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1 A transformation of the LB dynamics

The LBGK model reads
fouti = fi + ω (feqi − fi) (1)

where
feqi = tiρ (1 + Fi(u))

with
F (u) =

u · vi
c2s

+
1

2c4s
Qiαβuαuβ

Eq. (1) can be transformed as

fouti − tiρ0 = fi − tiρ0 + ω (feqi − tiρ0 − (fi − tiρ0)) (2)

where ρ0 is a constant corresponding to the average density.
Let us define

houti = fouti − tiρ0 hi = fi − tiρ0 heqi = feqi − tiρ0

Then the LBGK equation becomes

houti = hi + ω (heqi − hi) (3)

The question is now to see whether we can simulate hi instead of fi. We have

ρ =
∑

fi =
∑

hi + ρ0

∑
ti =

∑
hi + ρ0

because
∑
ti = 1. Similarly, we have

u =
∑
fivi
ρ

=
∑

(fi − ρ0ti)vi
ρ

because
∑
tivi = 0. Then

u =
∑
hivi

ρ0 +
∑
hi

In summary the density ρ and the velocity u can be obtained from the hi as

ρ = ρ0 + ∆ρ ∆ρ =
∑

hi u =
∑
hivi

ρ0 + ∆ρ
(4)
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Note that the momentum tensor is also given by a new expression

Παβ =
∑
i

fiviαviβ =
∑
i

hiviαviβ +
∑

ρ0tiviαviβ = ρ0c
2
sδαβ +

∑
i

hiviαviβ

Finally we can compute heqi

heqi = feqi − tiρ0 = ti(ρ− ρ0) + tiρFi(u) (5)

Therefore
heqi = ti∆ρ+ ti(ρ0 + ∆ρ)Fi(u) (6)

Thus the LBGK equation can be expressed in terms of the transformed distributions hi and the
value of ρ0.

Note that fi is of the order ρ0 + Ma where Ma = u/cs is the Mach number which is much
smaller than ρ0 = O(1). This is the reason of the numerical inaccuracy of eq. (1). On the other
hand, hi is of order O(Ma) and so are all the terms in heq and in eq. (3).

2 Incompressible LB

In the case of the incompressible BGK models, the evaluation of heq is even simpler

heqi = ti
∑
j

hj + tiρ0Fi(u)

and u becomes
u =

∑
hivi
ρ0
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