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Abstract

Starting from a denotational semantics of the eager untyped
lambda-calculus with explicit runtime errors, the standard
collecting semantics is defined as specifying the strongest
program properties. By a first abstraction, a new sound
type collecting semantics is derived in compositional fix-
point form. Then by successive (semi-dual) Galois con-
nection based abstractions, type systems and/or type in-
ference algorithms are designed as abstract semantics or
abstract interpreters approximating the type collecting se-
mantics. This leads to a hierarchy of type systems, which
is part of the lattice of abstract interpretations of the un-
typed lambda-calculus. This hierarchy includes two new
a la Church/Curry polytype systems. Abstractions of this
polytype semantics lead to classical Milner/Mycroft and
Damas/Milner polymorphic type schemes, Church/Curry
monotypes and Hindley principal typing algorithm. This
shows that types are abstract interpretations.

1 Introduction

The leading idea of abstract interpretation [6, 7, 9, 12] is
that program semantics, proof and static analysis methods
have common structures which can be exhibited by abstrac-
tion of the structure of run-time computations. This leads
to an organization of the more or less approximate or refined
semantics into a lattice of abstract interpretations. This uni-
fying point of view allows for a synthetic understanding of
a wide range of works from theoretical semantical specifica-
tions to practical static analysis algorithms.

It will be shown that this point of view can be applied to
type theory, in particular to type soundness and & la Curry
type inference which, following [17, 29], have been dominat-
ing research themes in programming languages during the
last two decades, at least for functional programming lan-
guages [1, 19, 31]. Traditionally the design of a type system
“involves defining the notion of type error for a given lan-
guage, formalizing the type system by a set of type rules,
and verifying that program execution of well-typed programs
cannot produce type errors. This process, if successful, guar-
antees the type-soundness of a language as a whole. Type-
checking algorithms can then be developed as a separate con-

Permission to make digital/hard copies of all or part of this material for
personnal or classroom use is granted without fee provided that the copies
are not made or distributed for profit or commercial advantage, the copy-
right notice, the title of the publication and its date appear, and notice is
given that copyright is by permission of the ACM, Inc. To copy otherwise,
to republish, to post on servers or to redistribute to lists, requires specific
permission and/or fee.

POPL 97, Paris, France

© 1997 ACM 0-89791-853-3/96/01 ..$3.50

316

http://www.ens.fr/~cousot

cern, and their correctness can be verified with respect to a
given type system; this process guarantees that type checkers
satisfy the language definition.” [2]. Abstract interpreta-
tion allows viewing all these different aspects in the more
unifying framework of semantic approximation. Formaliza-
tion of program analysis and type systems within the same
abstract interpretation framework should lead to a better
understanding of the relationship between these seemingly
different approaches to program correctness and optimiza-
tion.

2 Syntax

The syntax of the untyped eager lambda calculus is:

x,f,...eX program variables
ecE program expressions
e = x|Ax-e|eier) | uf-Ax-e|

1|61762|(61?62:63)

Ax - e is the lambda abstraction and e;(e2) the application.
In pf - Ax-e, the function £ with formal parameter x is de-
fined recursively. (e1 ? ez : e3) is the test for zero.

3 Denotational Semantics

The semantic domain S is defined by the following equations
[20]:

W = {w} wrong

z€Z integers
u,foecU=W, ¢Z,6[U~U], values
RER £ XU environments
peS SR—U semantic domain

where w is the wrong value, 1 denotes non-termination, D
is the lift of domain D (with up injection *( e) € D — D
and partial down injection L( ) € D, » D), D1 & D> is
the coalesced sum of domains D; and Ds (with left and
right injections e::D; € Dy — D1 & D2 and e:: Dy €
Dy — D1 & DQ)7 Q é T(w) W and [Dl = D2] is the
domain of continuous, |-strict, Q-strict functions from D;
into Dy. C is the computational ordering on U and LI is the
least upper bound (lub) of increasing chains.

In the metalanguage for defining the denotational seman-
tics below, Az-... or Az €S- ... is the lambda abstraction.
(..7 ... ... 7 ... ...) is the conditional expression.



The assignment R[x<—u] is such that R[x<u](x) = u and
R[x+u](y) = R(y) when x # y. lfpf ¢ is the C-least fix-
point of the monotone operator ¢ € L +— L on a complete
partial order (cpo) (L, C), which is greater than or equal to
18, 20.

The denotational semantics [19, 29]

S[e] € E—S

defines a call-by-value evaluation with run-time type check
and propagation of errors:

S[x] = AR-R(x)
S[Ax-e] £ AR-T(Au-(u:J_\/u=Q?u|
S[[e]]R[xH])) H[Ue U],
SH61(62)I| = AR-(S[[el]]R =1V S[[GQIIR =171 |
S[ea]R = f: [Us U], 7 4(F) (S[[eg]]R) |
Q)
S[puf-Ax-e] = AR- O S[Ax - e]R[f+¢]
S[1] £ AR-1(1) = Z,
S[ex — e2] £ AR«(S[e1]R = LV S[ea]R = L ? L |
[[61]]R—21 Zl/\S[[egﬂ =z uZ,?
T(H(z1) = Hz2)) 2 21 | Q)
S[(e1 ?ez:e3)] = AR«(S[ea]R = L ? L | S[ei]R =
?{):ZJ_ ? (4(z) =0 7 S[ez]R | S[es]R) |

The choice of a denotational semantics instead of the usual
operational semantics follows [29] and corresponds to an ini-
tial abstraction [12] where the notion of computation step
is lost. The relational semantics of [30] was initially chosen
but finally abandoned in favor of a semantic model where
the use of fixpoints is explicit both in the standard and type
semantics. The denotational semantics introduces an initial
approximation which prevents discussing notions linked to
computation steps such as subject reduction [31]. It illus-
trates the direct application of the Galois connection based
abstract interpretation framework [6, 7, 9] initially conceived
for transition systems, that is small-step operational seman-
tics, to denotational semantics.

4 Standard Collecting Semantics
A semantic property is a set of possible semantics of a pro-
gram. The set of semantic properties:

P eP £ o)

is a complete boolean lattice (P, C, 0, S, U, N,
inclusion C, that is logical implication.
The standard collecting semantics:

C|I .II S
Cle]

—) for subset

E—P
{S[el}

is the strongest program property.

Type systems are understood as abstract compositional
semantics of the lambda calculus which approximate the
standard collecting semantics. The & la Church/Curry sim-
ple type system [1] is first considered.
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5 Church/Curry Monotype Semantics

The type of a program e is a set of typings (H, m) stat-
ing that the standard evaluation of the program e in an
environment R where global variables x have type H(x)
given by type environment H returns a value S[e]R with
monotype m. For example, program Ax-x has type {(H,
m »>m) | He H° Am € M®}. The syntax of types and type
semantic domains are:

m € M°,
He H° £ XM
6 €1° 2 H° x MC
T € T £ p(I°)

The meaning of types is defined by the concretization
function 7€ as follows:

M7 = p(U)
{t1(2):Z,|zeZ}U{L}

{1(¢) = [UHU]LM&G[UHIU]
Yu € ~f (m1) : ¢(u )6’71 (m2)}U{Ll}
75 € H° = p(R)

v (H) = {RER|VxeX:R(x) €1 (Hx))}

m = int | m; >mo

monotype

type environment
typing

program type

m

C
71
’yf ( int)

7 (m1 > m2)

1>

1> m

v e I°—P
VS ((H, m)) £ {6 €S| VR €S (H) : ¢(R) € 7§ (m)}
~° e TC— P
T 2 NASO), A°0) =S
oc T
One has:
(U T) = NA9(Ty)
[ASFAN iEA

so that there exists a unique upper adjoint a® € P~ T°
such that (a®, v°) is a Galois connection [9], a fact that is
denoted:

C

(P, C) <—L_C> (T, 2)

The notation (L, <) &= (M, <) for semi-dual Galois con-

nections (that are called Galois connection for short) means
that (L, <) and (M, <) are posets such that the pair of ab-
straction function a € L — M and concretization function
v € M + L satisfy, for all x € L and y € M:

a(@) 2y = z<9()

The abstraction « preserves existing lubs while the con-
cretization vy preserves existing glbs. Reciprocally, if a pre-
serves existing lubs or v preserves existing glbs then there is

a unique adjoint such that (L, <) &= (M, <) where a(z)

=glb{y [z <~(y)} and v(y) = lub{x | a(z) <y}

The intuition is that a®(P) is the best possible (i.e.
most precise) type of programs with property P. This is
in contrast with the use of logical or algebraic relations
[24, 30, 31, 38] for which no such notion exists . The critique

'The left image ~(y) 2 {z | L(z,y)} of the logical relation L is
the usual concretization towards the standard collecting semantics so
the use of a logical relation amounts to the use of a concretization
only, the implicit corresponding abstraction being unused.



of the use of Galois connections by [38] relies, as often, on the

use of a collecting semantics of type C [e] € p(R) — p(U),
which is inadequate anyway because it is too abstract for
types, a phenomenon already observed by [13] in the con-
text of comportment analysis. The above Galois connection
clearly shows that logical implication of program properties
C is abstracted by superset inclusion D of typings, hence
the use of co-induction in [30]. More importantly, the ab-
straction function is essential in the design of the abstract
type semantics, as observed in [11] and illustrated below.
The Church/Curry monotype type semantics:
Tc[[ o] € Er TC

defines the type TC[e] of program e. The type semantics
T[ o] is said to be sound in that for all programs e € E,

one has:
a®(Cle]) 2 T[e]
= Cle] € 7°(T[e])
= S[e] € 7 (T [e])

This correctness condition for the abstract Church/Curry
type semantics TC[ o] is the classical C-upper concrete ap-
proximation of the collecting semantics C[e]. The corre-
sponding abstract approximation is D-upper (hence C-lower,
which should not be confusing). It follows that any other
abstract semantics T’C[[e]] C T°[e] is also sound.

A program e is typable if and only if T[e] # 0. Sound-
ness implies that typable programs cannot go wrong [29] in
that:

(H, m) € T°[e] AR € 5 (H) AS[e]R # L = S[e]R # Q
(since, by definition of v, S[e]R € ~{ (m) and Q & 7{(m)).
For clarity of the presentation, the design of the Church/-
Curry monotype semantics T°[ o] by abstract interpreta-

tion of the collecting semantics C[ e] is postponed to Sec. 7.
Anyway the result is well-known:

{(H,
{(H,

1>

T[]
T [Ax-€]

H(x)) | He H"}

mq —>m2> |
(H[x4—m1], m2) € TC[e]}

mo) | (H, m; >mo) €
TC[e1] A (H, m1) € T[ez]}

m) | (H[f<m], m) € T°[Ax-e]}
int) | HE H°}

Tex(e2)] = {(H,

TC[uf - Ax- €]
T°[1]
TC[[el — 62]]

{(H,
{(H,
{(H,

1>

1>

int>
(H, int) € Tfe1] N T [e2]}
m) | (H, int) € T [es] A
(H, m) € T [ea] N T [es]}

T [(e1 7 e2:e3)] {(H,

Like any inductive definition on a poset, the Church/-
Curry monotype semantics can be presented in equivalent
rule based form [15]. For that purpose, a set of rules of the
form:

61 € T[e1],...,0n € T [en],0 € T [e(en,. ..
Ui(fy,...,0n,0) € T e(e1, ..., en)]

for a program expression e(e1,. .., e,) with immediate com-
ponents ei, ..., e, is interpreted as:

s En
) 1€ A

T [e(er, ..., en)] 2 1p, AX{UL(01,....0,,0) i€ AA

01 € T[ei] A...ANbp € T[en] A0 € X}
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where, by structural induction, the T[e;], i = 1, ..., n
are already defined while T [e(er, ..., e,)] is defined induc-
tively. At least one of the rules should not be recursive (else
TC[e(er,...,en)] = 0):
61 € T%ei],...,0n € T en]
WL(01,...,0,) € T[e(er, ..., en)]
If all rules are of that form, the fixpoint of a constant func-
tion reduces to:
cen)] £ {Wi(6r,...,0,) i€ AA
0, € Tc[[el]] AN...NO, € Tc[[en]]}

Tc[[e(el, L.

This is the case for Church/Curry monotype semantics,
which, by defining judgments as:

HF- e=m £ (H, m) € T[e]
can be presented in the equivalent rule based form:
HF e1=>m ->ma, HF eo=m
HFE- ei(e2)=ms
Hf+m] F= Ax-e=m

HF pf-Ax-e=m
H}—C“ €1= int, H}—C“ eo=> int

HFF x=H(x)

Hlx+m1] F= e=>mo

HFS Ax-e=my > mo

HF 1= int

H}L €1 — ex= int
HH e;=> int, HF ex=m, HF es=m

HF (e1?7e2:e3)=m

The functional versus the rule-based presentation of the ab-
stract semantics is only a superfluous difference between ab-
stract interpretation and type theory. The main difference
seems to be that in type theory the above rule based assign-
ment of Church/Curry monotypes to program expressions is
taken for granted [1] whereas in abstract interpretation it is
constructively derived from the collecting semantics and the
(a, 7v) abstraction-concretization pair (as shown thereafter).
In particular changing the standard semantics S[ o] from an
eager call-by-value to a lazy call-by-name would change the
considered type systems (as e.g. in [34]).

6 Ala Church/Curry Polytype Semantics

The use of abstract interpretation to (re-)design the well-
known Church/Curry monotype system is comforting but
may seem unconvincing because the type system was known
in advance. A new refinement is now introduced allowing
for recursive calls of £ in a fixpoint definition T°[uf - Ax - €]
to be assigned different monotypes (which is the essence
of Milner’s polymorphic type schemes [29], although it is
restricted to the letx =e ine’ construct). This leads to a
new polytype system which is simple enough to illustrate
application of abstract interpretation to type theory.
Polytypes are defined as follows:

me M°, m = int | mi >my monotype

p € P 2 (M) polytype

H e H° £ X+ P type environment
6 € I'® 2 H™ x M typing

T € T™ £ () program type (1)



The innovation with respect to Church/Curry monotype
system is to associate sets of momnotypes understood con-
junctively to global program variables in type environments

(instead of a single simple type).
The concretization function 47 is:

M — o(U)
{t1(2):Z,|zeZ}U{L}
{t(¥) = [U—T], |Pe[U—TU]A
Yu € 41 (m1) : ¢(u) € 47 (m2)} U {L}
PP — p(U)
N 7" (m),

me p

H™ — p(R)

{RER|Vx € X:R(x) €3 (H(x))}

I =P

{¢ €S|VR e (H) : ¢(R) € W (m)}
o T —»P

YUT) = N{i ) |6 T},

Since v7° preserves greatest lower bounds:

YU T) = NA™(Ty)
ieA ieA

m

PC
71

717 ( int)

1>

71 (m > ms)

PC

V2
75 (p)

> m

w»o(0) = U

PC

V3
75 (H)

PC

V4
73 ((H, m))

PC

> m (> m

1> m

AN

770 =S

The Galois connection:
PC

(P, C) === (T*°, D)
0{PC

is such that o™ (P) is the best possible (i.e. most precise)
type of programs with property P. The Church/Curry poly-
type semantics:

T™[e] € Ers T™

is designed to be sound. For all programs e € E,
a™(Cle]) 2 T™[e] <= Cle] € y"(T™[e])
S[e] € ¥"°(T"[e]) so that typable programs e cannot go
wrong since (H, m) € T™[e] AR € v5°(H) AS[e]R # L =
S[e]R # .

Again for simplicity of the presentation, the design of
the Church/Curry polytype semantics T"°[ o] by abstract
interpretation of the collecting semantics C[ o] is postponed
until Sec. 16. The let construct is defined such that:

S[1etx =e; ines] = S[(Ax-e2)(e1)]

The Church/Curry polytype semantics is as follows (in the

metalanguage, gfpf ¢ is the C-greatest fixpoint of the
monotone operator ¢ € L — L on a cpo (L, C) which is
less than or equal to T. The polytype M'° ->M® is de-
fined to be a shorthand for {m; »>ms | m1, mo € MF°}):

£

TPC [[X]]
T [Ax - €]

{(H, m) | m e H(x)}
{<H7 my ->IH2> |
(H[x+{m}], m2) € T[]}
{(H, my) | (H, my >my) €
T [e1] A (H, m1) € T [ez]}
{(H, mz) | 3p1 # 0 : Vm € p1 :
(H, m1) € T [e1] A
(H[x4p1], m2) € T [e2]}

AN

T [ex(e2)]

T"[letx =e1 ines]
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Cc
T™[pf-Ax-¢] 2 {(H, m) | me & o, o V)
where U = Ap+{m’ | (H[f+p], m') € T"[Ax-€]}
= {(H, m) | I3p C M >M° : m €
pAVm € p : (Hf«+p], m') €

T [Ax - €]}
{(H, int) | He H}

{(H, int) | (H, int) €
T [er] N T™ [e2] }
((H, m) | (H, int) € T[e1] A
H, m) € T™[e2] N T [es]}

TPC Hl]]
TPC |I€1 — 62]]

T [(e1 ? e2: e3)]

Notice in the definition of T"°[ 1let x =e1 inez] that p1 # 0.
Otherwise letx =e; in 1 would be always be typable with
p1 = 0 because x does not appear in 1. This is not sound
since if S[e1]R = € then by definition of the eager deno-
tational semantics S[ letx =e; in 1]R = S[(Ax-1)(e1)]R
= ). However this would be sound with a lazy semantics
where e1 is not evaluated.
By defining judgments as:

HFES e=m £ (H, m) € T™[¢]

the Church/Curry polytype semantics can be presented in
the equivalent rule based form:

m € H(x) Hx+{m1}] F< e=mo
HES x=m HEZ Xx-e=m > me

H'ﬁ e1=>mi; ->ms, H'ﬁ €2 =11
Hlﬁg 61(62)=>m2
pr# 0, Vi € p1: HES ej=my, Hlx+p1]

PC
F= ea=ma

H}—Pg‘ letXx =e1 inex=mso
Vmi € p1: H[f<p1] F< Ax-e=>mi, m € py
HFES puf-Ax-e=m
H}P_C e1= int, H}i e2=> int
H }—Pg‘ €1 — e2= int
HES 1= int, HE ea=m, HES es=m

HE< (e1?7e2:e3)=m

(2)

HHES 1= int

Example 1 The following ML program (such that F f g
n z= g(f*(x))) is not typable by Damas-Milner’s polymor-
phic type system [17, 29]. To show this, it is sufficient to
submit it to an ML compiler?:

> Caml Light version 0.71/mac

#let rec F f g n x
if n = 0 then g(x)
else F(£f) (fun x -> (fun h -> g(h(x)))) (n-1) (x) (£);;

Toplevel input:

>, Ffgnx-=
> if n = 0 then g(x)
> else F(f)(fun x -> (fun h -> g(h(x)))) (n-1) (x) (£)..

This expression has type

’a => (°b -> ’c¢) -> int —>
but is used with type

’a => (b => (b => ’b) -> ’c) -> int -> ’b -> ’a -> ’c.

’b -> ’c,

2In practice, ML programmers would rewrite F as let rec F f g n
x = if n = 0 then g(x) else F £ (fun x -> g(f x)) (n-1) x;; with
type (’a -> ’a) -> (’a -> ’b) -> int -> ’a -> ’b.



Using the above & la Church/Curry polytype system, the
type of this program is formally defined as:

{(H, m) | me gho_, .. U}
where:
U(p) = {m1 >((mz >m3) >(int >(mz >m3))) |

mi > (( ma=>(( ma=> ma)-> mg))=>(int>( me>( my > ms)))) € p}
that is, by hand-computation of the greatest fixpoint:

{(H, (m1 »>m1) >((m >msz) »>(int >(m; >my))))

| HE H™® Amy,mp € M} ad

Prop. 26 will show that Damas-Milner-Mycroft polymor-
phic type semantics TDMz[[ o] is an abstraction of T"[ e].
This example is given to show that this abstraction is strict”.

The next refinement is to consider polytypes p to the left
of the arrow p ->m to get a simple form of infinite conjunc-
tive types [3, 5, 23] with rules:

Hx<—p1] - e=>mg
HH- Ax-e=p; >mo
H}L €1=>p1 >mz2, p1 75 0, Vmi € p1: H}L €=M

HH~ e1(e2)=mo

so that the letx =e; ines rule no longer appears as a spe-
cial case. For lack of space, this type system (otherwise
similar to <) will not be developed, and consider instead a
further refinement in the form of the type collecting seman-
tics T[ o].

7 Polytype to Monotype Abstraction

In order to illustrate the constructive design of an abstract
semantics by abstract interpretation of a concrete semantics
on a very simple example, T [e] is now derived from T [e].
The correspondence is given by the Galois insertion®:

(T, 2) == (T°, D)

such that:
a(T) = {(H, m) | (Ay eX-{H(y)}, m) € T}
v(T) = {(AyeX-{H(y)}, m) | (H, m) € T’}

The design of TC[e] is by algebraic simplification of the
expression a(T"[e]) using an D-upper approximation when
necessary. One proceeds by induction on the syntax of e. For
e = x, one has:

a(T™[x])

= {(H, m) | (\y e X-{H(y)}, m) € T*[x]} by def. o
= {(H, m) | m € {H(x)}} by def. T"°[x]
= {(H, H(x)) | He I} by def. €
= T[]

) . 2
3Formally e € E: TFC[e] D 'ygIM B 'yF],DM(TDM leD)-

4A Galois insertion (L, <) % (M, =) is a Galois connection

5
(L, <) &= (M, =) such that « is onto (which is equivalent to v is

one-to-one and is equivalent to a o v = Id where Id is the identity
on M).
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For e = letx =e; ines, one has (y € X is a program vari-
able):
a(T™[ letx =e1 ines])
{(H, m) | (Ay-{H(y)}, m) € T™[ 1etx =e1 ineal}
by definition of «
{(H, m2) | 3p1 # 0 :Vmi € p1 : (Ay-{H(y)}, mu) €
T [er] A (Ay-{H(y) }[x¢—p1], m2) € T [e2]}

by definition of T™°[ letx =e;1 ines]

{(H, mz) | (Ay+-{H(y)}, m1) € T"[es] A

(Ay-{H(y)}x¢{m1}], m2) € T"[es]}
by restricting p; to {m1}

V)

The restriction of the polytype p1 to the monotype {m;} is a
loss of information. The best solution to assign a monotype
to letx =e; inez would be to locally use a polytype for
x in es. However this approximation allows for the same
monotype system to be used in all subexpressions.

{(H, m2) | (Ay-{H(y)}, m1) € T™[e1] A
(Ay-{H[x¢=m](y)}, mz) € T™ [e2]}
by definition of assignment H[x<t]
{(H, my) | (H, m) € a(T™[ei]) A (Hlxemi), ms) €
a(Te2])} by definition of «
{(H, my) | (H, m1) € T[ea] A(Hx¢—m], m2) € T[e2]}
by induction hypothesis

TC[ letx =e;1 ines]

The other cases are equally simple.
8 Abstract Semantics and Interpreters
An abstract semantics:
<Tﬁ7 §ﬁ7 Tﬁ[[ o)
is given by a poset of abstract properties/types (T?, <%),

where <* is an abstract version of logical implication, and
an abstract semantic function:

T'[e] € Ews T
A compositional abstract semantics
(T#, <*, PY)
is parameterized by semantic primitives
Pt = {V! | ecE}
where each primitive W% for program expression

e[x1,...,xm](e1,...,en)

with locally bound variables x1, ..., Xm (as x in Ax-e’)
and subexpressions e1, ..., e, (as € in Ax-e’) has signa-
ture X™ — (T*" ~— T¥). The corresponding semantics (T*
<*! T e]) is defined compositionally (¥i(ui,...,un) is a
shorthand for Wi[x1,...,xm](ut,...,un)):

T¢e] £ U (T [er], ..., T [en])

by induction on the syntax of program expressions. A com-
positional abstract semantics (T?, <*, P*) is monotone when
all primitives are monotone, that is:

(Tv, ..., Ta) <F (T4, ..
— U(Ty,...,T,) <" U(T,...

- Tn)
,Tn) -

When (T* <") is computer-representable and the prim-
itives {¥% | e € E} are computable, this is the specification
of a generic abstract interpreter defined by induction on the
structure of programs and parameterized by modules for im-
plementing the primitives with above signature.



9 Abstraction and Soundness

The abstract semantics (T*, <* T'[ ]) is said to be the
abstraction of the concrete semantics (T, <", T°[ o]) when-
ever there is a concretization map v € T? — T" which is
monotone and such that:

Ve € E: T [e] <* v(T[e]).

If the concrete and abstract semantics are defined composi-
tionally then, by induction on the structure of e, the follow-
ing general compositional abstraction condition:

Vi=1,...,n:T[e;] <" v(T*[es]) (3)
- \IIZ(Tb[[el]]v"'va[[en]]) Sb 'Y(\Ili(Tn[[el]]v"'an[[en]]))

is sufficient. (T?, <*, P*) is said to be an upper approzi-
mation of (T*, <*, P*) when it is an abstraction through
the identity map, in which case the general compositional
abstraction condition degenerates to the following upper ap-
proximation condition:

Vi=1,...,n: T [e;] <* T"[ei]
= V(T [e1],..., T [en]) < VL(T*e1],..., T [exn])-

A sound abstract semantics is an abstraction of the col-
lecting semantics (P, C, C[ o]). Observe that an upper ap-
proximation of a sound abstraction is a sound abstraction.

For monotone compositional abstract semantics (T*, <*,
P, the following monotone compositional concretization
condition:

U (y(Ti[ea]), - -, v (TH[en])) <" v (WE(T [en],- .., T en]))

implies the general compositional abstraction condition (3)
hence that the corresponding abstract semantics (T*, <f,
T*[ o]) is the abstraction of (T", <, T*[ e]).
Observe that the abstraction of a sound abstraction is
a sound abstraction so that abstract semantics and inter-
preters can be designed by successive abstractions. This re-
mains true when the correspondence is a Galois connection
since they compose:
8 #
(T, <) == (T, <) A(T*, <°) == (T, <)
[e3 [e3

bontt
— (T°, <") === (T",

aﬁgaﬂ

<h.

When the correspondence between concrete and abstract
compositional semantics is through a Galois connection:

(T, <) == (T%, <F)

, < (4)
The best abstraction of (T°, <, P°) is defined as (T*, <*,
P*%) with primitives:

YA

T(Ty,...,Tn) = a(Vo(y(Th),...,v(Tn))) -

This terminology is justified by the fact that if (T*, <*, P*)
is an abstraction of the monotone concrete semantics (T’,
<", P’) then the corresponding semantics is an upper ap-

proximation of the best abstract semantics, since:
Ve € E: T [e] <' T[] .

Reciprocally, observe that any upper approximation of the
best abstraction of a monotone compositional concrete se-
mantics is an abstraction of that concrete semantics.
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It follows that the exhibition of a Galois connection is
a precious guide for designing a type system, since one can
use the best abstraction:

ATy, ..., To)ea(U(y(Th), ..., v(Tw)))

as a starting point and derive an upper approximation W%
by elimination of o and + in the previous formula. However,
when (4) holds and (T* <, P*) is monotone, the following
monotone compositional abstraction condition:

oz(\Ilbe(Tb[[el]]7 cee Tb[[en]])) <* \I/ﬁ(oe(Tb[[el]]), .. 7oe(Tb[[en]]))

implies that the corresponding abstract semantics (T*, <*,
T*[ o]) is the abstraction of (T", <*, T’[ e]). As already
illustrated by the design of T[e] from T"“[e], the method-
ology consists of starting from o (W2 (T’ [e1], ..., T’[exn])) so
as to rewrite it in the form Ui (a (T [e1]), ..., a(T’[exn]))
hence providing the definition of W%. It remains to check
that ¥# is monotone.

10 Typable Programs Cannot Go Wrong

A (prescriptive) sound type system T* is a tuple (T*, <%,
T o], 7, £*) where (T, <*, T*[ o]) is a sound abstract
semantics for the monotone concretization function

WY eT—P
(recall that P £ o(S)) and the map

E' € T" = p(R)
such that

VT eT :VRe&EY(T): Vo e~ (T): Q¢ d(R)

defines admissible environments. For example, (T™°, <F°
T o], 79, £7°) is a sound type system where:

2

£"(T) = {R|3(H, m) € TAR € 33 (H)}
A program e is typable in the environment R € R for the
sound type system T*, if and only if:

R € 4T [e])

Proposition 2 A typable program e in the environment
R € R for any sound type system T*' cannot go wrong in
that S[e]R # Q.

It is interesting to note that instead of “formalizing the type
system by a set of type rules, and verifying that program ex-
ecution of well-typed programs cannot produce type errors.”
[2], the abstract interpretation design methodology ensures
that type systems will be sound by construction, this sound-
ness requirement being used as a guideline for designing the
type system.

11 Herbrand Abstraction

The Herbrand abstraction (with associative and commuta-
tive variants) is the most extensively and almost exclusively
used abstraction for type inference. It is also of common use
in abstract interpretation of logic programs [18].

Let T be a denumerable set of terms. Let V C T be a
denumerable infinite subset of variables. Variables in V' are
called generic since they are instanciable whereas variables
not in V, called parametric are not instanciable (hence can
be considered as constants). W < T stands for the set of



idempotent substitutions o assigning a term o(v) € T to
variables v € W. Let ground, (T) C T be the subset of
ground terms, with no variable in V. By [27], one has the
Galois insertions (o € V' is a generic variable):

) U, M)

(p( ground,, (7)), C, #, ground, (T
) @ [Oé] v ICgV7 gC1V>

ground,,
<l:» (T/E
cgyv
<p(T)7 g7 ®7 T7 U7 ﬂ)

insty
<—
—_

legy,

0
<T/EV7 <V

07 [a]EV7 1CgV7 gCiV>

where insty(t) is the set of instances in T of term ¢t € T
for generic variables in V while ground, (¢) is the set of
ground ones with no variable in V. lcg, is the least
common generalization (also called most specific general-
ization or least common anti-instance) for generic variables
in V. <, is the instantiation preorder (t1 <, t2 <=
insty (t1) C insty(t2)). =, is the corresponding equiva-

lence relation. TLV is the set of equivalence classes [t]=,,
augmented with a new infimum 0. gci, (0) is the greatest
common instance of a set § C T of terms that is mgu,, (T")t
where t € T', mgu, (T”) being the most general unifier of
T’ and T’ being a renaming of T' such that no two terms
in T’ share a common generic variable in V. If § € T or
no such unifier exists (in which case mguv( ") = () then

gei, () = 0. The complete lattice (T/ v, 0, [a]=,
lcg,, gciy ) satisfies the ascending chain condltlon but has
infinite strictly decreasing chains with limit . When all
variables are generic, or V is understood from the context,
index V is omitted.

12 Exactness and Principality

A principal typing is a typing that subsumes all others
[17, 31]. More generally, this means that there is an exact
representation for all possible typings. This can be under-
stood as a relation between abstract semantics, as follows:
Definition 3 If T*[ o] € E — T* and (T%, <*) &—= (T,
<" then the abstract semantics T'[ o] € E + T* such that
Ve € E: o (T [e]) <* T”[[e]] is exact if and only if Ve € E :

v (T*[e]) = T%[e]. It is principal if and only if it is exact
and moreover T* = T*,

This means that the abstraction loses no information for the
semantics T"[ o] and T*[ ] which are isomorphic although
other elements z of T* not in {v*(T*[e]) | e € E} may have
a strict approximation x <" v*(a*(x)).
f

Proposition 4 If T[e] € E — T* and (T*, <*) Hi‘»
(T*, <% then the only possible ezact semantics is T*[e] =
o' (T[e]) which is the case if and only if v*(T*[e]) = T[e].

A remarkable property of exactness is that it can be used
both as an upper and a lower approximation:

Proposition 5 If (T® <" T”[[ o)), resp. (T,
with exact abstraction (T*, <
the concrete semantzcs (T*, < Tb[[ o]) then (T*, <* T”[[
(resp. (T >* T o])) is also an abstraction of (T,
T°[ o]).

>, Th[[ °]]>7

! T o]) is an abstraction of

P
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of

£

Proof Assume that (T* > T”[[ o]) is the abstraction
(T®, <°, T°[ o]) by ~%, (T*, <*) &= (T¥, <*) and T*[e]

o*(T"[e])®. By exactness fy“(T“[[e]]) = T%[e] so T°[e] <’
Y (TH[e]) = 7* o v*(T*[e]) as required. Any >*-approxima-
tion T*[e] of T*[e] is also an abstraction since v*(T*[e]) >*
7*(T*[e]) whence T*[e] <* % o ¥*(T*[e]) <" 7* o v*(T*[e])
by monotony. a

13 Hindley Monotype Semantics

Hindley type abstract interpreter [21] is a computer-imple-
mentable exact abstraction of Church/Curry monotype ab-
stract semantics (T, D, T[ o]). Hindley types are as fol-
lows:

a €V type variables

T € M monotype with variables
T u= int|’a| 7T >7

He H 22X~ M type environment

T € T 2 H' x M program typing

The Hindley type semantics:
T"[e] € Ews T

0
(where T"/_ is T™ up to variable renaming augmented with

an infimum @) is defined as follows (the most general en-
vironment H € H" is such that Vx € X : H(x) € V and

Vx £y ? X : H(x) # H(y). ’a, b and ’c are fresh type
variables
T'[x] = (M, H(x))
T"[Ax-¢] £ (T"[e] = (H, 7)?
(Hlx¢a], H(x) >7) | 0)
T"[e1(e2)] = (T"[e2] = (Hz, 72) A
gCi{TH[[el]] <H2, Ty —> ’a)} = <H,
T2 >T)?(H, )| 0
T [pf-Ax-e] = (T"[Xx-¢e] = (H, 7) A
o= mgu{’a >"b, H(f), 7} #0 7
(o(H)[f<c], o(7)) | D)
TY[1] £ (H, int)
T"[e1 —ea] = gei{(H, int), T"[e1], T"[e2]}

paN

THII(el ? €eg: 63)]] (TH[[el]] = <H1, int> ?

gei{(H, ’a), T"[ea], T"[es]} | 0)
The soundness of Hindley type semantics is by construction:
Proposition 6 (']TH?E, >, T[ e]) is an ezxact abstraction of

Church/Curry monotype abstract semantics (T°, D, TC[[ o])

ground

by the Galois insertion (T°, C) Hf—‘» (T* /E <)
since for all e € E:
T[] = leg (T [e]), T e] = ground(T"[e]).

Proof By structural induction on e. For short, typical cases
are considered.

5In general T#[e] is not an abstraction of T%[e] (hence of T’ [e]
through ~%) since T¥[e] <! +#(a®(T%[e])) by the Galois connection
whence Thﬂe]] <t
required.

~#(T%[e]) whereas a >%-upper-approximation is



- T"[x]

= leg(T°[x]) by def. T"[x]
= leg({(H, H(z)) | HEH"}) by def. T[]
= (H, H(x)) by def. leg and H

ground (TH[=])

= {{o( ) o(H(x)) | o €V — M} by def. ground
H(x))

= {(H, | He H°} by def. H and substitution
= TC[[ 1 by def. T[]
T"[pf - Ax- €]

(> 1

leg [Tc [pf - Ax- e]]] by def. T"[uf - Ax -

teg [{(H, m) | (H[t¢m], m) € T°[Ax-e]}]
by def. T[uf - Ax-e

el

leg [{(H, my >mo) | (H[f¢my >ms], my ->ms)

I

S

T[Ax - €] }] by def. T[Ax- €]
€

leg [{(H, my >ms) | (H[f¢m >ms], my - mo)

ground (T"[Ax - e]])}] by induction hypothesis

1cg[{<H, my >ms) | (Hlfm >ms], m >ms) €

{{o(A), o)) | o €V = ME A (A, 7) = T"[Ax- e }}]
by def. ground

leg [{(H, my >my) | Hjf¢m ->mo) o(A) A

my >my=0o(r) Ao €V M A(A, 7) = TH[[Ax~e]]}]
by def. € and (e, )
Hy) = o(A)y) A
o(r) No € V «— M° A (A
by def. H| o< o]

1cg[{<H, m >ms) | Vy #£ £
o(A)(£) m; ->ms
:TH[[)\x-e]]}]

ICg[{<H7 mi >ms) | H = o(A[f<’c]) A m1 >ms

o(A(f)) = o(r) Ao €V < MC A (A, 7) = TH[[)\x-e]]}]
by def. A[ e+ o], A( e) and substitution where ’c is a
fresh type variable

teg [{(o(Alt+c]), 0’2 > b)) | o (’a > ) = o(A(£))
=o(r) Ao €V < MC A (A, 7) = TH[[)\x-e]]}] by

def. = and substitution where ’a and ’b are fresh type

variables

(T"[Ax-e] = (A, 7) Ac = mgu{’a >"b, A(f), 7} #£07?

leg [{(0” o (Alg <)), o' o <(7)) |0’ € V > MCY] | 0)
by def. of mgu

(T"[Ax-e] = (A, 7) Ac = mgu{’a >, A(f), 7} #0?

leg | ground((s(Afg—c]), <(r))] 10)

by def. of ground
(T"[Ax-e] = (A, 7) Ac = mgu{’a >’b, A(f), 7} #0?
(s(A[f<=c]), s(1)) | 0) since lcg o ground = Id
The proof that ground(T"[e]) = T°[e] is obtained by the
terms between square brackets . ..] when reading the above
proof backwards. a

14 A Type Collecting Semantics

The question “What is a type system” has hardly received
a formal answer. Type systems can be viewed as abstract
semantics in the lattice of abstract interpretations [9] which
are more abstract than a type collecting semantics which
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is the most general type system in that it is more precise
than the reduced product [9] of all existing type systems.
With respect to the general collecting semantics C[ o], this
type collecting semantics factors out all approximations in-
troduced by type systems such as “run-time values, except
w, are not taken into account”® or the even more debatable
“both branches of a conditional should have the same type”.

The approximation is mainly introduced through the def-
inition of typings P and their correspondence (o, v°)
with program properties. Further approximations are in-
troduced by the requirement that the type collecting se-
mantics semantics T[ o] should be a composztwnal upper-
approximation of the best typing a®(C[ o]). Finally fix-
point approximations later introduce further approxima-
tions®.

In what follows 1< is the type of never terminating com-
putations. int is the type of computations returning an in-
teger if and when terminating. (t1, t2), traditionally written
t1 > t2, is the type of functions which given an argument of
type ti1 deliver, if ever, a result with type t2. An object
of polytype T C P has all types t € T. The collecting
polytypes P are defined as follows:

P 2 { 1%, int} basic types
Pt 2 ply p(]P’c"(S X ]P’c°6) d + 1 successor
ordinal
P> &y P>’ A limit ordinal
5<A
te TCP™ = U ]P’c°6 O is the class of ordi-
5€0 nals

The meaning of collecting polytypes is defined by the con-
cretization function:
Co

1 € P p(U)

The definition of v£° makes use of O-termed sequences of
functions '7?’5 € P’ — p(U), 6 € O and ¥ "co (]P’C"‘S

IP’CO‘S) — p(U), 6 € O defined by transﬁmte recursion as
follows:

A1) £ {1} Af(int) 2 {1(2) =21 |z€ Z}U{L}

7%t >ta) £ {1(9) = [Um U], [P [UnUlAVue
A0 () s (u) €480 (82)} U{L}, t1 >to € P x P
YU ) 2 A0 () if ¢t € P’
WD) 2 N APt > te)if TC P x P

t; > toe T

() 2 U when T= 0% £ (
'le"A(t) = 71C°5(t) if A limit ord., §<A and t € P’
AE(t) 2 420 (1) where t € P’

Collecting polytypes t, more precisely the set v (t) of values
that they describe, are ideals [28, 41] in that ~{°(t) is not
empty since L € v{°(t), 7i°(t) is downwards closed (if u,v €
U, uC vandv € ~°(t) then u € v£°(t)) and {°(t) is closed
under lubs of increasing chains (if us,d < € is a C-increasing
chain of elements of v°(t) then Us<cus € vi°(t)).

SThis is certainly not the case for intervals in PASCAL or dependent
types.

“In absence of best abstractions, approximations can be introduced
dynamically by widenings [11] which are omitted here for short.

8Widenings [6, 7] also play a central role for precise fixpoint ap-
proximation. See [33] for type widenings.



The subtyping preorder < is defined on collecting poly-
types P as:

t1 <Pt = 41" (t1) C A (ta)

which is an abstract version of logical implication. By con-
sidering the quotient set ]P’C‘/ECo with equivalence

1=ty 2 (t1 < ta Ata <P t1)

(P%/_co, <) is a partial order. The subtyping order is left

antitone and right monotone for functional types (as, e.g.,
in [28]):

Lemma 7 t; >ta <% 1% >ty,. If ti # 1% then
t1 >to <P t) >th if and only if th <P t1 A ta <P t5.

Let us define N € p(P%/=co) s P“/_co as:

NPT £ 1% if 1% ¢ Tor T contains both int and t; -t
S gnt if T= { int}
YA
= @ fT=0

1>

UTif@#TC p(IPCO/EcO X IPCO/ECO)

7 preserves existing greatest lower bounds (glbs):
Lemma 8 v{*(AN“T) = N ~1°(t) and N° T is the <®-
greatest lower bound of T. et

~1° preserves glbs and is injective so that:

Co
Lemma 9 {(p(U), C) _’%_» (P%=co, <&)
Oflo

is a Galois insertion where, as it is the case for all Galois
connections [9], af® is uniquely determined as:

of"(U) £ N {t € Pcn | U C (1))

and, af° being surjective, a{*(p(U)) £ {af*(U) | U C U} =
P“Y/_co is a complete lattice:

Lemma 10 (P%_c, <, 1% ¢%, V& N®Y is a complete
lattice where V< T 2 of( | te T ().

Next, the abstraction is extended to environment properties
approximated by type environments:

He H*® 2 X P/ _co type environment
with pointwise ordering:
ag’(R) = AxeX-af°({R(x) |R € R})
78°(H) 2 {R € R |Vx € X: R(x) € 7" (H(x))}
H < Hy, £ vx € X: Hi(x) <% Hy(x)

so that:
Lemma 11 “
° .o - . ©Co +Co
(9(R), C, 0, R, N, U) =5 (H*, <, 1%, 4, V", A7)
agz?

is a Galois insertion between complete lattices. Finally the
abstraction is extended to program properties P € P ap-
proximated by typings. A typing maps type environments
to program types where a type environment assigns types
to global/free variables:

9 € T® 2 H* — P%co typing
with pointwise ordering:
a®(P) = AHEH - af*({¢(R) | R € /" (H) A ¢ € P})

A

¥Y0) = {¢|VHE€ H™ : VR € ~5°(H) :
#(R) € 71°(0(H))}
01 <7 62 = VH e H™ : 6, (H) <™ 65(H)

so that one gets Galois connection between complete lat-
tices:

Proposition 12 o

“Co . . wwCo ++Co
<P7 g7 ®7 S7 07 U> ’Y—C> <TCO7 §C7 J~007 0)007 \/ ) /\ >

o

The type collecting semantics has been designed using the
soundness requirement (see Prop. 15 below) as follows:
JAN

T®[x] £ AH-H(x)
TNx-e] = AH A {t T [e] Hixe] ‘
t € P9_co — { J_CO}}
s N { e € P9
T [ex]H <& {T[es] >t} }
} At € PYY_cor T[Ax - e] H[f 1]

T%[e1(e2)]
T [pt-Ax- €]

1>

A =
H- Ifp~
p{QCo > LC()
AH- int
':[‘C0 [[61 - GQII AH- int A° T [[61]] O e |I62]]

TCO[[(el ?ex:es)] AH-(T®[e;]H= 1% 7 1% |

T[e1]H = int ? T®[e2]H v T®[es]H| 0)
Example 13 We could have avoided explicit fixpoint defi-
nitions pf - Ax - e using the eager call by value Y combinator
Y = Af- W(W) where W = Ax- Ay - £(x(x))(y). The col-
lecting type of Y is such that:

TLY] 2% AH A {0 >0} > {6 >} > {0 e} ‘

T[]

> e e

t1 € PP — { 1%} Aty ePC°} 0

Any éco—upper—approximation of the best abstraction of the
standard collecting semantics is sound:
Lemma 14 Ve € E: VH € H®: Vt € P%:

[@“(Cle)H <™ t] <= [VR € 73°(H) : S[e]R € 71"(t)]
Proof

VR € v5°(H) : S[e]R € 71 (¢)

< VR e€~5°(H) : {S[e]R} C 7 (t) def. U
< VR €ES°(H): af*({S[e]R}) <™t def. Galois con.
< V®{af({S[e]R}) | R € v5°(H)} <™ ¢t def. lubs
< af*(U{{S[e]R} | R € v5°(H)}) <™t «af° preserves

existing lubs
< of({S[e]R|Re$°(H)}) <™ ¢t def. U
< ai’({#(R) | ¢ € {S[e]} AR €15°(H)}) <™t def. €
— a®({S[e]}) <= ¢ def. a®
< a®(Cle]) <™t def. C[ o]. O



This soundness requirement provides a guideline for de-
riving the definition of T[ e] by upper-approximation of
a®(Clel):

Proposition 15 If the type collecting semantics T®[ o] is

monotone® then it is well-defined and sound since for all
E:
" a“(Cle]) £ T[]
Proof
a®(Cle])
= a®({S[e]}) def. CJ o]
= af’({¢(R) | ¢ € {S[e]} AR € 5" (H)}) def. o
= of({S[eIR | R € 45°(H)}) def. €

— A°{t € PYcn | 0P ({S[IR | R € 45°(H)}) < 1}
def. glbs
Ne{t € P9—co | {S[e]R | R € 75°(H)}) C 7i°(t)}
Galois connection
N°{t € PY_co | VR € 5°(H) : S[e]R € 7°(t)} def. C

The proof goes on by structural induction on e. For short,
only few typical cases are considered.

- a®(C[x])

= N*{t € P%_co | VR € 75°(H) : S[x]R € 7{°(t)}

=Nt € Pcc | VR € R : Vy € X : R(y) €
7i°(H(y)) = R(z) € 71°(t)} by def. 75°(H) and S[x]R
N°{t € P%_co | VR € R : R(x) € 7{°(H(x)) = R(x) €
Yo (6)} since R(x) is independent of R(y), y # x
N°{t € PY-co | Vu € U:u € 4{°(H(x)) = u € 7{°(t)}
by def. R and R(x)

= N*{t € P%-co [ 1{°(H(x)) C1°(t)} by def. C
= N*{t € P%_co | H(x) <™ t} by def. <*
= H(x) by def. glbs
2 T[] since @ and ¥ have been eliminated.

a®(Cut - Ax-e€])
N°{t € P%—co | VR € 45°(H) : S[pf - Ax - e]R € 7{°(t)}
N°{t € PY_co | VR € 75°(H) :

lprE(A us L)s[U-U] Af- S e]R[z ] €17 (0)}
N°{t € PY-co | VR € 45°(H) : f* = 1(Au+ L) = [U— U],

AR €N: T =S[Ax- e]RIEF] A || F* €47 (0)}
neN
by continuity and Kleene fixpoint theorem

Requiring all iterates of the fixpoint, hence all intermediate
steps of the computation to be typed, one gets, by definition
of glbs, an upper approximation:

<® Nt € PYco | Itn,n € N : VR € A5°(H) : f* =
T(Aus L) [U—TU], Ato = {0%° > 1°} AVn € N :
1! = S[Ax - e]R[EF"] € 7 (tnr1) A || F* €11°(8)}

neN

Observe that Yn € Ni f* € 7°(tn) so | | f* € ¥ (V™ t,)
neN neN
since types are ideals. So | | f* € 4{°(t) can be ensured by
neN
9Monotonicity of T°[e] is proved in later Prop. 16.
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the stronger requirement V= t, < t. In this way, one gets
neN
an upper approximation:

<® N*{t € P¥=co | tn,n € N: VR € 45°(H) : f =
t(Aue L) 2 [U—U], Ato = {0%° > 1®°} AVn € N :
T = S[Ax - e]RIEF"] A" € 41" (tn) AV t, <Pt}

neN
since, moreover, f© € v{°(to). The iterative definition of the
f*, n € N leads to a similar idea for the t,, n € N. To do

this, one knows by induction hypothesis that for all H' €
H:

a®{S[Ax-e]HH <= T[Ax-e]H
whence by Lem. 14:
VYR € v5°(H') : S[Ax - ¢]R € v (T[Ax-e]H')

Besides for all n € N, f* € v{°(t,) whence by definition
of v5° and H[ e« e] one has R[f+f"] € v5°(H[f<t,]) for
all R € y5°(H). It follows that for all R € v5°(H) one
has S[Ax - e]R[£+f"] € AT°(T[Ax - e]H[f«t,]). Hence by
choosing tp+1 = T[Ax - e] H[f+t,] one can guarantee that
f* € 4{°(t»). An upper approximation as been obtained:

<@ N°{t € PYco | tn,n €Nz g ={ 0% > 1%} A

anN.l,hL GTCO AX'e Hf(‘ln /\\/COtn <Cot
neN

By defining ® py £ Ate P%/_cos T[Ax - e] H[f ], one rec-
SCO

ognizes the first iterates of 1fp ®pgint,, n eN
}

{(Z)CO _>lCo
provided one can prove ® z; to be monotone. While de-
signing T[ o] this was impossible since T[ o] was not
yet completely known. So the proof was postponed and the

monotonicity hypothesis was added. So assuming T[ e] to
SCO

be monotone, ¢ ¢y is also monotone and 1f; 0]
» ¥ H p{QCo > 1%, H
<Co
is well-defined. Moreover V<° t, <% 1fp~ ® b
nen T P poos ooy & H Y
the constructive version of Tarski’s fixpoint theorem [8] so
<Co
that ifp~ & 17 <= timplies V° t,, < t. Therefore
P oo jooy ~ H= P neN T
one obtains a further upper-approximation:
Co AC c < Co
<° lte P /_co | 1fp S <t
= { /— | p{0C0_>LCo} H< )
<Co
= Ifp” P by def. of glbs
P{ 0% > 1O, H Y g

Tt - Ax-e]H

since this expression is defined in terms of elements of the
type collecting semantics only and can hardly be simplified.
O

Checking for monotonicity was postponed:

Proposition 16 For all e € E, T®[e] is monotone:
VHL H2 S HCD N H1 éco H2 — TCOHC]]Hl SCO TCOHC]]HQ.

This Prop. 16 shows, in retrospect, that typings could have
restricted to monotone ones (A — m— B is the set of mono-
tone maps of A into B):

typing

Finally it remains to turn the type collecting semantics
T[ o] into a sound prescriptive type system:

0 € T 2 H® — m—y ]P’C(yECO



Corollary 17 Let £ 2 A e T U{y$*(H) | H € H* A
O(H) # 0%}. Then (T, £ T%[ o], v, £%) is a sound
type system.

A different type collecting semantics is given by the “gen-
eral types” of [32, 33, 35, 36]. This collecting semantics is
based on a big-step operational semantics so that it is more
abstract with respect to nontermination (which has to be
handled rather indirectly). In other aspects it is much more
refined since the operational semantics uses explicit clo-
sures (which have to be abstracted to (recursive) functions).
Moreover non-deterministic type choices t2 @ t3 to handle
conditionals (e1 ?eg :es) are more precise than to Ve ts
since e.g. int @ int > int # (. However the type col-
lecting semantics T[ o] is simpler and refined enough to
be instanciable into recursive types [3], conjunctive types [5]
and Milner’s polymorphic type schemes [17, 29, 37].

15 Fixpoint Approximation

Let us recall the following fixpoint approximation theorem
from [9, 10]:

Proposition 18 If(L,C, L, T, U, M) == (L*,C*, 1%, T%,
U, Fe L—m—L,aC F(a), F*" € L' — m— L* and
oo F CF Foq then a( lfpf F) C* lfpffa) F*. If more-

C ct
over a(a) C* a* C* F*(a") then a( Ifp_ F) C* Ifp F*.

This proposition provides a method for upper-
approximation of concrete fixpoints by abstract fixpoints.
In particular F* can be chosen as a o F o v since:

Proposition 19 If (L, C, L, T, U, M) == (L%, C*, 1%,
TLW M), FeL-mas L, F* € L' — m— L¥ thena o F
C* F' o« if and only if a o F oy C* F*.

16 Design of the Church/Curry Polytype Seman-
tics by Abstraction of the Type Collecting Se-
mantics

In order to simplify the presentation, the soundness proof of

the Church/Curry polytype semantics has been left pend-

ing. To do so, (T, D, T™[ e]) must be proved to be

an abstraction of the type collecting semantics (T, <,
T[ o]).

AP MFC s P co

" ( int)

7 (m1 > mz)

Po
72

75°(p)

I m

int
{7°(m1) »>°(m2)}
PPC — ]P)Co _co

N ~41°(m)

me p
HPC — HCO
Ax € X-~5°(H(x))
I =P
AA€H™ « N°{~1°(m) | A <= 45°(H)}
T —» P

N ((H, m)) | (H, m) € T}

1>

1> m

Po

73
v3°(H)

Po

Ya
v5°((H, m))

Po

v
7(T)

There is no subtyping for monotypes:

> m > m

> m
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Lemma 20 Vm,me € M™: v{°(m) <% v{"(m2) <=
mi; = 1ms.
For polytypes, the Galois connection:
<PCOECO7 SCO7 J-co7 @Coy \/C07 /\CO>
Po
-
% <PPC7 27 MPC7 07 n, U>
a2

can be extended pointwise to environments and typings, as
was the case for the type collecting semantics. This leads
to the abstract typing domain (X — P°) — m— P"°. How-
ever to follow the tradition established by [29] of restricting
polytypes to environments'®, one can chose to define T
2 o((X s PP°) x M), see (1). The corresponding Galois
connection is:

(T, £, I, e, VAT

<rerC7 27 HPC X MPC7 07 07 U>

Po
~
Po

where:

Lemma 21 o™ (0) {{H, m) | 0(5°(H)) <% ~v5°({m})}

{(H, m) | m € a3’ 0oy (H)}

T"[e] is monotone in the sense that (H C H if and only if
Vx € X: H(x) C H (x)):

Lemma 22 If (H, m) € T™[e] and H C H' then (H', m)
€ T™[e].

Corollary 23 Ifp1 C p2 € P™ and (H[x<pi1], m) € T"[e]
then (H[x<p2], m) € T™[e].

This corollary corresponds to lemma 1 of [17]. Soundness of
Church/Curry polytype semantics follows from:

Proposition 24 Ve € E: T®[¢] éco ~™(T™[e])

Proof The proof is by structural induction on e. Only a few
typical cases are considered.
- (T [x])

o™ (AH- H(x))

{(H, m) | 75" (H)(x) < 41" (m)} by Lem. 21
{(H, m) | v3°(H(x)) <= 71" (m)} by def. v3°

m | (AT () <4 (m)} by def. 55"
m’ec H( x)

by def. T[x]

S {(H, m) | Fnr € Hix) : 1}(m') <% AP (m)} by def. glbs
= {(H, m) | Im’ € H(x) : m" = m} by Lem. 20

{(H, m) | m € H(x)} by def. =
a

TPC [[X]]

= a™(T®[pf-Ax-e€])

P <Co
°(AH- 1Ifp~
« ( p{@c(,_u_cO

At € P9 _co- T®[Ax - e] H[f+t])
}
by def. T[uf - Ax- €]

Co

S e} Lo} ge)
{(H, m) | (quCo_)P}@CH) <% ~Fo(fm})} where

% = At € PYcos T®[Ax - e]y5*(H)[f+t] by Lem. 21

O0For example Milner’s algorithm W returns a monotype, which can
be “manually” transformed into a polytype by adding a quantifier.



{(H, m) | a5 (( 1fpf®C0 o %) 2 {m}}

since {a5°, v5°) is a Galois connection

2
2 {<H7 m> | m € lfp\PC_>MPC (I)PI?I}

M

by Prop. 18 since

o ({ 0% > 1%}) D {m »>my | my,my € M} £

M™ >M™ and by defining ®"f; such that a5° o ®F
D %0 a5® and PTH(MTC M) C MPC > M

<

= {(H, m|me &P oo, o P} by duality

T [puf - Ax - €]

It remains to design @Pfl such that:

a5’ o (1)
a3 (T [Xx - e ys" (H) [£4-t])
a5° o T®[Ax -] o y5° (H[f+a5°(t)])
by monotony of a5°(t) and T[Ax- €] since v5° o ab®
55§ s that A ()£ 1] < A ()£ f" o o (1)) =
73° (H[f a3 (1)])
{m | (Hf<az"(t)], m) € {(H, m) | m € a3° o
T [Ax €] o v5°(H')}} by def. €
= {m | (H[f+a%°(t)], m) € a™(T[Ax-¢])} by Lem. 21
= {m| (H[f<a5’(t)], m) € T [Ax- €]}
— e ol (0

by defining & £ Ap{m | (H[f<p], m) € T"[Ax-€]}

by def. of ®F

I

by ind. hyp.

Obviously ®7/(M™ >M™) C M™® >M™ by definition of
T[Ax - €].

= Finally, let us observe that by Tarski’s fixpoint theorem
% = U{p SM™ >M™ | p C @7(p)}. It

c

gfp};Pc > MPC
follows that {m} C &b oo re % if and only if Ip C
M >M: {m} C p A p C ®"F(p). Therefore, one has:

T [puf - Ax - €]

c
{(H, m) |me gfp ., .. ®hH}
{(H, m) | 3p C M™® >M° : {m} C pAp C {m |
(H[f¢p], m') € T"[Ax-e]}}
{{H,m) | Ip CM® >M"® : m € pAVm' € p: (H[f<p],
m') € T™[Ax- €]} |

The type semantics T[] ] leads to a polymorphic typing
rule (2) for recursive definitions pf-Ax-e, as is the case
of [37] for Milner’s [29] polymorphic type schemes. A D-
upper approximation TV°[ ] & la Milner [29] with T[]
can be defined as T"[e] but for the monomorphic typing
of recursive definitions pf - Ax - e:

TV [pf - Ax-e] 2 {(H, m >ms) | (Hf<{m >ms}],
mq —>m2> e TMCHAX'e]]}

This leads to the typing rule:

H[:E%{ml —>m2}] }ﬁ AX-e=m; > mo

HRMe ptf-Ax-e=>m >ms

Soundness is obvious:

Proposition 25 Ve € E: TO"[[e]] éco WI’O(TMC[[‘?]])
Proof
- A (T®[pt-Ax-€])

O {(H,m)|IpCM*° >M"* : me pAVm’ € p: (H[f+p],
m') € TV[Ax-e]} as proved for T [uf - Ax - €]
OD{H m) | m € {m >me} AV € {m >m2} :

(H[f+{m >m2}], m') € TY’[Ax-e]} by restricting
the choice of p to {m; »>ma} C MF® >M°
O {(H, mi »mg) | (Hf+{mi >mo}], mi >mp) €
TY[Ax- €]} by def. €
JAN

= TY[pf - Ax-€] |

17 Ala Damas-Milner-Mycroft Semantics

If Hindley semantics T"[e] is an exact abstraction of
Curry/Church monotype semantics T[ o] by Herbrand ab-
straction, it is clear that this same abstraction is not exact
for Curry/Church polytype semantics T*°[ o]. The argu-
ment is similar to that of [23] showing that Milner’s polymor-
phic type schemes do not have the principal typing property.
One can imagine objects x of polytype { int, int - int}.
For example x might be an integer which is Auex when
used as a function or a function of type int - int which
is x(0) (or better x(L) with call-by-name) when used as
an integer. The meaning of [x:{ int, int - int}] K<
x(x)= int cannot be the same as its Herbrand abstrac-

tion [x:[a]=] P& x(x)=> int.

solved by considering a refinement T [ o] of T"[ ] in-
volving a disjunctive completion [13] allowing for judg-

This problem could be

ments of the form [x : { int, int > int}] Ea x(x)= int or
[x: { int,V’a.’a > ’a}] L8 x(x)= int. The classical solu-
tion given by [29], can be understood as consisting in con-
sidering a further abstraction T™[ ] of TF°[ e] ruling out
such undesirable environments. The abstract domains is
now defined together with the corresponding abstractions.
Closed monotypes are similar to Church simple types:

poe MM
W= dint | g1 >pe

closed monotype

The set MEM of monotypes with variables a la Hindley is
preordered by the instance relation <PV = <, with corre-
sponding equivalence ="

=y -

a € V type variable!!
T e MM monotype with variables
T u= int|’a|T >

Let ftv(t) be the set of free type variables of t. To
provide a context-free syntax of type schemes, paramet-
ric/free variables (like ’a in V’b.’b - ’a) are differentiated
from generic/bound type variables (like b in V’b.’b - ’a):

a ey,
b eV

'a,’b € V 2 VUV, type variable (V, NV, = 0)

parametric/free type variables

generic/bound type variables

HType variables ’a, ’c are used instead of the traditional a, 7 to
avoid confusion with the abstraction/concretization functions.



Generic polytypes are type schemes without free variable
(like V’b.’b > int):

DM

c € B
¢ u= pu|V’bi...be.7 where {’by,..

closed /generic polytype

bt = ftv(r) C Y
PPM is preordered by the instance relation <} with corre-
sponding renaming equivalence =0V (e.g. V’b.’b > int =™
V’c.’c > int):

’ ’ é

Voby ... b <V VDY L. b, T

DM /
T<, T

—v

0 . . . .
B /_om is B™™ up to renaming of generic/bound variables
-g

b € V, and introduction of an empty generic polytype
elim

There is an isomorphism MM «—gT—» PP be-

tween Hindley’s monotypes with variables and generic poly-

types given by:
yaN
elim (1) £ p
elim (Vb1 ... 'by.7)

DM
0P,

JAN
=7

A

V’bi...’be.7 where {’b1,..., b} = ftv(1)

gen(7)

It follows, by composition of Galois insertions, that: (PF°,
DM

Vg )
<) % (]PgDM/ElgaM, <MY where:
[e3
g
agDM = gen o lcg ’y;M = ground o elim

is a Galois insertion between & la Church/Curry polytypes
and generic polytypes.

Parametric polytypes are type schemes with paramet-
ric/free type variables (like V’b.’b > ’a):

DM

T € P parametric polytype

m = 7 |V’by... be.7 where {’b1,...,be} = ftv(T)NY,
PP is preordered by the instance relation <)M with corre-
sponding equivalence =2 (e.g. V’b.’b »’a =M Vc.’c >’a
but V’b.’b > ’a £V V’c.’c »>’d):

pAN

DM ’
<, W™ =

Vo eV, = MM :o(r) <V

. o)
0
PP /EEM is P™ up to renaming of generic/bound variables
b € V; and introduction of an empty polytype @PM.
Generic type environments map program variables to
generic polytypes:

[)
o e HEDI\/I 2 X ]ngM/EgM generic type
environment

The preordering is pointwise H éEM H=vxeX: Hx) <M

H(x) with corresponding renaming equivalence =_"'. The

correspondence between & la Church/Curry polytypes and

generic polytypes is extended pointwise to type environ-
-, DM

- DM .

<, ) so that 4. (H)

5
PC S\ & DM
ments (H™, C) > (|,
Ax e XM (H(x)) -
Parametric type environments map program variables to
parametric polytypes:

PN

[)
Hem™ 2 X R,DM/EJSM parametric type
environment

328

The preordering is pointwise H <. H = Vx € X : H(x) <%
H(x) < Vo eV, = MM : o(H) éEM o(H) with corre-
sponding renaming equivalence =_". HY™ =DM is HM up to
renaming of parametric/free variables ’a € V,. For exam-
ple [x : V’b.’b »’a;y : ’a] =0V [x : V’c.’c »>d;y : ’d] since
parametric type variables like ’a and ’d are externally or
globally quantified, which is formalized by the injective glb-
preserving concretization function 4V € HM +— o(H™)

defined by #2M(H) = {42(o(H)) | o € V, < MPM} so that
-, DM
(p(H™), C)

p
Since TT°[ o] has no principal typing for the Herbrand
abstraction, one cannot look for an exact Herbrand abstrac-
tion of TT[ o] (as was the case of T"[ ] for T°[ e]) but
instead for an Herbrand abstraction of a D-upper approxi-
mation TV[ o] of T e] defined by:

“p
pe—

DM, . PO .
(HM, <) is a Galois insertion.
le\/I

TM[[e]] é aNI(TPCIIe]])
oM(T) £ {(H, m) € T| He 4 (H)}
such that (TTC, D) % (TTC, D). TM[ o] is obviously

0{M
sound since it is an D-upper approximation of the sound
abstract semantics TC[ e].
Generic typings correspond to an attribute-independent
abstraction:

T e T™

A DM pm? p
= Y~ m— P /EgM generic program

typing
This attribute-independent abstraction is the one consid-
ered by [38]. It is often used in extension of Damas-Milner
polymorphic type schemes to logic programs [39]. Formally,
this would be a restriction to [17, 29] since infinitely many
generic typings are necessary to express the property speci-
fied by a single parametric typing.

Parametric typings correspond to a relational abstrac-

tion:
T c T;uM 2 (HEM —DM— IP;,DM@/EEM) /él}\)/IM paramet.ric
program typing

T,™ is preordered by the pointwise instance relation SlrM

-~ MM

Ty <,

T2

VH e HY : Ty (H) <M T2(H)
< VHeH™ : Ti(H) < T2(H)

with corresponding equivalence =Y™ which is used to define
T)™ up to renaming of parametric/free variables ’a € V.

The notation —pM— states that T € T,™ satisfies:

VHy, Hy e B : H, <" Ho = T(H;) <™ T(Hz) (5)
VHe M @ fev(T(H)) C fev(H) (6)
VHe I : Vo €V, — MM @ T(o(H)) (7

The monotony condition (5) corresponds e.g. to Prop. 16.
Condition (6) states that a free type variable not free in
the type environment should be quantified'®. Condition (7)
states that free variables in H are globally quantified. By
(6), it is equivalent to:

o(T(H))

2This has to be done “manually” in Milner’s algorithm W which
returns a monotype, which must be quantified to be transformed into
a polytype.



VHe M : Vo € V, = MM @ o(T(o(H))) = o(T(H)) (8)

The correspondence @™ € T — TY™ and 3™ €

T)™ +— T is defined by (gen g7 = Vb ... be.7 where
{1,...,be} = fev(T) — fev(H)):

a™(T) £ AHe HM. gen o leg{r € MV | Vo € V <
M« (3 (o (H)), o(7)) € T}

5m(T) = {2 H), p) | He BN A p e 4N (T(H))}

= {(¥(c(H)), p) | HEHM Ao €V, — MM A

g

€ (o(T(H)))}

so that:
;ﬁ/l\/ﬂ\/l
(T™, C, 0, 1™, U, N) =—
“p
(e, DM AR g AH-Ybob, VL A
where:
MM
V, T; = AH- gen o leg{ elim(T;(H)) | i € A}
1EA
«* MM
A, Ti = AH- gen o gci{ elim(T;(H)) |i € A}
€A

is a Galois insertion.
The Milner-Mycroft type semantics can now be designed
(’a is a fresh type variable):

TY™[x] £ AH- H(x)
T"™[letx =e1 ines] = AH: T [eo] Hx+T "™ [e1] H]
TMM[[)\X-e]] 2 AH- gen o leg{m - elim(mz) |
T1 € M]‘?M A
T2 = T[] Hlxe—71] # 0P}
T"™[e1(e2)] £ AH+(r2 = elim(T"™ [ea] H) A

2 >7 = gci{ elim(T"™[e1]H), 2 >’a} ?
gen (1) | OPM)

<DM
T"™[uf-Ax-e] = AH- gfp_" ]
[w x-e] € pV by, 'by. by > by H
where W ;2 Ar € B™ TY™ [Ax - e] H[f  gen £ g ()]
TY™[1] £ AH- int
yaN

T [e1 — e2] AH- gci{ int, elim(T"[e:]H),

elim (TMM [[eg]] H)}

TY™[(e1 ?e2:e3)] = AH+( int < elim (T [e;]H) ?

gen g o gci{ elim(T" [e2] H),

elim(TMM [es]H)} | @;]?M)

T o] is sound by construction:

Proposition 26 (T,", é:)m, T"M[ o]) is an abstraction of

Milner’s approzimation (T™°, D, TV[ e]) of Church/Curry

polytype abstract semantics (T, D, T™[ o]) by the Galois
. MM

5 .
—— (TM §;WM> since for all e € E:

insertion (T"°, C)
= MM
QI)

BA type variable renaming may be necessary to have bound generic
type variables “bi, ..., ’by in V; and free parametric type variables
ftv(r) N ftv(H) in V.
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TMM[[eII éﬁfM d;,WM(TM[[eﬂ) —
T[] 2 %™(T™[e])

dMM (TI’CHe]])

P

As shown by Ex. 1, the abstraction is not exact since e.g. al-
though T°[uf - Ax - €] may be expressible by a type of TV,
this may not be the case for the polytype of the recursive
calls of £ within e. )

The Damas-Milner-Mycroft isomorphic semantics (T™",

o, TP [ o]} is useful for derivin typing rules:
g g

oM 2 p((HPDM x M’fM) /%M)
T [e] & o (T [e])
o™(T) £ {(H, 7) | 7 € inst o elim(T(H))}
where:
T [e]) = T[]
and:

7w (T) & AHEE+ gen o leg({7 | (H, 7) € T})

The Damas-Milner-Mycroft semantics T™ [ o] is obtained
as follows:
2

TDM2 [[X]]

r:[‘DM2 [[ letx =e€1 in 62]]

{(H, 7) | 7 <M elim(H(x))}
{(H, 72) | (H, 1) € T™[es] A
(Hx+ gen g(r1)], 72) € T™ [e2]}

£ {<H7 T1 —>T2> | 1 € M?M A )
(H[x¢T1], 72) € T™ [e]}

£

™" [Ax-€]

T2 [er(e2)] 2 {(H, ) | (H, 72) € T™*[e2] A
<H7 T2 —>T> I e [[el]]}
TP [uf-Ax-e] £ {(H, 7) | T <o
<M
gfp[ 'a> mov U H

where U £ A7 e MM
leg{7' | (H[f+ gen H fH@EM](T)], ') e oM [Ax-e]}
TP[1] £ {(H, int) | He HM}
T [e; — ea] £ {(H, int) | (H, int) € TDM22[[61]] n
oM [[eQII}
{(H, 7) | (H, int) € T [ea]
(H, 7) € T™[ey] N T [es]}

1>

£

T [(ex ?ez:es)]

One can consider a D-upper approximation TP [ e] with

T™ [e] which is defined & la Milner [29] as T [¢] but for
the monomorphic typing of recursive definitions pf - Ax - e:

T™[pf - Ax-e] 2 {(H, n >m) | (Hfe{n >n},
71 >712) € T™M[Ax €]}

By defining judgments as:
HM emsr £ (H, 7) € i R lel

The Damas-Milner semantics can be presented in the equiv-
alent rule based form [17]:



Ala Hindley principal

H
T[] ® monotype semantics

T[] ® Ala Chqrch/Curry.
monotyping semantics
A la Damas-Milner
T™[ o] ® polytyping semantics
A la Damas-Milner- (monomorphic recursion)
Mycroft polytyping
semantics (polymor-
phic recursion)

I TDMz[[ .]]

Ala Milner—Mycroft.

MM N
Serlilllgﬁiagspolytype T ] A la Church/Curry
R MO polytype semantic
A la Church/Curry @ T [ o] @ (monomorphic
polytype semantics T[] recursion)

(with Milner’s

environments) A la Church/Curry

polytype semantics
(polymorphic recursion)

A la Church/Curry
polytype semantics
(polymorphic recursion
and abstraction)

Type collecting
semantics

TPC[[ .]] [ ]

T/\[[ o]] [ ]

TC"[[ ] @

Standard collecting
semantics

{S[e[} =Cl[e] @

Figure 1: Lattice of type abstract interpretations

7 <M elim(H(x)) H[x¢71] P2 e=1

HEPM =7 HP Ax-e=71 >7
H}m e1=>T1 >T2, H}m €2=T1

H}BM‘ 61(62)=>T2
Hf+71 >72] P Ax-e=T1 >1

HE pf-Ax-e=>11 >
H}BM‘ e€1= int, H}BM‘ eo=> int

HEP 1= int

H}m €1 — ex= int

HPY 1= int, HPY eo=7, HP e3=7

HIP (e1?ex:es)=T

18 Lattice of Type Abstract Interpretations

The considered type semantics can be organized within the
lattice of abstract interpretations as shown in Fig. 1 (—
denotes abstraction and < equivalence).

19 Conclusion
It has been shown that a la Curry type systems can be
designed constructively by abstract interpretation of a stan-

dard denotational semantics. This leads to a hierarchy of
type systems (including recursive types, intersection types,
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etc. not considered for short) abstracting the type collect-
ing semantics. The view of types as abstract interpretations
should be useful to type system designers. The formaliza-
tion corresponds to a shift from syntax (where defining lan-
guages by typing rules is understood as a context-sensitive
syntax [31]) to semantics (where types are understood as
approximate semantic properties). Clearly operational se-
mantics which was used in the original definition of abstract
interpretation [6, 7, 9] could also have been used. The ap-
proach should be applicable to Church typing, where the
type system is part of the language definition, by designing
a semantics incorporating runtime types and type checking.
Moreover, this abstraction idea goes beyond the few type
systems considered in this paper as shown by [32, 33, 36],
including system F [35].

This application of abstract interpretation to the design
of type systems shows once again after [11, 13] that the use of
a denotational versus an operational semantics is no problem
for the Galois connection-based framework introduced in [6,
7, 9]. In particular their is no need to abandon the idea of
best abstraction in favor of weaker safety proofs by logical
relations [24, 38] when such a best abstraction does exist. If
it doesn’t, a concretization function will do equally well [11].
The key and simple idea is to define the standard collecting
semantics properly.

The comparison of type systems and program analy-
sis goes beyond equivalence results such as [40] because
both type system and program analysis are not only com-
pared but formalized within the same abstract interpreta-
tion framework. For example the comparison of abstraction
functions only is sufficient to perform expressiveness com-
parisons.

As far as type system implementors and compiler writers
are concerned, this work should be useful for the rapproche-
ment of type and abstract interpretation theory, maybe to
go beyond current type-based or effect-based program anal-
yses, which heavily, if not exclusively, rely on the representa-
tion of program properties by terms [4, 25, 26] and /or have
no realistic type/property inference algorithm [22]. With
the term representation of program properties, it is some-
times very heavy and difficult to obtain as powerful ana-
lyzes as considered in abstract interpretation (such as e.g.
[7, 14, 16]). However by choosing to combine these abstract
domains with those considered for type systems, instead of
trying to use a uniform but inexpressive term-encoding of
abstract properties, one should get interesting new perspec-
tives in program analysis.

These new abstract domains combining typing proper-
ties with other abstract properties might even be useful to
improve the present type inference algorithms, without nec-
essarily changing the corresponding type systems. A sound
type inference algorithm which would be more precise than
required by the typing rules would be harmless for the pro-
grammer and certainly useful to an optimizing compiler.
This is because formal type inference rules are often not
used/usable in practice (and sometimes not even provided
with the language definition). No one is interested in these
rules for programs which are well-typed by the compiler.
For programs which are rejected by the compiler, most pro-
grammers seem not think in term of type inference rules
(that is T e]) but in terms of some abstraction of program
execution (that is a(C[ e]) # T[ e]). If this point of view is
accepted, more powerful program analysis-based, hence un-
decidable type systems, might be considered. This would be
a step towards the ideal unattainable situation where unty-



pable programs should go wrong while programs that cannot
go wrong should be typable!
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