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The problem The integral we would like to evaluate is
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with d = 3 — 2¢ and §; positive infinitesimal. The momenta are Euclidean. The external momenta satisfy
u?=¢q?>=1and u-q=0. It is known that K* are different by a factor of 2
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Here I';, = I'(a). Pysecdec does not seem to reproduce this factor, but instead returns a wrong value for
K. Note that the + sign cannot be factored out from Eq. (0.1) because of the —id inside the propagators.

Calculation For each propagator we introduce the Feynman parameters 1, - - -
nominator as

,x5. We rewrite the de-

lepl = Z U Ml m+22llQl+J—zZaﬂl i (0.4)
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The Symanzik polynomials become
U =det M = x324 + 1475 + 523, (0.6)
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with I = 1 + M~1Q being the shifted momentum and M = M/Z/Il/2 satisfying det M = 1. Since U=
X3x4 + Tax5 + T5w3) and x; are positive, we rewrote the small imaginary part as —i§. The momentum
integrations can be performed to give
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Here we used the Cheng-Wu theorem so that x; and x5 do not appear inside the § function. In order to
discuss KT and K~ in parallel, we define y2 = —x5 for K~ with the integration range (—oo, 0]. Note that this
is just for convenience, in order to calculate K* in parallel analytically. Also note that the small imaginary
part remains unaffected because each term in § = UZ?ZI x;0; = U[x101 + (—y2)d2 + 303 + 494 + x505) is
still positive. Naming y» back to z2, we can write the original integral as
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If we just would like to calculate the sum of KT and K~, it is actually easy. In fact, we can replace the
integration range with (1/2) [~ dxy [*°_ dxs

1 o0 o0
K"+ K~ =Ta4a x 5/ dm1/ dxo x (second line of Eq. (0.10)). (0.11)

The logic for this replacement is as follows. Starting from Eq. (0.10), the integration range for K + K~
is 1 € [0,00) and x2 € (—00,00). Since the denominator is unchanged (including the —id term) under
(z1,22) < (—x1,—x2), we can extend the integration range to z7 € (—00,00) and z2 € (—00,00) with a
factor of 1/2. Then z7 and x5 can be integrated out, leaving a factor coming essentially from the eigenvalues
of the 2 x 2 matrix in the denominator of Eq. (0.10)
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Here 1%22\/% is the factor coming from x; and x5 integration. Note that the minus sign comes
from the —i§ prescription: [ dz [7_ dz W = — 175 for 2+ 2¢ > 1. Now, the simplest

way to see that KT and K~ do not share the same value is to observe that there is no symmetry between
the two. To see this more explicitly, consider the eigenvectors and the eigenvalues of the matrix in the
denominator of (0.10)

—xs3 xr3 + T4

<$3+x5 — s ) (0.13)

For positive z3, x4, and x5, this matrix has a smaller eigenvalue in the direction of the first (or third)
quadrant, and it has a larger eigenvalue in the direction of the second (or fourth) quadrant (see Fig. 1).
Thus K and K~ are not equivalent. A more detailed calculation gives (2/3) : (1/3) splitting between the
two (see Appendix A).

Numerical results with pysecdec We try 16 choices for each of K%, from which we summarize only
relevant ones in Table 1. The details are summarized in Appendix B. The Symanzik variables are indeed
the same as Egs. (0.6) and (0.7). Since the default prescription of pysecdec is +id, we invert the signs of the
propagators to accommodate —id. Writing explicitly, the propagators for each prescription are
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Figure 1: Tllustration for how the difference between K* arises.
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: propagators = [Pux11’, ’u*12’, ’>(11+12-q)**2’, > (1l1-q)**2’°,

: propagators = [’-ux11’, ’-ux12’, ’-(11+12-q)**2’, ’-(11-q)**2’,
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The numerical results are also shown in Table 1. For K~ they coincide with the analytic calculation (up to
unimportant overall signs), while for K+ they do not. Note that the 2:1 ratio between K= is already violated

at the leading order ¢ 2

. As we discuss in Appendix B, pysecdec reproduces this 2:1 ratio for d = 4 — 2e.

We also find that other seemingly incorrect replacement rules also give the correct value for K, though the

signs in the Symanzik variables are different: see (3) K~ and (6) K~

in Table 5

H dim. ‘ +id ‘ rpl. rules ‘ U, F from pysecdec

(1) Kt 3 — 2¢ + (uyu) = =1 | U = z3%4 + T2x4 + T2T3
(¢,9) = —1 | F = zox3z4 — i{l}%{lﬁg — ix%xg + %l’ol‘lxg — ix%u — ix%xz
(8) KT || 3—2¢ | — | (u,u) =+1 | U =324 + T274 + 2273
(¢,9) =+1 | F = zox324 — ixfxs — %m%mz + %.’1701171!1}2 — ix%m — a2,
1) K™ || 3=2¢| + | (uyu)=—1| U =x324 + 2274 + T2T3
(q,9) = —1 | F=aow3ws — Y2izs — 22iws — Jaomime — tafzs — Lafas
8) K~ || 3—2¢| — (u,u) =41 | U = z3%4 + T2X4 + 2273
(q,9) =+1 | F = zozszs — tafzs — 1aiws — Loozizs — Ladas — Taf,
I,
(1) K* [[ 6.20 | —97.7+8.39: | —7010 — 1330
(8) K || 6.20 | —99.3+6.52i | —9470 + 1150i
(1) K- | 6.29 —7.16 —5.51 (£1.93)
(8) K~ | 6.20 —7.18 —4.92 (£2.02)
Table 1: Setup of pysecdec (top) and numerical results (bottom).



A Splitting between K+

We derive the (2/3) : (1/3) splitting. Let 2 and 2% be the directions that diagonalize the matrix in the

denominator
1 1 T3 + Ts —r3 T\ A O 37/1
4 XT3T4T5 (fEl ‘TZ) ( —3 T3+ Ty o) (xl x2) 0 o 33/2 , (A]_4)

(2) B (Cze ij) (2) : (A.15)

We take —7/4 < 6 < /4 so that x| and xf, are mostly z; and x5, respectively. We get

with a rotation
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Taking K+ as an example, the integral in question can be written as
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Here, the integration range for z), x4 is the light-blue region in Fig. 2, and we defined 2] = v/ A1z and
x4 = /Aoxh in the last equality. The point is that the integration range for z} and z¥ is not square any
more, as we see below. Since x1 and x5 have the same integration range [0, 00) for K*, we can take x4 > w5
without losing generality, meaning Ay > A; (see Eq. (A.14), and note that =} and z/, are mostly z; and xo,

respectively). Let us define the angle o as in Fig. 2. These angles are no more /2 but are calculated to be

VT3x4 + T4x5 + T5T3 _ VZ3x4 + X4T5 + T5T3
, = arctan .

T3 T3

ot =7 — arctan

(A.19)

These angles are the same for x4 < x5 as well. Therefore, K* is modified from the naive (1/2) : (1/2)
splitting as

e} 3e
T3T4 + T4Ts + T5T3) 2 4
K* = —al drsdzydrs 6 (1 — ( x —at. A.20
™ 1+2e/0 z3drgdrs § (1 — (23 + 24 + 75)) (zamazs) 1 F2e s ( )
The integration involving arctan is calculable, referring to Appendix A of Ref. [1]. The essence is the property
of arctan for x3xy + 425 + T503 = 1:

arctan xz + arctan x4 + arctan zs
=Im [In(1 + izs) + In(1 + iz4) + In(1 4 ix5)]
=Im [hl(l + i(1‘3 + x4 + 565) — (1331‘4 + x4x5 + £E5133) - ix3z4x5]

=Im [1n(i(x3 + x4+ x5 — I3$4$5))]
™

=7 (A.21)



This and the Cheng-Wu theorem give
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Finally we get
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Figure 2: Rotation from (z1,z2) to (z1,5) and rescaling to (z7,z%).



B Numerical check

We summarize our setups for K* (Table 2 and 3) and the results from these setups (Table 4 and 5). Small

imaginary parts are neglected, and errors are put only when they are relevant.

between K¥ is reproduced for d = 4 — 2e.

H dim. ‘ +id ‘ rpl. rules ‘ U, F from pysecdec

Note that the 2:1 ratio

()K" || 3—=2¢| + | (uw,u)= U = z3x4 + z2x4 + 2273

(g,9) = F = moxszy — taies — taies + Lwozias — $adzs — $adas
(2) K+t 3 — 2¢ + (u,u) = U = z324 + 2214 + T273

(¢,9) = +1 | F = —wowgwa — jates — aizs + Sxomize — [xdws — 2502
(3) Kt 3 — 2¢ + (u,u) =41 | U = z324 + T224 + 2273

(¢,9) = —1 | F = zox3zs + im%mg + %x%xz - %[E()leg + i:vg:m + im%mz
(4) Kt 3 — 2¢ + (u,u) =41 | U = z3%4 + T224 + 2273

(0,9) = +1 | F = —wowsxa + j2iws + j2ize — Swomiza + jadas + jadws
(B5) KT || 3—2¢| — | (uw,u)= U = z3x4 + T2x4 + 2273

(g,9) = F = —xox3xs + ix%xd + ixfxz — %moxlxg + i:c%:m + ix%xg
(6) Kt 3 — 2¢ — (u,u) = U = z324 + 2274 + T223

(g,9) =+1 | F = zox3zs + il‘%l’g + ix%m éazomlxz + m0m4 + ;roxg
(7) Kt 3 — 2¢ — (u,u) =41 | U = z324 + T2x4 + 2273

(¢9) = —1 | F = —zox3zs — il‘%l‘g - ix%xz + %azomlmg — i:c?):m - ix%xg
(8) Kt 3 — 2 - (u,u) =41 | U = z3%4 + T2x4 + 2273

(q,9) = +1 | F=2ow374 — 22izs — 22fzs + Saomime — 1afzs — Lafas
KT || 4—2¢| + | (w,u)=—1| U= 2304 + 2w + T2m3

(g,9) = F = xox314 — ix%xs — %:r%xz + %.’Eo.’blsz — ix%m — ix%xg
(10) Kt || 4—2¢ + (u,u) = =1 | U = z324 + T2x4 + T273

(¢,9) = +1 | F = —wowgwa — jates — aizs + Swomize — [xiws — 2502
(11) Kt || 4—2¢ + (u,u) =41 | U = z324 + T224 + 2273

(¢,9) = —1 | F = zox3zs + im%m + %x%xz — $0I1I2 + :on4 + momz
(12) Kt || 4—2¢ + (u,u) =41 | U = z3%4 + T2x4 + 2273

(¢,9) = +1 | F = —@ox3w4 + 32373 + {2702 — 3T0T1T2 + FT0T4 + FT0T2
(13) Kt || 4—2¢ | — | (u,u) = —1 | U= z324 + 224 + 273

(g,9) = F = —aoxsxs + taias + $0i22 — S20z122 + $2024 + T23T2
(14) Kt || 4—2¢ — (u,u) = =1 | U = z324 + T2x4 + T2T3

(¢.9) = +1 | F =zowszs + taias + 2aias — faomias + Ladws + Jade
(15) Kt || 4—2¢ — (u,u) =+1 | U = z324 + T224 + 2273

(¢9) = -1 | F = —zox3zs — il‘%l‘g - ix%xz + %romlmg - i:c?):m - ix%xg
(16) Kt || 4—2¢ - (u,u) =41 | U = z3%4 + 224 + 2273

(0,9) = +1 | F = zowawa — joiws — Jaizs + fwomiws — 23w — Jadmo

Setup of pysecdec for K.



H dim. ‘ +id ‘ rpl. rules ‘ U, F from pysecdec

(1) K~ 3 — 2¢ + (u,u) = =1 | U = z324 + T224 + T2T3

(q,9) = —1 | F =2ox3ws — 22tz — 2afzs — Jwomime — 1afzs — 1afas
(2) K~ 3 — 2¢ + (u,u) = =1 | U = z324 + T224 + T2T3

(¢,9) =+1 | F = —zox334 — %1‘%1‘3 — im%mg — %I()CL‘LCL‘Q — ixﬁm — %x%m
3) K~ 3 — 2¢ + (uy,u) =41 | U = z324 + T2Ta + T2T3

(q,9) = —1 | F =zzszs + 2afzs + 1ai2s + Looziza + Ladas + Tafz:
(4) K~ 3—2 | + | (uyu) =+1 | U =234 + T2T4 + T27T3

(¢,9) = +1 | F = —zomszs + taiws + talze + wozias + $ads + S22
(5) K~ 3 — 2¢ — (u,u) = =1 | U = z324 + T224 + T2T3

(9,9) = —1 | F = —wawswa + joias + jaizs + s2omis + jodea + jaies
(6) K~ 3 — 2¢ — (u,u) = =1 | U = z324 + T224 + T273

(0,9) = +1 | F = zawawa + jaias + jaizs + Swomiws + {232 + ai2o
(7) K~ 3 — 2¢ — (uy,u) =41 | U = z324 + T2T4 + T273

(¢,9) = -1 | F = —z2x324 — %17%373 — %m%mg — %xoxlxg — ix%m — ix%m
(8) K~ 3—2 | — | (uyu) =+1 | U =234 + T2T4 + T2T3

(¢,9) =+1 | F = zowsza — %56%1133 — ix%xz — %110131132 — ix%m - i:cgazg
(9) K~ 4 — 2¢ + (u,u) = =1 | U = z324 + T224 + T2T3

(q,9) = —1 | F =2ow3ws — 22tz — 2afzs — Jwomime — 1afws — 1afas
(10) K~ || 4—2¢ + (u,u) = =1 | U = z324 + T224 + T273

(¢,9) =+1 | F = —z2x334 — %1‘%1‘3 — im%mg — %momxg — ix%m — %x%m
(11) K= || 4—2¢ + (u,u) =+1 | U = z324 + T2T4 + T273

(q,9) = —1 | F =zzszs + 2atzs + 1ai2s + Looziza + Ladas + Tafwe
(12) K~ || 4—2¢ | + | (w,u)=+4+1 | U =374 + T2T4 + T273

(¢,9) = +1 | F = —zowsza + taiws + taizs + twozias + Sadas + S22
(13) K~ || 4—2¢ — (u,u) = =1 | U = z324 + T224 + T2T3

(¢,9) = —1 | F = —zomszs + 0T34+ t2T22 + Lwozia + $adzs + S22
(14) K~ || 4—2¢ — (u,u) = =1 | U = z324 + T224 + T2T3

(0,9) = +1 | F = zawaxa + jaias + jaizs + Swomiws + {232 + aino
(15) K~ || 4—2¢ — (u,u) =41 | U = z324 + T2T4 + T273

(q,9) = —1 | F=—zax3w4 — taias — 2atzs — Lzowime — Sagws — adas
(16) K~ || 4—2¢ | — | (uy,u) =41 | U =324 + T2T4 + T273

(¢,9) =+1 | F = zowsza — %56%1133 — ix%xg — %110131132 — ix%m - i:cgazz

Table 3: Setup of pysecdec for K.



|| . ’

KT 6.29 —97.7+8.397 | —7010 — 13302

2) Kt || —6.25 | 118 —42.2i —296 + 368

3) KT || —6.25 | 123 +2.53i —398 + 56.5i
K+ 6.29 | —111+33.4i | —8300 + 1160i
K+ 6.29 | —111433.7; | —8030 4 786i
Kt || —6.29 | 1224 2.54i —421 + 65.61
Kt nan nan nan

8) K+ 6.29 —99.3 +6.527 | —9470 4 1150z

9) K+ 0 13.1 63.4
10) K* 0 13.1 63.7 + 82.2¢
1) K+ 0 -13.1 —63.7
12) Kt 0 —13.1 —64.0 — 81.5¢
13) Kt 0 —13.1 —64.0 — 81.5¢
14) Kt 0 —13.1 —63.7
K* 0 13.1 63.7 + 82.2i
16) Kt 0 13.1 63.4

Table 4: Output of pysecdec for K+.

[ ) R

K- | 6.29 —7.16 —5.51 (+1.93)
K- || —6.25 | 7.30—38.8 | 130+ 46.2i
K- | —6.25 7.32 6.29 (40.50)
K- || 620 | —7.15+39.8i | —129—45.3i
K- | 620 | —7.15+39.8i | —129—45.3i
K- | —6.25 7.32 6.29 (40.50)
K- || —6.25 | 7.30-388i | 130+ 46.2i
K- || 6.29 —7.18 —4.92 (+2.02)
K- 0 6.58 31.9

K- 0 6.58 31.9 + 41.4i
K- 0 —6.58 —31.9
K- 0 —6.58 —31.9 — 41.3i
K- 0 —6.58 —31.9 — 41.3i
K- 0 —6.58 —31.9
K- 0 6.58 31.9 + 41.4i
K- 0 6.58 31.9

Table 5: Output of pysecdec for K.
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