PROP.I. THEOR. I

PART of a straight line cannot be in the plane

A of reference and a part in plane more elevated.

For, if possible, let a part C ’ of the straight line
‘===t be in the plane of reference ,and a part
B C .
s=e=s==st’ be in a plane more elevated.

Then there is in the plane of reference some
straight line continuous with C Y ina straight line.
Let it be & ? . Therefore * * is 2 common seg-
ment of the two straight lines ‘=t and % 2

which is impossible, since, if we describe a circle ‘,. ’,’ with
.

B

, then the diameters

." . A
center __= and radius
B

cut off unequal circumferences r ¢ and Af\D of the cir-
cle.
Therefore, a part of a straight line cannot be in the
plane of reference and a part in plane more elevated.
Q.E.D.
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2 PROP.II. THEOR.

Q 5| F two straight lines cut one another, then they
(&

lie in one plane; and every triangle lies in one

&) plane.

For let the two straight lines Smnns® gy Gomm—

E
cut one another at the point y .
\’ ’o

I'say that ‘e and Seeee=—="lic in one plane, and

that every triangle lies in one plane.

- “
: o XY
Take the points | and te,, at random on

o g

B

fmmsmssst and E---------B,join P and b==e==eef and

G K
acCross.

E

-»
Isay first that the triangle " ™,
—

Q o,

draw ° ! and

lies in one plane.

3
o

either o or
bl c hH

For, if part of the triangle
(e} B
G\
% g is in the plane of reference, and the rest in another,
K

then a part also of one of the straight lines fmmmenaal or
Sememanad i5in the plane of reference, and a part in another.

(pr.1)

E

F G -,
Bug, if the part """, of the triangle " ™
g p c‘:_“z g . Re * .

is in the plane of reference, and the rest in another, then a
part also of both the straight lines fmmmenaaf gnd Smmmenas?
is in the plane of reference and a part in another, which

was proved absurd.

»,
o,

Therefore the triangle "™, lies in one plane.
C B

(pr.1)



PROP. II. THEOR. 3

$m

But, in whatever plane the triangle "™, lies,
(o} B

each of the straight lines fmmmenaal gpd Smmemana? also lies,
and in whatever plane each of the straight lines *======s"
and S=emeees? lies, (P - TTTTT—y Y (T
Therefore the straight lines ‘s’ and Serseme? lie
in one plane; and every triangle lies in one plane.
Therefore, if two straight lines cut one another, then
they lie in one plane; and every triangle lies in one plane.
Q.E.D.



4 PROP. III. THEOR.

F two planes cut one another, then their inter-
section is a straight line.

A

Let two planes and ‘ cut one an-

(o}

D B . . .
be their intersection.

other, and let the line
I'say that the line e’ 5 straight line.

. .. . T B
For, if not, join the straight line "\_D from N\ to

A

IB .
N\ in the plane , and the straight line %/ 5 in the
D AL

plane ‘ .

Cc

B g
Then the two straight lines ***

B
o F
o and ol have the

same ends and clearly enclose an area, which is absurd.

H E IB . .
Therefore "™, and %, _o are not straight lines.
-

Similarly we can prove that neither is there any other
D B

straight line joined from B\ to \D EXCEPL  m—

A

the intersection of the planes and ‘ .

C

Therefore, if two planes cut one another, then their
intersection is a straight line.

Q.E.D.



PROP.IV. THEOR. 5

F a straight line is set up at right angles to two
straight lines which cut one another at their
common point of section, then it is also at right
angles to the plane passing through them.

For let a straight line “— be set up at right angles

to the two straight lines “======" and “=====7 3¢ ..-L,

-
E

Rl

the point at which the lines cut one another.
I say that — Tisalsoat right angles to the plane

passing through ======" and “===="_ (pr.2 ?7)

A EoE B C 3 E D
Cut OE , TEREEEEE | — and inmmmmmE

equal to one another. Draw any straight line b !

S Join -memo--
kY
(o} B .o . F A F G F D
and G---e--- , and join ——, , mmmmmeet s
;
<cf " and f------ ® froma point /,7'\ taken
at random on ——— . (pr. 7?7 ?7)

E

Now, since the two straight lines and

E

Smmmaaed? equal the two straight lines and

fesseese? and contain equal angles, therefore the base
........ ° equals the base -----=-" " and the triangle

A

E
equals the triangle %.~” , so that ) d4 =
- ;

E

U (pr. 22 77)

A E 'A E\‘
But°@ = W+, o \ and .~ " are two
E B E

B
triangles which have two angles equal to two angles respec-
tively, and one side equal to one side, namely that adjacent

A E E B
— immmmmsml

to the equal angles, that is to say, =

Therefore they also have the remaining sides equals to

P I
pARmmmm=mnT -~ -

G Lo
"

/ -,
/S
s



6 PROP.IV. THEOR.

E

And, since * = femmennel | while — s

common and at right angles, therefore the base ;
equals the base "~ *.(pr.?7)
For the same reason, ———— = “------- ? (pr.?7)

And, since *------- P = Sl gnd — =

e ?, the two sides — and *------- ? equal the

two sides “------- ?and %------- ¢ respectively, and the base

oo ° was proved equal to the the base F—° there-

r F

fore the angle » also equals the angle \/ <. (pr.?7?)

D B
And since, again, CEETREE ¢ was proved equal to
-------¥and further, —— = f-ee- *, the two
sides * and #------- ¢ equal the two sides oot
F
and ------- * and the angle » was proved equal to

D
F G F H
the angle \/ c, therefore the base = .

(pr.?7) B

Aoai . G E d 1 E
gain, since was proved equa. to 5

: ' is common, the two sides © f and

E

and

E ] equal the two sides i

the base ° © equals the base " fa GG =

F

N

H

Therefore each of the angles GQ and l is

right.



PROP.IV. THEOR. 7

. F E

is at right angles to b " drawn at ran-

F E

Similarly we can prove that also makes right
angles with all the straight lines which meet it and are in
the plane of reference. (def. ?7?)

But a straight line is at right angles to a plane when it

makes right angles with all the straight lines which meet it

and are in that same plane, therefore - © is at right
angles to the plane of reference.

But the plane of reference is the plane through the

D

straight lines fmnaa? g Cmmmaa?
Therefore - ‘s at right angles to the plane
D

through “=—==-f and ‘===,

Therefore if a straight line is set up at right angles to
two straight lines which cut one another at their common
point of section, then it is also at right angles to the plane
passing through them.

Q.E.D.



8 PROP. V. THEOR.

F a straight line is ser up at right angles ro
three straight lines which meet one another at
their common point of section, then the three
straight lines lie in one plane.

Let a straight line e’ by sEt up at right angles to
C B D
b

the three straight lines * ,and Seseeseef

at their intersection » k .
R
.

B

C B D B E 1.
, ‘et ad Semseessf lie in one

I say that

plane. (pr. 3)
For suppose that they do not, but, if possible, let

", and ‘%=s=====f lie in the plane of reference

E < in one more elevated. Produce

and
A

B C

the plane through - ¥ and

intersects in a straight line. Let the

intersection be %======={_ Therefore the three straight

lines * F ot ¢ and %======= lic in one plane

A

B B C

and

, namely that drawn through *

(pr. 4)

NOW, Since ——is at right angles to each of the
B

straight lines E Y and S=ee=ss=f | therefore *

is also at right angles to the plane through

g P and Seemmmnsf




PROP. V. THEOR. 9

But the plane through e and

fmmmnmnal s the plane of reference, therefore g
at right angles to the plane of reference. (def. ?7?)

Thus * * also makes right angles with all the
straight lines which meet it and lie in the plane of refer-
ence.

But “=======", which is the plane of reference, meets

A

it, therefore the angle h is right. And, by hypothesis,

E
A

the angle ‘ ¢ is also right, therefore the angle Q =

8 F

A

‘ ¢, and they lie in one plane, which is impossible.

C . .
1S not 1n a more
8 [

elevated plane. Therefore the three straight lines R

B D B E 1.«
=, and ‘=======' [ic in one plane.

Therefore the straight line E

Therefore, if a straight line is set up at right angles to
three straight lines which meet one another at their com-
mon point of section, then the three straight lines lie in
one plane.

Q.E.D.
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10 PROP. VI. THEOR.

F two straight lines are at right angles to the
same plane, then the straight lines are parallel.

Let the two straight lines "’ 311 Gmmmmmn? be gt

right angles to the plane of reference O .

A B”C D

I say that
Let them meet the plane of reference O at

the points BI‘ and })___'. (pr. ??,pr. 77)

Join the straight line °

D
in O.L E Y and make Gmessass Fo=

2 P (def. 77)

NOW, Since — i at right angles to O S

it also makes right angles with all the straight lines which

meet it and lie in the plane of reference.
But each of the straight lines £ and

lies in O and meets * ? therefore each of

A

A
the angles ‘ o and D is right. For the same reason
E
B

B

D B E

each of the angles ‘ and B is also right. (pr. 77)

A

. . D A B
And since in |* and Eiman [ —
B
D

D .
is common, therefore the two

3 equal the two sides fmmmnaas v

A

B

and © *. And they include right angles .D and

B



PROP. VI. THEOR. II

D

. e, therefore the base fesmmsns? = ot |

(pr.?7?)

N
. . - A B
And, since in I and % —
E D..".\E

B

Qummumnni ywhile Aessssss? = & F the two sides

A B B

and

: equal the two sides Smammmna? and
D A A E . .
inmmmmast gnd is their common base, therefore
A
A

the angle D equals the angle \

D E
B
A

But the angle D is right, therefore the angle

B
A

\ is also right. Therefore *=======" is at right angles

to femes=esl (pr.5)

But it is also at right angles to each of the straight lines
B D

and %=e===s=t therefore “=======" issetup atright
B

angles to the three straight lines 2 Smeesmaa? and

Gmmmmansl gt their intersection. Therefore the three straight

lines * Baemeena? and Se=s====¥ lic in one plane.
(pr.2)

But in whatever plane and Seesseest e,
A B

also lies, for every triangle lies in one plane.
B B D

Therefore the straight lines , and

A

“mmmssns? lie in one plane. And each of the angles . » and

B
C

‘ is right, therefore e’ g parallel to Gmmmmmnn?
(pr. ?7?)

Therefore, if two straight lines are at right angles to the
same plane, then the straight lines are parallel.

Q.E.D.



12 PROP. VII. THEOR.

F two straight lines are parallel and points are
taken at random on each of them, then the

straight line joining the points is in the same
plane with the parallel straight lines.

mmESYE
Efamnust® z

C D

¥ and Semsesas be two parallel straight

&4
¥
¥
¥
¥
D

Let *
(o}
¥

i
lines, and let points %“' and ..==#+ be taken at random

¥
¥
N

on them respectively.

I say that the straight line joining the points %“‘

g
and ..-=#+ lies in the same plane with the par-
¥
¥

allel str;ight lines. (pr. 3)
For suppose it is not, but, if possible, let it be in a more

elevated plane. Draw a plane through e~ . Itsinter-
section with the plane of reference is a straight line. Let it

<. the two straight lines £,/ and %=======" enclose

an area, which is impossible. .. the straight line joined

s
J
from %“' to ..==#+ isnotin a plane more elevated. - the

¥
¥
N

;
J
straight line joined from %“‘ to ..==#¢ liesin the plane
y
x

A

through the parallel straight lines

=, if two straight lines are parallel and points are taken
at random on each of them, then the straight line joining
the points is in the same plane with the parallel straight
lines.

Q.E.D.



