Comma Category Characterization of an
Adjunction

Definition 1 (Comma Category). We define the comma category F | G of two functors
F:C —E and G : D — E as follows. Its objects are triples (A, B, f), where A is an
object in C, B is an object in D, and f : F(A) — G(B) is an arrow in E. Furthermore,
an arrow (i,7) : (A, B, f) — (A, B’,g) in F | G is a pair of arrows i : A — A" and
j: B — B', such that the following diagram commutes:

ra—L B
Fi Gj

FA — 2, GB

Theorem 1. Let F': D & C : G be two functors and ¢ : F' | Idc = Idp | G : ¢ an
isomorphism that is the identity on arrows then F' 4 G.

Proof. We define the adjunction F 4 G by an isomorphism between the hom-sets
Homc(FA, B) and Homp(A,GB) that is natural in A and B. We define both sides
of the isomorphism ¢’ : Homg(F A, B) & Homp(A,GB) : ¢/ by ¢'(f) = m3(¢(A, B, f))
and ¢'(g) = m3(¥(A, B, g)), where 73 extracts the arrow f from an object (A, B, f) in
the comma category.

e ¢ and ¢/ are an isomorphism, i.e., ¥/ oy’ = id and ¢'o1)’ = id. Forall f: FA — B
and g : A — GB, it follows

V(@' (f)) =¥ (m3(p(A, B, f))) ©'(V'(9)) = ¢'m3(¢(A, B, f)))
= m3(¢(A, B,m3(p(A, B, f))) = m3(0(A, B,m3(¢(4, B, g)))
= 73(Y(p(4, B, f))) = 73(¢(¥(4, B, g)))
=m3(A, B, f) =m3(A, B, g)
=f =9

e ' is natural in A, B, ie., foralli: A —- A, j: B — B',and f: FA — B,
O(jofoFi)=Gjo¢(f)oiasin the following commuting diagram



Homeo(FA, B) —2 5 Homp(A,GB)

jo—o Fi Gjo—o1

/

Homg(FA',B') —~— Homp(A',GB').

First, observe how ¢ acts on arrows. An arrow (i,j) : (A,B,f) — (A, B’,g) in
F | Id¢ is mapped to an arrow (i,75) : (A, B,¢'(f)) = (A, B',¢'(g)) in Idp | G.
This means, for a commuting square in the C, we obtain a commuting square in

D:

FA—1 B 429 ap
FA — 9, B PURACNYYY

In other words, we can use ¢ to do basic rewrite steps on ¢’ if we provide a suitable
commuting squares in C.

With this technique, we prove the naturality of ¢’ with three rewrite steps and
functoriality of G:

PofoFi)= ¢ (jof)oi

EG(jof) oy (Fi)
=GjoGfo(Fi)
ZGjod(f)oi

I ¢/(jofoFi)=¢(jof)oi

(A,B',jo foFi) (A4, B, (jo foFi)
l(i,id) —_—r l(i,id)
(A,B',jof) (A, B¢ (jof))
FA P A LU
le \Lid o 7 lG(id)
FA L p PRACNNYe)Y

I ¢'(jof)oi=G(jof)o¢ (Fi)



(A, FA', Fi) (A, FA', ¢/ (F))

l(i,jof) — 7 l(i,jOf)

(A", B, jof) (A, B, ¢'(j o f))
FA_Fi o py LI
le JjOf — lz lG(jof)
FA 3T g A 2UD L qpy

Il Gfoyp/(i)=¢'foi
(A, FA', Fi) (A, FA', ' (Fi))
l(i, 3 R L N l(i,f)

(A", B, f) (A, B, ¢'(f))
FA_Fi_ py A2 qrar
Fi| lr == | |es
FA % B’ A’ & GB’

e ¢/ natural in A, B is analogous to naturality of ¢'.



