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Introduction

HE arts and sciences have become so exten-

sive, that to facilitate their acquirement is

of as much importance as to extend their

boundaries. Illustration, if it does not
shorten the time of study, will at least make it more agree-
able. This Work has a greater aim than mere illustration;
we do not introduce colors for the purpose of entertain-
ment, or to amuse by certain combinations of tint and
form, but to assist the mind in its researches after truth, to
increase the facilities of introduction, and to diffuse per-
manent knowledge. If we wanted authorities to prove
the importance and usefulness of geometry, we might
quote every philosopher since the day of Plato. Among
the Greeks, in ancient, as in the school of Pestalozzi and
others in recent times, geometry was adopted as the best
gymnastic of the mind. In fact, Euclid’s Elements have
become, by common consent, the basis of mathematical
science all over the civilized globe. But this will not appear
extraordinary, if we consider that this sublime science is
not only better calculated than any other to call forth the
spirit of inquiry, to elevate the mind, and to strengthen the
reasoning faculties, but also it forms the best introduction
to most of the useful and important vocations of human
life. Arithmetic, land-surveying, hydrostatics, pneumatics,
optics, physical astronomy, &c. are all dependent on the
propositions of geometry.



Much however depends on the first communication
of any science to a learner, though the best and most easy
methods are seldom adopted. Propositions are placed
before a student, who though having a sufficient under-
standing, is told just as much about them on entering
at the very threshold of the science, as given him a pre-
possession most unfavorable to his future study of this
delightful subject; or “the formalities and parapherna-
lia of rigour are so ostentatiously put forward, as almost
to hide the reality. Endless and perplexing repetitions,
which do not confer greater exactitude on the reasoning,
render the demonstrations involved and obscure, and
conceal from the view of the student the consecution
of evidence.” Thus an aversion is created in the mind of
the pupil, and a subject so calculated to improve the rea-
soning powers, and give the habit of close thinking, is
degraded by a dry and rigid course of instruction into
an uninteresting exercise of the memory. To rise the cu-
riosity, and to awaken the listless and dormant powers of
younger minds should be the aim of every teacher; but
where examples of excellence are wanting, the attempts
to attain it are but few, while eminence excites attention
and produces imitation. The object of this Work is to in-
troduce a method of teaching geometry, which has been
much approved of by many scientific men in this coun-
try, as well as in France and America. The plan here
adopted forcibly appeals to the eye, the most sensitive
and the most comprehensive of our external organs, and
its pre-eminence to imprint its subject on the mind is
supported by the incontrovertible maxim expressed in
the well known words of Horace:—

Segnius irritant animos demissa per aurem

Quam quae sunt oculis subjecta fidelibus



A feebler impress through the ear is made,
Than what is by the faithful eye conveyed.

All language consists of representative signs, and those
signs are the best which effect their purposes with the greatest
precision and dispatch. Such for all common purposes are
the audible signs called words, which are still considered as au-
dible, whether addressed immediately to the ear, or through
the medium of letters to the eye. Geometrical diagrams are
not signs, but the materials of geometrical science, the object
of which is to show the relative quantities of their parts by
a process of reasoning called Demonstration. This reason-
ing has been generally carried on by words, letters, and black
or uncoloured diagrams; but as the use of coloured symbols,
signs, and diagrams in the linear arts and sciences, renders
the process of reasoning more precise, and the attainment
more expeditious, they have been in this instance accordingly
adopted.

Such is the expedition of this enticing mode of commu-
nicating knowledge, that the Elements of Euclid can be ac-
quired in less that one third of the time usually employed,
and the retention by the memory is much more permanent;
these facts have been ascertained by numerous experiments
made by the inventor, and several others who have adopted
his plans. The particulars of which are few and obvious; the
letters annexed to points, lines, or other parts of a diagram
are in fact but arbitrary names, and represent them in the
demonstration; instead of these, the parts being differently
coloured, are made to name themselves, for their forms in
corresponding colours represent them in the demonstration.

In order to give a better idea of this system, and of
advantages gained by its adoption, let us take a right angled
triangle, and express some of its properties both by colours
and the method generally employed.



Some of the properties of the right angled triangle
ABC, expressed by the method generally employed:

The angle BAC, together with the angles BCA and
ABC are equal to two right angles, or twice the angle
ABC.

The angle CAB added to the angle ACB will be equal
to the angle ABC.

The angle ABC s greater than either of the angles BAC
or BCA.

. 'The angle BCA or the angle CAB is less than the angle
ABC.

If from the angle ABC, there be taken the angle BAC,
the remainder will be equal to the angle ACB.

. The square of AC is equal to the sum of the squares of
ABand BC.

The same properties expressed

by colouring the different parts:

A+, - A =2, =M.
That is, the red angle added to the yellow angle added
to the blue angle, equal twice the yellow angle, equal
two right angles

A + A =,
Or in words, the red angle added to the blue angle,
equal the yellow angle.

. >Aor>‘

The yellow angle is greater than either the red or blue

angle.

B
B
, A or AAC <.

Either the red or blue angle is less that the yellow angle.



In other terms, the yellow angle made less be the blue
angle equal red angle.
C A 2 A B 2 B C 2

6. = + .

Thatis, the square of the yellow line is equal to the sum

of the squares of the blue and red lines.

In oral demonstrations we gain with colours this im-
portant advantage, the eye and the ear can be addressed
at the same moment, so that for teaching geometry, and
other linear arts and sciences, in classes, the system is best
ever proposed, this is apparent from the examples given.

Whence it is evident that a reference from the text to
the diagram is more rapid and sure, by giving the forms
and colours of the parts, or by naming the parts and their
colours, than naming the parts and letters on the diagram.
Besides the superior simplicity, this system is likewise con-
spicuous for concentration, and wholly excludes the inju-
rious though prevalent practice of allowing the student to
commit the demonstration to memory; until reason, and
fact, and proof only make impressions of the understand-
ing.

Again, when lecturing on the principles or properties
of figures, if we mention the colour of the part or parts
referred to, as in saying, the red angle, the blue line, or
lines, &c, the part or parts thus named will be immediately
seen by all the class at the same instant; not so if we say
the angle ABC, the triangle PFQ), the figure EGKt, and
so on; for the letters must be traced one by one before
students arrange in their minds the particular magnitude
referred to, which often occasions confusion and error, as
well as loss of time. Also if the parts which are given as
equal, have the same colours in any diagram, the mind



will not wander from the object before it; that is, such
an arrangement presents an ocular demonstration of the
parts to be proved equal, and the learner retains the data
throughout the whole of reasoning. But whatever may be
the advantages of the present plan, if it be not substituted
for, it can always be made a powerful auxiliary to the other
methods, for the purpose of introduction, or of a more
speedy reminiscence, or of more permanent retention by
the memory.

The experience of all who have formed systems to im-
press facts on the understanding, agree in proving that
coloured representations, as pictures, cuts, diagrams, &c.
are more easily fixed in the mind than mere sentences un-
marked by any peculiarity. Curious as it may appear, poets
seem to be aware of this fact more than mathematicians;
many modern poets allude to this visible system of com-
municating knowledge, one of them has thus expressed

himself:

Sounds which address the ear are lost and die
In one short hour, but these which strike the eye,
Live long upon the mind, the faithful sight
Engraves the knowledge with a beam of light.

This perhaps may be reckoned the only improvement
which plain geometry has received since the days of Euclid,
and if there were any geometers of note before that time,
Euclid’s success has quite eclipsed their memory, and even
occasioned all good things of that kind to be assigned to
him; like ZAsop among the writers of Fables. It may also
be worthy of remark, as tangible diagrams afford the only
medium through which geometry and other linear arts can
be taught to the blind, the visible system is no less adapted
to the exigencies of the deaf and dumb.



Care must be taken to show that colour has nothing
to do with the lines, angles, or magnitudes, except merely
to name them. A mathematical line, which is length with-
out breadth, cannot possess colour, yet the junction of
two colours on the same plane gives a good idea of what
is meant by a mathematical line; recollect we are speaking
familiarly, such a junction is to be understood and not the
colour, when we say the black line, the red line or lines, &c.

Colours and coloured diagrams may at first appear a
clumsy method to convey proper notions of the properties
and parts of mathematical figures and magnitudes, how-
ever they will be found to afford a means more refined and
extensive than any that has hitherto proposed.

We shall here define a point a line, and a surface, and
demonstrate a proposition in order to show the truth of
this assertion.

A point is that which has position, but not magnitude;
or a point is position only, abstracted from the considera-
tion of length, breadth, and thickness. Perhaps the follow-
ing description is better calculated to explain the nature of
mathematical point to those who have not acquired the
idea, than the above specious definition.

Let three colours meetand cover a portion of the paper,
where they meet is not blue, nor is it yellow, nor is it red, as
it occupies no portion of the plane, for if it did, it would
belong to the blue, the red, or the yellow part; yet it exists,
and has position without magnitude, so that with a little
reflection, this junction of three colours on a plane, gives a
good idea of a mathematical point.

A line is length without breadth. With the assistance
of colours, nearly in the same manner as before, an idea of
aline may be thus given:—

Let two colours meet and cover a portion of paper;
where they meet is not red, nor is it blue; therefore the
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junction occupies no portion of the plane, and therefore it
cannot have breadth, but only length: from which we can
readily form an idea of what is meant by a mathematical
line. For the purpose of illustration, one colour differing
from the colour of the paper, or plane upon which it is
drawn, would have been sufficient; hence in future, if we
say the red line, the blue line or lines, &c. it is the junc-
tions with the plane upon which they are drawn are to be
understood.

Surface if that which has length and breadth without
thickness.

When we consider a solid body (PQ), we perceive
at once that it has three dimensions, namely :— length,
breadth, and thickness; suppose one part of this solid (PS)
to be red, and the other part (QR) yellow, and that the
colours be distinct without commingling, the blue sur-
face (RS) which separates these parts, or which is the same
thing, that which divides the solid without loss of mater-
ial, must be without thickness, and only possesses length
and breadth; this plainly appears from reasoning, similar
to that just employed in defining, or rather describing a
point and a line.

The proposition which we have selected to elucidate
the manner in which the principles are applied, is the fifth
of the first Book.

In an isosceles triangle ABC, the internal angles at the
base ABC, ACB are equal, and when the sides AB, AC are
produced, the external angles at the base BCE, CBD are

also equal.
Produce * * and % -
B D C E
make = )
draw ® ¥ and & 3



1I

pok

we have ‘s

A
A common and =
B

A A

A-Q — - =

c - B -
D E

and E'B = C\D (pr. 1.4).
Again in ; : and ‘ < s
B o _ ¢ E’ 'B — C\D

By annexing Letters to the Diagram.

Let the equal sides AB and AC be produced through
the extremities BC, of the third side, and in the produced
part BD of either, let any point D be assumed, and from
the other let AE be cut off equal to AD (pr. 1.3). Let points
E and D, so taken in the produced sides, be connected by
straight lines DC and BE with the alternate extremities of
the third side of the triangle.

In the triangles DAC and EAB the sides DA and ACare
respectively equal to EA and AB, and the included angle A
is common to both triangles. Hence (pr. 1.4) the line DC
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is equal to BE, the angle ADC to the angle AEB, and the
angle ACD to the angle ABE; if from the equal lines AD
and AE the equal sides AB and AC be taken, the remainders
BD and CE will be equal. Hence in the triangles BDC and
CEB, the sides BD and DC are respectively equal to CE and
EB, and the angles D and E included by those sides are also
equal. Hence (pr. 1.4) the angles DBC and ECB, which are
those included by the third side BC and the productions
of the equal sides AB and AC are equal. Also the angles
DCB and EBC are equal if those equals be taken from the
angles DCA and EBA before proved equal, the remainders,
which are the angles ABC and ACB opposite to the equal
sides, will be equal.
Therefore in an isosceles triangle, &c.

Q.E.D.

Our object in this place being to introduce system
rather than to teach any particular set of propositions, we
have therefore selected the foregoing out of the regular
course. For schools and other public places of instruction,
dyed chalks will answer to describe the diagrams, &c. for
private use coloured pencils will be found very convenient.

We are happy to find that the Elements of Mathematics
now forms a considerable part of every sound female edu-
cation, therefore we call the attention to those interested
or engaged in the education of ladies to this very attractive
mode of communicating knowledge, and to the succeeding
work for its future developement.

We shall for the present conclude by observing, as the
senses of sight and hearing can be so forcibly and instanta-
neously addressed alike with one thousand as with one, the
million might be taught geometry and other branches of
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mathematics with great ease, this would advance the pur-
pose of education more than any thing might be named,
for it would teach the people how to think, and not what
to think; it is in this particular the great error of education
originates.
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THE ELEMENTS OF EUCLID

BOOK I

Definitions

1
A point is that which has no parts.

2
A line is length without breadth.

3

The extremities of a line are points.

4

The straight or right line is that which lies evenly between
its extremities.

S
A surface is that which has length and breadth only.

6

The extremities of a surface are lines.

7

A plane surface is that which lies evenly between its extrem-
ities.
8
A plane angle is the inclination of two lines to one another,

in a plane, which meet together, but are not in the same
direction.
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9

A plane rectilinear angle is the inclination of two straight
lines to one another, which meet together, but are not in
the same straight line.

10
When one straight line standing on another straight line :t
makes the adjacent angles equal, each of these angles is
called a right angle, and each of these lines is said to be
perpendicular to one another.
L

11
An obtuse angle is an angle greater than a right angle

12
An acute angle is an angle less than a right angle. ‘—

13

A term or boundary is the extremity of any thing.

14

A figure is a surface enclosed on all sides by a line or lines.

15
A circle is a plane figure, bounded by one continued line,
called its circumference or periphery; and having a certain
point within it, from which all straight lines drawn to its
circumference are equal.

16
This point (from which the equal lines are drawn) is called
the centre of the circle.

17
A diameter of a circle is a straight line drawn through the
centre, terminated both ways in the circumference.
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18
A semicircle is the figure contained by the diameter, and
the part of the circle cut off by the diameter.

19
A segment of a circle is a figure contained by straight line
and the part of the circumference which it cuts off.

20
A figure contained by straight lines only, is called a rectilin-

ear figure.

21

A triangle is a rectilinear figure included by three sides.

22

A quadrilateral figure is one which is bounded by four sides.
The straight lines * 3

C

and ? connecting the
vertices of the opposite angles of a quadrilateral figure, are
D

called its diagonals.

23
A polygon is a rectilinear figure bounded by more than
four sides.

24
A triangle whose sides are equal, is said to be equilateral.

25
A A triangle which has only two sides equal is called an isosce-

les triangles.
26

A scalene triangle is one which has no two sides equal.

27
A right angled triangle is that which has a right angle.
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2.8
An obtuse angled triangle is that which has an obtuse angle.

29
An acute angled triangle is that which has three acute an-

gles.

30
Of four-sided figures, a square is that which has all its sides
equal, and all its angles right angles.

31
A rhombus is that which has all its sides equal, but its angles
are not right angles.

32,
An oblong is that which has all its angles right angles, but
has not all its sides equal.

33
A rhomboid is that which has its opposite sides equal to

one another, but all its sides are not equal nor its angles

right angles.
34

All other quadrilateral figures are called trapeziums.

35

Parallel straight lines are such as are in the same plane,
and which being produced continually in both directions
would never meet.

REIEREEEN
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Postulates

I

Let it be granted that a straight line may be drawn from
any one point to any other point.

II
Let it be granted that a finite straight line may be produced
to any length in a straight line.

III
Let it be granted that a circle may be described with any
centre at any distance from that centre.

Axioms

I
Magnitudes which are equal to the same are equal to each
other.

II
If equals be added to equals the sums will be equal.

III
If equals be taken away from equals the remainders will be
equal.

v
If equals be added to unequals the sums will be unequal.

\"%

If equals be taken away from unequals the remainders will
be unequal.

VI

The doubles of the same or equal magnitudes are equal.
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VII

The halves of the same or equal magnitudes are equal.

VIII

The magnitudes which coincide with one another, or ex-
actly fill the same space, are equal.

IX

The whole is greater than its part.

X

Two straight lines cannot include a space.

XI
All right angles are equal.

XII

A B

If two straight lines ( c 5 ) meet a third straight line

H D

E F . .
( ) so as to make the two interior angles (
;

E
and . ) on the same side less than two straight angles,
B
G

these two straight lines will meet if they be produced on
that side on which the angles are less than two right angles.

A
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Elucidations

The twelfth axiom may be expressed in any of the fol-
lowing ways:

1. Two diverging straight lines cannot be both parallel to
the same straight line.

2. Ifastraightline intersect one of the two parallel straight
lines it must also intersect the other.

3. Only one straight line can be drawn through a given
point, parallel to a given straight line.

Geometry has for its principal objects the exposition
and explanation of the properties of figure, and figure is de-
fined to be the relation which subsists between the bound-
aries of space. Space or magnitude is of three kinds, linear,
superficial, and solid.

Angles might properly be considered as a fourth species
of magnitude. Angular magnitude evidently consists of
parts, and must therefore be admitted to be a species of
quantity. The student must not suppose that the magni-
tude of an angle is affected by the length of the straight
lines which include it and of whose mutual divergence it is
the measure. The vertex of an angle is the point the sides of
the egs of the angle meet, as A.

An angle is often designated by a single letter when
its legs are the only lines which meet together at its vertex.
Thus the red and blue lines form the yellow angle, which
in other systems would be called angle A. But when more
than two lines meet in the same point, it was necessary by
former methods, in order to avoid confusion, to employ
three letters to designate an angle about that point, the
letter which marked the vertex of the angle being always
placed in the middle. Thus the black and red lines meeting
together at C, form the blue angle, and has been usually
denominated the angle FCD or DCF. The lines FC and



21

CD are the legs of the angle; the point C is its vertex. In
like manner the black angle would be designated the angle
DCB or BCD. The red and blue angles added together, or
the angle HCD added to FCD, make the angle HCD; and
so of other angles.

When the legs of an angle are produced or prolonged
beyond its vertex, the angles made by them on both sides
of the vertex are said to be vertically opposite to each other:
thus the red and yellow angles are said to be vertically op-
posite angles.

Superposition is the process by which one magnitude
may be conceived to be placed upon another, so as exactly
to cover it, or so that every part of each shall exactly coin-
cide.

A line is said to be produced, when it is extended, pro-
longed, orithaslength increased, and the increase of length
which it receives is called produced part, or its production.

The entire length of the line or lines which enclose a
figure, is called its perimeter. The first six books of Euclid
treat of plain figures only. A line drawn from the centre of
a circle to its circumference, is called a radius. That side of
aright angled triangle, which is opposite to the right angle,
is called the bypotenuse. An oblong is defined in the second
book, and called a rectangle. All lines which considered in
the first six books of the Elements are supposed to be in
the same plane.

The straight-edge and compasses are the only instru-
ments, the use of which is permitted in Euclid, or plain
Geometry. To declare this restriction is the object of the
postulated.

The Axioms of geometry are certain general proposi-
tions, the truth of which is taken to be self-evident and
incapable of being established by demonstration.
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Propositions are those results which are obtained in
geometry by a process of reasoning. There are two species
of propositions in geometry, problems and theorems.

A Problem is a proposition in which something is pro-
posed to be done; as a line to be drawn under some given
conditions, a circle to be described, some figure to be con-
structed, &c.

The solution of the problem consists in showing how
the thing required may be done by the aid of the rule or
straight-edge and compasses.

The demonstration consists in proving that the process
indicated in the solution attains the required end.

A Theorem is a proposition in which the truth of some
principle is asserted. This principle must be deduced from
the axioms and definitions, or other truths previously and
independently established. To show this is the object of
demonstration.

A Problem is analogous to a postulate.

A Theorem resembles an axiom.

A Postulate is a problem, the solution to which is as-
sumed.

An Axiom is a theorem, the truth of which is granted
without demonstration.

A Corollary is an inference deduced immediately from
a proposition.

A Scholinm is a note or observation on a proposition
not containing an inference of sufficient importance to
entitle it to the name of corollary.

A Lemma is a proposition merely introduced for the
purpose of establishing some more important proposition.
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Symbols and abbreviations

expresses the word therefore.

expresses the word because.
= expresses the word equal. This sign of equality may
be read equal to, or is equal ro, or are equal to; but the
discrepancy in regard to the introduction of the auxiliary
verbs is, are, &c. cannot affect the geometrical rigour.
# means the same as if the words %ot equal’were writ-

ten.

> signifies greater than.

< signifies less than.

#F  signifies nor greater than.

< signifies not less than.

+ isread plus (more), the sign of addition; when inter-

posed between two or more magnitudes, signifies their
sum.
— is read minus (less), signifies subtraction; and when
placed between two quantities denotes that the latter is
taken from the former.
x  this sign expresses the product of two or more num-
bers when placed between them in arithmetic and algebra;
but in geometry it is generally used to express a rectangle,
when placed between “two straight lines which contain
one if its right angles.” A rectangle may also be represented
by placing a point between two of its conterminous sides.
expresses an analogy or proportion; thus if A, B, C
and D represent four magnitudes, and A has to B the same

ratio that C has to D, the proportion is thus briefly written

B . B=C: 4_C
A:B:C:D,A:B=C:Dorg =73

This equality or sameness of ratio is read,
as Aisto B,sois CtoD;
orAistoB,asCistoD.

| signifies parallel to.
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L signifies perpendicular to.
A signifies angle.

D signifies 7ight angle.
m signifies two right angles.
/]\ or I\ briefly designates a point.

The square described on a line is concisely written thus,
2

In the same manner twice the square of, is expressed
by 2 - 2,
def. signifies definition.
post.  signifies postulate.

ax. signifies axiom.

hyp. signifies bypothesis. It may be necessary here to re-
mark, that hypothesis is the condition assumed or taken for
granted. Thus, the hypothesis of the proposition given in
the Introduction, is that the triangle is isosceles, or that its
legs are equal.

const. signifies comstruction. The construction is the
change made in the original figure, by drawing lines, mak-
ing angles, describing circles, &c. in order to adapt it to the
argument of the demonstration or the solution of the prob-
lem. The conditions under which these changes are made,
are as indisputable as those contained in the hypothesis.
For instance, if we make an angle equal to a given angle,
these two angles are equal by construction.

Q.E.D. signifies Quod erat demonstrandum. Which was

to be demonstrated.



Book I

Prop. I. Prob.

N a given finite straight line (" ¥ ) to
describe an equilateral triangle.

Describe e and » (post. III);

C

draw © #and * (post. I).

Then will AAB be equilateral.

For - P = ¢ ® (def. 15);
and = ¢ =" < (def. 15);

R b=t < (ax. I);

and therefore AAB is the

equilateral triangle required.

Q.E.D.
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BOOKIPROP.II. PROB.

ROM a4 given point (° ) to draw a
straight line equal to a given straight line

(* )

(d

D

Draw fa=sssss! Y (post. I), descrlbe BA (pr. L.1),

produce * (post. II),
describe ‘ (post I1I),
and (post. III);
produce * * (post. II),
then *  is the line required.
For "= = " (def. 15),
and * > = & * (const.),
. F= ok  (ax. IIT),
but (def. 15) ‘m—m— = o e

. A

{ drawn from the given point

(===, is equal to the given line ‘mm—

Q.E.D.



BOOKIPROP. III. PROB.

ROM the greater (™ =) of two given
straight lines, to cut off a part equal to the

less (* )

Draw * =& " (pr. 1.2);
describe D (post. I1I),
then * F =k ;

For * L= % Y (def. 15),
and * =0 ? (const.);
R F =% Y (ax. I).

Q.E.D.




28 BOOKIPROP.IV. THEOR.

F two triangles have two sides of the one respec-

! . . A B
% | tively equal to two sides of the other, (
> to - * and - = 1o - ® ) and
A D

the angles ( and ) contained by those

B

equal sides also equal; then their bases or their sides

(* = and * - ) are also equal: and the remain-
ing angles opposite to equal sides are respectively equal

(‘C = AFand ‘ = ‘) and the tri-
angles are equal in every respect.

Let two triangles be conceived, to be so placed, that the
A D

vertex of the one of the equal angles, or ; shall

B c E 3

A B . . .
to coincide with

F D

fall upon that of the other, and

D E (¢} A

coincide with

, then will

if ap-

B C E

will coincide with L

plied: consequently

or two straight lines will enclose a space, which is impos-
A

sible (ax. X), therefore * - = - ", A=

A

D A D
A and ‘ = ‘ ,and as the triangles A
E B c E F . c

and A coincide, when applied, they are equal in every

I'CSpCCt.

Q.E.D.



BOOKIPROP. V. THEOR. 29

A

1 N any isosceles triangle CAB if the equal
sides be produced, the external angles at the
base are equal, and the internal angles at the
base are also equal.

Produce * ’ and * < (post. 1),
take ° P o= & * (pr. 13);
draw * ©and © 3

Then in : ), and 4 :
we have = (const. )

A

A common to both,
[} B

and * N < (hyp.)

C‘ — ‘B’ B E — C D
and 'B = C\ (pr. 1.4).

c N 8

Again in / and ’ \

E

B
we have

'B _ \ and E — C D’
3 L/ \l and ° DB = CE ’ (pr.1.4)
ut C‘ = ‘B, ‘B = CA‘ (ax. III).

Q.E.D.
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be greater than the other

C

BOOKIPROP VI

. THEOR.

D

N any triangle ( AAB ) if two angles

D

(mn? gpd

also equal.

For if the sides be not equal, let one of them

B

A B

= ¥ (pr.1.3), draw °

(o}
Then in ALB an
c A _ B

( and ‘ ) are equal, the sides

Mo ) A

* ) opposite to them are

A

D
L

2 and from it to cut off

C

AN

D D

A B
A B

and

® (const.),

= A o)

B

common,

= the triangles are equal (pr. 1.4)

a part equal to the whole,

~ neither of the sides
D

which is absurd;

A D
== Or

is greater than the other,

hence they are equal.

Q.E.D.
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A B

N the same base ( ), and on the same

side of it there cannot be two triangles hav-
ing their conterminous sides (* & and
: C 2 & < and " ? ) at both ex-

tremities of the base, equal to each other.

When two triangles stand on the same base, and on the
same side of it, the vertex of the one shall either fall outside
of the other triangle, or within it; or, lastly, on one ofits
sides.

If it be possible let the two triangles be constructed so

B C B D

' = CA'D(pr- Ls)
‘ < CA'Dand
——

therefore the two triangles cannot have their conterminous

c A _ D A
that { }, then draw S=s=====? and,

which is absurd,

sides equal at both extremities of the base.

Q.E.D.




32 BOOKIPROP VIII. THEOR.

F two triangles have two sides of the one
respectively equal to two sides of the other

(C A — F D ﬂnd A B —
g £ ) and also their bases (‘mm—m— =

- ), equal; then the angles (» 4: and o <Z ) con-

tained by their equal sides are also equal.

C E

and " be conceived

If the equal bases .
to be placed one upon the other, so that the triangles
shall lie at the same side of them, and that the equal sides

A B D E C A F

and s and ® be conter-

minous, the vertex of the one must fall on the vertex of the
other; for to suppose them not coincident would contra-

dict the last proposition.

B C

and

Therefore sides * - being coinci-

dent with ® ‘and - L. A = A .
Q.E.D.




BOOKIPROP IX. PROB. 33

A
0 bisect a given rectilinear angle ( ‘ )
B C

Take * = & * (pr. 1.3)

B C
draw * ¢, upon which describe v (pr. 1),
D
draw * 3
A B C A
: = (const.)
and e common to the two triangles
and © > ==& * (const.),
A A
‘ = (pr. 1.8).
B C
D D

Q.E.D.

X

*
’0 (9]



34 BOOKIPROP X. PROB.

1 0 bisect a given finite straight line (===t )

A
Construct B—xc (pr. L.1),
A A

draw * ", making ‘ = (pr. 1.9).

Then % P — Dummmmas ¢ by (pr. 1.4),
A A
for * P =" < (const.) ‘ =
B D b (o}
and * ° common to the two triangles.

Therefore the given line is bisected.

Q.E.D.



BOOKIPROP XI. PROB. 35

ROM 4 given point (=== ) in a given
NG| st7aight line (‘mm—) to draw a perpen-
dicular.

Take any point (=====) in the given line,

cut off & = 3 (pr. 13),

A

construct BAC (pr. 1.1),

draw * ® and it shall be

perpendicular to the given line.

For * F = G 2 (const.)
C D D

= ¥ (const.)

A

D .
and common to the two triangles.

Therefore ‘ = . (pr.1.8)
B b o C

.k P | e (def. 10).
Q.E.D.



36 BOOKIPROP XII. PROB.

O draw a straight line perpendicular to a
given indefinite straight line (‘m——)from

a given point ( /T\ ) without.

A

With the given point A\ as centre, at one side
£ 1 capable of

of the line, and any distance

extending to the other side, describe "~ —~°.

Make ‘m— = © * (pr. L10),
draw * ’ S < and * 2
then * ? ] C—F
D B C D
= (const.),

For (pr. 1.8) since
G ® common to both,

A B __C A(def.ls),

and =
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HEN 4 straight line (* ? ) standing upon
another straight line (*

< ) makes angles
with it; they are either two right angles or to-
gether equal to two right angles.

If be L to * = then,
' and ‘ ﬂl (def. 10),
butif © ° benot L to *

>

draw * $ 1t < (pr. Lu);

A

PRl Yy
A-Bn-7-A

Q.E.D.
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38 BOOKIPROP XIV. THEOR.

F two straight lines (* Y and " <),
meeting a third straight line (- Y ), at
the same point, and at opposite sides of it,

A

make with it adjacent angles ( and

‘ ) equal to two right angles; these straight lines lie

in one continuous straight line.

For, if possible let * ® and not - s

D

be the continuation of *

hen . @

but by the hypothesis

Y NTAA
D‘ = ‘ (ax. IIT); which is absurd (ax. IX).

E

= and the

like may be demonstrated of any other straight line except

D C D C . . . B D
)~ is the continuation of .

D . . . B
is not the continuation of

Q.E.D.



BOOKIPROP XV. THEOR. 39

F two right lines (* * and < ) in-
C

tersect one another, the vertical angles £

B
A
C A £
and ¢ B and ‘
B D
E
D

are equal.

E
o]

Q.E.D.




40 BOOKIPROP XVI. THEOR.

B

\

o F a side of a trwngle (2= ) is produced,
‘O
’O
o the external angle ( “ ) is greater than
4 Ll L]
Od c F

B B
o either of the internal remote angles ( A or ‘ )
*
A [ A ©

Make ® f — femmmanaf (pr. 1.10);

A E .
Draw and produce it
P S R S
C D
draw .
CGETE FERTREEH
B /D
Q“’
In eand £ ;
.
X b
G D
B E E
. —  Gmmmmmmn’ =
E
A (o}
and * £ = femeaas ? (const., pr. L.15),

A v (pr. 1.4),

E
™A

In like manner it can be shown, that if

I < be produced, ‘ > ‘
and therefore “ which

A C B
= Q> A
e A ¢

Q.E.D.



BOOKIPROP XVII. THEOR. 41

A

gether less than two right angles.

NY two angles of a triangle c are to-
24 24

A C

Produce , then will

A -
But > ‘ (pr. 1.16)
A A<D

and in the same manner it may be shown that any other
two angles of the triangle taken together are less than two

right angles.
Q.E.D.



42 BOOKIPROP XVIII. THEOR.

C

N any triangle p e if one side R et
&

A

be greater than another B -

, the angle
opposite to the greater side is greater than the
(o}

angle opposite to the less. 1. e. ‘B > B,

A

Make - < =t < (pr. 13), draw ° B.

Then will ‘ = ‘ (pr.15);
but AC > D ¢ (pr. 1.16)

C D

-, ‘ > ¢ and much more
D

Q.E.D.
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C

F in any triangle AAB one angle .

A
C

be greater than another ‘ the side
A

e’ whrich i opposite to the greater an-

gle, is greater than the side < 3 opposite the less.

B

C A

If S be not greater than

B C (o} A
=or< .

then must

If & : = & % then

which is contrary to the hypothesis.

B C C A

is not less than ; for if it were,

A < A (pr. 1.18)
which is contrary to the hypothesis:

B C C A

>

Q.E.D.




44 BOOKIPROP XX. THEOR.

D A B D

NY two sides and of a tri-

D

angle AAB taken rogether are greater

than the third side (* ¥ ).

Produce = ¥, and
make Sesannns P=1% > (pr. 1.3);
draw ® d
Then «: Gemsnmns? — & ? (const.),

2 ) ‘C > A‘C (ax. IX)
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F from any point ( //\ ) within a triangle

C

/“
ATEN straight lines be drawn to the extrem-
B

ities of one side (“===" ), these lines must be together less than
the other two sides, but must contain a greater angle.

Produce "=,

et &F > A (pr. 1.20),
add %===f to each,
e S R C LY

in the same manner it may be shown that
A E B E A D B D

et Bt > =0 4 ,
et Cmmman? > e Sl

which was to be proved.

Again D‘ > (pr. 1.16),

and also A‘ > D‘ (pr. 1.16),

Q.E.D.
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46 BOOKIPROP XXII. PROB.

any two greater than the third, ro construct a
triangle whose sides shall be respectively equal
to the given lines.

Assume ‘mmf = snadunnt (pr. 13).
Draw * T ( )
r.1.2).
and A = sanbiwn [P
With * Y and © © as radii, describe
and (post. IIT);
draw ¢ * and ® <
then will 4 s be the triangle required.
For s — sandane
£ € = " = wmsbas 1 (const.)
and Seeeeeed = A ® — eabiem

Q.E.D.



BOOK I PROP XXIII. PROB. 47

| T a given point (. 2w ) in a given straight line
(; *' ), to make an angle equal to a given

rectilinear angle ( ‘ )

B C

Draw

between any two points in the legs of
the given angle.

Construct r e (pr.1.22)
F G A B H F C A
so that = , =
and G H — B C

ThenA‘cB = F‘HG (pr. 1.8).

Q.E.D.




48 BOOKIPROP XXIV. THEOR.

F two triangles have two sides of the one respec-
tively equal to two sides of the other (* :
1o e ¥ ﬂndé ------- P to G—E)) and

OO

(¢

if one of the angles ( ) contained by the equal sides

be greater than the other ( /\ ), the side ("mm— ) which

is opposite to the greater angle is greater than the side
(F © ) which is opposite to the less angle.

Make A = /\ (pr. 1.23),
and © d = ¢ * (pr. 1.3),
draw Geesessst and Geessess ¢
(et = fumwemne? (ax. I, hyp., const.)

and - D‘B <’ 'B,
C

C

. D B

> fGnnmnenaf (pr. 1.19)

but Sesss=s= ¢ = ° (pr. 1.4)

. D F <]

’ >

Q.E.D.



BOOKIPROP XXV. THEOR. 49

' F two triangles bave two sides (= and
% ") of the one respectively equal to two
: sides (* Fand " ") of the other,
but their bases unequal, the angle subtended

by the greater base (* = ) of the one, must be greater
than the angle subtended by the less base (* ") of the
other.

=, > o < ‘

is not equal to ‘
for if = ‘ then ‘m— = * (pr.1.4)

c B F E

which is contrary to the hypothesis;

A D

is not less than ‘
c 8 P
A D
forif < ‘
e B F 3
then © S < T * (pr. 1.24),

which is also contrary to the hypothesis:

Q.E.D.



50 BOOKIPROP XXVI. THEOR.

F two triangles have two angles of the one
% respectively equal to two angles of the other

(M, = AH o 4 = &)
and a side of the one equal to a side of the other similarly
placed with respect to the equal angles, the remaining sicles
and angles are respectively equal to one another.

Case L.
Let * ¥ and " * which lie
between the equal angles be equal,
then © s = " -5

For if it be possible, let one of them

-" be greater than the other;

(¢} A G D E G
make = , draw .
(o}
VA
In A s and ¢ we have
(o} F
c A __ G D _
- 5 - )
A B ) E
A B D E

A‘B = De‘g(pr. 4.)
butA‘C = D‘F (hyp.)

and therefore . ‘ = ‘ , which is absurd;

C A

hence neither of the sides

and ® -" is greater than the other;
and . they are equal;

ok s == Fand AA = DA ,(pr. 1.4).
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Case II.

A F

Again, let < = ? which lie

opposite the equal angles X ‘ and ) A .

E

If it be possible, let - - >

take © =" ? draw ©

A

’ then
G

C F

Then in AAB and DL

l’laVCC A F D,

c WE

AC‘B = D‘@ (pr. 1.4)
bue A = A (hyp)

‘ = D‘ which is absurd (pr. 1.16).

A B

Consequently, neither of the sides

or © -Fis greater than the other, hence

they must be equal. It follows (by pr. 1.4)

that the triangles are equal in all respects.

Q.E.D.




52 BOOKIPROP XXVII. THEOR.

G H

F a straight line (
straight lines ( ? and * * ) makes

) meeting two other

with them the alternate angles ( ‘ and

E G E

' : ; . and : ) equal, these two straight
lines are parallel.
If & ® be not parallel to G * they shall meet

when produced.
Ifit be possible, let those lines be not parallel, but meet

E

B
when produced; then the external angle ' is greater
H

than ‘ (pr. 1.16), but they are also equal (hyp.), which

is absurd: in the same manner it may be shown that they
cannot meet on the other side; - they are parallel.

Q.E.D.



BOOKIPROP XXVIII. THEOR. 53

H

F a straight line (* )y cutting two other
straight lines (- ¥ and © ? ), makes
the external equal to the internal and oppo-
site angle, at the same side of the cutting line

G G G G
(namely ‘ = ‘ or = ‘ ) orif it
A E ¢ F E 8 F °
G
makes the two internal angles at the same side ( ‘ ) and
F

E B G A E
' , or ‘ and ‘ ) together equal to two right
H c F H

angles, those two straight lines are parallel.

First, if A‘G = ‘G , then
A‘ = ' ) (pr. L.13),
c‘ = 'B s || € ? (pr.1.27).

Secondly,ifc‘G + A‘E = m,
then A‘E + E'B = m (pr. 1.13),
‘ ¥ ‘ - ‘ + E'B(ax.HI)

S E s
c F H

LA B”C

? (pr. 1.27).
Q.E.D.




54 BOOKIPROP XXIX. THEOR.

G H

1 STRAIGHT line ( ) falling on two par-
allel straight lines (* ! and © 7 ),

makes the alternate angles equal to one an-

other; and also the external equal to the in-
ternal and opposite angle on the same side; and the two
internal angles on the same side together equal to two right
angles.

A E

G
. —
For if the alternate angles and . be not
H F D

equal, draw , making ' = .D (pr. 1.23).

C D

Therefore =msssi || (pr. 1.27) and therefore
two straight lines which intersect are parallel to the same

straight line, which is impossible (ax. XII).

A E G
Hence and . are not unequal, that s, they
3 D

H

A E G G G
are equal: = . i (pr. L.1s); -~ . = . >
H E E F

the external angle equal to the internal and opposite on

the same side: if ' : be added to both, then . +

, = E’ = m (pr. 1.13). That s to say, the

two internal angles at the same side of the cutting line are

equal to two right angles.
Q.E.D.



4
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‘Then,

BOOKIPROP XXX. THEOR. 55

B

TRAIGHT lines (* and " ')
which are parallel to the same straight line

(¢ ? ), are parallel to one another.
A B
Let * " intersect { © et
F—
J J J
- A - A v
B | D u F

G




56 BOOKTIPROP XXXI. PROB.

E
ROM a given point ~ J  to draw a straight

> line parallel to a given straight line ((m— )

E
Draw *  from the point ~ /

to any point i z in ¢ -
A 3 3
make = ‘ (pr.1.23),
F F D
then % S ¥ (pr. 127).
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A B

F any side ( ) of a triangle by produced,

the external angle (» . ) is equal to the sum

C

A

of the two internal and opposite angles ( and . ‘ M

B

and the three internal angles of any triangle taken together
are equal to two right angles.

Through the point / draw

A E”B

< (pr. 1.31).

<»
»

A A
+ ‘ = A. (ax. ID),
8 c 8 c
C

and therefore

A b A G-
(pr.1.13).E
Q.E.D.

“~,
Q~'U

,




58 BOOK I PROP XXXIII. THEOR.

C ﬂnd B D)
which join the adjacent extremities of two
¥ and

--------- ¥ ), are themselves equal and parallel.

. A
TRAIGHT lines ('

qml and parallel straight lines (-

Draw "m— the diagonal.

A D .
and ‘=== common to the two triangles;

o — — B ° and ' = A (pr. 1.4);

and . — || ® * (pr. 127).
Q.E.D.
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HE opposite sides and angles of any parallelo-

gram are equal, and the diagonal (* <)
divides it into two equal parts.

D c D

Since N s (pr. 1.29)
c D D
A D .
and common to the two triangles.
e — Gummmmus P
A c _ 8 D
. N (pr. 1.26)

and ' = ' (ax. II).

Therefore the opposite sides and angles of the parallel-

A A B
ogram are equal: and as the triangles \ and V
Hana ) V

are equal in every respect (pr. 1.4), the diagonal divides the
parallelogram into two equal parts.

Q.E.D.



60 BOOKIPROP XXXV. THEOR.

ARALLELOGRAMS on the same base, and be-

tween the same parallels, are (in area) equal.

On account of the parallels,

A

-V
V

(pr.1.29)
¢ (pr.1.29)
(pr.1.34).

Q.E.D.
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A B E

5] ARALLELOGRAMS ( ¢ o and o

w)on
equal bases, and between the same parallels,
k/ are equal.

= ¢ " by (pr. 1.34, and hyp.);

, e = and || © f

= and ” —— (pr 133)

£ F

And therefore ¢ % is a parallelogram:

A B E v
bl.lt C‘D=C D =

E F

o w (pr.13s)

Q.E.D.

A




62 BOOKIPROP XXXVII. THEOR.

RIANGLES ¢ o and ¢* 5 on the same
base (* > ) and between the same paral-
lels are equal.

Produce finnsnnasi

y pand ¢ G are parallelograms

on the same base and between the same
parallels, and therefore equal. (pr. 1.35)

A B B
c b = twice ¢ o
S . . (pr.134)
c |D = twice ¢ b

Q.E.D.



BOOKIPROP XXXVIII. THEOR. 63

B E
RIANGLES (CAD and G‘

bases and between the same parallels are equal.

w) on equal

Draw essass= O —
T n o ( (pr.r31)
A B E F

but QAD = twice CAD (pr.1.34),
and G'H = twice G‘H (pr. 1.34),
CAD = G‘H (ax. VH)

Q.E.D.




64 BOOKIPROP XXXIX. THEOR.

>R QUAL triangles . o and . o
on the same base ( ¥ ) and on the same
side of it, are between the same parallels.

If % *, which joins the vertices of
the triangles, be not || E 2 draw
A F C D o C G
[ (pr. 1.31), meeting =e=s=sas .
Draw ° ]
-k F S 2 (const.)
;
| \
c b= ¢ o (pr. 1.37);
A B
but ¢ b= . N\ (hyp.);

.
B\ \
Soc b = ¢ o, apart

equal to the whole, which is absurd.

A F C D .

. ’ ;and in the same manner
it can be demonstrated, that no other line except
A B . C D . A B C D

is || e [

Q.E.D.
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A B

QUAL triangles (o ===y and E‘F Jon equal
bases, and on the same side, are between the

same parallels.

If % * which joins the vertices of

triangles be nOt || s s e |
draw —|| ¢ -  (pr. 1.31),
meeting S — i .
Draw ° e,
el som— (conSt.)
G
oD = ¢ F but o — = E‘F

E‘F = E‘;,apartequal

to the whole, which is absurd.

o <} = " . and in the same manner it
can be demonstrated, that no other line except L

. c F A B c F

is || - Do I .

Q.E.D.




66 BOOKIPROP XLI. THEOR.

A

»

Somgey| | < parallelogram o e and a triangle
‘v C

¥ E

> ¢ are upon the same base D —

and between the same parallels Aummmnna Voand - 3

the parallelogram is double the triangle.

Draw * * the diagonal.
Then D\E = Dls (pr. 1.37)

Q.E.D.



BOOKIPROP XLII PROB. 67

o construct a parallelogram equal to a given tri-
(o}

d

to a given rectilinear angle

A angle o e and having an angle equal

Make St = Sasmnsas? (pr. 110)
Draw © -
Make ‘ = (pr. 1.23)
Draw{ A ------- C :: ) . }(pr. 1.31)
o £ = twice o ( (pr. 1.41)
but o ( = EA@ (pr. 1.38)

Q.E.D.




68 BOOKIPROP XLIII. THEOR.

.e andc’. of

the parallelograms which are about the diago-
nal of a parallelogram are equal.

AV

o (pr.134)

v

o (pr.134)

l o,

= HE complements «

D

Q.E.D.



BOOKIPROP XLIV.PROB. 69

£ G

0 a given straight line (

) 10 apply

a parallelogram equal to a given triangle
( V )y and baving an angle equal to a

given rectilinear angle ( )
N

Make = V

F L

with ‘E = (pr. 1.42)

and having one of its sides fmammmnsl conterminous

with and in continuation of * -

. . G
Produce * ' ill it meets * | Semmmmaaf
draw *© ; produce it till it
meets *======= continued;
draw © P o meeting

¢ produced and produce "=======f.

A

H £ .
= AW (riv)
F £ D
A H K J
but = v (const.)
E L

3

andF‘AE = F'E = “ED = \
(pr. 1.29 and const.).

Q.E.D.



70 BOOKIPROP XLV. PROB.

o construct a parallelogram equal to a given

rectilinear figure ( A! ’ ) and baving an
angle equal to a given rectilinear angle ( ‘o )

A

Draw * ? and 3 dividing

the rectilinear figure into triang]es.

A

F G
Construct =
onstruct . EAD
G
having = M (14
H o

c
G J

0 apply | = A

having“ = ‘O (pr.1.44)

b 8

to Kapplyk'M = }c
having K‘ = ‘O (pr. 1.44)

F L
and M W isaparallelogram. (pr.1.29, .14, 1.30)
H M
L
havin; = .

Q.E.D.



BOOKIPROP XLVI. PROB. 71

D C

] PON a given straight line ( ) to con-

struct a square.

Draw © £ 1 and = ‘e (pr.111,1.3)

Draw * F s = and
C A

meeting * ? drawn ||
A B

.

In ¢ o = (const.)

A

= aright angle (const.)

D

‘ = = aright angle (pr. 1.29), and the

D

remaining sides and angles must be equal, (pr. 1.34)

A B

And - . > is a square (def. 30).
Q.E.D.




72 BOOKIPROP XLVII. THEOR.

A

B N 4 right angled triangle BAC the

B

square on the hypotenuse < s equal to
the sum of the squares of the sides (= ]
and * )

OnB C,C A A B

>

describe squares, (pr. 1.46)

Draw immmmmmnl ” RSp— (pr 1_31)
also draw * and % J
B (e} F
— A
| [of
A‘c F
A
Toeachadd ;M - = B‘c )
e — Gammmmma! gnd & | - S

A

and
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In the same manner it may be

B J
D

A
shown that . = ;

hence




74 BOOKIPROP XLVIII. THEOR.

r 5| F the square of one side (* < ) of a triangle
s is equal to the squares of the other two sides
S 8
d A B A c
( and ), the angle ( [\ J
-’ A
s subtended by that side is a right angle.
&’
’
0"'
l: Draw ‘=s=s=== Pk ¥ and = * = (pr. 1.1, 1.3)
s and draw F======= also
’
’
" . D A
P n . Since ‘Tmmmmunsi = (const.)
—— 02 _ g
- >
S— 22 L 22 _ 4 22 44 2
2 2
byt Aeessses 2 4 52 _ fewwnnnstd (pr. 1.47),

B 02 _ c2
......... = —_—
_ 8 c
RS G
B B
and - = . (pr. 1.8),
D A A C

B
consequently . is a right angle.
(o}
A

Q.E.D.



Book II

Definition I

RECTANGLE 07 a right angled parallelogram is
said to be contained by any two of its adjacent

s or conterminous sides.
(o} D
Thus: the right angled parallelogram is
A B
said to be contained by the sides ’ and - <,
A B A C

or it may be briefly designated by —.

If the adjacent sides are equal; i. e. * Y =

C < then '— % < which is the expres-
sion for the rectangle under C Y and % isa
square, and
A B A C A C 2
) 1 or
is equal to
q B A C A C 2
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Definition II

1 N a parallelogram, the figure composed of one of
the parallelograms about the diagonal, together
with the two complements, is called a Gnomon.

H N
Thus . and © ! are called Gnomons.
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HE rectangle contained by two straight

lines, ome of which is divided into any
H M N

GO number of parts, ‘em—' . =
L\

M N
—

. o
I
e,
is equal to the sum of the rectangles contained by the undi-
vided line, and the several parts of the divided line.

Draw o | et gnd = o (pr.1.2,

pr. 1.3); complete the parallelograms, that is to say,

H

EH T S

K D
T

r (pr. 1.31)
draw fp . pr. 1.3
.
H C
I
B C B D D E
G H = & k + o+
B (o}
. — S — A—
G H —
B D D E
G K G B I K L G B
= Gt s ot = e o
G K = y K L - 5
E (o}
I _LH e B
L H -
G H M N
S A— el —
G K M N K L M N L H M N
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BOOKII PROP. II. THEOR.

F a straight line be divided into any two parts

A B

, the square of the whole line is equal
to the sum of the rectangles contained by the
whole line and each of its parts.

A B A C
= A B C B
{ + o —
A B
Describe o e (pr. 1.46)
C
Draw  parallel to *=======s? (pr. 1.31)
A B
A EZ
) RS S
[}
C F A C A B A C
P = =
C B
_c FoC B _ A B C_ 8
L R S S .
A B A [} C
) = o Pt 3
2
B A B A C A B C B
— + P
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F a straight line be divided into any two parts
L the rectangle contained by the
whole line and either of its parts, is equal to

the square of that part, rogether with the rec-
tangle under the parts.

2
E F D E D E D E D F
. = + o — O

2
E F D F D F D E D F
— = T et L

B C
Describe E.D (pr. 1.46)
C A

Describe o ¢ (pr. 1.31)
B A B C C A
Then E-F — E.D DI
B A

F,but

In a similar manner it may be readily shown that
E F D_F D F 2 D E D F

="+

Q.E.D.
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1 F a straight line be divided into any two parts

E

, the square of the whole line is equal
to the squares of the parts, together with twice
the rectangle contained by the parts.

D £ 2 F

2
3 . D FoOFE
= + =+ twice

Describe o ¢ (pr. 1.46)
draw === " (post. I)
: af ” B B

{ R — | % £ }(pr. 1.31)

G‘ = GF(pr. Ls),

G
DFD‘

~ by (pr. 1.6, pr. 1.29, pr. 1.34)

H

. o )
5 ¢ isasquare = m—

C B

2
. G K
For the same reasons G k 1sasquare = == ,

" s = = el (pr 143)
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B
H G
ﬂ ‘- .y,
E= o Pt

2 2 2
D E D F FE . D F
. = + — + tWIiCE . @w—

A

But ,

Q.E.D.
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B C C A

F a straight line be divided ==

into two equal parts and also — 2

into two unequal parts, the rectangle contained

by the unequal parts, together with the square
of the line between the points of section, is equal to the

square of half that line
B_D D A + D CZ — (o} A2‘ — B C2
8 F
Describe .- (pr. 1.46),
(e} E
draw 1
P mmna? I [A—
and '\“ -------- K || B_ A (pr' 1.31)
A K C E
L [
C L B.
A K C L
™M F ° H
= (pr. 1.43)
H G c L
D H
B F

and .- = ° C2(const.)
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s (ax. ID) .- = '
C E
A K
B D D A D C 2
— — + —
C A2 B C 2

83

Q.E.D.



84 BOOKII PROP. VI. THEOR.

F a straight line be bisected =" and pro-
B

duced to any point * the rectangle
contained by the whole line so increased, and
the part produced, rogether with the square of
half the line, is equal to the square of the line made up of

the half, and the produced part.

S S U S S S N
E C
Describe ;..B (pr. 1.46), draw * :
Gane? || et
and 1 Hewenne ) ——t b (pr 130)
A K C E
Al || Somanaf

L c K A

° ' I

F M = H D — L c (pr 1.36, pr. 1.43)

K A
1
c H
B _ B _ o0 ¢ A
. e
E L
[] 2
but . = (pr.2.4)
K A
E c E L
I
G D H
o g = mmmm= = ws (const., ax. IT)
2 2
B A B D D C B C
[ P et = et

Q.E.D.
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F a straight line be divided into any two parts

C F the squares of the whole line and one

of the parts are equal to twice the rectangle

contained by the whole line and that part, to-
gether with the square of the other parts.

D E2+N_E2=2D E.N_E+D N

2

A B

‘E (pr. 1.46), draw ‘=—— (post. I),

N mn I § 8
and{ femeet || D_E}

G f

) ’ .

W e = o (pr.143),
add @.F

Describe ,

= "~ to both (pr. 2.4)

C B

b N2
D N——(pr.z.4)
c B
I W e
‘a [ ]
H .F N E D N =
A B
c B
D E N _E b N2 ‘
o o, Bl W

D E2‘ N E2 D E N E D N2
—

—_— T = e

Q.E.D.
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1 F a straight line be divided into any two parts
: ' the square of the sum of the whole

line and any one of its parts is equal to four

times the rectangle contained by the whole line,
and that part together with the square of the other part.
E F 2 E L H L

= 4 e Lt

E H2
—

LCTTTTTT LTI ETTTT Fol

E L F H L

and make = = "=

Produce

Construct (pr. 1.46);

draw ' — R

e [T
. . (pr. 1.31)
N.I ----- _N } || E F
E Fz — L F2‘+ E L2+2 E L L F
(pr. 2.4)

H L2 E L E L H L H2
but ="+ =2- — o —
(pr. 2.7)

E FZ — 4 E L H L + E Hz.
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F a straight line be divided into two equal parts
Ul ——— " and also into two unequal

parts 1

~ed

=, the squares of the un-
equal parts are together double the squares of
half the line, and of the part between the points of section.

~

A D2+D_B2_2.A cz+2.c D2
Make Smmuai | and = ‘e— or G
Draw ‘==ssssssi and Seemmeeos?

C G
faa? I _...E’ A I = and draw -

= (pr. r.s) = half a right angle (pr. 1.32)

C

N ‘B (pr. 1.5) = half a right angle (pr. 1.32)

. ‘ = arightangle.

4

. ‘B = GEAF = ‘B (pr. L5, pr. 1.29).

F D D B
hence "==" = =,
Geni = = % (pr. 1.6, pr. 134)
A P2 —
L S L
S S S T S
= r
{:2.’* 2,y o 0t (pr.1.47)
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F a straight line "t be bisected and pro-
@ ek

duced to any point —, the squares of

the whole produced line, and of the produced

part, are together double of the squares of the

balf line, and of the line made up of the balf and produced

part.
A b2 B D2 c g2 c b2
— — o — — 2. + 2. —
Make =— 1 and = to = or &,
draw esessf and -t
and{ E_F :: C_ 5 }(pr. 1.31)
draw * = also.
‘E . = ,4 (pr.rs)=halfarightangle (pr.1.32)
. EA L= . (pr. 1.5) = half a right angle (pr. 1.32)

= aright angle.

‘GD = c A . = 5 = ‘B F = B‘ =
half a right angle (pr. 1.5, pr. 1.32, pr. 1.29, pr. 1.34),
and = = %,

Gl = & = e (pr. 1.6, pI. 1.34).

Hence by (pr. 1.47)

2 2 2
A D D_ G B D
B T M T
2 2 2
G A E A C
e = + fammaai =2 .
+ E_...?Z—z ; 2
A D2 I B DZ 2. C B2 2. C D2‘.



BOOKII PROP. XI. PROB. 89

o divide a given straight line "=m—===? i
such a manner, that the rectangle contained
by the whole line and one of its parts may be

equal to the square of the other.

And? L Han? — A ?
(o} D
Describe 4 s (pr. 1.46),
E A
make =—

= Se=sf (pr. n10),

draw ‘m—
F B E

take ‘=— = (pr.1.3),
A H
A F 7 .
on describe ¢ e (pr. 1.46).
G
Produce ‘msmmmmmmmmnnss (post. 1)
C F A F E Az
Then, (pr_ 2,.6) ..... — . F — =
2 2 2 2
E F — B E — A ---uB + E A .
c FooA Fo_ A 82
..... — = e—ee? o1,
C K
C D K D
A | I
F.G X .- F.G —
A B H B A H2

Q.E.D.
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N any obtuse angled triangle, the square of the

side subtending the obtuse angle exceeds the

sum of the squares of the sides containing the

obtuse angle, by twice the rectangle contained
by either of these sides and the produced parts of the same
[from the obtuse angle to the perpendicular let fall on it from
the opposite acute angle.

B C2> C A2+B AzbyZ.C A.A'...ID
By pr. 2.4
< L S S SR LTS S S S b
b 2
add to both
2 2 2
Cmena? T 2 B =% (pr.1.47)
2
_ c A D c a2 e
e L tor
+5 (pr. 1.47)
B C2‘ —
2+ ot . Aumal o Gy 8 22,
2 2 2
hence * < > C— 3
C A .Dz

Q.E.D.
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N any triangle, the square of the side subtend-

ing an acute angle, is less than the sum of the

squares of the sides containing that angle, by

twice the rectangle contained by either of these
sides, and the part of it intercepted between the foot of the
perpendicular let fall on it from the opposite angle, and the
angular point of the acute angle.

First. 2 < B—....°2_|_ A—szyz. R
Second. * GZ< 5 Fz_|_ F—szyzf_@f_...:‘

First, suppose the perpendicular to
fall within the triangle, then (pr. 2.7)

RS WL S S S N IR

2

add to each " then,

S eneS + 502 + 2 02

2+ Cmuns L ? p Bumef A0’
= (pr. 1.47)
- SR L S SN 1 S ¥
and &+ St ¥ < et T At g ) s B

Next suppose the perpendicular to fall
without the triangle, then (pr. 2.7)

AL ST - S SN N b
2
add to each " *” then
AL A0 U R L
. et L m® Gl 2
(pr. 1.47)
B ! T =2 fmua F_Gz_i_E_G2
E 62 < E F2+ F G b 2. — _G

First

Second
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0 draw a right line of which the square shall

be equal to a given rectilinear figure.

2
To draw "= sych that, 'w— =

B

Make - = (pr. 1.45),

produce ‘= until feesi = Sy
take "mmms=s 7 = S (pr.1I10).
Describe ¢ s (post. III),

and produce f? to meet it: draw m—

H F2 H GZ F E E B E 62
O s == immmr . i e— ] imar (pf- 7_‘5)’
2 2 2
H G H E E G
but = = — Gaai (pr' 1‘47);
2 2 2
H E E G F E E B E G
, e el = ammml . e e— e Gaa
2
H E F E E B
— = ammar e and
E B
: 3 -
D c

Q.E.D.
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Definitions

1
Equal circles are those whose diameters are equal.

2
A right line is said to touch a circle when it meets the circle,
and being produced does not cut it.

3

Circles are said to touch one another which meet, but do

not cut one another.

4

Right lines are said to be equally distant from the centre of
acircle when the perpendiculars drawn to them from the
centre are equal.

5

And the straight line on which the greater perpendicular
falls is said to be farther from the centre.

S
®
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6

A segment of a circle is the figure contained by a straight
line and the part of the circumference it cuts off.

7

An angle of a segment is that contained by a straight line

and a circumference of a circle.

8
Anangle in a segment is the angle contained by two straight
lines drawn from any point in the circumference of the
segment to the extremities of the straight line which is the
base of the segment.

9

An angle is said to stand on the part of the circumference,
or thearch, intercepted between the right lines that contain
the angle.

10
A sector of a circle is the figure contained by two radii and
the arch between them.

II
Similar segments of circles are those which contain equal
angles.

12
Circles which have the same centre are called concentric
circles.
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0 find the centre of a given circle

Draw within the circle any straight line === make
A D E C

= Sweeenns? draw L Aems?; bisect

E C

, and the point of bisection is the centre.

For, if it be possible, let any other point as the point
A G

of concourse of , Gmemmana? g Semssmaa? be the

centre.
A

D‘----VG
- o o A G

Because in o="=™c and e =
B

A D

tammnnas? (hyp. and def. 1), = Bmemenaa? (const.)
and %======= common, ’ .= ve (pr.1.8),and

are therefore right angles; but Dv = ﬂ (const.)

E

‘ fov v (ax. XT) which is absurd; therefore the

assumed point is not the centre of the circle; and in the
same manner it can be proved that no other point which

is not on ° = is the centre, therefore the centre is
in ‘— and therefore the point where S §5 bi-
sected is the centre.

Q.E.D.
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STRAIGHT line (* ? ) joining two points

in the circumference of a circle @, lies

wholly within the circle.

Find the centre of @ (pr. 3.1);

A

from the centre draw === to any point in ,
meeting the circumference from the centre;
draw * P and * 3

D

Then A‘BD = A‘ (pr. Ls)

B

but * > A‘BD or > A‘ (pr. 1.16)

E

C Y lies within the circle.

Q.E.D.

. every pointin



BOOK III PROP. III. THEOR. 97

(s F

¥ F a straight line ( ) drawn through

the centre of a circle @ bisect a chord

(=t ) which does not pass through the
centre, it is perpendicular o it; o, if perpendicular to it, it
bisects it.

¢

Draw * fand - ¥ to the centre of the circle.
E E
In A_IF and Fma
A E E B E F
= — common,
E E

and * { = famaaes ‘ = (pr.1.8)

A F F B

and - ° { | eee? (def. 10)

Again let § i | Cmnnaf
E E

) ‘ = [, (yp)
and * F = —
o At = fwnenne? (pr. 1.26)
and . ‘=——— bisects ===’

Q.E.D.
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F in a circle two straight lines cut one another,
which do not both pass through the centre, they

do not bisect one anotber.

If one of the lines pass through the centre, it is evident
that it cannot be bisected by the other, which does not pass
through the centre.

But if neither of the lines * = or ° 1 pass
through the centre, draw Smmmmmsal from the centre to their
intersection.

If "= be bisected, *=======! L to it (pr.3.3)

p -/

and if & ® be bisected,
fomnnnnel | G P (pr. 3.3)

and - ‘D = ‘§

a part equal to the whole, which is absurd:

LA C B

and 2 do not bisect one another.

Q.E.D.
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F two circles intersect , they have

not the same centre.

Suppose it possible that two intersecting circles have a
common centre; from such supposed centre draw S :
to the intersecting point, and o 2 meeting the circum-

ferences of the circles.

Then © f = e (def. 15)

and © f = mmna? (def. 15)

E F E

a part equal to the whole, which is absurd:

+ circles supposed to intersect in any
point cannot have the same centre.

Q.E.D.

C
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F two circles @ touch one another
a)
D
e

internally, they have not the same centre.

For, if it be possible, let both circles have the same

centre; from such a supposed centre draw “======" and

C F .
to the point of contact.

Then © F— faasssas £ (def 15)
and c L — (def. IS)

>

a part equal to the whole, which is absurd; therefore the
assumed point is not the centre of both circles, and in the
same manner it can be demonstrated that no other point
is.

Q.E.D.



BOOKIII PROP. VII. THEOR. 101

F from any point within a circle

A
—

B
are

F C
—

which is not the centre, lines

drawn to the circumference; the greatest of
those lines is that (=======' ) which passes through the cen-
tre, and the least is the remaining part (* ?) of the
diameter.
Of the others, that (- ¥ ) which is nearer to the line
passing through the centre, is greater than that (- <)

which is more remote.
Fig. 2. The two lines (- ~ and " < ) which make
equal angles with that passing through the centre, on oppo-

site sides of it, are equal to each other; and there cannot be
drawn a third line equal to them, from the same point to
the circumference.

Figure L.
To the centre of the circle draw S===ssssf and fememanat
then ‘emesmesf = Geeeef (def, 15) mmmeeed =

E F

4+ Gwemenes Pk * (pr. 1.20) in like man-
C

ner '======={ may be shown to be greater than " s

or any other line drawn from the same point to the cir-
F F c
+ >

E F

cumference. Again, by (pr. 1.20) *
TR - [ rake from
both; ~ * < > ? (ax. III), and in like

manner it may be shown that ° ? is less than any

other line drawn from the same point to the circumfer-

B
E .-“" mmmnmmn, C
. . E F
ence. Again, in and V , com-
F
F

Fig. 1

Fig. 2
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E c

> s and fememese? > Sememeasd

3 F B

> < (pr.1.24) and may in like

manner to be proved greater than any other line drawn

from the same point to the circumference more remote

from messst

Figure II.
E E
G
Q= P then ot =
F F
if not take - S =  draw * B

E
E F

common,

fenenensf = " (pr. 1.4)

E E H E M
isEEEEEET  — —

a part equal to the whole, which is absurd:

G F

F

= “: and no other line is equal to

¢ drawn from the same point to the circumference;

for if it were nearer to the one passing through the centre

it would be greater, and if it were more remote it would be

less.

Q.E.D.
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= HE original text of this proposition is bere di-
2 vided into three parts.

D A
—

If from a point without a circle, straight lines § '
D F

are drawn to the circumference; of those falling upon
. . D A
the concave circumference the greatest is that ( ==—==t)

which passes through the centre, and the line ( )

which is nearer the greatest is greater than that ( )
which is more remote.

Draw "t=s=ss=sal gnd "ess=s==sf o the centre.
Then, ‘==—== which passes
through the centre, is greatest;

for since Mammmmmat = Mammaanaf f S "' be added
to both =——=s = = ' Mawananafs
but > * (pr. 1.20)

e greater than any other line drawn
from the same point to the concave circumference.

D
D
Again in and S
. wsl o M
E

D

M F M E M
lomwmmaef = Mawmmensf and common,

D
D

but > , F > & " (pr. 1.24);
!"’M F M

and in like manner

D E

may be shown > than
. D A
any other line more remote from =——=i

iU

E<
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II.
D . . .
d Of those lines falling on the convex circumference the
o . . .
o least is that (*=======% ) which being produced would pass
" : . . . .
Jit through the centre, and the line which is nearer to least is
4 ] . .
S0 less than that which is more remote.
’ ]
A
4
L
For, since * Y Qemmmmeal > G — (pr.1.20)
K M G M
and = 5
T S CTTTTT (ax. V)
And again, since
g M 4 Rweeeenel! > & ¥} Reemement (pr. 1.21),
H M K M
and = s

Resmsanal’ & Bueeeanad And so of others.

III.
Also the lines making equal angles with that which passes
through the centre are equal, whether falling on the con-
cave or convex circumference; and no third line can be
drawn equal to them from the same point to the circum-

ference.
D D
. D N D H .
For if G=amas > --------',butmakmg = k ;
H M IV N
make Zeseeens? = Zessmmnet) and draw Yessses
. D
Then in we have Res=ssee? = Zammsmaal
D D
D M
and common, and also k = ,

M M
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 Memmme® = e (pr 1),

but “

M

B M
—2N T TTTTTT TR
>

o tmemmmnnl’ = Yemmmawd which is absurd.

D H . D o
©, Ammmmmme; is :/= ......... , NOr to any part
H

Neither is essnnasi’ > Sanas ,
they are .= to each other.

And any other line drawn from the same point to the
circumference must lie at the same side with one of these
lines, and be more or less remote than it from the line pass-
ing through the centre, and cannot therefore be equal to
it.

Q.E.D.
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F a point be taken within a circle ° 5

from which more than two equal straight
{ lines (* *R ok = ) can be
drawn to the circumference, that point must

be the centre of the circle.

For if it be supposed that the point \ in which more

than two equal straight lines meet is not the centre, some
other point —.... must be; join these two points by
= and produce it both ways to the circumference.
Then since more than two equal straight lines are
drawn from a point which is not the centre, to the circum-
ference, two of them at least must lie at the same side of the

D
. H L . . .
diameter ======:; and since from a point /\ , which

is not the centre, straight lines are drawn to the circumfer-
ence; the greatest is f—==" which passes through the cen-

tre: and * < which is nearer to ‘m——=sr > % :
which is more remote (pr. 3.8); but * < =" 1
(hyp.) which is absurd.

The same may be demonstrated of any other point,

different from /\, which must be the centre of the

circle.
Q.E.D.
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& NE circle O cannot intersect another

O in more points than two.
For, ifitbe possible, let it intersect in three points; from

the centre of @ draw * =" fand " 3

to the points of intersection;
o — ® = "' (def. 15), but as

the circles intersect, they have not the same centre (pr. 3.5):

= the assumed point is not the centre of O ,and

P c P B P H
Y QS — and == gre drawn from a

point not the centre, they are not equal (pr. 3.7, pr. 3.8); but
it was shown before that they were equal, which is absurd;
the circles therefore do not intersect in three points.

Q.E.D.
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F two circles and touch one

another internally, the right line joining their
centres, being produced, shall pass through a
point of contact.

For, if it be possible, let ‘=== join their centres,
and produce it both ways; from a point of contact draw

G ° to the centre of , and from the same point

Because in ;
~
e > fmmmmaaal (pr. 1.20),
and femmmeeef = —_—
as they are radii of ,
but S 4 A® 5 1 —_

>

G . .
take away = which is common,

and A G > H G;
A G D G
but = s
because they are radii of s
and « Zeeee® >0 ¢ apart

greater than the whole, which is absurd.

The centres are not therefore so placed, that a line join-
ing them can pass through any point but a point of contact.
Q.E.D.
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F two circle and ‘ touch one
G

3

another externally, the straight line

| joining their centres, passes through the point
of contact.

If it be possible, let ======"joining the centres, and
not pass through a point of contact; then from a point of

contact draw " fand * ® to the centres.
- 4 Ft > " < (pr.1.20)

and * < =" " (def. 15),

and © < =" € (def. 15),

. F C + D G > F G’

a part greater than the whole, which is absurd.

The centres are not therefore so placed, that the line
joining them can pass through any point but the point of
contact.

Q.E.D.
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NE circle cannot touch another, either exter-

& nally or internally, in more points than one

Figure L.
For, if it possible, let H and @ touch one
another internally in two points; draw © ! joining

their centres, and produce it until it pass through one of
the points of contact (pr. 3.11);

H D G

and

draw -

But S = C— (def IS),

2 if S’ be added to both,

H B G H D G

[A——— — + ;
but meees? = S’ (def. 15),
and‘_.e H+D G=D H;
but . * "+ - > - ! (pr.1.20),
which is absurd.
Figure II.

But if the points of contact be the extremities of the right
line joining the centres, this straight line must be bisected
in two different points for the two centres; because it is the
diameter of both circles, which is absurd.
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Figure III.
Next, if it be possible, let H and @ touch

externally in two points; draw s joining the centres

of the circles, and passing through one of the points of

CR— ¥ and

contact, and draw
tmmmmmnal = e (def 15);

+ Semmmmnal > ——r

but -
(pr. 1.20), which is absurd.

Q.E.D.

There is therefore no case in which two circles can

touch one another in two points.
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QUAL straight lines | ""ID inscribed

e in a circle are equally distant from the centre;
and also, straight lines equally distant from
the centre are equal.

From the centre of @ draw ===l 1 to * mannl

and =¥ | © ?,join

= and *

Then “—° = half © ? (pr.33)
and = = 5 (pr33)
since © = fmeas? (hyp.)

o G® = et g — = et (def, 15)
. E AZ_ E C2

>

but since is a right angle
F
E
2 2 2

E A E F A F
— e — (pr- 1.47)

C2 E (52 C

= S 4

S S I S S

E F2‘ E GZ E F

E G
ommman = Gmmad o mmmn = Gmesr

and *

2
G
for the same reason,

C GZ

B (o}

Also, if the lines "——sssaf and ® be equally

distant from the centre; that is to say, if the perpend1c-

ulars =eei and Seee? be given equal, then N m =
C D

For, as in the preceding case,

E 62 C 62 A F2 E F2

e = el T Sl

but Geef > = Geael

= 'l and the doubles of these
? are also equal.

Q.E.D.
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HE diameter is the greatest straight line in a
circle: and, of all others, that which is nearest
to the centre is greater than the more remote.

Figure L.

D A M

‘The diameter is > any line

For draw °© Yand © ¥
Then ° Mo E A
and ° d == 3
E N + E M — D A
but ° t S >k = (pr. 1.20) .
D A > M N :

Again, the line which is nearer the centre is greater than
the one more remote.

First, let the given lines be ! g Fmmmmana?
which are at the same side of the centre and do not inter-

sect;
E N
b
E ™M
draw { . ’

G
[CLLLLTLIEN

J M . 4
' “‘ "'
L) &
In Qp and el
E “0’
v
E
E N E ™M E G E F
and = Semmmensf and Semmmmes
G F
N M
but \) > R
E E
M N

> Smmmmnal (pr.1.24)
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Figure II.
Let the given lines be ° < and ° ¢ which
either are at different sides of the centre, or inter-
sect; from the centre draw fee=emnd gnd Sesassas I
F G B C
and S
S — Pt 3

and draw "——" ] ¢

H Since * < and - ' are equally distant
E from the centre, * < =" " (pr. 3.14);
: but * s > - ¢ (pr. 3.15),

F G

< >

Q.E.D.
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F 1 HE straight line © “ drawn from the ex-

Q| 1remity of the diameter === of a circle
perpendicular to it falls without the circle

And if any straight line ======= ? by drawn

Jfrom a point within that perpendicular to the point of con-

tact, it cuts the circle.

Parc 1.
If it be possible, let G ¢ which meets the circle again,
be L & 2 and draw ‘—

D

¢ = C‘A (pr. Ls),

A

and - each of these angles is acute (pr. 1.17)

but © = ﬂ (hyp.), which is absurd,

A

therefore * < drawn L & 3

does not meet the circle again.

PartI1.
Let °© “be L * < and let “esesnes ¢ be drawn
from a point ‘::3'6 between © “ and the circle,

which, if it be possible, does not cut the circle.

D

- =0
AE

D

’ © is an acute angle;
A

suppose *esssmasi | fusesees ¢, drawn from the centre of

D
the circle, it must fall at the side of ’ e the acute angle.
A
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iD ¢ which is supposed to

be a right angle, is > ’ e,

D H D G

and o Gemmmesl > mmmmman ,apartgreater than the whole,
which is absurd. Therefore the point does not fall outside
the circle, and therefore the straight line Aummmnna ¢ cuts the
circle.

Q.E.D.
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O draw a tangent to a given circle @ from

a given point, either in or outside of its circum-
ference.

If a given point be in the circumference, as at .___I s

A B

it is plain that the straight line L Gememenaf the

radius, will be the required tangent (pr. 3.16).
But if the given point /I be outside of the circumfer-

ence,

E A . .
draw *====="from it to the centre, cutting @;

and draw feeesees? 1 Cevemanal
describe | ¢ | concentric with @ radiys = Gemmemt
draw S======to the centre from the point

where “======= fallson | ¢ | circumference,

A B

1 femeae from

the point where it cuts @ s

Then = will be the tangent required.

A

draw

D
K
* e *
.‘0 Q.‘ “0
Forin  stammmmmta, gnd csmmmmad
A E 3 € A
ennef = mmnaf E‘Fcommon,
o £ N .
NS S —
A

~ (pr.14) i = g = ﬂ,

B

TTTTTTTIRTPY tangent to @ .

Q.E.D.
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F a straight line Sammmans? fe g tangent to a cir-
cle, the straight line : < drawn from the
centre to the point of contact, is perpendicular
to it.

For, if it be possible, let e he L Gmmmmana?

G G
then - = ﬂ, ‘ is acute (pr. r.17)
F F
(o} (o}

F c F

> femee? (pr. L19);

butF ¢ o B,

G
p 5 > F—"',apart

and -
greater than the whole, which is absurd.

F G . [} D
, m—= i NOt L [LELLLLL I

and in the same manner it can be demonstrated, that no
F C

. . C D
is perpendicular to F=s=s==st’,

Q.E.D.

other line except
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E

F a straight line & be a tangent to a
circle, the straight line C . drawn per-
pendicular to it from point of the contact, passes

through the centre of the circle.

For, if it be possible, let the centre be without L -
and draw S=essaes " from the supposed centre to the point
of contact.

T FLs ‘ (pr. 3.18)

o = ﬂ,aright angle;
bu - ﬂ hyp.),
- C (hyp.)

E E

and - ¢ = ,apart

N %

C C

equal to the whole, which is absurd.

Therefore the assumed point is not the centre; and in
the same manner it can be demonstrated, that no other
point without * ¢ is the centre.

Q.E.D.
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HE angle at the centre of a circle is double the
angle at the circumference, when they bave the
same part of the circumference for their base.

Figure L.

Let the centre of the circle be on === ==
A

a side of

A

or ’c = twice (pr. 1.32).

F F C

E A A
Bue o= ) + Q.
F F C c
E

Figure II.

A
Let the centre be within _ ‘ ,
(e}
the angle at the circumference;

A F

draw from the angular
point through the centre of the circle;
N A A A
then M. = B‘,andE = s
5 F C F C

because of the equality of the sides (pr. r.5).

A A A

A
A
Hence B‘ + B‘E + 4 ¢ = twice B‘
F F c c

(o}
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ButB'F = B‘ +B‘AE,
andE.c=A '|'EA 5

Figure IIL.

D

Let the centre be without ‘
.

C

D G

and draw , the diameter.

£ D

: G‘ . = twice e‘;

C

E D
and ‘ = twice ( (case L);
F F

Q.E.D.
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HE angles in the same segment of a circle are

equal.
Figure L.
Let the segment be greater than a semicircle, and draw
D F B F
and to the centre.
F A E
= twice ‘ or twice = ‘ (pr. 3.20);
B D D 8
B D
A E
b -4
Figure II.
Let the segment be a semicircle, or less than a semicircle,
draw © = the diameter, also draw © 3

A = B‘E andA‘D = i (casel.)

G

A E
- v =4
B D

Q.E.D.
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A

HE opposite angles D‘ and ’ B,

B c

2 ’ ' and | & of any quadrilateral figure

inscribed in a circle, are together equal to two right angles.

B

Draw * < and " the diagonals;

and because angles in the same segment are equal
D A
B —
= >
c c
A D s
and o ‘ = ' ;
c C

add PP’ toboth.
PPV
two right angles (pr. 1.32).
In like manner it may be shown that,
v -D

Q.E.D.
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PON the same straight line, and upon the same
side of it, two similar segments of circles cannot
be constructed, which do not coincide.

For if it be possible, let two similar segments

(Y

5 » and s be constructed;

A

draw any right line 3 cutting both the segments,

draw ‘e and ° 1

Because the segments are similar,
(o} D

B - ‘ (def. 3.11),

C D

but > ‘ (pr. 1.16)

which is absurd;

therefore no point in either of the segments falls without
the other, and therefore the segments coincide.

Q.E.D.
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L

IMILAR segments A and ¢ o,
of circles upon equal straight lines (
and * ¥ ) are each equal to the other.

A

A

A B>

For, if ¢ » be so applied to

that © 1 may fall on C >

. e C D
the extremities of =====" may

o . A B
be on the extremities  —

and 7 ™, at the same side as _# N s

c D __ A 5

- >

° must wholly coincide with —_—

and the similar segments being then upon the same straight
line and at the same side of it, must also coincide (pr. 3.23),
and are therefore equal.

Q.E.D.
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SEGMENT of a circle being given, to describe
the circle of which it is the segment.

From any point in the segment

CandA B’

draw *
bisect them, and from the points of bisection
draw * F ] et
and © F1 s :
where they meet is the centre of the circle.

C

Because * terminated in the circle is bisected

perpendicularly by © *, it passes through the centre

D F

(pr. 3.1), likewise passes through the centre, there-
fore the centre is in the intersection of these perpendiculars.

Q.E.D.
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X N equal circles @ and @, the arcs

e > ‘S’ on which stand equal an-

2 NG| gles, whether at the centre of circumference,
are equal.
G H
For, let = ‘ at the centre,
C E F
draw .........

‘Then since @ @

0
Ac and ‘-----\ have

B

But ‘ = ‘ (pr. 3.20);
O and ‘ . , are similar (def. 3.11);

B

they are also equal (pr. 3.24)

If therefore the equal segments be taken from the equal
circles, the remaining segments will be equal;

hence ° c=F F (ax. IIT);
B (o} E F
and . Nl = SNs -

But if the given equal angles be at the circumference,
itis evident that the angles at the centre, being double of
those at the circumference, are also equal, and therefore
the arcs on which they stand are equal.

Q.E.D.
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. N equal circles @ and @

angles ﬂ}’ld ‘ which stand upon equal

arches are equal, whether they be at the centres or at the
circumferences.

For if it be possible, let one of them

A

D
‘ be greater than the other
E 3 B

A D

and make k = ‘

N = “eeennner (pr.3.26)

but ‘Nt =  *eeannner (hyp.)
B\ K = B\ _.¢‘C a part

equal to the whole, which is absurd;
= neither angle is greater than the other,

and - they are equal.

Q.E.D.
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1 N equal circles K and ,

A

equal chords P Gmmmanan Y out off equal

arches.

From the centres of the equal circles,

draw C K, E ) and e==mmam , immmmmma ;

and K =

and~ Y, 0 = O (ax. III).

Q.E.D.
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1 N equal circles K and the

chords " ¥ and Seemenas Y which subtend

equal arcs are equal.

If the equal arcs be semicircles the
proposition is evident. Butif not,

A K B
et mm— ,

Smsssmsal be drawn to the centres;

B

A\/ = D\/E (hyp.)
and A‘B ) E (pr. 3.27);

Zemmeenef (pr.14);

but these are the chords subtending the equal arcs.

Q.E.D.
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e
0 bisect a given arc ‘

A

D mme?®

A
Dra

—a .
c
make /s—

B
immmmmEE

draw © € | femmune?and it bisects the arc.

D A
Draw

and Sessesss?

A

= Sammsans? (const.)
D

c .
1S common,

D D
and ‘ = . (const.)
A c c B

. D A

C

temeeees? (pr. 1.4)

PRl 7S

— -,
R = .. (pr. 3.28),
and therefore the given arc is bisected.

Q.E.D.
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Swy| N 4 circle the angle in a semicircle is a right
angle, the angle in a segment greater than a
semicircle is acute, and the angle in a segment
less than a semicircle is obtuse.

Figure I.

A

The angle \C in a semicircle is a right angle.
B

E B C

Draw * and

A A

A = L adm = B (prs)
o+ A==
the halfofm = ﬂ (pr. 1.32)

Figure II.

B

The angle ‘ in a segment
D
B

greater than a semicircle is acute.

B C A C
Draw

the diameter, and

A A

. ' ¢ = arightangle, - ‘ is acute.
D
B B

Figure III.
The angle » ‘D in a segment

less than a semicircle is obtuse.
Take in the opposite circumference any point,

to which draw * 3
A

and % 1

‘+ A‘DC = /TN (pr.3.22)

but ¢ < /] (figureIL), . A‘D is obtuse.

B

B

Q.E.D.
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I3

F a right line :
NG| cle, and from the point of contact a right line

D B

be a tangent to a cir-

be drawn cutting the circle, the angle
D

made by this line with the tangent is

B F

A

equal to the angle o in the alternate segment of the

B
circle.

If the chord should pass through the centre, it is evi-
dent the angles are equal, for each of them is a right angle.
(pr. 3.16, pr. 3.31)

But if not, draw * ]S " from the point

of contact, it must pass through the centre of the circle,

(pr. 3.19)

A'D = Eﬂ: (pr. 3.31)

A A

o + 'D=Eﬂ = ' F(pr.I.gz)

B B

D

0D = . (Q.X III)
Again EC! .= m = A o + ‘C (pr. 3.22)
o 7Y - ‘(ax I11), which

is the angle in the alternate segment.

Q.E.D.
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A B

N a given straight line to describe a

segment of a circle that shall contain an angle

equal to a given angle ﬂ, O AY

If a given angle be a right angle, bisect the given line,
and describe a semicircle on it, this will evidently contain a

right angle. (pr. 3.31)
If the given angle be acute or obtuse, make with the
given line, at its extremity,

draw * s 1 3

E
B B
and make ° @ = ',
A
A

describe with * ° or

® as radius, for they are equal.

. ¥ is tangent to ‘ (pr. 3.16)

LA B

€]

divides the circle into two segments

capable of containing angles equal to C'

and . which were made respectively
A

equal to O and A\ (pr.3.32).

Q.E.D.
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o cut off from a given circle a seg-

ment which shall contain an angle equal to a

" given angle ' .

E F

Draw (pr. 3.17), a tangent

to the circle at any poing;

at the point of contact make
A

) . = ' the given angle;

B

and contains an angle = the given angle.
B
Because * ‘isa tangent,
and * Y cuts it,
A
A
the angle in = ' r.3.32
g v (pr.332),

B

A
but ' = ' (const.).
F
B

Q.E.D.
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A

C
F two chords { , o t in a circle intersect
each other, the rectangle contained by the seg-
ments of the one is equal to the rectangle con-

tained by the segments of the other.

Figure I.
If the given right lines pass through the centre, they are
bisected in the point of intersection, hence the rectangles
under their segments are squares of their halves, and there-
fore equal.

Figure II.
Let Smmmnn mm pass through the centre,
and ‘=——===? not; draw =" and S

2 2
Then ‘e’ x tama? = 5™ _ fdll
2 2
(pr. 2“6), or ==' x fama? = Smmsaaf” _ Gl

' X hmma? = vt — (DT 2.5).

Figure III.

Let neither of the given lines pass through the centre, draw
through their intersection a diameter LEEEEE

and feessf x = = = x S (part2.),
also fmmeef X St = et X Swned (part2.);

B 3 E D A E

L o Gemed = et ¢ Genef

Q.E.D.
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3 F from a point without a circle two straight lines

¢ be drawn to it, one of which C Y 5 a tan-
@A gent to the circle, and the other e .
cuts it; the rectangle under the whole cutting
line ‘mmmmeneeme and the external segment —
equal to the square of the tangent * :
Figure L.
Lot o o pass through the centre;

draw *~' from the centre to the point of contact;

D 82 b2 B 2
PR LU SR (pr. 1.47),
o 82 b2 2
or SRR JUNNEE & U R
D Bz A D D C
— | — — Y — (pr 26)
Figure II.
If %es=e=e== do not pass through the centre,
draw ®-==" and Smesst,
2 2
Then feeeesmm? x Gemmne? = Ot 2 — Gwwnaf
(pr. 2.6), )
2 2
that is, feeees SV S S T S
A D C A D B2
o immmam — Y mmmms = — (pr 318)

Q.E.D.
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F from a point outside of a circle two straight
lines be drawn, the one ™
o the circle, the other ™

maa? cutting

1 meeting it, and
if the rectangle contained by the whole cutting
===’ and its external segment Gmmne? b equal
to the square of the line meeting the circle, the latter C 1

is a tangent to the circle.

A

line

Draw from the given point

D E .
, a tangent to the circle,
and draw from the centre * f Gmenal and Smeeal)
2
D E A D D C
— mmml X ammmmi (pr 3'36)
2
but % T =k PETTa Cmmmnf (hyp )’
. D 32 o e2
- = ,
and o — e —
D D
B/
Thenin % and
L)
F‘ Filmy, A
%uwenf and T ) —
D F .
and is common,

B' = F‘ (pr. 1.8);
but F‘D = ﬂ aright angle (pr. 3.18),

B'D = ﬂ arightangle,

D B

and - is a tangent to the circle (pr. 3.16).

Q.E.D.



Book IV

Definitions

1
A rectilinear figure is said to be énscribed in another, when
all the angular points of the inscribed figure are on the sides
of the figure in which it is said to be inscribed.

2
A figure is said to be described about another figure, when
all the sides of the circumscribed figure pass through the
angular points of the other figure.

3

A rectilinear figure is said to be inscribed in a circle, when
the vertex of each angle of the figure is in the circumference
of the circle.

4

A rectilinear figure is said to be circumscribed about a circle,
when each of its sides is a tangent to the circle.
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5

A circle is said to be inscribed in a rectilinear figure, when
each side of the figure is a tangent to the circle.

6
A circle is said to be circumscribed about a rectilinear figure,
when the circumference passes through the vertex of each

angle of the figure.

v is circumscribed.

7

A straight line is said to be inscribed in a circle, when its
extremities are in the circumference.

The Fourth Book of the Elements is devoted to the
solution of problems, chiefly relating to the inscription
and circumscription of regular polygons and circles.

A regular polygon is one whose angles and sides are
equal.
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5| N agiven circle | © | toplace a straight line,

equal to a given straight line (') not
greater than the diameter of the circle.

Draw G=ss=== the diameterof | o |;

G H

and if “e=e===’ = S’ then the problem is solved.

Butif “===== be not equal to b !

et > e (hyp);

C G H

make Femmanast = (pr.13)

. E C .
with F=ee===e as radius,

describe ,cutting | © |,

and draw * ¢ which is the line required.

For * € = fmmmnaan ¢ = S (def. .15, const.).

Q.E.D.



142 BOOKIV PROP. II. PROB.

1 N agiven circle to inscribe a triangle

5l equiangular to a given triangle.

To any point of the given circle
E ', a tangent (pr. 3.17);

draw
and at the point of contact make
c E
‘H = 'F (pr. 1.23)
A D

B E

and in like manner = )
G

and draw °

c E

‘H = 'F (const.)
YC (pr.3:32)

o
=)
oL

I

A D

vc = 'F(pr. 1.32),

and therefore the triangle inscribed in the circle is equian-
gular to the given one.

Q.E.D.
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BOUT a given circle @ to circumscribe a

triangle equiangular to a given triangle.

Produce any side E ' of
the given triangle both ways;

from the centre of the given
K C

circle draw , any radius.

At the extremities of the radii, draw * - 3

and "esesae- ", tangents to the given circle. (pr. 3.17)

A

The four angles of <, taken
together are equal to four right angles. (pr. 1.32)

but ‘ and ‘K are right angles (const.)

A
M

A LT ‘= m , two right angles

L
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but F‘E = m (pr. L.13)

D

and ‘= . (const.) and .- ‘MN = ‘DE.

3

In the same manner it can be demonstrated that

A - A
L‘ = ;‘ (pr. 1.32)

and therefore the triangle circumscribed about the
given circle is equiangular to the given triangle.

Q.E.D.
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A

N a given triangle BAC to inscribe a

q circle.

E

Bisect ’ and FGA (pr IQ) by S and

B

C . .
" from the point where these lines meet draw
F D E D G D . .
rmmmm——— and F-======" respectively perpendic-
B C A B (¢} A
ular to s and

In like manner, it may be shown

also that Ges=s==s? — F.........D’

E D

F D G D
imEmEmEEl  — = immsamsar;

hence with any one of these lines as radius, describe

6 and it will pass through the extremities of the

other two; and the sides of the given triangle, being per-
pendicular to the three radii at their extremities, touch the
circle (pr. 3.16), which is therefore inscribed in the given
triangle.

Q.E.D.
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0 describe a circle about a given triangle.

Make S * and -
E A
......... (pt. .10)
From the points of bisection draw : fand
: Pl £ and © * respectively (pr. L.1),
and from their point of concourse draw £ [ immmmmaal
and © and describe a circle with any one of them,
and it will be the circle required.

—
o]

L)

-,

[

o]

Q.

o
---""- >
yA

.
HE ¥ (const.),
 common,

D A
‘F = D‘ (const.),
8 F

B

E

— (pr. 1.4).

In like manner it may be shown
C F
that

3
— immmmmsm

F __ C

triangle.

*; and therefore
a circle described from the concourse of these three lines
with any one of them as a radius will circumscribe the given

Q.E.D.
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N a given circle to inscribe a square.

Draw the two diameters of the circle L to each other,

and draw ° £oh ’ “ and & 1

B © is a square.
C

A

A
For, since and ’ o are, each of them,
B D
(o}

in a semicircle, they are right angles (pr. 3.31),

. c D"A

* (pr. 1.28):

D A”B C

and in like manner

A A
And - ‘ = . (const.),
B £ E D

and since the adjacent sides and angles of the parallel-

ogram © o are equal, they are all equal (pr. 1.34);

and .. ® o, inscribed in the given circle, is a square.

Q.E.D.
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BOUT 4 given circle @ to circumscribe a

square.

Draw two diameters of the given circle perpendicular

to each other, and through their extremities draw L -
G H F G K F .
| e’ a0 tangents to the circle;

¢ —F

and = isasquare.

= ﬂ aright angle, (pr. 3.18)

C

B E
also ‘ = ﬂ (const.),
C

H K

B D . M
|| #=======";in the same manner it can
F G

be demonstrated that | fmmmee=a? and

G K

F A c
” tmmmmmma

also that ! and

= is a parallelogram,

E GFGF F G
wi: @ = =-"UW- M-
HC H KHKHK

they are all right angles (pr. 1.34);

o . . G
it is also evident that " | -
F G K F
— and are equal.
G F
S

Yoy« isa square.

Q.E.D.
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o inscribe a circle in a given square.

e « is a parallelogram;

and since tesmm—" = Sessm=< (hyp.)

S « is equilateral (pr. 1.34)

In like manner it can be shown that
G K 3 G
H c = « are equilateral parallelograms;

. A E G K G H F G

and therefore if a circle be described from the concourse
of these lines with any one of them as radius, it will be
inscribed in the given square (pr. 3.16).

Q.E.D.
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o describe a circle about a given square

Draw the diagonals e nnnl ] —ues? intersect-
ing each other;

A D A

then, because ‘ and have their sides

c B c

equal, and the base ‘=== common to both,

A

‘g = ‘E (pr. 1.8),

E
B

A
D
or ‘ is bisected:

B

A
in like manner it can be shown that . is bisected;
(e}
B

A o A
bue B = B
B B ¢

A A

hence ‘E = 'E their halves,

B B

£ - h * (pr. 1.6);

and in like manner it can be proved that
A E B E

E C E D
— semsssss] = iesssses

If from the confluence of these lines with any one of
them as radius, a circle be described, it will circumscribe
the given square.

Q.E.D.
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51 O construct an isosceles triangle, in which each
of the angles at the base shall be double of the \

vertical angle.
D

A B
mmm

Take any straight line
and divide it so that
A x Seme = 2 (o 1)

With ‘=== a5 radius, describe

and place in it from the extremity

of the radius, * B ] (pr. 4.1);

draw " 1

D

Then \ is the required triangle.

A

For, draw © ® and describe

about / (pr. 4.5)

A C2 B

2
Since ‘m———f x Gassf — - o2

B D .
. = s tangent to (pr.3.37)

D

= A, (pr.3.32),

C B

add A‘ to each,

C
+A4 =AADB+A4;
B (o} C

D

Cc
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D

but +40r4 ‘ (pr.vs):

A
SlIlCC

= e (pr1)
consequently
‘ LA, 4 A (pr.1.32)
e (pr 16)
- & L= - = ® (const.)

D
D

A, = . (pr.1s)

c
D D D
A-4-A-
c s . c B
D
D . D
AAB+A4 = thceAABS
c

and consequently each angle at the
base is double of the vertical angle.

Q.E.D.
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1 N a given circle to inscribe an equi-

lateral and equiangular pentagon.

Construct an isosceles triangle, in which each of the
angles at the base shall be double of the angle at the vertex,

A

and inscribe in the given circle a triangle ¢ b equian-
gular to it (pr. 4.2);

A A

draw ® S S A and Besesset ‘

A A

B h of th | D E
ecause each or t eanges 5 C‘D, )

C C D

. A and ° Q are equal, the arcs upon which they

stand are equal (pr. 3.26); and - e <,
G ¢ * and Seseeaes ¥ which subtend these arcs

are equal (pr. 3.29) and - the pentagon is equilateral, it is
also equiangular, as each of its angles stand upon equal arcs
(pr. 3.27).

Q.E.D.
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1 0 describe an equilateral and equiangular pen-

tagon about a given circle O

Draw five tangents through the vertices of the angles of

any regular pentagon inscribed in the given circle O

(pr.3.17).
These five tangents will form the required pentagon.

Draw ---------

B K C

|x

(pr. 1.47)

F C F B F K
(ARRNUS S S ,and

common;

E

= ‘Fcand:- o = (pr.1.8)

.
.
. \A = twice ‘ ,and ¥ = twice
C K C c K

C

In the same manner it can be demonstrated that
F

D F F
= twice and .D = twice ‘ ;
A/ A d | ;

(o}

but ‘@ = .D (pr. 3.27),
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F F F
- their halves = ‘ , also ﬂ = D s
K c L K c c L

C

F C
and r===s=s==’ common;

$ y K C C L
- A= A and = ’
K c c L

K L . K C
— = (WICE —

In the same manner it can be demonstrated

that * seenal! = twice - -

but B K K C

K H K L
oo = 5

In the same manner it can be demonstrated that the
other sides are equal, and therefore the pentagon is equilat-
eral, it is also equiangular, for

D

F 8 F
= twice and \‘ = twice
¥ Y A 0l \A A

L

F F
and therefore =
D B
N YAERYV %
(o} L K (o}

in the same manner it can be demonstrated that the
other angles of the described pentagon are equal.

Q.E.D.
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o inscribe a circle in a given equiangular and
equilateral pentagon.

Let

C

D

be a given equiangular and equilat-
eral pentagon; it is required to inscribe a circle in it.

.
Draw

Make H'F = C‘FK,and F'E = KFAD (pr.19)

B
[LLLT

C

E
imemenent | &c
A F F
- —
b
c c .

F C .
and === common to the two triangles

B

. F
.
. F
%
1 and ;

>

C

B
", hence
H

is bisected by —
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M

. . E .
In like manner it may be demonstrated that % is

D
F E

bisected by ===sas=r , and that the remaining angle of
the polygon is bisected in a similar manner.

Draw * JNTEEEEEEH , &c.
perpendicular to the sides of the pentagon.

F F
.=*”
Hy
Then in the two triangles and
C C K

H F F
we have ' = ‘ (const.), = common,
c c .

and ' = ‘ = arightangle;

o — = heeeeeest (pr126)

In the same way it may be shown that the five perpen-
diculars on the sides of the pentagon are equal to one an-

other.

Describe {« * | with any one of the perpendiculars as

radius, and it will be the inscribed circle required. For if
it does not touch the sides of the pentagon, but cut them,
then a line drawn from the extremity at right angles to the
diameter of a circle will fall within the circle, which has

been shown to be absurd (pr. 3.16).
Q.E.D.
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o describe a circle about a given equilateral
and equiangular pentagon.

PGS

Bisect B' . and . 'E by fammanaef and

tessease? and from the point of section,

draw © b N an( —

)
UII
-

F D
S, mmmmmmmr

. . ’e
and since in * and &

C

= F--------:D (pr. 1.4).

In like manner it may be proved that
F A F E F

B

and therefore * b=k :

C F D E
iEEEmEEE] — IEEEssEE] —

Therefore if a circle be described from the point where
these five lines meet, with any one of them as a radius, it
will circumscribe the given pentagon.

Q.E.D.
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o inscribe an equilateral and equiangular

Ué% hexagon in a given circle E

From any point in the circumference of the given circle

describe passing through its centre, and draw

the diameters — !

C D D E E F

--------- , remmmsesi Gessemes &cand the required hexa-

B

and f. draw

gon is inscribed in the given circle.
G D

passes through the centres of the circles,

Since

Lo are equilateral triangles, hence

C‘G = Gbg = one-third ofm (pr. 1.32) but

& - D

C‘G = ebg = G‘F = one-third ofm

(pr. 1.32), and the angles vertically opposite to these are all

equal to one another (pr. 1.15), and stand on equal arches
(pr. 3.26), which are subtended by equal chords (pr. 3.29);
and since each of the angles of the hexagon is double of the
angle of an equilateral triangle, it is also equiangular.

Q.E.D.
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i 51 O inscribe a circle in an equilateral and equian-
% gular quindecagon in a given circle.
aJ

Let % *and * " be the sides of an equilat-

eral pentagon inscribed in the given circle, and C 3

the side of an inscribed equilateral triang]e.

The arc subtended } 2 6 {of the whole

by * ¥ and & 5~ 15 | circumference

The arc subtended} _1_ 5 {ofthe whole

by * g 3715

circumference

L 1
Their difference = 5

= the arc subtended by Sammmmmal = % difference of

the whole circumference.

Hence if straight lines equal to Samssmssl be placed in
the circle (pr. 4.1), an equilateral and equiangular quin-
decagon will be thus inscribed in the circle.

Q.E.D.
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Definitions

I
A less magnitude is said to be an aliquot part or submul-
tiple of a greater magnitude, when the less measures the
greater; that is, when the less is contained a certain number

of times exactly in the greater.

2
A greater magnitude is said to be a multiple of a less, when
the greater is measured be the less; that is, when the greater
contains the less a certain number of times exactly.

3

Ratio is the relation which one quantity bears to another
of the same kind, with respect to magnitude.

4

Magnitudes are said to have a ratio to one another, when
they are of the same kind; and the one which is not the
greater can be multiplied so as to exceed the other.

The other definitions will be given throughout
the book where their aid is first required.
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Axioms

I
Equimultiples or equisubmultiples of the same, or of equal
magnitudes, are equal.
If 4 = B, then
twice A = twice B,
thatis, 2.4 = 2B;

34 =3B
44 = 4B,
&c. &c.
1 1
andzofA—zofB;
1 1
Zof A= - of B:
3o A 3o B;
1 1
ZOfA—Zof:B;
&c. &c
II

A multiple of a greater magnitude is greater than the same
multiple of a less.
Let A > B,

then2.4 > 2B,
34 > 3B;
44 > 4B,

&c. &ec.
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III

That magnitude, of which a multiple is greater than the
same multiple of another, is greater than the other.
Let 2.4 > 2B,

then 4 > B;
or,let3.4 > 3B,
then 4 > B;
or, let mA > mB,
then 4 > B.
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F any number of magnitudes be equimultiples
of as many others, each of each: what multiple
soever any one of the first is of its part, the same
multiple shall of the first magnitudes taken
together be of all the others taken together.

a

Let OO OO () be the same multiple of (1,

that isof ©,

that QQQQQ isof Q.

Then is evident that

aalalala } { @)
is the same multiple of
QOO0 O

which that OO isof ()

because there are as many magnitudes

.{ooooo} {o
QOO0 Q
astherearein OO = ().

The same demonstration holds in any number of mag-
nitudes, which has here been applied to three.
= If any number of magnitudes, &c.
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F the first magnitude be the same multiple of
the second that the third of the fourth, and
the fifth the same multiple of the second that
the sixth is of the fourth, then shall the first,
together with the fifth, be the same multiple of the second
that the third, together with the sixth, is of the fourth.

Let , the first, be the same multiple of €, the
second, that OO, the third, is of O, the fourth; and
let @@ @@ che fifth, be the same multiple of ¢, the
second, that OO, the sixth, is of O, the fourth.

, the first and
0000 }
fifth together, is the same multiple of €, the second,
OO0 } . . .
that , the third and sixth together, is of
{ OOOO 8

the same multiple of O, the fourth; because there are
as many magnitudes in { 0000 } = as there are
. [OOO }
in = 0.

{oooo O

= If the first magnitude, &c.

Then it is evident, that {
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S| F the first of four magnitudes be the same multi-
ple of the second that the third is to the fourth,
and if any equimultiples whatever of the first
and third be taken, those shall be equimulti-
ples; one of the second, and the other of the fourth.

Let { } be the same multiple of [l

which {::} isof @;
HEEER
HEEER
HEEER
HEEER
L 2 2 2 2
3338l (8s
22 2 4 L 2 2
22 2 4

take the same multiple of { ,

which

‘Then it is evident,

ERER
EEEE + contains { ] contains [l
(1 1 1

(1 1 1
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as many times as

4060
000

R 2 ,
”” contains { ’. } contains ’

L 44 4 4

The same reasoning is applicable in all cases.

« If the first of four, &c.
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Definition V.

Four magnitudes, Q. 9.9 acsiidiobe pro-
portionals when every equimultiple of the first and third
be taken, and every equimultiple of the second and fourth,

as,

of the first of the third
o0 L 2 4
000 L 2 2
0000 L 2 2 2 2
00000 o000
&...... &000000

of the second of the fourth

&c. &c.

Then taking every pair of equimultiples of the first and
third, and every pair of equimultiples of the second and
fourth,

.. >, =or<

.. >, =or<
Ifi@@® > =or<

00 >.=o<

00 >.=o<

Q0 > =< P9

then 90> =< VP9

will 90> =< VPPV
0 > =< PPPPV
0 > =< VPPV PVY
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That is, if twice the first be greater, equal, or less than
twice the second, twice the third will be greater, equal, or
less than twice the fourth; or, if twice the first be greater,
equal, or less than three times the second, twice the third
will be greater, equal, or less than three times the fourth,
and so on, as above expressed.

... >, =or <
... >, =or <
i @00 >.=or <
000 > =or<
000 > =or<

904 > =< 9W

900 > =0 < POV

1906 > =0 < 9OPY

Y1 906> -0 < vOPOY
906> -0 < VPPPPY

In other terms, if three times the first be greater, equal,

then

or less than twice the second, three times the third will be
greater, equal, or less than twice the fourth; or, if three
times the first be greater, equal, or less than three times the
second, then will three times the third be greater, equal, or
less than three times the fourth; or if three times the first
be greater, equal, or less than four times the second, then
will three times the third be greater, equal, or less than four
times the fourth, and so on. Again,

0000 >.=-o<
0000 >.=-o<
Ifi 0000 >.=o<
Q000 > =0 <
.... >, =or <
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000> =< P9

00600 > =< P99

] 9000 > = < PUPY

N 000 > =< POPPWP
000 > =< VOPPPV

And so on, with any other equimultiples of the four

then

magnitudes, taken in the same manner.

Euclid expresses this definition as follows :—

The first of four magnitudes is said to have the same
ratio to the second, which the third has to the fourth,
when equimultiples whatsoever of the first and third being
taken, and any equimultiples whatsoever of the second and
fourth; if the multiple of the first be less than that of the
second, and the multiple of the third is also less than that
of the fourth; or, if the multiple of the first be equal to that
of the second, the multiple of the third is also equal to that
of the fourth; or, if the multiple of the first be greater than
that of the second, the multiple of the third is also greater
than that of the fourth.

In future we shall express this definition generally,
thus:

IfM@ >,= or <ml |,
when M€ >, = or < mWP,
Then we infer that @, the first, has the same ratio to

, the second, which €, the third, has to @ the fourth;

expressed in the succeeding demonstrations thus:

Q: @9
orthus, @ : =9 9;
o_o

or thus, — =
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and is read,
“as@istol,s50is Qo
Andif @ : @ : O weshallinfer if

M@ >,= or < m| |, then will
M >, = or < mW@.

That s, if the first be to the second, as the third is to the
fourth; then if A4 times the first be greater than, equal to,
or less than m times the second, then shall A4 times third
be greater than, equal to, or less than 7 times the fourth,
in which A4 and m are not to be considered particular mul-
tiples, but every pair of multiples whatever; nor are such
marksas @, @, |, &c. to be considered any more than
representatives of geometrical magnitudes.

The student should throughly understand this defini-

tion before proceeding further.
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F F the first of four magnitudes have the same
Qﬁ% ratio to the second, which the third bas to the

)| fourth, then any equimultiples whatever of the

first and third shall bave the same ratio to any
equimultiples of the second and fourth; viz., the equimulti-
ple of the first shall have the same ratio to that of the second,
which the equimultiple of the third has to that of the fourth.

Let ‘@ P, then3 20 3@ :
2@, every equimultiple of 3¢ and 3 @ arc equimulti-
ples of and €, and every equimultiple of 2 [ll and
2@, are equimultiples of [l and @ (pr.s5.3)

That is, M times 3¢ and A times 34 are equi-
multiples of ¢ and €, and 7 times 2l and 2@
are equimultiples of 2[ll and 2@; but B
® 9 (hyp) ~if M3 <, =, or > m2,
then A3 € <, =, or > m2WP (def. 5.5) and therefore
30 2 239 29 (def.5.5)

The same reasoning holds good if any other equimulti-
ple of the first and third be taken, any other equimultiple
of the second and fourth.

» If the first four magnitudes, &c.



BOOKV PROP. V. THEOR. 173

F one magnitude be the same multiple of an-
® other, which a magnitude taken from the first

is of a magnitude taken from the other, the

remainder shall be the same multiple of the
remainder, that the whole is of the whole.

o
Lee QO = M4
and = Mm,
Q
QO -U=Mg-—Mn,

O A _
..OO_M(. "),

. O
and - OO = Ma.

= If one magnitude, &c.
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F two magnitudes be equimultiples of rwo oth-

ers, and if equimultiples of these be taken from
& the first two, the remainders are either equal
&= 10 these others, or equimultiples of them.

Let =M wu;and OO = 7 a

then —m'a=Me—m'e=(M—mw)m

and U0 —w'A =M A —w'A =M —w)A.
Hence, (M — m’)m and (M — m’) A
are equimultiples of ® and A, and equal

to ® and A, when M — m' = 1.

= If two magnitudes be equimultiples, &c.
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F the first of the four magnitudes bas the same
ratio to the second which the third has to the
Sfourth, then if the first be greater than the
second, the third is also greater than the fourth;
and if equal, equal; if less, less.

Lec @ : M 0 O : O ;therefore, by the fifth
definition, if @@ > I, then will @@ > ;

butif @ > B, then

®0® > BN :nd 99 > ,
and - @ >

Similarly, if @ =, or < W,
thenwill @ =, or <

~ If the first of four, &c.

Definition XIV
Geometricians make use of the technical term “Inver-
tendo,” by inversion, when there are four proportionals,
and it is inferred, that the second is to the first as the fourth
to the third.
Let A4 : B:: C: ), then, by “invertendo” itis inferred
B:A:D:C
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F four magnitudes are proportionals, they are
proportionals also when taken inversely.

Let @ : O B : O,
then, inversely, O : @ . B

IfMQ < mO, then Ml < m
by the fifth definition.

Let M@ < mO, thatis, »QJ > M@,
2 MB < m<,on,m > MB;

~ifmQ > M@, thenwill m & > MM

In the same manner it may be shown,
thatif mJ = or < M@,
then will 7 =, or < MMN;

and therefore, by the fifth definition, we infer

that O : @ :: - J

=~ If four magnitudes, &c.
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F the first be the same multiple of the second,
or the same part of it, that the third is of the
fourth; the first is to the second, as the third is
to the fourth.

Let = =, the first, be the same

multiple of @ . the second,

that , the third, is of @, the fourth.

Tnen==:.:: Y

L]
takeM..,m.,M ,mih;

because == is the same multiple of @

that is of @ (according to the hypothesis);

and M = = if taken the same multiple of 1T

that ML is of

~ (according to the third proposition),

M == is the same multiple of @

that M isof .
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Therefore, if M = =

greater multiple than m @ is,

beof @ a

then M/ is a greater multiple of @ than 7 @ is;

that is, if M4 == be greater than m Q.

then M4 will be greater than 72 @

in the same manner it can be shown, ifM..

be equal m @, then M1 will be equal .

And, generally, ifM== >,= o <m@

than M4 willbe >,= or < m@;

= by the fifth definition,
[ | I . .
R . &

[ | |
Next, let @ be the same part of
X o p (T |

that @ is of

In this case also @ : == N I
For, because @ is the same part

of== that @ is of R
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therefore == is the same multiple of @

that isof .

Therefore, by the preceding case,
[ | 0

TE Lk
and-‘-‘:== 3 W ,
by proposition B.

» If the first be the same multiple, &c.
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=) F the first be to the second as the third to the
NG| fourth, and if the first be a multiple, or a part
of the second; the third is the same multiple,
(€2 or the same part of the fourth.

Let :.:::::.;

and first, let be a multiple ll;

¢
L4 4

First Second Third Fourth
L 2 2

[ ] P4 4
o OO
A[akxele)

shall be the same multiple of @.

Take ODQ =

Whatever miltiple isof Il

O .
take the same multiple of @,
OO P
L 2
then, B .
L 2
and of the second and fourth,
we have taken equimultiples,

d gg therefore (pr. 5.4)

O . e6 OO
007 e OO

but (const.),
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= U ~ (pr A)”=OO
00 P 9@ T 00

Q. .
and is the same multiple of @
OO P

that isof .

L g
L 2 2

and also [l a part of ;

Next, let [l : .

L 2
then @ shall be the same part of .
P o

L 2 2
Inversely (pr. 5.B), B N
y (P 5.B) ”
but [l is a part of ;
that is, is a multiple of Ill;

= by the preceding case, :: is the same multiple of @

. . L 2 2
thatis, @ is the same part of

P o0

that [} is of

~ if the first be to the second, &c.
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182

QUAL magnitudes have the same ratio to the
same magnitude, and the same has the same

ratio to equal magnitudes.

Let @ = @ and | any other magnitude;
then @ : =@ and @ = X 3

- 0= e
" M@ = M@,

~Jif M@ >,= or < m|,then
M > = or < ml,
and -~ @ : =@ : (def. 5.5).

From the foregoing reasoning it is evident that,
>, = or < M@, then
m >,= or < MY
@ = : @ (def. 5.5).

if m

+ Equal magnitudes, &c.
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Definition VII.

When of the equimultiples of four magnitudes (taken
as in the fifth definition), the multiple of the first is greater
than that of the second, but multiple of the third is not
greater than the multiple of the fourth; then the first is
said to have to the second a greater ratio than the third
magnitude has to the fourth: and, on the contrary, the
third is said to have to the fourth a less ratio than the first
has to the second.

If, among the equimultiples of four magnitudes, com-
pared in the fifth definition, we should find @@ @ @ ® >

, but OGS S® = or > PPV or
if we should find any particular multiple 44" of the first
and third, and a particular multiple 7" of the second and
fourth, such, that 44" times the first is > m’ times the
second, but A4 times the third is not > m’ times the
fourth,i.e. = or < m’ times the fourth; then the first is
said to have to the second a greater ratio than the third has
to the fourth; or the third has to the fourth, under such
circumstances, a less ratio than the first has to the second:
although several other equimultiples may tend to show
that the four magnitudes are proportionals.

This definition will in future be expressed thus :—

IfAMO > O, bt MM = or <wm’' ¢,
then® : O > B :

In the above general expression, 44" and m” are to be
considered particular multiples, not like the multiples A4
and m introduced in the fifth definition, which are in that
definition considered to be every pair of multiples that
can be taken. It must also be here observed, that @, O,
M, and the like symbols are to be considered merely the
representatives of geometrical magnitudes.
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In a partial arithmetical way, this may be set forth as
follows:
Let us take the four numbers 8,7, 10, and °.

First Second Third Fourth
8 7 10
16 14 20
24 21 30
32 28 40
40 35 50
48 42 60
56 49 70
64 56 8o
72 63 90
8o 70 100
88 77 110
96 84 120
104 91 130
112, 98 140
&c. &ec. &ec. &c.

Among the above multiples we find 16 > 14 and
20 > 18; that is, twice the first is greater than twice the
second, and twice the third is greater than twice the fourth;
and 16 < 21and 20 < 27; that is, twice the first is less
than three times the second, and twice the third is less than
three times the fourth; and among the same multiples we
can find 72 > 56 and 90 > 77; that is, 9 times the first
is greater than 8 times the second, and 9 times the third is
greater than 8 times the fourth. Many other equimultiples
might be selected, which would tend to show that the num-
bers 8,7, 10, and 9 were proportionals, but they are not, for
we can find multiple of the first > a multiple of the second,
but the same multiple of the third that has been taken of
the first not > the same multiple of the fourth which has
been taken to the second; for instance, 9 times the first is >
10 times the second, but 9 times the third is not > 10 times
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the fourth, thatis 72 > 70, but 90 3 90, or 8 times the
first we find > 9 times the second, but 8 times the third is
not greater than 9 times the fourth, thatis, 64 > 63, but
80 not > &1. When any such multiples as these can be
found, the first (8) is said to have the second (7) a greater
ratio than the third (10) has to the fourth (9), and on the
contrary the third (10) is said to have to the fourth a
less ratio than the first (8) has to the second (7).
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1 F unequal magnitudes the greater has a greater

g ratio to the same than the less has: and the

@ same magnitude has a greater ratio to the less
than it bas to the greater.

A
Let M and [ be two unequal magnitudes,

and @ any other.

A
We shall first prove that [l which is the greater of the

two unequal magnitudes, has a greater ratio to @ than
A
, the less, has to @; thatis, l : @ > N F

A
take M, ' @, 2, m’ @;
such, that 44" A and A7 B shall be each > @;
also take 72" @ the least multiple of @,
which will make ' @ > AL =MM;

MU is P’ @,

A
but AW is > ' @, for,
as m’ @ is the first multiple which first
becomes > A4 M, than (m” — 1) @ or
m@Q — @ishMa,and @ F M A

'@ — @ + @ mustbe< MM + M a;
A
that is, 7’ @ mustbe < A7 M;

A
~ M W is > m’ @;butit has been shown above
that M7 [ is % m’ @, therefore, by the seventh
A
definition, M has to @ a greater ratio than Q.
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Next we shall prove that @ has a greater ratio
A
to |, the less, than it has to M, the greater;

A
or, @ : > @ :Nn

A
Take '’ @, M, m' @ and A M,
the same as in the first case, such that
M & and AL B will be each > @, and
m’ @ the least multiple of @, which first
becomes greater than /'l = M’

'@ —-—@is MM,
and @isp M a; consequently
W@ —@+@is <MB + M a;

A
~m' @ is < 2 M, and - by the seventh definition,
A
@ hasto | agreater ratio than @ hasto M.

= Of unequal magnitudes, &c.

The contrivance employed in this proposition for find-
ing among the multiples taken, as in the fifth definition,
a multiple of the first greater than the multiple of the sec-
ond, but the same multiple of the third which has been
taken of the first, not greater than the same multiple of
the fourth which has been taken of the second, may be
illustrated numerically as follows : —

The number 9 has a greater ratio to 7 than ¢ has to 7:
thatis,9:7>8:7;0r84+1:7>8:7.

The multiple of 1, which first becomes greater than 7,
is 8 times, therefore, we may multiply the first and third
by 8,9, 10, or any other greater number; in this case, let us
multiply the first and third by 8, and we have 64 + 8 and
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: again, the first multiple of 7 which becomes greater
than 64 is 10 times; then, by multiplying the second and
fourth by 10, we shall have 70 and 70; then, arranging these
multiples, we have—

8 times 10times 8times 10 times
the first the second the third the fourth
64+ 8 70 70

Consequently 64 + 8, or 72, is greater than 70, but
is not greater than 70, . by the seventh definition 9 has a
greater ratio to 7 than ¢ has to 7.

The above is merely illustrative of the foregoing demon-
stration, for this property could be shown of these or other
numbers very readily in the following manner; because, if
an antecedent contains its consequent a greater number of
times than another antecedent contains its consequent, or
when a fraction is formed of an antecedent for the numera-
tor, and its consequent for the denominator be greater than
another fraction which is formed of another antecedent
for the numerator and its consequent for the denominator,
the ratio of the first antecedent to its consequent is greater
than the ratio of the last antecedent to its consequent.

Thus, the number 9 has a greater ratio to 7, than 8 has
to 7, for ; is greater than ;

Again, 17 : 19 is a greater ratio than 13 : 15, because

7o_Cuxls _ 255 Bo_ By 247 1
B = Dxis 50O T T Gxp T o1 Denceltis
evident that 22 is greater than =, - < is greater than =
v 85 S8 an g5, - 1S grea 5’

and, according to what has been above shown, 17 has to 19
a greater ratio than 13 has to 15.

So that the general terms upon which a greater, equal,
or less ratio exists are as follows :—

If /—; be greater than %, A is said to have to B a greater

ratio than C has to D; if% be equal to %, then 4 hasto B
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the same ratio which C has to D; and if% be less to 5, A
is said to have to B a less ratio than Chas to D.

The student should understand all up to this proposi-
tion perfectly before proceeding further, in order fully to
comprehend the following propositions of this book. We
therefore strongly recommend the learner to commence
again, and read up to this slowly, and carefully reason at
each step, as he proceeds, particularly guarding against the
mischievous system of depending wholly on the memory.
By following these instructions, he will find that the parts
which usually present considerable difficulties will present
no difficulties whatever, in prosecuting the study of this
important book.
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AGNITUDES which have the same ratio to the
same magnitude are equal to one another; and
those to which the same magnitude has the

same ratio are equal to one another.

Let @ : 2@ ,than @ =@.

For, if not,let @ > @), then will
¢ >0 : (pr. 5.8), which

is absurd according to the hypothesis.
L Q®is 0.

In the same manner it may be shown, that

®is * @,
.- ¢=0.

Again,lec 17 : @ 1 [0
thenwil @ = @.

For (invert.) € : 3N B B
therefore, by the first case, =0

o

~ Magnitudes which have the same ratio, &c.

This may be shown otherwise, as follows : —

Let 7/ : B= 4: C,then B = C, for, as the fraction
+ = thefraction =, and the numerator of one equal to
the numerator of the other, therefore, denominators of
these fractions are equal, thatis 8 = C.

Again, if B: 4 = C: ,B=C.F0r,as£=—‘,
Bmust = C.
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A HAT magnitude which bas a greater ratio than
another bas unto the same magnitude, is the
greater of the two; and that magnitude ro
which the same has a greater ratio than it has

unto another magnitude, is the less of the two.

Let @ : >@: ,then @ > @.

Forifnot,let @ = or < @;
then, @ : =@ : (pr. s.7) or
9 < @ : [ (pr.s.8)and (invert.),
which is absurd according to the hypothesis.

~Qis #+ or < @,and
& @ mustbe > @.

Again, let 0 > . @,
then, @ < ©.

Forifnot, @ mustbe > or = @,
then [ : @ < : @ (pr. 5.8) and (invert.);
or: @ = : @ (pr. 5.7), which is absurd (hyp.);

o~ .IS } or = .3
and . @ mustbe < §.

= That magnitude which has, &c.
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ATIOS that are the same to the same ratio, are

the same to each other.

leedp - =@ :" and @ : =A@,
thenwil @ : [l = A : o.

Forif M€p >,= or < mIB,
then M@ >,= or < m",

andif Y@ >,= or < m',
then MMA >, = or < m® (def. 5.5);

Jif M >, = or <mB,MA >,= or < m®
and .~ (def.s5) @ : [l = 4 : @,

~ Ratios that are the same &c.
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1 F any number of magnitudes be proportionals,
as one of the antecedents is to its consequent,
s0 shall all the antecedents taken together be

to all the consequents.

Let
B:0=0:0=0:T=0:v=a:0;
thenwil[ll - @ =M+0+C +0+a:

O+O+T +v+e.

Forif Ml > m @, then MQ > m O,
and M >m' Mo > mV,
also MMA > m® (def. s.5)

Therefore, if Ml > m @), then will
MM+ MO + M + Me + MaA,or
MM+ O + + ® + A) begreater
thanm@ + mO +m" +mv¥ + me,

om(@+ O+ T +v+oe)

In the same way it may be shown, if A4 times one of the
antecedents be equal to or less than 7 times one of the con-
sequents, A/ times all the antecedents taken together, will
be equal to or less than 7 times all the consequents taken
together. Therefore, by the fifth definition, as one of the
antecedents is to its consequent, so are all the antecedents
taken together to all the consequents taken together.

=~ If any number of magnitudes, &c.
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F the first bas to the second the same ratio
which the third bas to the fourth, but the third
to the fourth a greater ratio than the fifth bas
to the sixth; the first shall also bhave to the sec-
ond a greater ratio than the fifth to the sixth.

Let @ :U=W: O,but B : >0: @,
then@ : 0 >0 : @

For,- B : > O : @, there are some multiples
(M and m”) of M and OO, and of ¢ and @,
suchthatc M > wm’ O,

but M’ O # m’ @, by the seventh definition.

Let these multiples be taken, and take
the same multiples of @ and .

s (def. 5.5) if M@ >, =, or < m’U;
thenwil 7 >, =, or < m’ O,
but /4l > m’ < (construction);

~ M > w0,
but M O is F m’ @ (construction);

and therefore by the seventh definition,

9 :0>0:0

~ If the first has to the second, &c.
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5 F the first bas the same ratio to the second
which the third has to the fourth; then, if the
% first be greater than the third, the second shall
be greater than the fourth; and if equal, equal;

and if less, less.

Let @ : O :: : @, and first suppose
9> sthenwill J > @.

For @ : O > : O (pr.s.8),and by
the hypothesm 9 :0-= : @
@ > : O (pr. 5.3),

. @ < O (pr.si0),or O > @.

Secondly, let @ = [, then will O=e.
For @ : O = : O (pr.s.7),
and @ : O =1 : @ (hyp.);
~ 20 =0": & prsn),

and O = 0pr59>

Thirdly, if @ < [/, thenwill J < @;
: > @Wand @ =9:0;
. €@ > O, by the first case,
thatis, J < @.

~ If the first has the same ratio, &c.
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AGNITUDES have the same ratio to one an-
other which their equimultiples have.

Let @ and [ be two magnitudes;

then, @ : M@ M
For @ : =@ :
-0
=.:
- @ : 4@ 400 (pr.s.a2).

And as the same reasoning is generally applicable, we have

Q. M@ M

- Magnitudes have the same ratio, &c.
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Definition XIII
The technical term permutando, or alternando, by permu-
tation or alternately, is used when there are four propor-
tionals, and it is inferred that the first has the same ratio to
the third which the second has to the fourth; or that the
first is to the third as the second to the fourth: as is shown
in the following proposition : —

Let 3K BE BN R
by “permutando” or “alternando” it is inferred
9 @B

It may be necessary here to remark that the magnitudes
, @, 9, [, must be homogeneous, that is, of the
same nature or similitude of kind; we must therefore, in
such cases, compare lines with lines, surfaces with surfaces,
solids with solids, &c. Hence the student will readily per-
ceive that a line and a surface, a surface and a solid, or other
heterogenous magnitudes, can never stand in the relation

of antecedent and consequent.
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F four magnitudes of the same kind be propor-
tionals, they are also proportionals when taken
alternately.

Lee @ : O :: @, then O : 20 @.
For M@ : MO :: @ : O (pr. s.15),
and M@ : MO :: : @ (hyp.) and (pr. s.11);

asom!| :m@p : @ (pr.s.as);

2 M@ MO ml  m@ (pr.sag),
and = if M@ >, = or < m|l |,
then wil O >, =, or < m @ (pr.5.14);

therefore, by the fifth definition,
9 20 @

= If four magnitudes of the same kind, &c.
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Definition XVI
Dividendo, by division, when there are four proportion-
als, and it is inferred, that the excess of the first above the
second is to the second, as the excess of the third above the
fourth, is to the fourth.

Lete 4 : B:: C: /)
by “dividendo” it is inferred
A—B:B: C—

According to the above, 7 is supposed to be greater
than B, and C greater than /; if this be not the case, but
to have B greater than 4, and /) greater than C, B and

can be made to stand as antecedents, and .4 and C as

consequents, by “invertion”
B A : G

then, by “dividendo,” we infer
B—A:4: D—-C:C
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F magnitudes, taken jointly, be proportionals,
they shall also be proportionals when taken
separately: that is, if two magnitudes rogether
A have to one of them the same ratio which two
others bave to one of these, the remaining one of the first two
shall bave to the other the same ratio which the remaining
one of the last two has to the other of these.

Lt @+ 0O : 0 :: +9 : @,
thenwil @ : O :: 3

Take @ > m O to each add MO,
then we have M@ + MM > »O + 4O,
or M(W + O) > (m+ ) O:
but @ + 0 : O = + @ : @ (hyp.),
and M(W + O) > (m+ M) T;
S M+ @) > (m+ M) @ (def. 5.5);
MU+ MY > m@ + MYP;
& M > m 4@, by taking M € from both sides:
that is, when M@ > m O, then M > m .

In the same manner it may be proved, that if
M@ = or <mO,thenwil M| = or < m@;
and-. @ : O : @ (def. 5.5)

+ If magnitudes taken jointly, &c.
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Definition XV
The term componendo, by composition, is used when
there are four proportionals; and it is inferred that the first
together with the second is to the second as the third to-
gether with the fourth is to fourth.

Let A4 : B :: . Dy

then, by term “componendo,” it is inferred that
A+B:B::C+D:D

By “invertion” B and D may become the first and the
third, and .4 and C the second and fourth, as

B: A:D: ()

then, by “componendo,” we infer that
B+ A:4:: D+



202 BOOK V PROP. XVIII. THEOR.

1 F magnitudes, taken separately, be proportion-
als, they shall also be proportionals taken
Jointly: that is, if the first be ro the second
as the third is to the fourth, the first and sec-
ond together shall be to the second as the third and fourth
together is to the fourth.

Let @ : O :: : @,
then@+0: 01 + @ : @;

forifnot,let @ + O : O :: +0:0.
supposing @ # €;

~ 9.0 : @ (pr.s.ay)
bue @ : O :: [0 : @ (hyp.);

@ . @ (pr.s.);
. @ = @ (prs9)

which is contrary to the supposition;

=~ @ is not unequal to €p;
thatis @ = @;

~9+0:0 = +9: 9.

+ If magnitudes, taken separately, &c.
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F a whole magnitude be to a whole, as a mag-

o nitude taken from the first, is to a magnitude
taken from the other; the remainder shall be
to the reminder, as the whole to the whole.

Lt @ +0: W + S BN B
then will O : 2 9+0: B+
For@+0:9 :H + . [ (alter.),

~ 0.9 = . B (divid.),
again O : @ B (alter.),
but @+ 0O : W+ ¢ 2 9 : W (hyp)
therefore O : 29 +0: 0+ O (pr.sw).

= If a whole magnitude be to a whole, &c.

Definition XVII
The term “convertendo,” by conversion, is made use of by
geometricians, when there are four proportionals, and it is
inferred, that the first is to its excess above the second, as
the third is to its excess above the fourth. See the following
proposition :—
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F four magnitudes be proportionals, they are
also proportionals by conversion: that is, the
first is to its excess above the second, as the third

is to its excess above the fourth.

Lt @O : O WO : O,
thenshal @O : @ = B - P

YN L
~@:O B : ¢ (divid.),

O @ : M (inver.),
~ @O : @ :: B : M (compo.).

+ If four magnitudes, &c.

Definition XVIII

“Ex 2quali” (sc. distanti), or ex 2quo, from equality of dis-
tance: when there is any number of magnitudes more than
two, and as many others, such that they are proportionals
when taken two and two of each rank, and it is inferred
that the first is to the last of the first rank of magnitudes,
as the first is to the last of the others: “of this there are two
following kinds, which arise from the different order in
which the magnitudes are taken, two and two.”
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Definition XIX
“Ex @quali,” from equality. This term is used simply by
itself, when the first magnitude is to the second of the first
rank, as the first to the second of the other rank; and as
the second to the third of the first rank, so is the second to
the third of the other; and so in order: and the inference
is as mentioned in the preceding definition; whence this is
called ordinate proposition. It is demonstrated in pr. 5.22.

Thus, if there be two ranks of magnitudes,
A, B, C, D, E, I, the first rank, and L, 44, N, O, P, O,
thesecond,suchthat/[:BZ: L:M,B:C::M:B
DU NIODIEO:PECFiP: Qs
we infer by the term “ex 2quali” that 4 : F:: L1 Q

>

Definition XX

“Ex ®quali in proportione perturbati seu inordinati,”
from equality in perturbate, or disorderly proportion. This
term is used when the first magnitude is to the second of
the first rank as the last but one is to the last of the second
rank; and as the second is to the third of the first rank, so
is the last but two to the last but one of the second rank;
and as the third is to the fourth of the first rank, so is the
third from the last to the last but two of the second rank;
and so on in a cross order: and the inference is in the 18th
definition. It is demonstrated in pr. 5.23.

Thus, if there be two ranks of magnitudes,

A, B, C, D, I, I, the first rank, and /., /7, N, O, P, O,
the second, such that 4 : B:: P: O,B: C:: O: P,
C:D::N:0,D: *N,E:F: L: M,

the term “ex 2quali in proportione perturbata
seu inordinatd” infers that .4 : /11 /1 O
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= F there be three magnitudes, and other three,
é‘% which taken two and two, have the same ratio;
p then, if the first be greater than the third, the

Sfourth shall be greater than the sixth; and if
equal, equal; and if less, less.

Let @, (J, [, the first three magnitudes,
and €, O, (), be the other three,
suchthaa @ : O :: @ : O,

and U : 2O

Then,if @ >,=, or <
then will @ >, =, or <

>

From the hypothesis, by alternando, we have
:¢:0:0,
andJ : O :
-~ Q. @ = : (pr. s.10);

~if @ >, =, 0or < s
then will @ >, =, or < (pr. 5.14).

= If there be three magnitudes, &c.
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F there be three magnitudes, and other three
which bave the same ratio, taken two and two,
but in a cross order; then if the first magnitude
be greater than the third, the fourth shall be
greater than the sixth; and if equal, equal, and if less, less.

Let ©7, dh, M, be the first three magnitudes,
and €@, OO, O, the other three,
such that Y RO R
anddh 0 - @ : O.

Thenif @ >,=, or < M,
then will @ >, =, or <

First,let ©" be > IB:
then, because @ is any other magnitude,
dh > B (pr-s.8);
but O : > : @ (hyp.);
~ O > M : & (pr.sn)
and~ da: Ml 2 @ : O (hyp)
~H: @O @ (inv),
and it was shown that  : >H: h,
O > O @ (pr.s)
; <@,
thatis ¢ >

Secondly, let = [; then shall @ =
For = 1,
=l : & (prs7);
but . O (hyp.),

and B : . O : @ (hyp.andinv.),
- O = O : @ (pr.sn),
. @ = (pr. 5.9).

Next, let © be < [, then € shallbe < 5
for @ > s
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and it has been shownthat [l : @ = O : @,

and @ : = 1 Os
= by the first case is > ¢,
thatis, @ <

~ If there be three, &c.
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F there be any number of magnitudes, and as
many others, which, taken two and two in
order, bave the same ratio; the first shall have
to the last of the first magnitudes the same ratio
which the ﬁm‘ of the others has to the last of the same.

N.B.— This is usually cited by the words “ex equali,” or

« »
€xX & q%o.

First, let there be magnitudes @, ¢,
and as many others @, O,
such that
V:0:0:0,
and @ : 2O s
then shall @ : S 3

>

Let these magnitudes, as well as any equimultiples
whatever of the antecedents and consequents of the ratios,
stand as follows :—

9.6.0.6.0.0.

and
MO, m€ , N, M nO,NO,
Q. @ =@ : 0,
MO m@ o MY mO (pr.s.4).

For the same reason
m€p : NI :m : NO;
and because there are three magnitudes
MO, m@ , N,
and other three, M€, m, N,

which, taken two and two, have the same ratio;

Sif M@ >, = or < N
then will /€ >, = or < N, by (pr.s.20),
and ~. @ : K 3 (def. 5.5).
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Next, let there be four magnitudes, @, ¢®. .0,
and other four, OO, @, ™, &,
which, taken two and two, have the same ratio,
thatistosay, @ : @ 2 O : @,
¢ 2@,
and @ 9
thenshal @ : @ 1 O : a;
for,~ @, @, [, are three magnitudes,
and OO, @, ™, other three,
which, taken two and two, have the same ratio;
therefore, by the foregoing case @ : 2O m,
but @ Y
therefore again, by the first case, @ : @ = O : &

and so on, whatever the number of magnitudes be.

= If there be any number, &c.
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1 F there be any number of magnitudes, and as
many others, which, taken two and two in a
cross order, bave the same ratio; the first shall
have to the last of the first magnitudes the same
ratio which the first of the others has to the last of the same.
N.B.— This is usually cited by the words “ex aquali in
proportione perturbatd;” or “ex aguo perturbato.”

First, let there be three magnitudes @7, U, M,
and other three, ©, O, @,
which, taken two and two in a
cross order, have the same ratio;

thatis, © : O =+ O : @,
andJ : B :: : O,
then shall B : @.

Let these magnitudes and their respective equimulti-
ples be arranged as follows : —

, U , . s s O ’ . ,

MO, MO, mB, M ,mo,m.,
then O MU MO (pr.sas);
and for the same reason
O:@® :m : m@;
but @ : O 2 O : @ (hyp.),

2 MT MO O @ (pr.san);
and~ O : B :: 2 O (hyp.),

2 MO i mB o MO mO (pr.s.4);
then, because there are three magnitudes,
MO, MO, mO,
and other three M &, m O, m @,
which, taken two and two in a
cross order, have the same ratio;
therefore, if M7 >,=, or < mll,
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thenwill M ¢ >, =, or < m@ (pr. 5.21),
and - B : (def. 5.5).

Next, let there be four magnitudes,
O, I ¢,
and other four,
O, 0. - a,
which, when taken two and two in
a cross order, have the same ratio;
namely, 0 m: A,
O:B:@: =
and @ : SRONN I
then shall [l : TSRO ¥
For, , O, I are three magnitudes,
and @, =, & other three,
which, taken two and two in a
cross order have the same ratio,
therefore, by the first case, 3 BN Y
but M : 20O @,
therefore again, by the first case,
H:0:0:@;

and so on, whatever be the number of such magnitudes.

= If there be any number, &c.
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F the first bas to the second the same ratio

@ which the third has to the fourth, and the

Jifth to the second the same which the sixth has

to the fourth, the first and fifth together shall

have to the second the same ratio which the third and sixth
together have to the fourth.

First Second Third Fourth

v O B
Fifth Sixth
O o
Lec @ : o,
and O : 0@ : O,
then @+ O O B+@:
ForO : 0O @ : (hyp.),
and O : @ :: : @ (hyp.) and (invert.),

2O 0@ B (pr.s22);
and, because these magnitudes are proportionals,
they are proportionals when taken jointly,

O+ OO0 @+ M @ (prsas),
but O : O 1 @ : ¢ (hyp.),

B ORIV BN B (pr. 5.22)

~ If the first, &c.
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F four magnitudes of the same kind are propor-
] .
2 tionals, the greatest and least of them together
are greater than the other two together.

Let four magnitudes, @ + O, M + ¢, O, and ¢,
of the same kind, be proportionals, that is to say,
O+O:B+¢ 0: ¢,
and let @ + O be the greatest of the four, and
consequently by pr. s.A and pr. 5.14, <> is the least;
thenwill @ + O + be > M + + O;
~@+0: B+ 20O O,

2P B9 +0O: B+ O (pr.sa),
but @ + O > W + ¢ (hyp.),

~ @ > B (pr. s.A);
to each of these add O + )
~P+0+C0>B+0+

+ If four magnitudes, &c.
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Definition X
When three magnitudes are proportionals, the first is said
to have to the third the duplicate ratio of that which it has
to the second.
For example, if 4, /5, C, be continued proportionals,
thatis, 4 : 7 :: /'t C, A is said to have to C the duplicate
ratioof 4 : 7;

or 4 = the square of 4

C

This property will be more readily seen of the
quantities ar®, ar, a, for ar® : . o
2 2

ar ar
and - = r* = thesquareof — = 7,

orof a, ar, ar’s

a 1 a
for — = = = thesquareof — = -.
ar? r r
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Definition XI

When four magnitudes are continual proportionals, the
first is said to have to the fourth the triplicate ratio of that
which is has to the second; and so on, quadruplicate, &c.
increasing the denomination still by unity, in any number
of proportionals.

For example, let 4, /, C, D, be four continued pro-
portionals, thatis, 4/ : /it 51 C:: C: Dj A issaid to
have to D, the triplicate ratio of A to ;

or% = the cube ofﬁ.

This definition will be better understood, and applied
to a greater number of magnitudes than four that are con-
tinued proportionals, as follows :—

Let a7, 27", ar, a, be four magnitudes in continued
proportion, thatis, > : b rariiar: a,
3 3
ar’ ar’
then - = 7 = the cube of — = 7.
Or, let ar’, art, ar®, ar’, ar, a, be six magnitudes in
proportion, that is
ar’ cartarttcar i ard i art i art iar ar a,
5 5
. ar ar
then the ratio =— = 7> = the fifth power of — = 7
a art

Or, let a, ar, ar*, ar®, ar*, be five magnitudes

in continued proportion; then —2% = 1 _
prop ’ art rt
1

the fourth power of £ -
ar
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Definition A
To know a compound ratio :—

When there are any number of magnitudes of the same
kind, the first is said to have to the last of them the ratio
compounded of the ratio which the first has to the second,
and of the ratio which the second has to the third, and of
the ratio which the third has to the fourth; and so on, unto
the last magnitude.

For example, if 4, B, C, D, be four magnitudes of the
same kind, the first 4 is said to have to the last D the ratio
compounded of the ratio of . to B, and of the ratio of B
to C, and of the ratio of C to D; or, the ratio of .4 to D
is said to be compounded of the ratios of 4 to B, 5 to C,
and C'to D.

And if A4 has to B the same ratio which £ has to F, and
B to C the same ratio that G has to /, and C to D the same
that K has to L; then by this definition, .7 is said to have to
D the ratio compounded of ratios which are the same with
the ratios of £ to I, G to H, and K to L. And the same
thing is to be saying, ./ has to D the ratio compounded of
the ratios of £ to F, G to H,and K to L.

In like manner, the same things being supposed; if
has to /V the same ratio which .4 has to D, then for short-
ness sake, /7 is said to have to /V the ratio compounded of
the ratios £ to F, G to H, and K to L.

This definition may be better understood from an
arithmetical or algebraical illustration; for, in fact, a ratio
compounded of several other ratios, is nothing more than
a ratio which has for its antecedent the continued product
of all antecedents of the ratios compounded, and for its
consequent the continued product of all the consequents
of the ratios compounded.

ABCD
EFGHKL
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Thus, the ratio compounded of the ratios of
203,40 7,6:1L,2 5,
istheratioof 2 X 4 X 6 X2 :3 X/ x 11 x5,
or the ratio of 96 : 1155, or 32 : 385.

And of the magnitudes 4, B, C, 1), E, F, of the same
kind, A4 : Fis the ratio compounded of the ratios of

A:BB:C,C:D,D:EE:F,
for AXx BXx X DX E:BXx(x/1)xXEXF,

AXBX X DXE A . .
or S XExF—?,ortheratloofA.F.




BOOK V PROP. F. THEOR.

219

1 ATIOS which are compounded of the same ra-
tios are same to one anotber.

Let A4 : o Fo
and ) @ E i : L,
Then the ratio which is compounded by the ratios of
A By B C,C D, D E,or the ratio of 4 : E, is the
same as the ratio compounded of the ratios £ ':
, /i L,ortheratioof F': L.

bl . >

For£=£,
andg—z;

L AXEXCOX D FxGxX/Hx
X COXDXE T O OUXHXEKxL
and.‘.ézf

E L

or the ratio of 4 : E is the same as the ratio /' : L.

The same may be demonstrated of any number of ra-
tios so circumstanced.

Next,let 4 : 7 :: : L,
E i FG,

Then the ratio which is compounded of the ratios of

A: B, B C, .0 E ortheratioof 4 : £, is

~
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the same as the ratio compounded of the ratios of

G F: G ortheratioof F': L

A
FOI‘——Z,
F
andz——;
L AXEXOX D KX HXGXFE
XOXDOXE — LXKXHXG’
and.’.ézf
E L

or the ratio of 4 : E is the same as the ratio ' : L.

» Ratios which are compounded, &c.

L,
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F several ratios be the same to several ratios,
7 each to each, the ratio which is compounded

of ratios which are the same to the first ratios,

each to each, shall be the same to the ratio
compounded of ratios which are the same to the other ratios,
each to each.

ABCDEFGH PQ RST
abcdefgh

If A:B:ta:b and A:B::P:Q anda:b::

C:D:ic:d C:D:Q:R c:d::
E:Fue:f E:F:R:S e:f
and G: H:ig:h G:H:=S:T fib
then? : 7' =
P A4 a
FOI‘@—E—Z——
o _C ¢
R~ D d—
R _E e
ST FTfT
S G g
T H b
PxQOXRxS X 17X X
and"QxRxSxT_ X Ax1x7
D
and - %:—,
orP: T =

-~ If several ratios, &c.
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PORSTX
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5| F a ratio which is compounded of several ratios

N e the same to a ratio which is compounded of
several other ratios; and if one of the first ratios,

> or the ratio which is compounded of several of
them, be the same to one of the last ratios, or to the ratio
which is compounded of several of them; then the remaining
ratio of the first, or, if there be more than one, the ratio
compounded of the remaining ratios, shall be the same to
the remaining ratios, shall be the same to the remaining
ratio of the last, or, if there be more than one, to the ratio,

compounded of these remaining ratios.

Leed:B,B:C,C:D,D:E,E:F,F.:G,G: H,
be the first ratios,and P : Q,Q: R,R: S,8: T, T: X,
the other ratios; also, let .4 : A, which is compounded of
the first ratios, be the same as the ratio of P : X, which is
the ratio compounded of the other ratios; and, let the ratio
of A : E, which is compounded of the ratios of .7 : B,
B: C,C: D,D : E,bethe same as the ratio of P : R,
which is compounded of the ratios P : 0, O : R.

Then the ratio which is compounded of the remaining
first ratios, that is, the ratio compounded of the ratios £ :
F,F: G, G : H,thatis, the ratio of £ : 1, shall be the
same as the ratio of R : X, which is compounded of the
ratiosof R : S, S : T, T': X, the remaining other ratios.

Because
AXBXCXDXEXFxG  PXOXRXSXT

BXCXxDXEXFXGXxH = OXRXSxTxX

or
AXBXCXD EXFXG _ PxQxRxSxT
BXCXxDXE " FXGxH ™ OxR™SxTxX

AXBxCxD _ PxQ

and TXDxE = OxR
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L EXEXG _ RXSxT
T FEXGxH T O SXTxX

. E_R
"HT X
~“ F: H=R:X.

~ If a ratio which, &c.

223
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F there be any number of ratios, and any num-

ber of other ratios, such that the ratio which is

compounded of ratios, which are the same to

the first ratios, each to each, is the same to the
ratio which is compounded of ratios, which are the same,
each to each, to the last ratios—and if one of the first ratios,
or the ratio which i compounded of ratios, which are the
same to several of the first ratios, each to each, be the same
to one of the last ratios, or to the ratio which is compounded
of ratios, which are the same, each to each, to several of
the last ratios—then the remaining ratio of the first; or, if
there be more than one, the ratio which is compounded of
ratios, which are the same, each to each, to the remaining
ratios of the first, shall be the same to the remaining ratio
of the last; or, if there be more than one, to the ratio which
is compounded of ratios, which are the same, each ro each,
to these remaining vatios.

h kmn s
AB,CD,EF, GH, KL,MN abcdefg
, s s s hklmnp
ab km e fg

LetA:B,C:D,E:F,G:H K: L, M: N,be
the first ratios,and O : 2, O 2 2,50 7,172 107, XV the

other ratios;

andlet 4: B=ua:b,

C:D=b:yq
LE:F=c:f,
G:H=d:e,
K:L=c¢:f,
M:N=f:g

Then, by the definition of a compound ratio, the ratio
of 2 : gis compounded of the ratiosof 2 : b, b : ¢, ¢ : d,



BOOK V PROP. K. THEOR. 225

d:ee: f,f: g, which are the same as the ratio of .4 : B,
C:D,E:F,G: H,K: L,M: N,each to each.

Also,O:P=h:k,

=k:l

=/:m,

=m:n,

=n:p,
Then will the ratio of » : p be the ratio compounded
of theratiosof b : k, k : L, : m,m : n,n : p, which
are the same as the ratiosof O @ 7, O @ R, 5 7,17 17,

,each to each.
= by the hypothesisz : g = b : p.

Also, let the ratio which is compounded of the ratios
of A : B, C: D, two of the first ratios (or the ratios of
a:cforA:B=a:byand C: D = b: c),be the same
as the ratio of z : d, which is compounded of the ratios of
a:b,b: c c:d, which are the same as the ratios of () : 7,

, 51 7, three of the other ratios.

And let the ratios of b : s, which is compounded of
the ratiosof b : k, k : m, m . n, n : s, which are the
same as the remaining first ratios, namely, £ : F, G : H,
K : L, M : Njalso, let the ratio of ¢ : g, be that which is
compounded of the ratios e : £, /& ¢, which are the same,
each to each, to the remaining other ratios, namely /" : /77,

. Then the ratios of % : s shall be the same as the ratio
ofe:giorh:s=e:g

AXCXEXGX KX M _aXxbxexdXeXf

RO S DX X AX XN — X cXdXeX[Xg
X Ox 5% X hX kxIXmXn
and = >
X KX T'x I kxXIxmxnXp

by the composition of the ratios;
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caxbxexdxexf hxkxIxmxn N
Tbhxcxdxexfxg /exlmenxp( yP-)

cXdXexXf bxkxlmen

axb
Orchde€XfXg_kXZXm nxp’
butaxb:AxC: XOXS5 _
bxc  BxD X KX
axXbxc _ hxkxl

bxcexd — kxIxwm’

. de)((fxf_ mXn
Tdxexfxg T nxp’

cxXdxexf hxkxIxmxn
AnddXefog_ lexZmenxp(hyp')’
and 2272 — exf

wxp T TXg

ChxkxIxmxn _ ¢
Tkxixmxnxp T &

[N
D0 I

~his=ce:g

+ If there be any number, &c.
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Definitions

I
Rectilinear figures are said to be similar, when they have
their several angles equal, each to each, and the sides about
the equal angles proportional.

2
Two sides of one figure are said to be reciprocally propor-
tional to two sides of another figure when one of the sides
of the first is to the second, as the remaining side of the
second is to the remaining side of the first.

3

A straight line is said to be cut in extreme and mean ratio,
when the whole is to the greater segment, as the greater

segment is to the less.

4

The altitude of any figure is the straight line drawn from

its vertex perpendicular to its base, or the base produced.

4
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z RIANGLES and parallelograms having the

&

same altitude are to one another as their bases.

Let the triangles « ™ ¢ and ™o have a common vertex,
C

and their bases * < and ? in the same straight

line.
D

B
Produce
C D

both ways, take successively on
B C

produced lines equal to it; and on pro-
duced lines successively equal to it; and draw lines from

the common vertex to their extremities.
A

The triangles w ¢ thus formed are all equal to

one another, since their bases are equal. (pr. 1.38)
A

- ¢ and its base are respectively equimulti-

B

ples of s™¢ and the base

A

In like manner . o and its base are respectively
A

equimultiples of 5 and the base e |



BOOK VIPROP. I. THEOR. 229

A A

‘C >, = or < norS times c\D
< >,= or < norS times

, m and 7 stand for every multiple taken as in the

fifth definition of the Fifth Book. Although we have only
shown that this property exists when m equal 6, and »

~ if m or 6 times

. B
then m or 6 times
C D

equal 5, yet it is evident that the property holds good for
every multiple value that may be given to 2, and to 7.

Jc : C\D nk = & Y (def. 5.5)

Parallelograms having the same altitude are the doubles

of the triangles, on their bases, and are proportional to
them (Part I), and hence their doubles, the parallelograms,
are as their bases (pr. 5.15).

Q.E.D.
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F a straight line ™ * be drawn parallel
to any side mmmmaaa? of a triangle, it shall cut
the other sides, or those sides produced, into
proportional segments

And if any straight line *  divide the sides of a tri-
angle, or those sides produced, into proportional segments,
it is parallel to the remaining sid (LETPEEEL)

Part L.
Let & ¥ || Swmsmmsst | then shall
P 5 Nammamaa? + & € ¢ Aummmmmaf
Draw *© Fand © 2,
D E D E
and ; = -\ (pr. 137);
B (o}
Y ~ i
:“‘ :“‘
RN N
[ . [ .
B D 3 [ D 3
(pr- 5:7);
D c A
™, D B D
but :. ““ fIapapee—— (pr 6.1),
[ 0y
) J—
D B

D . C
LI

Aenwmnest (pr. 5.10).
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Parc II.

. A E
immmmmmar

D A
E
5
I
D B D [N
EmmmmEEr *° N
. H
Y
.
x Y
—.
B D E
E A
’ N
Y
and 5 ¢ (ISR o H .
L “
. .
—
C D E
but * ’ ; € ¢ fammnnasf (hyp.)
ammmmam
D E A E A
X ’ #‘
" HCS
[ =Y
 *, HEY
a % S
* Y
n * M .
S— —
B D E c D E

(pr. s.11)

Y

but they are on the same base t==s=sssi |
and at the same side of it, and

D 8 c
” TLLLLLLL

(pr. 1.39).

231

(pr.6.1);

Q.E.D.
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A D

) bisecting the angle of a

RIGHT line ('

triangle, divides the opposite side into segments
(* JRTEEEEEE ¥ ) proportional to the con-
terminous sides (* § < 2

£ ¥ ) drawn from any angle of

And if a straight line (
a triangle divide the opposite side (‘m——==si ) into segments
------- ¥ )proportional to the conterminous sides

(B D I%
et "), it bisects the angle.
Part .
Draw Sesssesaf || 2 Y to meet tammanas o
A E
then, , = A‘ (pr. 1.29).
C

and e || Gwwmmmnaf
Nammmmaaf o 4 ; el ! — (pr. 6.2);
but tes=sss- F= F
B el — (pr.s.7)
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Parc II.

Let the same construction remain,

and A O S .t  — : P e —
(pr. 6.2);

but 8 D . o . S : S 2 (hyp)

S N T S " (pr. s.11).

and o fessmeeed = * (pr. 5.9),

but since * > I C.........E; ‘ — "

and | = A‘ (pr. 1.29);

A E E A A
R ' :A‘,andE = ‘,
c c D o ©
A
A D .
and .. ‘s— bisects . ‘ .
C

Q.E.D.
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A

N equiangular triangles ( aAc and
o2 T ) the sides about the equal angles

)

are proportional, and the sides which are op-
posite to the equal angles are bomologous.

Let the equiangular triangles be so placed that two sides

D

=, ==msmesl opposite to equal angles C<> and

E

A
BQ may be conterminous, and in the same straight
(o}

line; and that the triangles lying at the same side of that
straight line; and that the triangles lying at the same side
of that straight line, may have the equal angles not con-

D A A
terminous,i.c. gl oppositeto . , and B‘C to

D

A

cr=====%; is a parallelogram.

But ® L L < { * Dusssuns ;
(pr. 6.2);
and since > = (pr.134),
B C £ c < 2

. .o . D E
—— L GmmmmmEEl ) — 0 emsssee

and by alternation
8 c ., C A .. E c D E

: Smmmmmnal 0 Qecmaansd (pr. 5.16).
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In like manner it may be shown, that

A B , C D .. B c , E c
DommmmmmEl D — amammmesn

and by alternation, that
A B , B C C D E C

but it has been already proved that
8 [ A .. E c D 3

and therefore, ex 2quali,
A B8 ., C A

T )
therefore the sides about the equal angles
are proportional, and those which are
opposite to the equal angles are homologous.

Q.E.D.



B

A
D)

s
.
.
s
L)
.
A
[y
.
.
4 L)
.
A
A
A
A )
L)
L)
.
A
L)

D

(o}
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F two triangles have their sides proportional
F D

(c A . B c
L LLLLLLT] : TTLLLLT

e F) and (B......---C [T — 8
E F . D

F) they are equiangular,

and the equal angles are subtended by the homologous sidles.

From the extremities Of ‘—

G G

draw ° and f makin
g

E‘GF _ B‘AC, E! = B‘C (pr.1.23);

A

and consequently E' = (pr.1.32),

C

and since the triangles are equiangular,

T P : fammmnaaf o % i : e — (pr 64),
but e —— 5 : fammmmna’ e [ : — (hyp)’

. D E o, E Fo,, G E o, E F

D E G E
and consequently =

(pr. 5.9). Inlike manner it may be shown that
F D _ F G

Therefore, the two triangles having a common
base ‘= and their sides equal, have
also equal angles opposite to equal sides, i. e.

= EvFade‘ﬁ = E'F(pr.I.S).

E A D A

Buw W' = A _(const) and - = A

E F B
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A

and consequently E‘ = (pr. 1.32);

C

and therefore the triangles are equiangular,
and it is evident that the homologous

sides subtended by the equal ang]es.
Q.E.D.
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‘B E
F two triangles ( PRLLEED % and o ¢ ) have

one angle ( ‘ ) of the one, equal to one an-

0]

[¢ £
gle ( a ) of the other, and the sides about

the equal angles proportional, the triangles shall be equian-
gular, and bave those angles equal which the homologous
sides subtend.

From the extremities of *
E

of the sides of DA;, about A 5

draw © P and ° v

making ' ‘
and ‘ = A o
then D'F = B (pr. 1.32),

and two trlangles belng equlangular,

SR ¢ : Gammmmmat . ¢ M § (pr 64)

but fammnmnal : Ganannnat . — : o (hyp)

. F G : F D :: E Fo, F D (pr. S_II),
and consequently ¢ = ‘et (DI 5.9);

2 DAF = ¢ inevery respect (pr.1.4).

But ' A const.),

B

and .. DAF = ‘C;

A

E B
and since also A = ‘ S
D F A c
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E B
A = 4 Grum
A c
‘B E
<Y A
and - a4=====i_ and , ¢ are equiangular, with
their equal angles opposite to homologous sides.

Q.E.D.
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(o}

‘F
A o7
A F two triangles (*

5
R4
o and °°"%. ) have

one angle in each equal ( . /\ equal to X ‘ )

the sides about two other angles (

B
. D
TTTTTTTY

A B

* ), and each of the remain-
ing angles ( . A and . A ) either less or not less than a

right angle, the triangles are equiangular, and those angles
are equal about which the sides are proportional.

First let it be assumed that the angles . ‘ and
. A are each less than a right angle: then if it be

C

supposed that | 4

.

and d contained
B E

by the proportional sides, are not equal, let

c c .
q be greater, and make © Q = d .
A D
B B 3

A‘ = D/\ (hyp.) and Gq = Dd (const.)

e = A (pr. 132);

P - .0 i (pr. 6.4),
c . A TR AR " (hyp.)
e — * (pr. 5.9),

and .. AACB = A‘E (pr. Ls).
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But . ‘ is less than a right angle (hyp.)

‘ , is less than a right angle;

and . ¢ must be greater than a right

B

A

3

angle (pr. 1.13), but it has been proven = . A

and therefore less than a right angle, which

E

C

;
isabsurd. = | 4 and d are not unequal;
B E

= they are equal, and since . ‘ = /\ (hyp.)

A‘C = DA (pr. 1.32),and

therefore the triangles are equiangular.

c F
But if ‘ and A be assumed to be each not
A B D 3

less than a right angle, it may be proved as before, that the
triangles are equiangular, and have the sides about equal

the angles proportional (pr. 6.4).
Q.E.D.
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A

N a right angled tiangle (s l chifa
perpendicular (*» ¥ ) be drawn from the
right angle to the opposite side, the triangles

A A

(s o> o c)on each side of it are sim-
ilar to the whole triangle and to each other.

A A
: = ‘ (ax. XI),

and M common to s cand s

BAAC = B‘ (pr. 1.32);

D5

A A

B l c and s » are equiangular; and
consequently have their sides about the equal angles
proportional (pr. 6.4), and are therefore similar (def. 6.1).

A

In like manner it may be proved that Dl

c is
A A
similar to s lc ;but s o has
A
been shown to be similar to s l ¢
A A
soe 5 and "™ ¢ are similar

to the whole and to each other.

Q.E.D.
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ROM 4 given straight line (* ? )to cut
off any required part.

&

From either extremity of the given line draw
e m making any angle with c ’s
and produce ===t till the whole produced

. A E . A D
line ‘=============i contains == as often

A B . .
as contains the requlred part.

B E
Draw S

and draw Geel || fm—

f is the required part of C

For since esl || o’

A FoF 4 . [ S— : T ——— (pr 6_2)’

and by composition (pr. 5.18);
B, A Fooo A

E, A D
——mEaEmmEE —
. b

A E . A D
but =———es=s=sss==er contains = as often as

C ® contains the required part (const.);

" is the required part.

Q.E.D.

m

¥ [ ————

O
ammmm

[

o
P ———
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o divide a given straight line (-
similarly to a given divided line ("————

From either extremity of the given line
B A C .
draw ‘=esswese making any angle;

C
take tesse? | feef gpd ¢ equal to
A D’ D’ E

,— and *—° respectively (pr. 1.2);
draw © * and draw f===s? and = to it.
J
C B
Since { S=ema? B are |,
D F
At
G B F G E C DI---IE (pr. 6.2)’
G B ,F G , & C D E
or D o— — (const.),
and — : [pu— . - : [— (pr 6.2’)’
F G . A Fo., D F A D (COIlSt)
— D
and « the given line C ®is
divided similarly to e —

Q.E.D.



BOOK VIPROP. XI. PROB.

~

Q@g straight lines (

A

At either extremity of the given line ‘e

E

making an angle;

245

O find a third proportional to two given
C’ dnd A B)'

draw Aeeees
take Hmmess F= A <, and draw >
B D A C’
make emnnsf = ,
D B C
and draw I ; (pr. 1.31)
e is the third proportional to — and * <.
For since * I ° £
— mmmmn 00 dmmmesi ? PA— (pr 6.2‘>’
bue Seeeeef = Aeeensf = A (const.);
A B A (o8 A C’ C E (pr 57)
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10 find a fourth proportional to three given lines

| {:::}::‘..}.

Draw & F and
D F .
making any angle;
take pl & = ----/:---u’
and © S —
D H C
also = s
draw © i
and Sesesssdl || © ¥ (pr. 131);

H F

is the fourth proportional.

On account of the parallels,

b s F R ¥ et (pI. 6.2);

cmalam —_—
but mmmmnm b= C— (CODSt.);
c D H
A 8 . c i ;

DYSUTE R S ! — (DL 5.7).
Q.E.D.
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0 find a mean proportional berween two given
A

Draw any straight line C <
make = = wwde gnd bmf = sebu,
bisect * <; and from the point A

! B
of bisection as a centre, and half line as a

radius, describe a semicircle A
draw =— ] .

=" is the mean proportional required.

Draw " ®and © 7.
Since ‘ is a right angle (pr. 3.31),
and * d

is L from it upon the opposite side,

- " isa mean proportional
between * ¥ and * < (pr. 6.8),
and - between s===2===: and :===2===: (const.).

Q.E.D.
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B F

QUAL parallelograms ‘ and ,

A

which bave one angle in each equal, bave the
sides about the equal angles reciprocally pro-

portional

(B G .8 Fo,. 0B D . B E)
— —

And parallelograms which bave one angle in each equal,
and the sides about them reciprocally proportional, are
equal.

Let *  and & sand ® P and ‘m—
D

be so placed that < ' and —_— may be
continued right lines. Itis evident that they may

assume this position. (pr. 1.13, pr. .14, pr. LI5)

Complete E‘H .
SlnceC E = ‘ ;
3 \ N, r57)
o — e ¥ 1 St (pr. 6.1)

The same construction remaining:
C E E H

‘ (pr. 6.1)

G B B

E S T 71— (hyp.)

‘ ‘ (pr. 6.)
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C

€]

B : E‘F i ‘ : E‘F (pr. 5.11)
and . ) B = ‘ (pr. 5.9).

D A

Q.E.D.
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m QUAL triangles, which have one angle in each

equal ( ‘A = A‘ ), have the sides

about the equal angles reciprocally propor-
tional
(A E : B A :. A C : D A)

And two triangles which have an angle of the one equal ro

an angle of the other, and the sides about the equal angles
reciprocally proportional, are equal.

L

D

Let the triangles be so placed that the equal angles ‘ A

E

B
and * ‘ may be vertically opposite, that is to say, so that
(e}

C " and - 2 may be in the same straight line.
Whence also * < and ° * must be in the same
straight line (pr. 1.14).

DI'Q.W --------- S then
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I1.
Let the same construction remain, and
D
D B
i v . P! S’ (prL. 6.1)
A

and * <R I : v (pr. 6.1)

but S N < 10 *, (hyp.)

D
D B D B
. A.v..A v
A
E

A

(pr. s.1m);

= (pr. s.9).

Q.E.D.
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F four straight lines be proportional (*  :
ARSI ¥ R S '“'5“")1‘/76 rectan-

gle (* ? X wmmmienn) contained by the
C D X

extremes, is equal to the rectangle (
samsienns ) contained by the means.

And if the rectangle contained by the extremes be equal to
the rectangle contained by the means, the four straight lines

are proportional.

Part L.
From the extremities of * ? and
E 2 draw % = and © ' 1 to
them and = s===mmmmi and smeefane respectively:
E H
F G
complete the parallelograms - and
B A b c
and since,
A B C D E F
. —tt immmEEEs 0 EEEEEEE (hyp)
A B, C D .. C Ho, A G(COI]St)
E H
F <]
B - (pr- 6.14),
B A

D C
that is, the rectangle contained be the extremes,

equal to the rectangle contained be the means.
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Parc I1.
Let the same construction remain;
E H
F G
— A S —
P — =
B A
D C
and B ieeafeee
B C D C H A G
(pr. 6.14)
But R .---E---.,
and S = smmsbusm (const.)
8 : PR . P - : R S (pr 57)

Q.E.D.
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A

F three striaght lines be proportional
—_ 2 ) the rectangle

under the extremes is equal to the square of

the mean.
And if the rectangle under the extremes be equal to the
square of the mean, the three straight lines are proportional.

Part L.
Assume 2 = —
and since ==t | m—_— i —— —
then R R 0 —— ,
A x C _ 5 x D
(pr. 6.16).
G H
D B
But = —
B x D —
2
3 x 3 or = 8 ;
therefore, if the three straight lines are
proportional, the rectangle contained be the
extremes is equal to the square of the mean.
Parc I1.
B
| — Assume = s
then X = P X i |
 — = :: 2 — (pr. 6.16),
a11(_-1 A B B C
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A B

N a given straight line ( ) to construct

a rectilinear figure similar to a given one

(F ‘ ) and similarly placed.

Resolve the given figure into triangles by

drawing the lines femmansal and © f

At the extremities of ’ make
G F
y o ad WAL= O
A [ s c AN p an . .
A C
again at the extremities of . ° make

H E H E
c F
G‘ = F‘ and ‘ = <s ;
B D B D

in like manner make

H E H E
K L
= \/ and\ = \
K L
B D B D

£ H
F ¢}
Then‘:‘.
L K
c D A B

It is evident from the construction and (pr. 1.32)

that the figures are equiangular; and since the

F G

triangles and are equiangular;

A B

then by (pr. 6.4),

C

A B, A c D
T

A G . 8 G c F . D F
and : . ¢ Gmmmmmmm

E H
. F G .
Again, because ‘ and ‘ are equiangular,
D B
8 <] <] H D FoLF 3
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. ex zquali,

S : Gammanaal . ¢ F : £ E (pr 6_22)

In like manner it may be shown that the remaining
sides of the two figures are proportional.

= by (pr. 6.1)

<] . . . F . .
‘ . is similar to ‘ . and similarly

A B c D
A B

situated; and on the given line

Q.E.D.
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B

N
1 IMILAR triangles (; o and ¢ A )are

to one another in the duplicate ratio of their
homologous sicles.

Let ‘ and ‘ be equal angles, and Smeesm—

and * homologous sides of the similar triangles
B
E
‘ 5 and ¢ A and on ‘mesmmm the greater of
these lines take “messsssi 7 a third proportlonal s0
that Geeeem—S @ FLg F e fewmmnn .
: .. : ;
draw I
B c A B .. E
i — 1 (pr. 6.4);
I P S S £ e (pr. 5.16),
but [ S— E i3 . E i3 : T —— (COIlSt)
o — ¢ Gammmmass cc A B . R 3
B
E
©
consequently b = ~, for they

have the sides about the equal angles ‘

and ‘ reciprocally proportional (pr. 6.15);

A
A
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that is to say, the triangles are to one another
in the duplicate ratio of their homologous
sides = and fesssm— (def. 5.11).

Q.E.D.
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IMILAR polygons may be divided into the same
2 number of similar triangles, each similar pair
of which are proportional to the polygons; and

the polygons are to each other in the duplicate
ratio of their homologous sides.

ed

Draw . v and Gemessee?oapnd © * and

resolvmg the polygons into trlangles Then be-

cause the polygons are similar, ‘ = g ,and
B G
C H

B C [ D G H , H K

D

and are similar,
B G

and B‘D = edK (pl' 66)’

but ' g because they are

angles of similar polygons, therefore the

remainders ’D and 0 « are equal;

hence bmmmmmns? ¢ Swmmmmes? 02 Geceoool o !

on account of the similar triangles,
S b, D E .. H K, K L
and Gemesses? - P T
on account of the similar polygons,

B D D E G K L
s, immmmmmmr e

ex 2quali (pr. 5.22), and as these proportional

sides contain equal angles, the triangles
E

, ® and , ¥ are similar (pr. 6.6).

B
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In like manner it may be shown that the
A E F L
triangles v and ' are similar.
M G
b K
But is to in the duplicate
G

B c H

ratio of ‘wesss=s? o “------=f (pr. 6.19),

£ L
and , ® isto , ¥ in like manner, in
8 G

the duplicate ratio of t=======’ to Cammmenly

E
D K L
. : :: ’D : ’K( r. §.11).
B c G H . . p

£ L
Again , ° isto , ¥ in the duplicate ratio of
B G
A E F L
B E G L . .

to ,and ' is to ' in

G

B
E G L

the duplicate ratio of £ to

E
L
D K
. . o . ,K
G
B c H I
B
b
A
vE F L
G

B

and as one of the antecedents is to one of the consequents,

so is the sum of all the antecedents to the sum of all the
consequents; that is to say, the similar triangles have to
one another the same ratio as the polygons (pr. 5.12).



BOOK VIPROP. XX. THEOR. 261

D K
But is to in the
8 c & H
C G H .

duplicate ratio of *

‘ is to ‘ in the

duplicate ratio of & < to ©

Q.E.D.
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ECTILINEAR figures ( ‘ and ‘ )

which are similar to the same figure ( )
are similar also to each other.

Since ‘ and are similar, they are equian-
gular, and have the sides about the equal angles propor-

tional (def. 6.1); and since the figures P | and

are also similar, they are equiangular, and have the sides

about the equal angles proportional; therefore ‘
and ‘ are also equiangular, and have the sides about

the equal angles proportional (pr. s5.11), and are therefore
similar.

Q.E.D.
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F four straight lines be propor-
tional (* T I
: SR Y, the sim-
Sl ilar rectilinear figures similarly
described on them are also proportional.
And. if four similar rectilinear figures, similarly
described on four straight lines, be proportional,
the straight lines are also proportional.

Part L.
Take r======: 3 third proportional to
C ’ and 2 and s===fe=s g third
proportional to * and © ! (pr. 6.11);
since * I 2 ok I " (hyp.)
C D G H P
RN - NP S RS (const.)
- ex equali,
M —— ¢ mmmSmmm G L
but A ¢ — [
A 8 c D
(pr. 6.20),
e T
E F ) H
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Parc I1.

Let the same construction remain;

. B:CAD::.:D(hyp.),
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B C

QUIANGULAR parallelograms ( o and

E F

%6 ) are to one another in a ratio com-

pounded of the ratios of their sides.

Let two of the sides = and © ¢ about the

equal angles be placed so that they may form one straight
line.

SinceB'C + ) : = m,
and .G = B' (hyp.),

E (e} e
A =M

. C E

and - e 3

and

form one straight line (pr. 1.14);

C G

complete o™y .

B C C G
. ' c ., c G
Since a b ool f—
(pr. 6.1),
E F
and D‘H Dok - © * (pr. 6.1),
3 F
B C
A o hasto ¢™c aratio compounded of the ratios
of “to ¢ ¢ and of % < to ¢ 3

Q.E.D.
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L} and Aﬂ ) which are

lelograms (+ =, f
about the diagonal are similar to the whole,
and to each other.

]

common angle they are equiangular;

N any parallelogram ( ) the paral-

and E have a

but =+ Gt || o

D
G

LA A e similar (pr. 6.4),

. G A, G F ..
— ammi — 1

5

and the remaining opposite sides are equal to those,

i}

equal angles proportional, and are therefore similar.

E and have the sides about the

In the same manner it can be demonstrated that the
D c

7 e

parallelograms » s and =, aresimilar.

Since, therefore, each of the parallelograms

K c
A ¢ and ¢ HH is similar to
D c
A ig , they are similar to each other.

Q.E.D.
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o describe a rectilinear figure, which shall

be similar ro a given rectilinear figure
A

(BAC ), and equal to another ( ’ )
Upon E ¢ describe L-E = BAQ,

C F
and upon © * describe E|:|M = ’ )
C

3

and having ' = (pr. 1.45),

and then * € and Smmmmm=al will lie in —

the same straight line (pr. 1.29, pr. 1.14).

Between ° ¢ and Sesssssel finda
. G H
mean proportional (pr. 6.13),
K
and upon ! describe "o

A

A

similar to s ¢, and similarly situated.

A |
For since & cand ¢ 4 are similar, and

: SR ! ' Swmmmmsal (conist.),
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BA .. 8 €+ Commmmnaf
C G H oo
(pr. 6.20);
B C F
W T
(pr. 6.1);

K
E C CDF
c .« 6 Hoee L E o+ E M

(pr. s.1m);

A
B c
b‘ _ I
K

¢ (const.),

c F

_

and = o W= w (pr. s.14);

and EDM = ’ (const.);

consequently, ¢ w which is
A

Ac isalso = ’ .

Q.E.D.

similar to s
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. F similar and similarly posited parallelograms
|

and » s ) bave a com-
mon angle, they are about the same diagonal.

For, if possible, let h e & be the diagonal of

Cc

AZ and draw * ! — (pr. 131).
Since ALK Z

the same diagonal e , and have

D

and are about

common, they are similar (pr. 6.24);
B

. A G , A A G A E

and .. ‘==t = ‘em—=sf (pr.5.9), which is absurd.

o h—— is ot the diagonal of

b} C

% |

A s  in the same manner it can be
demonstrated that no other line is except

A

Q.E.D.
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F all the rectangles contained by the segments of
a given straight line, the greatest is the square

which is described on balf the line.

Let * e be the given line,
A D D B
and unequal segments,
A C C B
and and equal segments;
G D
then E c > w B .

For it has been demonstrated already (pr. 2.5), that the
square of half the line is equal to the rectangle contained
by any unequal segments together with the square of the
part intermediate between the middle point and the point
of unequal section. The square described on half the line
exceeds therefore the rectangle contained by any unequal
segments of the line.

Q.E.D.
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o divide a given straight line (== mmmmu===?)
so0 that the rectangle contained by its segments

may be equal to a given area, not exceeding

the square of half the line.

2
Let the given area be = -

. A B A c B
Bisect '--—"“',ormake i — — imEmE
2 2
A c <)
and if fee— =

problem is solved.

Butifﬁ--—czqﬁ )

then must “=smm=s’ > =% (hyp.).

D [ A C <
Draw = | ese—

D F A C C B
make T——esl = Geemef op Gmmasf,

bl

with ==—=={ a5 radius describe a circle
. . . D E
cutting the given line; draw .

2 2
A E E 8 E c A c

Then == X =————— o — = i —

2

(pr.2.s)= °

E2 D C

b 2. 2
But = " =" (pr. 1.47);

2 2 2
A E E B E C D C E C
s imml X e———— —_— = — o —
2

from both, take ‘=

>

2
and feef X mmmnen — Gt

But = = -=%- (const.),
and .. ‘esm———=ea s 50 divided

that Aeef X mmmae? = 8o

Q.E.D.
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o produce a given straight line (= weeee? )

$o that the rectangle contained by the segments

between the extremities of the given line and

the point to which it is produced, may be equal
G

to a given area, i. e. equal ro the square on b

Make " = Summaai
and draw S=ee=== Pl Semmen? =
draw © Y
and with the radius © Y describe

. . A B
a circle meeting “==========" produced.

Then

2
A F B F c B A B
—— X + GEmmanl’ = e——————a

2

C D2 B D2 C EZ
But — immmmaar + LI (pr. 1.47)
TSRS VR S SN L
B D2 (e} B2
-------- + fmmmmar
from both take Tessssi
2
and - At 3 S f = Bannnnd?
B D H
but Sesesss — ,
B D .
-------- = the given area.

Q.E.D.
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O cut a given finite straight line (=== ) in
extreme and mean ratio.

C H
On ==- describe the square I (pr. 1.46);
A B

and produce S’ 50 that

2

c G A G A B
—ut Y temEl = —— (pr 6.29);

A E A G

take — = sl

and draw = || S—ees?

meeting = || =" (pr. 1.31).

Cc G A G .
Then = Commnns® % 4uee? andis o = I ;

D
and if from both these equals be
c F
taken the common part )

A E
A E

, which is the square of =,

G D
F H
will be = I , which is = = x %
E B
. A E2 A B E B
thatis === = ‘=—— X Ll
A B . A E ., A E E B

and == is divided in extreme
and mean ratio (def. 6.3).

Q.E.D.

CLLLLCET T T,
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| F any similar rectilinear figures be similarly
described on the sides of a right angled triangle

5 IS
2, ¢

(g dunnn >c ), the figure described on the

side (mmen < ) subtending the right angle is equal to

the sum of the figures on the other sides.

From the right angle draw ot

. B [
perpendlcular O 1emm s m—

then ‘== - A
- ot < (pr. 6.8).
B c
I .
e - . (pr. 6.20)
but
B c
(pr. 6.20)
Hence S 4 Sanes e —
B c
J— .. I
D C B D B c
but I P = Yumes —_—
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F two triangles (BAC and ¢ A

2
have two sides proportional (*
S S € fmnwnnst ° ), and be
50 plaafd at an angle that the bomologous sidles
are parallel, the remaining sides (* < and © )

form one right line.

1 C
Since P Smmmmmnst ,
A A b
= (pr. 1.29);
B C c
and also since £ || Smmmmnna °
A D D
= & (pr129)
[} Cc E
A D
R
and since
A B . c A . — : fammmmnn 3 (hyp%

the triangles are equiangular (pr. 6.6);

A D
A = N
B c c 3
A D

A A D D
Y S VA W
A

BAAC + ) + a‘c = m (pr.1.32),

and - ° €and € f lie

in the same straight line (pr. r.14).

Q.E.D.
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‘ N equal circles (| @, @ )y angles,

whether at the centre or circumference, are in
the same ratio to one another as the arcs on

which they stand (B( : Ed B mmm—C CE f )

so also are sectors.

Take in the circumference of any number
Of ArCS C mmmmem K | Ko L &7, €aCh = B wwmme= ¢ and also in
the circumference of take any number of arcs

FammnsM ManaasN &c each = ¢ f, draw the radii to
the extremities of the equal arcs.
The since the arcs o s ¢ C =K Kemm—t &, are

all equal, the angles B( S ‘ S ‘ , &c. are also equal

G

(pr.3.27); = s‘ is the same multiple of B( which

the arc \_~ is of *===¢; and in the same man-
H

H
ner E@ is the same multiple of d , which the arc
N F

¢ .
#* isof thearc ¢ F.

»
LI e

Then it is evident (pr. 3.27),
G G
if s or if m times
4 )
H H

>, =< or n times &

D, )
then \__~" (or m times * == )

. .
>, =< +*" (or n times ¢ )

'
LT LA
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BC( : Ed I BmemmC o E * (def. s.5), or

the angles at the centre are as the arcs on which they stand;
but the angles at the circumference being halves of the an-
gles at the centre (pr. 3.20) are in the same ratio (pr. 5.15),
and therefore are as the arcs on which they stand.

It is evident, that sectors in equal circles, and on equal
arcs are equal (pr. 1.4, 3.24, 3.27, and def. 3.9). Hence, if the
sectors be substituted for the angles in the above demon-
stration, the second part of the proportion will be estab-
lished, that is, in equal circles the sectors have the same
ratio to one another as the arcs on which they stand.

Q.E.D.
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;
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.’ *e angle ‘ of the triangle AL

£ go* ., B
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D C

1 F the right line (===== ) bisecting an external

C
v

0
R
i
"

B

meet the opposite side (====) produced, that whole

produced side (‘mm—u=s== Y), and its external segment

.0
>,
-,
»>
».
‘0
>,
‘0
'a D

B ooommmmssmsssssfesees o ((fmamand ) will be proportional to the sides ("mm—m====t" and
), which contain the angle adjacent to the external
bisected angle.

Forif == be drawn || ====-%,

C

then ‘D =

B

and . =

and —nuaf :

Butalso, *

A D,
— i

B D ..
iEmmmEr

I
O
g
o
b—/

C B

= 3 (pr. 1.6),

C
—

bl (prs )

(pr. 6.2);

and therefore

o mmmal B (prosan).
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F an angle of a triangle be bisected by a straight

line, which likewise cuts the base; the rectangle

contained by the sides of the triangle is equal

to the rectangle contained by the segments of
the base, together with the square of the straight line which
bisects the angle.

A A
Let *~ be drawn, making ‘ =, ‘ ;
E c E

D C A D2

— +

then shall P K ' = fmmae? X

A

About EAC describe (s ¢) (pr. 4.5),

produce *~ to meet the circle, and draw Fe====f.

Since A‘C = B‘A (hyp.),

and . AC = ’C (pr. 3.21),

B/D and \C are equiangular (pr. 1.32);

A B A D A E C A
G — : { — (DI, 6.4);
. A B C A A D A E p
. X — X (pr. 6.16)
2
= Tt ) A 4 AT (prL23);
but D E X A D — B mamn? X e (pr. 3_35%
B X C A _ B----D X D C + A D2

Q.E.D.
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F from any angle of a triangle a straight line be
3 drawn perpendicular to the base; the rectangle
contained by the sides of the triangle is equal to

the rectangle contained by the perpendicular
and the diameter of the circle described about the triangle.

A

"
A ‘,o"
F}Cnll B"l"; ()f BA.$: ----- _—
(o}
draw * > B......_C;
(o}
then shall *===a=== P x S =" x

the diameter of the described circle.

Describe ‘ (pr. 4.5), draw its

diameter ‘mm— and draw —

A A
then - ‘ = /\ < (const. and pr. 3.31);
B o c

A

and , A", = L° (pr. 3.21);

'(
4""
\d . .
patimmmmnns » is equiangular to ¢ (pr. 6.4);
E
. Rmmmmans bo.on O e e F - € i
-~ i ;
P T S— 5 © Ak Py A ;
(pr. 6.16).
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HE rectangle contained by the diagonals of a
quadrilateral figure inscribed in a circle, is
equal to both the rectangles contained by its
opposite sides.

A
&
Let &

By,

/D be any quadrilateral

C

figure inscribed in ;

and draw ° ° and % -

then * X =
C D

L)

Ammnmmmad X

4 ° A ¢ Gmmmmmns

Make E‘ = A‘o (pr. 1.23),

A A A
A
‘ = bo; and s = [>, (pr.3.21);
B c £ c 5
. D AL E D .. A

C

: Bammmmna’ (pr64),
and - ¢ 2 ox S =0 2 % Geswmmuaaf

(pr. 6.16);

again, = = ' o (const.),
g \ o
and LD = Av (pr. 3.21);

P R R S $ .G " (pr. 6.4);
and - Geeennes U S N SV -S—-
(pr. 6.16);
but, from above,

T SV S S SR SR S )

B D x A C —

Nammmaaad X S >4+ 2 A x Smmmeees? (pr.2a).

Q.E.D.






