑖𝑗 + 𝐵𝑖𝑗)𝑛𝑖𝑛𝑗 − 𝐽𝑖𝑗𝑏𝑖

†𝑛𝑖𝑏𝑗

𝑖𝑗

+ 𝐴𝑧 ∑ 𝑛𝑖
2

𝑖

                (4) 

Fig. 4a shows the spectra of interaction free spin-wave. No negative eigenvalues can be found 

amongst the whole Brillouin zone, demonstrating that the FM configuration is kinetically stable 

in ground state (in ground state, there are no occupations of spin-waves thus no need for the 

considerations on interactions). Due to the strong anisotropy inherent in the magnetism of FeTe2, 

the energy gap of spin-wave ΔSW at the Γ point is as high as 1.22 meV, shown in the inset of Fig. 
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4a, which is also a significantly large value to suppress the thermal excitations44-45, 48, fulfilling 

the condition to break out the forbidden of Mermin-Wigner theorem. 

 

Figure 4. (a) spectra of free spin-wave. Inset shows the spectra near Γ point (b) evolution of remain 

magnetism with increasing of temperature up to MFA and RPA. 

 

Based on MFA and the random phase approximation (RPA), the remain magnetism can be 

expressed as: 

{

〈𝑚〉 = 2(𝑆 − 〈𝑛〉)

〈𝑛〉 =
1

𝑁
∑

1

𝑒𝛽�̃�(𝑘) − 1
𝑘∈𝐵𝑍

                (5) 

Here 〈𝑛〉 denotes the averaged occupation number of spin-waves, 𝜀̃(𝑘) is the renormalized spin-

wave spectra with MFA, 〈𝑚〉 is the averaged magnetic moment per Fe ion, and N is the supercell 

size of spin-wave system. Since  𝜀̃(𝑘) is relied on the occupation 〈𝑛〉, equation 3-5 can be solved 

iteratively. Fig. 4b shows the evolution of remain magnetism up to MFA and RPA. Apparently, 

the system can sustain finite magnetism even beyond 600K, revealing excellent robustness 

against thermal fluctuations. 
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To avoid the deficiencies of MFA and RPA near the phase transition, and find out the exact 

Curie temperature (Tc) in FeTe2, we conducted the Monte Carlo simulations based on the fully 

anisotropic Heisenberg model. Spins were treated as classical vectors which were allowed to 

rotate and point to any space orientations. In order to reduce the autocorrelations near the Tc, we 

implemented the Wolff algorithm on a 32x32 super-lattice. 

Fig. 5a shows the evolution of averaged net magnetic moment and specific heat capacity per 

Fe with increasing of temperature. In low temperature region with T<100K, the magnetism 

predicted by Monte Carlo simulations were close to the RPA results in Fig. 4b. The maximum of 

heat capacity is around 400K. To avoid errors origin from the finite size effects, we employed 

the real-space renormalization group analysis, in which the original 32x32 lattice was coarsely 

grained into 16x16 lattice with every four neighbored spins forming quasi-particles and the 

representative spin of each quasi-particle was determined according to the majority rule. And the 

dynamics (that is, the Heisenberg Hamiltonian) of renormalized model were assumed to be the 

same as before. Therefore, we can calculate the internal energy of renormalized system with eq. 

2, too. In Fig. 5b, the evolution of internal energies of original spin model U(K) and 

renormalized quasi-particle model Ũ(K) were represented by red and blue dots, respectively. The 

transformation of renormalization group pushes the two lines of inert energy apart from each 

other at every temperature but leaves 423K fixed. Therefore, we claim that the phase transition 

of ferromagnetic orders in FeTe2 occurred at 423K exactly, which is sufficiently higher than 

room-temperature. 



 17 

 

Figure 5. (a) evolution of Monte Carlo averaged spin (blue) and specific heat capacity (red) per Fe. (b) 

nearly linear evolution of internal energy per unit cell in original 16x16 superlattice of spins (red) and 

renormalized 32x32 superlattice of quasi-particles (blue), respectively. Lines are guiding eyes. 

 

In summary, using DFT (GGA+U with full considerations on relativistic effects), we have 

systematically studied the electronic and magnetic properties of 2D FeTe2. The following 

conclusions can be drawn: (1) We have found that the symmetric H- and T-phase are metastable 

and T-FeTe2 undergoes spontaneous dimerization and symmetry breaking from C3v to C2h. (2) 

Prove that the 2D FeTe2 exhibits exciting long-range ferromagnetism, and the out-of-plane 

magnetic anisotropy found in FeTe2 here is significantly large among know reports. (3) By 

applying renormalization group Monte Carlo method based on the anisotropic Heisenberg model, 

we demonstrated that the Curie temperature of the symmetry-breaking FeTe2 is as high as 423 K, 

far beyond room-temperature. All these provide a novel phase for FeTe2, as well as suggest a 

promising candidate for future room-temperature applications in spintronics. 
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Computational Method. We calculated the geometric relaxation and electronic structure within 

Vienna atomic simulation pack (VASP), both based on spin polarization density functional 

theory (DFT) with full considerations on relativistic effects. Projected augmentation plane wave 

basis (PAW) is employed with plane waves are truncated at 400 eV. The Perdew-Burke-Ernzerh 

(PBE) form functional is used for the implementation of generalized gradient approximation 

(GGA).55 Periodic boundary conditions applied to the FeTe2 monolayer calculation. A vacuum 

space perpendicular to the layer is set to 20 Å to prevent the unphysical layer-to-layer 

interactions between neighboring slabs. Unit cells were used for the energy comparison amongst 

1T-, 2H-, symmetry-breaking, and other structures of FeTe2. And 3×3 supercells were used for 

magnetism calculation. Brillouin zone is sampled with a resolution of 2π × 0.03Å-1 using 

Monkhorst-Pack method56. The structural optimization is carried out until the maximum force 

and displacement converge to 0.001 eV/Å and 0.001 Å, respectively. The self-consistency 

threshold of total energy was set at 10-6 eV/atom.  

In DFT calculations, the GGA functional has an admitted disadvantage that it 

underestimates the strong interactions of d-electrons inherent in transition metal compounds. 

Previous studies have reported that the standard GGA or LDA functional cannot even converge 

to the correct magnetic ground states in symmetric H-phase FeTe2, and GGA + Ueff method with 

Ueff = 2.0 eV for d-electrons of Fe can result in the same magnetism as hybrid exchange-

correlation functional (HSE06).50-51, 57-58
 In this work, we also found the similar cases in C2h 

FeTe2. With bare GGA, DFT converged to nonmagnetic ground state, while GGA + Ueff on Fe-

d with 2.0eV led to 4μB magnetic moment which was also indicated by HSE06 functional. 

Therefore, our DFT calculations for magnetism within supercells were performed with Ueff = 

2.0eV for Fe-d shell. 
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The computation of magnetic constants via energy mapping from DFT to Heisenberg 

Hamiltonian eq. 2 was done as below. Consider the case in which all spins point to x or y 

directions, the second and third terms in eq. 2 vanish. Therefore, eq. 2 leads to the following 

energy expression: 

𝐸𝑖
𝑥(𝑦)

= 𝐸0 +
𝑆2

2
∑ 𝑁𝑖(𝑑)𝐽𝑥(𝑦)(𝑑)

𝑑

                (6) 

in which 𝐸𝑖
𝑥(𝑦)

 is the total DFT energy of ith spin configurations with all spins pointing to 

x(y) direction. 𝑁𝑖(𝑑) = 𝑁𝐹𝑀
𝑖 (𝑑) − 𝑁𝐴𝐹𝑀

𝑖 (𝑑)  is the number difference between dth nearest 

neighbored (dNN) FM bonds and AFM bonds. FM bonds are bonds which link two spins with 

the same direction, and AFM bonds are exactly opposite. Eq. 6 can be uniquely solved with D+1 

different spin configurations if the exchange couplings were not longer than Dth NN. Meanwhile, 

the energy expression of z-oriented spin configuration is: 

𝐸𝑖
𝑧 − 𝐸0 = 𝑁𝐴𝑧𝑆2 +

𝑆2

2
∑ 𝑁𝑖(𝑑)𝐽𝑧(𝑑)

𝑑

                (7) 

where N is the number of magnetic ions. Since we have already obtained 𝐸0 in eq. 6, this 

equation can also be uniquely solved using D+1 different magnetic configuration. After some 

straight algebras, and note that 𝐽(𝑑) = (𝐽𝑥(𝑑) + 𝐽𝑦(𝑑))/2, 𝐵(𝑑) = 𝐽𝑧(𝑑) − 𝐽(𝑑), we can get all 

parameters in eq. 2. 

The Monte Carlo simulation with Wolff algorithm based on classical Heisenberg model is 

used to describe the thermal dynamics of magnetism in equilibrium states.59-61 At each 

temperature, we start with ferromagnetic configurations and use 40000 sweeps to sufficiently 

thermalize the system into equilibrium, and all statistical results are obtained from next 320000 
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sweeps. Specific heat capacity is calculated by dissipation-fluctuation theorem. Real-space 

renormalization group with majority rule is used to analyze the phase transition and locate the 

Curie temperature. All the renormalization group Monte Carlo algorithms described here were 

implemented in our open source project MCSOLVER.62 
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