
A MULTI-STATE MARKOV MODEL TO INFER THE LATENT

DETERIORATION PROCESS FROM THE MAINTENANCE EFFECT

ON RELIABILITY ENGINEERING OF SHIPS

Hyunji Moon

IEOR Department
Columbia University, New York
bayes.moon@gmail.com

Jungin Choi

Department of Statistics
Seoul National University
serimtech07@snu.ac.kr

Seoyeon Cha

Department of Plant Science
Seoul National University
hh13710@snu.ac.kr

ABSTRACT

Maintenance optimization of naval ship equipment is crucial in terms of national defense. However,
the mixed effect of the maintenance and the pure deterioration processes in the observed data hinders
an exact comparison between candidate maintenance policies. That is, the observed data-annual
failure counts of naval ships reflect counteracting actions between the maintenance and deterioration.
The inference of the latent deteriorating process is needed in advance for choosing an optimal
maintenance policy to be carried out. This study proposes a new framework for the separation of the
true deterioration effect by predicting it from the current maintenance effect through the multi-state
Markov model. Using an annual engine failure count of 99 ships in the Korean navy, we construct
the framework consisting of imputation, transition matrix design, optimization, and validation. The
hierarchical Gaussian process model is used for the imputation and the three-state Markov model is
applied for the estimation of parameters in the deterioration and maintenance effect. To consider the
natural (deterioration) and artificial (maintenance) effect respectively, the Bayesian HMM model with
a categorical distribution is employed. Computational experiments under multiple settings showed the
robustness of the estimated parameters, as well as an accurate recovery of the observed data, thereby
confirming the credibility of our model. The framework could further be employed to establish a
reliable maintenance system and to reduce an overall maintenance cost.

Keywords Multi-state Markov model · equipment reliability and maintenance · optimization · imputation

1 Introduction

A maintenance policy is crucial both in terms of the safety and efficiency in managing naval ships’ equipment.
Maintenance policy includes several controllable variables to be determined, such as an inspection frequency or an
acceptable maintenance standard. Too long inspection interval or overly lenient standard for the repair would result in
an unstable system, and the resulting failure costs will be markedly increased. On the other hand, strict maintenance
with frequent inspections and excessively conservative standards would yield an excellent budget waste.
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Introduction

전면 수정 필요

Problem?
Method?
선행연구 관련해서 뭐가 novel한지??
왜 이 연구 필요한지?
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Figure 1

A multi-state Markov model to infer the latent deterioration process

For effective policy development, precise diagnosis of the current system should be first addressed based on the
historical failure data. For example, annual engine failure count data is a significant source of information on two main
processes: deterioration and maintenance. However, the failure count data ostensibly shows the combined effect; thus,
identifying a hidden deteriorating process is required.

Motivated by the fact that engine deterioration is a gradual process and its future depends on the current state, we
apply the multi-state Markov model to predict deterioration. The multi-state model is defined as a stochastic process
that experiences a few possible states [5]. This stochastic model could reflect much uncertainty, and the future state
could be predicted with randomness. Also, the multi-state approach can provide more interpretability and an effective
management policy in the real world since it perceives the whole system as a gradual process between the perfect state
(normal) and complete failure (failure) [4, 6]. Moreover, computational complexity is significantly reduced due to
its discrete state modeling. Markovian multi-state models have been widely used in infrastructure management for
the prediction of future deterioration states, such as bridge [7], healthcare systems [8], and pavement [10] systems.
However, the existing literature mainly focused on risk assessment for a marine domain, and few have been on the
failure prediction [9, 1]. Many time-based multi-state Markov approaches assume that the lifetime distribution is
known, which generally does not hold [11]. Since a regular investigation and maintenance have been implemented on
each system, most available failure data result from the current management policy. Therefore, deterioration has been
ignored in many past studies even though the true deterioration process cannot be seen directly from observed data.
Reliable construction of transition probability matrix requires consecutive deterioration data without any maintenance
intervention [12]. To deal with this problem, we predict the effect of the latent deterioration process from the current
maintenance policy.

This paper aims to suggest an overall framework for reliability engineering on ships. At the same time, the data is
incomplete, and the underlying deterioration process is not directly observed due to the effect of the current maintenance
policy. Using the collected annual engine failure count data for the recent ten years from the Korean navy, we estimate
the true deterioration process out of maintenance intervention by taking a nonlinear optimization approach. Naval
ship equipment failures are assumed as stochastic degradation processes, and they are modeled as three multi-state
continuous-time Markov models. The transition probabilities between each deterioration state are represented as a 3×3
transition probability matrix (TPM), which is to be estimated. [13] computed the TPM by constructing the deterioration
distribution; however, they lacked the consideration of an age factor. This study estimated the age-dependent transition
probabilities with the transition rate matrix obtained by the Kolmogorov equation, an inhomogeneous Markov model.
The results have shown different deterioration patterns for each age period.

Figure 1: Process of the proposed model.

Figure 1 shows the overall process of our proposed model. First, the missing data is imputed with the Gaussian
process model to aid the next step, parameter estimation of transition and maintenance matrix. Without this step,
estimation was highly inconsistent. Second, based on the observed data, the best parameter representation of the
deterioration and maintenance process was designed. Then these parameters are estimated for given train sets. Lastly,
with the resulting parameter values, state series are predicted and compared with real observed states. The last step is
necessary for showing the validity of our model.
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다시 고화질로 예쁘게 만들기



Figure 2

A multi-state Markov model to infer the latent deterioration process

The outline of this paper is as follows. In Section 2, we introduce our overall modeling framework and multi-state
Markov model. We formally define the deterioration and maintenance matrix in Section 3 and also describe our
optimization process to separate the pure effect of the deterioration process and estimate the hidden deterioration
rate. Section 4 shows the result of our approach, estimated deterioration parameters, and prediction accuracy. Lastly,
limitations and future developments are discussed in Section 5.

2 Problem setting

Annual failure counts of 99 naval ships for the recent ten years (2010-2019) were retrieved from the equipment
maintenance information system of the Korean navy. 99 naval ships are classified into five engine types, and Figure 2
presents an overview of our data. The data has 99 vectors with a length of 31, which represents the number of ships
and their lifetime. The cells are colored with different colors according to their engine type, and the uncolored cells
represent missing data. We arranged the failure data of 99 propulsion ship engines according to their engine types (1 to
5). As we can see, the amount of data for each engine type is highly imbalanced. Considering that the data was recorded
in the recent 10 years, the recorded lifetime region differs according to its introduction time. For new models introduced
after 2010 (e.g., engine type 5), failure counts were only recorded on younger ages (0-9 yrs), whilst old model’s data
introduced in 1985 were constrained on older ages (25-31 yrs). Moreover, a similarity between the data under the same
categories could be inferred; for example, same engine types tend to share comparable age ranges and a scale of failure
counts. Due to the security problem of military data, only its scaled version is reported throughout the paper.

Figure 2: Overview of the failure counts from the 99 Korean naval ships.

3 Imputation using a Gaussian Process

The original failure counts of 99 naval ships are largely missing and unevenly spaced, imputation is required to
achieve a robust multi-state Markov model. After comparing several models including a hierarchical spline model and a
Poisson process, a hierarchical Gaussian process model was chosen for the imputation. The hierarchical structure of the
engine types in the system validates the effectiveness of the applied hierarchical model [3].

We assume that failure counts follow a normal distribution with mean µt,j and variance �2
k,j for jth ship and time

t, where k[j] is engine index for jth ship. This is engine index for jth ship. This is based on the observation that the

3

데이터 값 (평균, 분산)을 알려줄 수 있는 다른 형태로 예쁘게 figure 만들기
Q. Data privacy 가능한 선에서 최대한 보여줄 수 있으면 좋을 것 같습니다. 실제 값이 아닌 대략적인 형태라도!

Idea) Real data / Imputed data를 섞어서 같이 보여줄 수 있으면 더 좋을 듯. Imputation 결과를 보여주기 위해

??? 분산, 평균이 어떻게 engine type마다 다른지 알 수 없음



Imputation using GP

A multi-state Markov model to infer the latent deterioration process

variances of failure counts between each engine type look quite distinct. For example, while engine types 4 and 5 show
a large variance, type 3 shows a small variance of the given data.

yt,j ⇠ N (µt,j ,�
2
k[j]) (1)

Mean µt,j is defined as an additive Gaussian process which is the sum of variables with normal distribution and
Gaussian processes. µ is an overall mean of µt,j , and ✓aget , ✓shipj , and✓enginek[j] follow a normal distribution with zero
mean and variance �2

age,�
2
ship, and�

2
engine, respectively.

µt,j = µ+ ✓ age
t + ✓ ship

j + ✓ engine
k[j] + �t,j + �t, k[j]

t = 1, 2 . . . T, j = 1, 2, . . . N
(2)

✓ age
t ⇠ N (0,�2

age )

✓ ship
j ⇠ N (0,�2

ship )

✓ engine
k ⇠ N (0,�2

engine )

(3)

�j ⇠ N (0,KKKl� ,↵� )

�k ⇠ N (0,KKKl�,↵�)
(4)

�j and �k are Gaussian processes whose tth elements are �t,j and �t,k[j], respectively. The covariance kernel for
the Gaussian processes �j and �k are defined as an exponentiated quadratic kernel. The exponentiated quadratic kernel
defines the covariance of each Gaussian process between f(xi) and f(xj) where f : RD ! R as a function of the
squared Euclidian distance between xi 2 RD and xj 2 RD :

Cov(f(xi), f(xj)) = k(xi, xj)

= ↵2 exp

 
� 1

2l2

DX

d=1

(xi,d � xj,d)
2

!
(5)

with ↵ and l constrained to be positive.

Since the covariance functionKKKl� ,↵� andKKKl�,↵� follow an exponentiated quadratic kernel, ijth element ofKKKl� ,↵�

and KKKl�,↵� are defined as 6

(KKKl� ,↵� )ij = ↵�2 exp

 
� 1

2l�2

DX

d=1

(xi, d� xj , d)
2

!

(KKKl�,↵�)ij = ↵�2 exp

 
� 1

2l�2

DX

d=1

(xi, d� xj , d)
2

! (6)
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Continuous time multi-state Markov model

바로 이해하기 쉽게 예쁘게

A multi-state Markov model to infer the latent deterioration process

The prior distribution for l� and l� is the Weibull distribution with shape parameter k and scale parameter �. Since
their mean largely depends on the scale parameter, we reparametrized l� and l� so that the scale parameter � is fixed to
1.

l� ⇠ Weibull(k� ,��)

l� ⇠ Weibull(k�,��)
(7)

are reparametrized into

l s
� ⇠ Weibull(k� , 1), l� = ls� ⇤ ��

l s
� ⇠ Weibull(k�, 1), l� = ls� ⇤ ��

(8)

Using this model, we gained an appropriate posterior distribution for each parameter of the Gaussian model, thus
imputing the missing data using the best results in terms of prediction accuracy.

4 Separating the Deterioration and Maintenencnce effect using CTMC

4.1 Continuous time multi-state Markov model

In this study, we propose a three-state continuous-time Markov model to describe the deterioration states over the
naval ship’s life cycle as Figure 3. The ship’s deterioration state could be classified into three states according to their
annual failure counts by using a quantile classification method as shown in Table 1. The corresponding failure counts
are standardized by a usual procedure, subtracting the mean and dividing by its standard error. Each deterioration state
of engines has a range from 1 to 3, where 1 corresponds to a "normal" state, 2 corresponds to a "near failure" state, and
3 to a complete "failure" state of engines. The state of each ship at time t is assigned by the standardized annual failure
counts as shown in Table 1.

Figure 3: Deterioration rate between three states.

Table 1: Deterioration state of ship equipment according to the standardized annual failure counts.

State Status Description Annual failure counts
1 Normal [ -1.8304, -0.3340 )
2 Near Failure [ -0.3340, -0.0703 )
3 Failure [ -0.0703, 2.1273 ]

A continuous-time multi-state model is for a continuous-time stochastic process where individuals can occupy
a finite number of states. Let {Y (t)|t 2 T} represent the deterioration state of the process at time t. The transition

5



Continuous time multi-state Markov model

1. 각 matrix 이름을 겹치지 않게, 알아보기 쉽게 바꿀 것
2. 가장 중요한 modelling 부분인데, 잘 organized writing 하기
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Preliminary experiment 결과는 어디에? 데이터로 보여줘야 한다. (Supplementary 자료로) 
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Result

다르게 표현할 수 있는 방법?
데이터를 어떻게 해석하고자 하는지에 따라서.
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Result

형광펜이 Observed / 동그라미가 Estimated 인데, 예측 accuracy 가 많이 떨어지지 않나요..?

1. Prediction 효율 높일 수 있는 방법?
2. Graph 다른 방식으로 제시 (Heatmap?)

A multi-state Markov model to infer the latent deterioration process

5.2 Predicted states

The main purpose of the model is to predict the deteriorating state of each engine so that management could be
calculated based on their predictions. Figure 8 shows the observed ratio of the 99 naval ship’s deterioration states,
representing their observed probabilities with the size of the black circles. Red circles indicate the predicted states for
each time. Predictions fit well with the observed state from three out of the sample ship’s engines in most cases. For
example, between years 10 and 20, the flat area which corresponds to the flat area of a bathtub in previous studies, the
observed states are concentrated in the first two states and so are the predictions.

Figure 8: Predicted states and observed states over time. Size of point reflects ratio of states over 99 ships.

One of the best ways to summarize the accuracy of the prediction is by measuring the distance between the
observed and predicted states. Equation 15 shows the error measure between two state series, where N denotes
the number of predicted ships, di(t) and d̂i(t) is the observed and predicted deterioration state of ith ship at time t,
respectively. Note that the value of N is 5 for the test set and 94 for the training set.

Figure 15 shows the histogram of MSE values between the observed and predicted states for each training and test
set. A total of 1000 tests have been repeated and test sets are constructed by randomly selected five engines. Though
the training error (average 20.7) is smaller than the test error (average 20.9), MSE values of both training and test sets
were barely different, thus confirming the validity of our multi-state Markov model with HMM.

MSE =
1

N

1

31

NX

i=1

31X

t=1

(di(t)� d̂i(t))
2 (15)

Figure 9: Histogram of the training and test sets MSE values.
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앞 챕터들이 먼저 개선된 뒤에 다시 해보기



Question

Q1. Bayesian 인데 prior를 줄 수 있을까요?

Q2. Imbalanced missing data 를 imputation하는 것이 reliable한가? 
Imputation 값이 대부분이다보니, 이 데이터가 왜 reliable 한지에 대한 설명 필요

Q3. 왜 missing 값이 많은 것이죠?

Q4. https://github.com/hyunjimoon/defense-reliability 에 있는 데이터 & 코드로 논문의 내용을 바로 구현 가능한가요?
Public으로 되어있던데 데이터가 공개되어 있는 것 같아요

Q5. 우리의 방법을 적용할 만한 다른 데이터가 있을지? (optional)

Q6. Journal of applied statistics 가 좋아보이는데 다른 의견이 있으신지?

https://github.com/hyunjimoon/defense-reliability

