SELECTED SOLUTIONS FOR WEEK 4 TUTORIAL

Question 2
PART 4.

Proof. In this question , based on the condition that f being a bijection, we are required to
show that
fHCINGy) = fTHC) N fTHCy)

Step 1. Verify that f_l(Cl N CQ) C f_l(Cl) N f_1<02)

Vo e f~1(CyNCy), we have: Jy € CyNCy st = f(y)

So,y€ Cyand y € Cy s.t. z = f1(y)

So,y€ Cyst. o= fYy) and y € Cy s.t. z = f1(y)

So, z € f71(C}) and x € f~1(Cy)

So, z € f7H(C1) N f7H(Cy)

In this way, we showed that f~1(C, N Cy) C f~HC) N fF7H(Cy)

Step 2. Verlfy that f_1(01> N f_l(CQ) C f_l(Cl N 02)

Vo e f71(Cy) N f7HCy), we have: z € f~1(C)) and x € f~1(Cy)

So, Jyy € Cy s.t. v = fH(y1) and Jyp € Cy s.t. 7= f (1)

Since f~!is a bijection, which means f~! is one-to-one. Since f~'(y;) =z = f~(y2), by
the definition of one-to-one function, we must have: y; = ys.

Y =11 = Y2, 50 we have: y € C; N Cy and x = f~(y)

So, Jy € C1NCy, 8.t = fHy), ie., xz € fFHCINCy)

In this way, we showed that f~'(Cy) N f~1(Cy) C f71(C1 N Cy) O

Question 4
PART 1.

Proof. Vx,y € S1NS.N...NS,, Va, B € R, we need to verify that ax + Sy € S1NSyN...NS,
Since 51, ..., S, are all linear subspaces, we have: ax+ By € Si,ax+ Py € Ss, ..., ax+ Py €
Sy, which means az 4+ fy € SN SN ...NS, O

PART 2

Proof. Consider the counter example:

[T
(3 ) {[1] 13

It is obvious that S; and S, are all linear subspaces of R?(Prove it by the definition of
linear subspace).
In this case, S1US; = { [ 2 } tx € R}U{ [ gé } Ty € R}. In particular, a typical element

of S} U S5 is an element in R? that must have at least one coordinate being 0.
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However, Vo, € R with o, 8 # 0, Wehaveoz[(l)l—l—ﬁ{(l)] = [g} ¢ S; U Sy since

both coordinates of the vector [ g } are not 0.

e}

This tells us that S; U S, is not a linear subspace of R? since } €5, C SUS; and
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