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1 Asymptotic Results (Observed Rank)

We consider 6y = E[Fy ' (U)] and the estimator

,,,,,

Assumption 1 (Sampling) Assume: (i) (Y;)i=1,..n are independent draws from the dis-

.....

tribution Fy and (U;)j=1,..n are independent draws from the distribution Fy. (i) U; is

independent of Y; for any i and j. (i) Supp(U;) € [0,1]. (iv) Fy and Fy are absolutely

continuous with respect to the Lebesque measure.

Notice that (1) is a L-statistics (Shorack and Wellner, 1986, Chapter 19), ie. 0, =
n_lz?zl CniY(s), where Yy < ... < Y{,) is the order statistics and c,; = #{U; : U; €
((i — 1)/n,i/n]}. However, contrary to the textbook case, the weights ¢,; are random

variables,
(Cnty ooy Can) ~ M(n, Fy(1/n) — Fy(0/n), ..., Fy(n/n) — Fy((n —1)/n)).

In order to study its asymptotic behavior, let us decompose it into two parts, each only

depending at the first order on the random sample (Y;);—1 » but not both.

..........

Notice that 8y can be written as
1
By = / FrldFy.
0

Let & = Fy(Y;) ~ U[0,1], G, denote the empirical cumulative distribution function

-----

left-continuous generalized inverse:
Fly)=inf{x c[0,1] : y< F(x)}  Vye[0,1].

Thus, G, '(7) is the usual empirical quantile of order 7.



The estimator (1) can be expressed as’

~ 1 ~
6, = / Filo Gl dEy,
0

Ay

show that
V=) = 23k oS Gt op(l)
where &; = — [ [I{U; < t} — Fy ()] dFy (1) and ¢ = — J3 [L{Fy (Vi) < t} =) fu () dFy " (¢)

are independent, square-integrable, random variables, allowing to apply a standard CLT.
Assumption 2 (Regularity Conditions on Densities)

(i) There exist by,by > 0 and Cy > 0 such that for all t € (0,1):
fo@t) < Cut™™(1—1)~".
(ii) There exist di,ds > 0 and Cy > 0 such that for allt € (0,1):
|F ()] < Cyt™ (1 —t)~%.
(7ii) by +dy < 1/2 and by + dy < 1/2.
Point 2 of Assumption 2 holds under the following moment condition on Y.

Lemma 1 (Lower-Level Conditions on Y') Assume E[|Y|P] < oo for p > 1, then As-
sumption 2(ii) is verified with di = dy = 1/p.

Theorem 1 (Asymptotic Normality) Under Assumptions 1 and 2, as n — oo,
V(0 = 60) < N(0,0%),
with
o2 — /01 /01 [Fy(s At) — Fy(s)Fy(t) + [s At — st fu(s) fu(t)] dFy*(s) dFy ().

All proofs are gathered in the appendix.

Letting [a] be the least integer greater than or equal to a, notice that G, ! (x) = E(mal) = Fy (Y(tna1))
and Fy absolutely continuous with respect to the Lebesgue measure imply Fy Lo G, l(x) = Fy Lo

i1
Fy (Y(tna1)) = Y(ina)) = Fy (@)



2 Asymptotic Results (Estimated Rank)

In many applications, the random variable U; has a known form U; = Fz(X;) for some

observed random variable X; and a unknown cumulative distribution function F;. As a

.....

-----

.....

(Xi)i=1

(Yi, Z;, Xi) are mutually independent for any value of 1,j and k. (iii) Fy, Fyz and Fx are

absolutely continuous with respect to the Lebesgue measure.

Notice that U is distributed with cdf Fy = Fx o F;' and density
fu(t) = 7,1( 1{t € [0,1]}.

Notice that U; = H,,(U;), where H,, is the empirical cdf obtained from (Fy(Z;));—
Fz(Z;) ~U[0,1]. We consider the estimator:

-----

Note: we can also use a smooothed version of . Following Shorack and Wellner (1986),
we let ﬁ'Z(Z(Z-)) = i/(n+1) for i = 1..n, F4(-) linear between Zi) and Zyqy for @ < n.
For z < Zuy and z > Z(,), we extrapolate linearly until reaching 0 and 1 respectively.
One can show that this extrapolation is equivalent to defining Z = 2Z1) — Z() and
Znt1) = 2Z(n) — Zn—1) instead of 0 and 1 as in Shorack and Wellner (1986). With this

estimator, H,(-) is defined as

1 F Y w) — Z,
H, (u) = (z - Z<u)()> if Zgy < Fy'(u) < Zasy
Z(it1) — ZG)



for i = 0,...,n. Finally, H,, is constant and equal to 0 on [0, Fz(Z(y)] and constant, equal
to 1 on [F;(Z(u41)),1]. (these two sets may or may not be empty). Similarly as before, 0,
can be expressed as:

o 1 ~
6, = / FiloGotoH, dFy.
0

We show that the estimator can be decomposed into three independent parts:

v

Vn(f, — 6y) = \}ﬁiaﬁ\}ﬁiCﬁ;ﬁiwﬂP(l),

where & = — [i[I{F2(X;) < t} — Fx(Fz'(t)]dFy' (1), & = — [[L{Fv(Y;) < t} -
t)fo(t)dE () and ¢; = [) [1{F3(Z;) <t} —t] fu(t)dFy'(t) are independent, square-

integrable, random variables, allowing to apply a standard CLT.
Theorem 2 (Asymptotic Normality) Under Assumptions 2-3, as n — oo,
Vil — 0y) 5 N(0,0%),
with
7 = [ [ [Fx(F7 (s A1) = Fx(F7' () Ex (B ()] dFy () 4By (1

b o IXE ) I (F ) o g
+2/0 /0 s\t = st] iy o re ) O ) AR )

The proof is long and technical. Describe the main steps and ingredients:

1. Decompose into three terms. Two are the same as in Theorem 1, the third is new.

We decompose it further into several terms: remainder terms plus a L-statistic.

2. For some remainder term, similar technique as in Theorem 1 but a bit more complex.
Use in particular the fact that (i) order statistic of uniforms and uniform spacings

are distributed as beta; (ii) mean absolute deviation of beta distributions.

3. For another remainder term, use convergence of the supremum of the weighted em-

pirical quantile process (see in particular Csorgo et al., 1986, Corollary 4.3.1).

4. For the L—statistic, results in Shorack and Wellner (1986) do not apply here. Instead,
we use the necessary and sufficient condition for its asymptotic normality in Hecker

(1976).



3 Application to Change-in-Change

Faire une revue de litérature sur le Change-in-Change et sur d’autres possibles estima-
teurs rentrant dans notre cadre.

We study the Change-in-Change estimator of Athey and Imbens (2006). Let Y,;; the
outcome at time ¢ for individual ¢ in group g. The Change-in-Change estimand of the

Average Treatment Effect (ATE) is
7 = E[Yu] - E[Fy; (Fyyy (Y0))].

The idea is to estimate the counterfactual by averaging the quantile the treated population
would have had, had they been in the untreated group at the initial date and kept the
same rank in the second period. In our more simplistic framework, we have U = Fy o(Y10),
with Yig ~ Fy10. Assume that all the cdf are absolutely continuous with respect to the

Lebesgue measure, then Fyy = Fy 19 0 Fgéo and its density is:

_ Jrao(Fyo(t)
Syo0(Fygo(t))

Clearly, if the outcome distribution is the same for the treated and the untreated at the

fu(t) 1{t € [0,1]}.

initial date (fyi0 = fyoo) then U is uniformly distributed. Athey and Imbens (2006)
require the density of Y for each g and ¢ to be bounded from below and bounded from
above on a compact support (see Assumption 5 therein). This assumption yields that fy
will also be bounded. In general, fiy will be bounded if and only if the ratio fy.10/ fyv.0 is
bounded, which may not be the case for many usual distributions typically encountered
with economic data. Our method of proof does not require any constant bound on fy,

thus extending the cases where the Change-in-Change is a relevant tool.

Examples: In the following examples we study the tail behavior of fi; with respect to
the underlying distribution of the treated and untreated outcomes at the initial date. We

show that under many standard distributions, Assumption 2 (i) is verified.

1. Exponential Distribution. Assume that Yy, ~ £(),), in that case

fult) = j;u — e [0, 1),



and U ~ Beta(1, A\;/\).

2. Pareto Distribution. Assume that Y, has cdf 1 — (5,/x)%, in that case

Bo

which is a “truncated” Beta distribution.

fu(t) = Z(l) <5l> | (1= 6)"/ 7 {1 = (Bo/B1)™ < t <1},

3. Normal Distribution. Assume that Yy ~ N (uy, 03), in that case

fu(t) = @GXP l—l ((Uo +01)P 7 (E) + o — /h) ((00 —01)® () + po — Ml)} 1{t € [0,1]}.

o1 203
Consider the special case: 1y = g and o1 > 0¢. For t € (1/2,1), using the inequality
o1(t) < \/—21n(2(1 — 1)) yields fy(t) < (o0/01)(2(1 — ))78/71~1. Symmetrically,
for t € (0,1/2), ®7'(t) > —\/~2In(2t) yields fu(t) < (o0/01)(2t)78/71 1.

4. Logistic Distribution. Assume that Yy, has cdf 1/(1 + exp(—(t — u4)/5,)), in that

case

Bo (1)t —1)P/Pr=t glun—no)/n
fult) =73 Bo/B

Brez (14 (1t = )/ elimor/im)

s1{t € [0,1]}.

5. Gumbel Distribution. Assume that Yo has cdf e~(¢=#9)/% exp (—e*(t*“-‘?)/ﬁg) /By, in

that case

fu(t) = @e(m—uo)/& ln(t)ﬁo/ﬁl—l exp (_ ln(t)ﬁo/ﬁle(u1—uo)/61> 1{t € [0,1]}.
1

If Bl = 60 =1 and Mo > 1, U ~ Beta(l — 6/’«1*#«0’ ]_) ]

We never observe U; directly, instead F{y is replaced by its empirical counterpart Fyo

and we have U; = ﬁoo(Y;Jo)- Notice that:

n

Z]l{}/bOJ < )/10z}

Jj=1

> H{Foo(Yoo) < Ui}

<.
—_

where H,, is the empirical cdf of Fyo(Yoo;) ~ U]0, 1].
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4 Theorem 2 generalizes Theorem 5.1 in Athey and Imbens (2006).

By several changes of variables, one may easily verify that

FZ'(1) 1
;= — ﬂFy <FZ —FZ{B Xxl‘dl', 2
G== [, () < Fa(0) O ) < e
o= [V (z <) - Pi) ! % fx()dz. (3)

F7'0) fy (Fy ' (Fz(x)))
Athey and Imbens (2006) impose Supp(Yi9) C Supp(Yoo), which is equivalent to Supp(X) C

Supp(Z) in our notation. Under this assumption, we have
E(G)=V",
E(p7) =V,
where V9 and V? are defined in Theorem 5.1 in Athey and Imbens (2006). Now, it remains
to analyze the last variance term V". We have:
V=V (FX;O} (FYOO (}/10))))
=V (Fy! (F(X)))

_ (B (P (@) fx@)do— | [ B (Fy (@) fx (@) do

Supp(X) Supp(X)

=:0p

Also, by an integration by part

:/1/1 Fy F§1 sAt)) _FX<F§1(S))FX(F§1(t))} dFY S)dFQl(t)

(
.

—/ { [ () (Fx (B3 (s A £) — Fx(F5 (9) e (B ()]
. fX<FZ—1<sAt>> F(FF D P (FZ ) )
- (S){fZ(FZ_I(S/\t))]l{S R (i L Ll
P g B ERGAD) Y
- [ ([ e E s < g as) arn
P I B ®) Y
+ ; ( ; Fy (s) () ds) dFy " (t). (4)

7



The third equality follows because Supp(X) C Supp(Y') implies

_ _ s=1
[ (s) (Fx (F7 (s A1) = Fx(Fz ' (s) Ex (FZ ' (1))| _, = 0.
Focus on the second term in (4). By the change of variable = F;'(s), we obtain

{5 )

( / FoY( f)szlé;)ds) ( /OIFX(Fz‘l(t))ngl(t)>
|

[ b e sty ae) ([ (s ) ary )

F;1(0)

[ o) F s ) (I R Ol - [ R o) sty de)

z (0) r-10)
- Y d 2 20 dr | F>1(1
=— (/FZ—I(O) v (Fz(x))fx(z) x) + </F_1(0) v (Fz(x))fx(z) m) S
== —03 +90F§1(1), (5)

where we obtain the third equality by an integration by part followed by the same change
of variable than before, and the last two equalities holds because Supp(X) C Supp(Z).

Now, focus on the first term in (4). By the same change of variable again, we have
f x(Fy (5 A t)) ) -1
- Fl 1{s <t}ds| dFy - (t)
/ </ v fz Fl(s A1) i

= ([0 B oo ) ar ©)
By Leibniz’s derivation rule for integrals, we have
s UL B FAa ) o) = s B PP ) 5 75 )
()
RO

(t)-
Hence, an integration by part of (6) yields
fX Fy (sNAt)) —1
_/ (/ Fyt fZ i (S/\t))]l{sgt}ds> dFy - (t)

_ Ix(Fz' (1)
— 0 F( +/Fy t2fZFZ oy

=00 W+ [ (F (o) o) ™)




where we used the change of variable + = F,'(t) to obtain the last equality. Now, by
combining (5) and (7) and noting that

F7 (1)
[y ) fx@yde= [ (B (Fa(@) o) da
we obtain

E(ef) = —Fy (1)0) + (P! (Fyla ))) fx(z)dz — 05 + 0 Fy ' (1)

Supp(X)

= [ () pxt0) s ( [

Supp(X

=V

F () fx (@) daz)

upp(X)

Notice that we can also write (;, ¢; and ¢; as:

G =—Ey |({F(Y;) <U}=U)

pi = By |(1{Fz(Z;) <U} = U)

"ot _ (FY (Uz) _Ey [FQI(U)}) =0y — F;1<Ui)7

7,

where the expectation is taken over the distribution of U only.

4.1 Variance estimation

Notice that the asymptotic variance in Theorem 2 can be rewritten as E [(? + ¢? + €7]. So,

we need to estimate the following three terms:

1
G=—Ey |(I{Fy(Y;) <U} - U)fy(Fyl(U))
o = Ev |(1{F2(2) < U}~ U) (Fll(U)> ,

—(Fy ' (U) — By [FyH(U))) = 6 — Fy (U3,



The three terms above are straightforward to estimate except for their dependence on
the density of Y. Non-parametric estimation of the density of Y requires the use of a
kernel and a choice of bandwith. To overcome this difficulty, we instead draw inspiration
from Lewbel and Schennach (2007) and notice that the function z — 1/fy(Fy ' (x)) is
the derivative of the quantile function of Y, Fy,*(z). Let us define the empirical quantile

function of Y, for x € (0,1):

~

Fol(z) = inf{y s.t. Z]I{Y <y} >m}

i=1

Let us also use the estimated ranks as defined in Section 2: U; = F. Z(X ), and denote U(l
the i-th value in the ordered sample U(l) < U(g) < ... < U(n). We can approximate the
value of the function x — 1/fy(Fy ! (x)) evaluated at (D\v(i_i'_l) + [7(2-)) /2 by:

B (On) = Fy ' (U)

=

Ugirn) — U()

With that in mind, we propose the following estimators for the quantities above:

g_z_lni it Uiy +Ug) Uy + U\ B (Oyen) = 7' (U)
S no 2 2 U1y = Uy

)
Jj=1

Di = _@7
& =0—F Y T,).

Finally, the estimator for o2 is given by:
1 n
— Z + @+ 6
n i=1

(On a ¢; = —QA}- dans le cas ou l'on a autant de Z; que de Y;, ce qui n’est pas nécess-

_l’_

sairement vrai dans le cas général. Notons bien que le terme = sert d’estimateur a, par

exemple, FZ(Z(Z»))).

10
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A Proofs of the main results

Below, we use “<” to indicate an inequality up to universal constant. In most cases below,

this means a constant independent of z and n.

A.1 Proof of Lemma 1

Observe that E[|Y|] < oo implies tSy () — 0 and tFy(—t) — 0 as t — co. Thus E[|Y|?] <
oo implies Sy (t) — 0 and t*Fy(—t) — 0 as ¢ — oco. The convergence to 0 of t*Sy(t)

implies that there exists C' > 0 and t; such that for all t > t;,
L1 = Fy(t) < C.
This implies that for all u > Fy(t1), |Fy ' (v)|P(1 — u) < C or, equivalently,
By ()] < C(1—w) .
Hence, there exists C; > 0 such that for u > Fy (1),
Byt (w)] < Crlu(l —w)] 7P,

Using tPFy(—t) — 0 and a similar reasoning, there exists Cy and ¢ty < t; such that for
all u < to, |Fy ' (u)] < Cyu(l — u)]7Y/?. The result follows since |Fy*(u)[u(1 — u)]'/?| is

bounded on [ts, t1]. O

B Proof of Theorem 1

Consider the following decomposition:

N 1 1 1 R 1
en—eoz/ FgloGgldFU—/ F;ldFU+/ F;loGgldFU—/ FiloGldFy .
0 0 0 0

=T1n =Tsy,

The proof proceeds in three steps. In the first step, we prove that T, is linear up to a
negligible remainder term. In the second step, we prove the same result for T5,. The last

step concludes.

12



First step: linearization of 7},,. By Lemma 2 followed by an integration by part,
1 1

ATy, =/ [/ Fy'dFy oG, —/ FrldF,
0 0

- \/ﬁ{ o

¢ 1
Frld[Fy oG, — Fy]— [ FrtdFy — F;ldFU}
&) 0 €(n)

1
F;ldFU—/ FyldFU},
g(n)

gn
:—\/ﬁ{/()[FUoGn—FU]dFyl—

&)
€y 0

where the last equality relies on Assumption 2, d; + b; < 1 and dy + by < 1. Next, using

Assumption 2 again,

FdF,| <1 > 12V [ Eoar 41 172 [0 b= gy
v dFy| S13&qy > 1/ by vl +11&qn) <1/ ;

1 {5(1) Z 1/2} + 5(11—)171—(11.

’ £0)

N

Thus, because {1) = O,(1/n) and by +d; < 1/2, \/ﬁfg(” Fy'dFy = o,(1). Similarly,
\/ﬁfgl(n) Fy'dFy = o0,(1). Hence,
6 n
VT = —/n [ " [Gy — IJdA + R, + 0,(1),
&)
where A is the measure defined by dA/dFy ' = fy and
S 1 30 1
Ry =i / G, — 1) fur dFy _/ [Fyy 0 G, — Fy|dF) .
360 €y

We show below that R, = 0,(1), which further proves that
1 n
VT, = 7n 1:21 ni + op(1), (8)

with n; := — [ [1{Fy(Y;) < t} — t]JdA(t). MODIFY THIS...
By the mean value theorem, there exists T,(t) € (G, (t),t) such that

By Assumption 2, there exists 0 > 0 such that b; +d; < 1/2 — §. Further, let §; > 0 be
such that
bj+dj<1/2—(5—5j. (9)

13



Then let q(t) = /271 (1 — t)*/27%, From what precedes, we have

Vi(Gn(t) — 1)

/;) A ()lg(t) dF7 (1), (10)

te(0,1)

We now show that the second term tends to 0 almost surely. First, by convergence of G, (t)
to t, we have, for all t € (0,1), T,,(t) == t. Then, by continuity of fy, A,(t) == 0 for all
t € (0,1). Fix e > 0. By Theorem 10.6.1 in Shorack and Wellner (1986), we have, for all

t > &) and all n large enough,
Gn(t) < (14e)t'2 < (1 4 e)t! .

Now, let B(t) := Cyt="(1 — t)7°2. Then, by Assumption 2 and because B is a convex

function, we obtain, for all t € [{1), {m)],

[An(8)] < [B(Gu(1)) v B (1)) + B(?)

St — )20 as

Therefore,
[An(OIL {t € [y, €] J alt) S 1270070 (1 — )12 0002,

Moreover, by (9) and Lemma 3,
‘/01 t1/2—b1—5—51(1 o t)l/Q—b2—5—52 dF;l(t) < 00.
Then, by the dominated convergence theorem,

) _ as.
L Al dE (1) = 0. (11)
1)

Next, by Equation (2) in Chapter 2, Section 7 (page 141) in Shorack and Wellner
(1986), we have

VG0 - D)
q(t) ‘ = o)

This, together with (10) and (11), implies that R,, = 0,(1).

sup
te(0,1)

14



Second step: linearization of 75,. By Lemma 2 followed by an integration by part,
STy, = \/ﬁ/ongld[ﬁUoGn—FUo@n}

= [F () (FolGa(t) — Fo(Gu(t))], ~ vt [ [Fr oG~ oG] dFy! (12

_ _\/5/01 [Py 0 Gy — Fy oGy dFyY, (13)

since for t € (0,&1)), Gn(t) = 0 and Fy(0) = Fy(0) = 0 because (U;)i—1...., is an iid sample

of random variables absolutely continuous with respect to the Lebesgue measure on [0, 1].

Symmetrically, for t € ({(),1), G,(t) = 1 and Fy(1) = Fy(1) = 1. We now prove that
1. Tro
—ﬁ/ [Fy oGy — Fy oG, dFy' = —ﬁ/ (Fy — Fu] dFy' +0,(1). (14)
0 0

Let V,, = \/ﬁ(ﬁ}] o F;;' — I) denote the empirical process associated with the uniform

variables (Fy(U;))i=1..» and define

1
Fo= [ (Vao Firo Gy =V, 0 Fy) dFy "
0
Equation (14) is equivalent to R, = 0,(1). We actually prove the stronger result that
E[|R,|] = 0. For that purpose, let I,(z) = (z,G,(2)] if G,(z) > z, I,(x) = [G,(x),x) if
Gn(z) < x and @ otherwise. Finally, let S, (z) = sgn(G,(x) — x). Observe first that

V, 0 Fy 0 Gu(x) =V, 0 Fy(2) = Sy(2) Za(x), (15)
with

Zu(w) = 2 3 [{UL € 1)) = RolL@)].
where Pu(lab) = Po((a,t]) = Pulla,b)) = Po((@b) = Fula) = Fo(®) for all (a,8) €

[0,1],a < b. Then,

EWW@ME[WW%%Wwwwwl

\H

)
_/ [V, 0 Fy 0 G, — V0 Fy| |(&):] dF;
< [ B[z " a5 @)
:fmmmmmmwwww

= P (L) 72 4B (2). (16)

15



The first equality follows by Fubini-Tonelli’s theorem, the second inequality uses (15) and
the Cauchy-Schwarz inequality and the second equality holds since conditional on the (&;);,
the variables 1 {U; € I,,(z)} — Py(I,(x)) are i.i.d. with mean zero. As a result,

(R < [ B [1Ro()7] dFy (x)
< [ BIP(L@)]" aFy(2), (17)

where the first ineqality follows by (16) and Fubini-Tonelli’s theorem, whereas the second is
due to Jensen’s inequality. Now, by the law of large numbers and the continuous mapping
theorem, |Fy (G, (x)) — Fy(z)| Ly 0forallz e 0, 1]. Moreover, |Fy (G, (z)) — Fy(x)| < 1.
Hence, for all x € [0, 1],

E[|Fy(z) = Fy(Gn(z))[] — 0.

We now apply the dominated convergence theorem to prove that E[|R,|] — 0. Because
r + E|[|Py(I,(x))]]'/? is bounded by 1 for all n, it is actually enough to bound this function
for x close to 0 and close to 1. Also, by symmetry, we can focus without loss of generality

on the neighborhood of 0. We prove that

E(|Py(In(a)]] S =" (18)

Then the result follows by Lemma 3 combined with Assumption 2. To prove (18), we
apply Lemma 5 with @,(x) := G,(z) and 0 < exp(—1)/2. If x > 1/n, Cauchy-Schwarz

inequality yields
1/2

2l =) < 2, (19)

n

E([Gulx) — 2] < [

since n'/2 > x71/2, If x < 1/n, (19) holds as well by Theorem 1 in Berend and Kontorovich

(2013). Hence, (19) holds for all # € (0,8/2). Next, let ng € N, ny > 4/(1 — §)%. By

Kiefer’s inequality (see, e.g. Van der Vaart and Wellner, 1996, Corollary A.6.3), we have,

for all z € [0,6] and all n > ny,
Pr(G,(z) > 1/2) < (ex)" =04 < g, (20)
Thus, we can apply Lemma 5, which yields (18).
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Hence, (14) holds. Combined with (13), this implies that
1 n
VT, = ﬁ;& + 0p(1), (21)
with g; = — [y [1{U; <t} — Fy(t)] dFy ' (t).

Third step: conclusion. By definition of 7; and ¢;, we haveE[n;] = E|e;] = 0 and

Bif) = [ [ (s At = st)fuls)fut) 4Ry () Py (1),

Bl = [ [ (Fols A ) = Fuls) Fut) dFy ) dES ()

Moreover, under Assumption 1, 7; and ¢; are independent. The result follows by the central

limit theorem. O

B.1 Proof of Theorem 2

We first decompose the difference an — 6 into three parts that we study independently:

. 1 1 1 R 1
en—e)o:/ F;loGgldFU—/ F;ldFU+/ F;loGgldFU—/ Filo G2l dFy
0 0 0 0

=Tin =Ton
+ | FloG'oH,dFy — | FyloG ldFy
0 0
:T3n

This decomposition is convenient as T, and T, have already been analyzed in the proof

of Theorem 1. We then prove the result in eight steps. We first show that
1. _ ~
Ty, = —ﬁ/ [FyoH, oG, — Fy oG, dFy". (22)
0
where G,, is defined below. Second, we show that

1
Ty, = —\/ﬁ/0 [Fy o H; 0 Gy — Fy 0 G| dFy +0,(1). (23)

=Jin

17



Let us then write —v/nJy, = /nJa, + Ri, + Rop + Ran + Rap, with:

dim = [ [ 0) — B @] o) a5 ), (24)
Ryn = —vn (Jln - /:(>> [H,' G, — C.] fu dF;1> , (25)
Ry = —/10 (/:()) [H," 0 G, — G| fu dFy" — /:()) [H, - 1] fo dF;1> . (26)
Raw o= [ [o = B )] o) aFy ), (27)
Runi= [ [ (0) — B @) fole) dF (@)

- [ ) - B @] fow) aF ). (28)

In the third to sixth steps, we prove that each of the four terms Ry, — R4, tends to 0 in
probability. In the seventh step, we show that J;, tend to a normal distribution. The
eighth step concludes.

First step: Equation (22) holds. Let (; = Fz(Z;), X} := [0,({u)] and X, := [{(n), 1].
For all t € [0, 1], let us also define

L 1 n—1
Gn(t) = Ezﬂ{ﬁ' <t}+ i& Y& <t <&}
i=1 i=1

n—1
= Gul) + - > 1{E <1< &
1=1

Then, remark that G, ! o H, is the generalized inverse of H' o G,,. Then, by splitting the
first integral in /nT3, and applying Lemma 2, we obtain

~ 1 ~
VT, = /1 (/(XOUXI)C FiloGl o H, dFy — /0 Filo Gl dEy

+ FyloG toH, dﬁU>
Xoux}
NCONNNIPR P~ -1~ R
— Fy'd[FyoH, oGn}—/Fy d[Fy oG,
&(1) 0
+ FyloG ' oH, dEy
X0UX] "
&(n ~ _ ~ ~
— Vi [ Ftd[Fy ol oG, — Fy oG +/ FiloGoloH, dFy, (29)
& XJux}

18



where we used the fact that Fyy o G, is constant on the two segments [0, Emy] and [§(ny, 1]
to obtain the third equality. Remark that

t=E(n)
t=£(1)

= \/ﬁ[]l {C(n) < U(n)} Fy ' () (FU(C(n)) - 1) -1 {Cu) > U(1)} By (€a) Fu(Cy) |-

Vi [F7(0) (Fu o Hy 0 Colt) = Fy 0 Gu(1))]

Also, since H, is constant on the two segments X? and X!, we have
\/ﬁ/ FloG toH, dFy
X9ux}
=vn [FU(I) - FU(C(n))] By (Emy) +Vn [FU(C(l)) - FU(O)] Fy'(¢w)
= \/ﬁ{]l {0 2 U } B € Fo ) = T {Gm < U } B (Em) (Fo(Gm) — 1)}

Thus, an integration by part of the first term in (29) yields (22).

Second step: Equation (23) holds. From (22), we have

1
VAT, = — ﬁ/ [Fy o' oG, — Fyy 0 G,| dFy"!
0
=:J1n

1Tr. _
—\/ﬁ/ [FUOH#OG”—FUOH;IOG,@} dFy!
0

1 ~
. ﬁ/ [Fy oG, — Fy oG, dFy".
0
We show below that
1. _ 1.0
\/ﬁ/o [FyoH,' oG, — Fy o Hy' 0 Gy | dFy! = \/ﬁ/o [Fy — Fy| dFy +0,(1). (30)

Once combined with (14), this proves (23). To prove (30), we follow closely the proof of
(14). Let V,, = /n(Fy o Fy't = 1),

1 __
R, :/ (Vo FyoH,' oG, — V, 0 Fy) dFy,
0

and I,,(z) = (z,H; oG, (2)] if H; oG, () > =, I,(z) = [H;' oG, (), z) if H;' oG, (z) < z
and () otherwise. We prove that E[|R,|] — 0. Reasoning as to obtain (17) (but conditioning
first on (&, (;); instead of just on (&;);), we get

1/2

BlR < [ B [|Fu(e) - ol oG] dFy ).

19



Because G,,(z) L5 &, by uniform convergence of H,,! towards I and the continuous map-
ping theorem, |Fy(H; ! o G, (z)) — Fy(z)| — 0 for all z € [0,1]. Morcover, |Fy(H;* o
G, (7)) — Fy(x)| < 1. Hence, for all z € [0, 1],

E[|Fy(z) - Fy(H," 0 G, (2))|| = 0.
Next, we show E[|R,|] — 0 by proving
E[|Fy(x) — Fy(H," o Gy(2))|] S o' (31)

and applying the dominated convergence theorem. As in Theorem 1, we apply Lemma 5
with Q,(x) := H ! o G, (x). The two conditions of this lemma are checked in Lemma 4.
Hence, (31), and thus (23), hold.

Third step: Ry, = 0,(1). Recall that Ry, is defined in (25). By the mean value theorem,
there exists T,,(t) € (G, (t),H,' o G,(t)) such that

€(n)

f/ fU—onT][HgloGn—Gn} dFy .

(1) \—/—’
=A

n

By Assumption 2, there exists § > 0 such that b; + d; < 1/2 —§. Further, let 6; > 0 be
such that
bj+dj<1/2—5—(5j. (32)

Then let q(t) = t'/27%(1 — t)1/2_52. From what precedes, we have

’R1n| S sup
te(1/n,1-1/n)

ad) \ [ 1Auolato) a5 0 (33)

S0

We now show that the second term tends to 0 almost surely. First, by uniform convergence
of H;! towards I and convergence of G, (t) to t, we have, for all t € (0,1), T,,(t) 2> ¢.
Then, by continuity of fir, A,(t) == 0 for all t € (0,1). Fix € > 0. By Theorem 10.6.1 in
Shorack and Wellner (1986), we have, for all ¢ > £) and all n large enough,

Gu(t) < (1 +e)t' 2 < (1 +e)t' .
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Moreover, by the same theorem, we have, for all u > 1/n,

H () < (14 e)ut=%2.

n

Then, since G, (t) > 1/n for all t > &
H. ' oG,(t) < (1+¢)*.

Now, let B(t) := Cyt=" (1 — t)~*. Then, by Assumption 2 and because B is a convex

function, we obtain, for all ¢ € [y, {m],

An()] < [B (H, 0 Gy (1)) V B(Ga(t)] + B(t)

St —) ™20 as.

Therefore,

AT {t € [§0), &)} at) S #7270 70701 (1 — t)! /b0,

Moreover, by (32) and Lemma 3,

/1 $1/2=b1=0=01 (] _ py1/2=ba=b=b2 gl () < o,
0

Then, by the dominated convergence theorem,

[ A0 la0) dFF (1) 22 0 (31)

&)
Next, by Corollary 4.3.1 and Theorem 3.4 in Csorgo et al. (1986),
H,'(t) —t
oy [YEOZ0|_ o)
te(1/n,1—1/n) q(t)
This, together with (33) and (34), implies that Ry, = 0,(1).

Fourth step: Ry, = 0,(1). Recall that Ry, is defined in (26). We actually prove the
result in L'. Let W,, = /n(H,' — 1) and B, = 1 {5(1) <z< f(n)}. We have, by Fubini-
Tonelli’s theorem,
1
El|Raal) < [ E[[W, 0 Gy(@) = Wa(@)] x Byl fu(@)dFy ' (x)

</ [(W,, 0 Go() — W (2))? x Ba)"2fu(2)dFy (x).
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We apply the dominated convergence theorem to prove the result. First, note that for all

(i,5) € {1,...,n}?,
[HL, ' (j/n) — H, ' (i/n)| ~ Beta(|j —il,n — |j —i| + 1),

with the convention that the Beta(0,n 4 1) is the Dirac distribution at 0. Hence, for any
ke{l,..,n—1},

E[(W, 0 Gp(x) — Wo(2))? |Gn(x) = k/n]

- {E [(H,;l(k;/n) _H:Y(z) — (k/n — x))Q: }
—n{E | (B (b/m) — B ([na] ) = — (/= s /)
(e /= ) n_li_l(k:/n—x))z_}

—1 —1 1 2
= n{V {Hn (k/n) —H, (m)} + m(ﬁzﬂ —nx —k/n+x) }

n n

= |k — [nx]|(n+1— |k —[nx]|) +

([nz] —nx — k/n + x)?

(n+1)%(n +2) (n+1)
< z_ (”nﬂ z (] — na)? + (fz—xﬂ
§fl—x +:L 3+2<i—x>2], (35)

where the first inequality follows by convexity and the last by the triangle inequality and
because by definition, [nx — [nz ]| < 1. Now, remark that B,, = 1iff nG,,(x) € {1,...,n—1}.

Then, by what precedes,

E [(W, 0 Gp(x) = Wa(2))* x B,| < E[|Gu(z) — 2] + ; [3+2V(Ga(x))]  (36)
— 0.

To apply the dominated convergence theorem, we show that there exists ¢(.) such that for

all n > ng and all x € [0, 1],

E[(W,, 0 Gy, () - Wn($))2 X Bn]l/z < q(x), (37)
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with [y ¢(x)fu(z)dFy ' (z) < co. As above, we focus on a neighborhood of 0. If x > 1/n,
we have, by (36) and (19),

E[(W, 0 Gy(2) = Wy (2))* x By < T7x.

Now suppose that x < 1/n. Remark that E(B,) < 1— (1 —2)" < nz. Then, integrating
(35), we obtain

E[(W, 0 Gp(z) — Wa(2))? x B, < E[Gu(x)] + ?11 [3na + 2V (G, (z))]

< Tx.

Then we can choose ¢(z) = (7z)/? in (37). By Assumption 2 and Lemma 3, we have
/% q(z) fu(x)dFy ' (z) < oo. The same reasoning applies to the interval [1/2,1]. The

result follows.

Fifth step: Rs, = 0,(1). Recall that Rs, is defined in (27). Let A denote the measure
on (0,1) such that dA/dFy* = fy. Remark that E[H,(x)] = [nz]/(n + 1). Then

[nx] — (n+ 1)z
(n+1)n-1/2

BllRul) < [ [1=a" — (1 = )"

dA(x).

Let f,(x) denote the integrand. We have lim,,_, f,.(z) = 0. Moreover, using 1 — 2" — (1 —

x)" < nx, we obtain, when = < 1/n,
falz) < 2n'%2 < 2Y2 < [z(1 — 2)]V2

When z € [1/n,1 —1/n],

fale) < 1 S [e(1 - )]

2

3
=

Finally, when z > 1 —1/n, using 1 — 2™ < n(1 — z),

folz) <n(l-— x)(n—l—lz)nm <2(1- I)l/Q < [x(1 - :1:)]1/2-

Moreover, [j[z(1 — x)]"/2dA < oo by Lemma 3. Thus, by the dominated convergence

theorem, Ry, = 0,(1).
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Sixth step: Ry, = 0,(1). Recall that Ry, is defined in (28). We prove the stronger result
that Ry, converges to 0 in L!. By Fubini-Tonelli’s theorem combined with Assumption 1

and Jensen’s inequality, we have
1
BllRul) < [ VAE |1 {z € (60, €]} — 1 { € [1/n. (n = 1)/n]}]]

(Hnl(ﬂf)_ [nz] )2 N

% E i) dA(z). (38)

Since H!(z) ~Beta([nz],n + 1 — [nz]), we have

E

97 1/2
(Hlmy_(mﬂ>] :Jﬁmﬁn+1—Mﬂ>< (1—a)

" (n+1) (n+1)2n+2) ~ n

Let ¢, (x) denote the first expectation in the integrand. By letting p,(z) := 1—2"—(1—z)",

we have

() =Pr(n) <o <€mny,x < 1/n) +Pr(fn) <o < &my, x> (n—1)/n)
+Pr(qy >rUx>¢p),1/n<ae<(n—1)/n)

=p(x)[I{z <1/n}+1{l -2 <1/n}]+ (1 —pu(2)1{l/n <z <(n—1)/n}.

Let f,(x) denote the integrand in the right-hand side of (38). For all z € (0, 1), lim,, o pp(z) =
1 so from what precedes, lim, ., fn(x) = 0 for all z € [0, 1]. Moreover, using ¢,(z) < 1,
we get

fale) S [2(1 —2)]",
with f; [z(1—2)]"/2dA < oo by Lemma 3. The result follows by the dominated convergence

theorem.

Seventh step: asymptotic normality of Jy,. Let v; = Fz(Z;) and I, = [(i —
1)/n,i/n). First, note that

_\/EJQn = ;am (V(i) - (n i 1)) ’ (39)
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where ay, = a,, =0, and, for all i € {2,...,n — 1}, a;, = /nA (I;;,). We now verify that
the necessary and sufficient conditions given by Hecker (1976) for the asymptotic normality
of the L—statistic in (39) hold in our case. Let us define

1 nonl J k gk
Ui:n+222ajnak”[< N )— ]

i n+1 n+1 (n+1)2

We have to prove that

maxij<i<n Zn:ia'n
lim — = i —0. (40)

n—0o0 no,

First, by Assumption 2 and Lemma 3, there exists 6 < 1/2 such that
1
/ 9701 (1 — )0t gECL(#) < 4o
0

Now, because a;, > 0, we have, for all n > 2,

n n—1
11%1%}% jz:iajn :\/H;A(Ijn)
(n=1)/n B
=/n y fu(t)dFy " (t)
(m=b/n _, |
< Covin [T =ty g
1/n

< Gyt [ i

071 (1 — )2 dE (1)
1/n

1
< CU25n1/2+5/ #7011 — )0t gFo L),
0

where the first inequality follows by Assumption 2 and the second uses the fact that
[t(1 —1)]° > 1/(2n)° for all t € [1/n,1 — 1/n]. Therefore,

= O(n!/?*9). (41)

max
1<i<n

n
Z Qjn
j=i

Next, we have

n—1n—1 . .
9 n Ji k 7k
= A (L) A (I, A -
n n+2]§,§2 Uin) (k)<n+1 n+1 (n—|—1)2>

= [ [ e pinean)

n
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where f,(x,y) = #1 A niﬂ — (nikl)Q when (2,y) € Ljp X Iy, 1 < jAKk < jVE <mn,

fn(z,y) = 0 otherwise. For any (z,y) € (0,1), fu(z,y) = f(z,y) := x Ay —zy. Moreover,
for any (x,y) € Lin X Ijn, L <jANE<jVk<n,

J

A\ < 2(x A
n+1 n+1~ (@ Ay),
J
1— V <2(1—zxzVuy).
n+1 n+1— ( v y)

Thus, fu(x,y) < 4f(x,y) for all (x,y) € [1/n,1 — 1/n]®. This inequality also holds for
(z,y) € [0,1]2\[1/n,1 — 1/n]? since f,(x,y) = 0 for such (x,y). Because v Ay < (wy)'/?
and 1 —zVy <[(1—2)(1—1y)]"? we have f(z,y) < [2(1 — 2)y(1 — y)]*/2. Moreover, by

Lemma 3, [y [I(1 —1)]"/2dA < co. Thus, by the dominated convergence theorem,

n—oo

lim o? = 02 := /0 1 /0 (2 Ay — 2y)dA(2)dA(y) > 0. (42)

Combined with (41), this implies (40). Thus, by Theorem 1 of Hecker (1976) and (42)
again,

— /e 5 N(0, 02).

Eighth step: conclusion. By the previous steps and the proof of Theorem 1, we have

\/ﬁ (én — (90) = \/15 i(’fh + 5@') + \/ﬁJQn + Op<1).

As shown in the proof of Theorem 1, the first term on the right-hand side is asymp-
totically normal. The second term is also asymptotically normal by the previous step.
Moreover, by Assumption 3, Jo, is independent of the (1;,¢;);>1. Therefore, the vector
(X (s + €i)/+/n, /nJayn) converges jointly in distribution to two independent normal

variables distributions. The result follows. O

C Technical lemmas

In Theorems 1 and 2, we use the following lemma, which is established in Proposition 1 of

Falkner and Teschl (2012).
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Lemma 2 Let g be some Borel measurable function on [0,1], and F,Q be cdf’s on [0, 1].

Then, for any 0 <a <b <1,

Q) b
/ goQ—lsz/angoQ. (43)

(a)

Lemma 3 Suppose that Assumption 2 holds and that ax > dy and as > do, then fol x(1—
r)2 dFy ! (z) < oo.

Proof: first, we have
1
/0 a1 - 2)® dF (x /Fy (1 = Fy(u)™ du.
By Assumption 2 (ii), for all u € R:
Jul < CFy(u)™" (1 — Fy(u))™*
Fix € > 0. Then, for all u < —1 A Fy/'(e), Fy(u) < CY4 (1 — g)~4/d|y|~Y/4 | Thus:

—1AFy ! (e)

IR ) ar(q as Vdy (1 \—da/d:
Fy(u)"™(1 = Fy(u))®du < CV4(1 —¢)

o

u| =/ du < oo,
oo

since d; < ay. A similar reasoning shows that ffﬁFgl(l_a) Fy(u)™(1 — Fy(u))* du < oo,

using dy < as. O

We recall that G,, is defined as G, (z) = G, (z) + X7 1 {f(i) <z< §(i+1)} /n.

Lemma 4 (Useful properties of H,' 0 G,,) There exists § € (0,1/2) and ny € N such that

for all0 < x <6 and all n > ny,
E[|H," 0 Gy(z) — 2| S 2. (44)
Moreover, for any n > 0, there exists ny such that for all n > ny and for all 0 < xz < 0,
Pr(H, ' o G, (x) > 1/2) S a' . (45)

n

Inequalities (44)-(45) hold if we replace x by 1 — x, using possibly another § and ny.
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Proof: Let us define
o)+ 1{0 < G,(x) < 1}.

n

(46)

Observe that for a given x € [0,1], we have, with probability one, G, () = G, (z). Then,
letting p,(z) = [1 — 2" — (1 — 2)"]/n,

E[G,(x)] = x + pa(z).

We now establish (44).
By the triangle inequality,

-1 ~ —1 — n —_— n J—
E(H, 0 Cula) —af| < E H]I—]In 0 alw) = 1Gn(x)H +E Hn " Gula) - xH . (47)
Consider the second term first. We have
— n np,(x) x
E — < E —
|-Gl — af| < B IGu ) - af + T 4
n
< FE — 2
< D B(IG () — o] + 22
< 4z, (48)

where the first inequality uses the triangle inequality and G, (z) = @;(x) with probability
one, the second follows by p,(z) < z and the third by (19).

Now, let us bound the first term of (47). Since H,'(i/n) ~Beta(i,n + 1 — i), we have

E[H,"(i/n)] = 5. By the law of iterated expectations and under Assumption 3, we have
oo 2] - S (2) - o (o (- )
" n+1 = " \n " \n n

Then, using that G,, = G,, with probability one, we obtain

Pr(Gn(x):i)zn{zgign—u(

n

" 1> 1 —2)" T 1 i =n}a" . (49)
i—

Let B(-,-) denote the beta function and Z ~Beta(a,b). Then, for all (z,y) € N*?, we have

B(1Z - BlZ)] = gy (50
r+y [Tty . *
WW—( . > V(x,y) € N*. (51)
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As a result,

1~ n

0 Calw) ~ < Gu(a) }
2 n—1 z<n+1 )n+1 % n
< n—1
=7 +(n+1)”+1i:22 B(i,n+1—1i) \i
n—3 ; j+2 ] ]
=" +2z(l—x)) U +2) (n) (1 —az)"

=0 (n+ 1)+ + 1) \J
< 3. (52)

n

E HH

)xz’—1(1 . x)n-l—l—z’

The first inequality follows using F [|H;* (1) — £ [H;* (1)]|] < 1, (49) and (50). The equal-
ity is obtained by applying the change j =i — 2 in the sum and (51). The last inequality
uses (§ + 2)92 < (n+ 1)"*H(j + 1) for all j € {0,...,n — 3}. Given (47) and (48), (44)
follows by (52).

We now turn to Equation (45). Because (G, (z), H,(1/2)) € {0,1/n,...,1}? and |G,,(x)—
Gu(z)] < 1/n , G,(z) > H,(1/2) implies G,(x) > H,(1/2). Moreover, H_'(a) < b iff
a < H,,(b). Then, by Kiefer’s and Hoeffding’s inequalities,

Pr(H," 0 G, (v) > 1/2) = E [Pr(G() > H,(1/2)[H,(1/2))]
< E[Pr(Gu(x) > Hy(1/2)[H,(1/2))]
<E [(xe)nmn(l/z)—x)?
< we + Pr(H,(1/2) — 2 < 1/V/n)
< we+exp (—2(vn(z — 1/2) +1)?)

= ze + exp (—Qn(:v —1/2+ 1/\/5)2) :

Let § € (0,e7!] and fix § = /2 and ng > (2/6)?. Then, for all n > ng and any 0 < z < 4,

we have

—(z+1/v/n)

r—1/24+ — ‘

[\D\»—t [\')\H



Let C' = 2(1/2 — §)? and suppose first that z > exp(A — Cn) for some A. Then some
algebra shows that
Pr(H, ' o G,(z) > 1/2) < =

n

Now assume that x < exp(A — Cn). Then

Pr(H,' o G, (x) > 1/2) <Pr(G,(z) > 1/n)

=1-(1-2)"
<nx

A—-Inz
<
- O

.
For any 1 > 0, we have —Inz < 7. Thus, Pr(H,! o G, (z) > 1/2) S '™ O

Lemma 5 (Bounds on moments involving Fy ) Suppose that Assumption 2 holds and a
random variable Q,(x) satisfies, for some 0 < § < 1/2 and all0 <z <9, E[|Qn(z) —z|] <
z and Pr(Qn(z) > 1/2) < a7 Then, for suchx € (0,0), E[|Fy(Qu(x))—Fy(y)|] S o170

The latter inequality holds if we replace x by 1 — x, using possibly another d.
Proof of Lemma 5: first, remark that for x < 1/2, Fy(z) < 2'7%. Then,

E[|[Fy(z) = Fu(@n(x))] SB[ {z > Qu(2)} [Fu () — Fu(Qn(z))[] + Pr(@n(x) > 1/2)
+ E[1{Qn(2) € [z, 1/2]} [Fu(z) = Fu(Qn(2))[]
SFy(z) + 277" + E[1{Qu(x) € [2,1/2]} [Fy(2) — Fy(Qn(x))]
Se' T+ E[1{Qn(2) € [2,1/2]} [Fy(x) — Fu(Qu(x))]].

Now, if @Q,(z) € [z,1/2), by the mean value theorem, there exists X,, € (z,1/2) such that
Fy(z) = Fu(Qn(2)) = fu(Xn)(z — Qu(x)).
Moreover, by Assumption 2 and x < §, fy(X,,) < 27%. Then, using E[|Q,(z) — z|] < =,
E[1{Qn() € [x,1/2]} [Fy(z) — Fu(Qu(@))[] S &'~
The result follows. U
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D Proofs details

Proof of the case 1 —z in Lemma 4: We want to prove that there exists 6 € (1/2,1)

and ng € N such that for all 6§ < z < 1 and all n > ng,
E[|H,' 0G,(1-2) - (1-2)|| S (1-2) (53)
Moreover, for any n > 0, there exists n; such that for all n > ny and for all d <z < 1

Pr(H,' oG, (1 —2)>1/2) S (1 —a)"". (54)

n

Proof: We first establish (53). Replace = by 1 — z in the proof of Lemma 4 until Equa-
tion (48). The latter holds because Equation (19) can be obtained for 1 — = by the same
reasoning than before (use Cauchy-Schwarz inequality when (1 — x) < 1/n and the third
part of Theorem 1 in Berend and Kontorovich (2013) when (1 — x) > 1/n). By noticing
that all the steps to show (52) remain valid when replacing « by 1 — z, this proves (53).
We now turn to Equation (54). Following the same reasoning than for the proof of

(45), we obtain
Pr(H," 0 Gp(z) > 1/2) < (1 = w)e +exp (=2n(1 — x — 1/2+1/v/n)?).

Let 6 € (1 —e',1) and fix 6 = §/2 and ng > (2/6)%. Then, for all n > ng and any

0 <z <1, we have

1
1 _
— —9.
2
All the remaining arguments hold by replacing x by 1 — z. This proves (54). U

31



