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1 Derivation of HA

The angular momentum of a robot (or a group of rigid bodies) about its centre of mass (COM)
denoted by hR is defined as:

hR =
∑

hi +
∑

(ρi × (mivi)), (1)

where hi is the angular momentum of a rigid body about its own COM, ρi denotes the location
of the body-COM w.r.t. the robot-COM, and vi is the linear velocity of the body-COM. All the
quantities in the above equation are expressed in the global frame of reference.

In the following manipulations, we show that it does not matter if we use the absolute linear
velocities of individual body-COMs (vi) or relative velocities of body-COMs w.r.t. the robot-COM
(viG) for the computation of hR:

hR =
∑

hi +
∑

(ρi × (mi(vG + viG))), (2)

hR =
∑

hi + vG(
∑

(miρi)) +
∑

(ρi × (miviG)), (3)

hR =
∑

hi + 0+
∑

(ρi × (miviG)). (4)

The central term in Eq. (3) vanishes due to the very definition of the robot-COM. Hence, Eq. (1)
and Eq. (4) are equivalent. We will use Eq. (1) for the computations. The first term on the RHS
of Eq. (1) can be expanded as:

hi =
0
iR(iI iωi), (5)

hi =
0
iR(iI 0

iR
⊤ 0ωi), (6)

hi = (0iR
iI 0

iR
⊤) 0ωi, (7)

hi = (0iR
iI 0

iR
⊤)Jωi q̇, (8)

where 0
iR transforms a vector from body frame to global frame. In the context of MuJoCo,

0
iR = mjData.ximat. The pre-superscript denotes the frame in which a quantity is expressed, i.e., iωi

is the angular velocity of a body in its own frame, while 0ωi denotes the same quantity in the global
frame. If the pre-superscript is not mentioned, it is assumed to be 0 (ground frame). The inertia
matrix of a body in its own frame is denoted by iI. In the context of MuJoCo, it is the diagonal
body inertia given by mjModel.body inertia.

The second term on the RHS of Eq. (1) can be rewritten as:

ρi × (mivi) = mi[ρi×]Jvi q̇ (9)
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The angular velocity Jacobian Jωi and linear velocity Jacobian Jvi are given in MuJoCo by the
mj jacBodyCom() function. Finally hR can be written as:

hR = HAq̇, (10)

HA =
∑

((0iR
iI 0

iR
⊤)Jωi +mi[ρi×]Jvi) (11)

2


