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1. Introduction

Adaptive finite element methods are a fundamental numerical instrument to approximate partial differential equations.
The adaptive conforming finite element method for second order elliptic problems has been studied for many years following
the pioneering work of Babuska [1], and its theory has in some sense become rather mature. For nonconforming methods,
started with [2,3], where the nonconforming linear element method for the Poisson and Stokes equations is analyzed, the a
posteriori error theory has been studied in the literature [4-7]. However, the convergence and optimality analysis are not
established for most nonconforming methods in the literature.

The main difficulty for the convergence and optimality analysis of adaptive nonconforming finite element methods is the
lack of the Galerkin-orthogonality, which is a key ingredient for the convergence and optimality analysis of adaptive con-
forming methods for second order elliptic problem [8-12]. For the nonconforming linear element of the Poisson equation, a
quasi-orthogonality is obtained in [ 13,14] by using some special equivalency between the nonconforming linear element and
the lowest order Raviart-Thomas element, which is extended to the nonconforming linear element for the Stokes-like prob-
lem in [15]. For the Morley element of the fourth order elliptic problem, a quasi-orthogonality is established in [ 16] based on
a crucial local conservative property of the Morley element method, such an idea is generalized to the nonconforming linear
element therein, see also [17,18]. However, these techniques cannot be extended to the nonconforming Wilson element
under consideration, since the gradient of the functions in the Wilson element space is not a piecewise constant. Moreover,
there is no local conservative property like the nonconforming linear element and the nonconforming Morley element.

The aim of this paper is to propose a new a posteriori error estimator and achieve the convergence and optimality of
the adaptive Wilson element. The key observation is that the Wilson element space can be decomposed into a conform-
ing part and a nonconforming part and that there is some special orthogonality between the two parts in the energy inner
product. We use this property to prove the reliability and efficiency of the new estimator, and show a quasi-orthogonality,
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Fig. 1. (left) A rectangle K with its four nodes Aq, ..., Ay; (right) A hanging node Ay and associated regular nodes A1, A,, a hanging edge E and its two

children E; and E,.

and establish the discrete reliability. We integrate these results to prove the quasi-optimal convergence of the adaptive
nonconforming Wilson element method.

The rest of the paper is organized as follows. In Section 2, we present the second order elliptic equation and the 1-irregular
mesh, and introduce the Wilson element as well as a new a posteriori error estimator. We give a priori analysis of the Wil-
son element on the 1-irregular mesh in Theorem 2.2, and then present a new a posteriori estimator with its reliability and
efficiency proof in Theorem 2.6. In Section 3, we prove the quasi-orthogonality and show the convergence of the adaptive
Wilson element method. To obtain the optimality of the adaptive algorithm, we establish the discrete reliability in Section 4.
Consequently, we show the optimality of the adaptive Wilson element method in Section 5. Finally, we give some numerical
examples in Section 6.

2. Notation and preliminaries

Let £2 be a polygonal domain in R? with boundary I" := 9£2. We consider the following second order elliptic equation:

—Au=f in§£2,
{u:O onT, (M)

where f € ().
Now we turn to the weak formulation of the problem (1). For a measurable set G C £2, let (-, -);2¢) and || - [|;2, denote

the inner product and the norm in I?(G), and if G = £2, we drop the index L?(£2) for simplicity. Then the weak formulation
of the problem (1) reads

{Find u € Hy(£2), such that

a(u,v) = (f,v) foranyv € H,(£2) (2)

with a(u, v) = fQ Vu - Vudx, where the symbol - is the inner product in the Euclidean space R?.

2.1. The 1-irregular mesh

Given an initial regular rectangular mesh 7y of §2 in the sense of Ciarlet [19], a rectangular mesh 7 is a set of rectangles

obtained by a finite number L of refinements from 7y, i.e., 7 = 77, where for every [ = 1, ..., L there exists one K € 7_4
and 77 is just the former partition except that K is refined into four elements K1, . . ., K4 by connecting the midside points of

the edges of K. Then, one says that 7 is some refinement of 7.

Given some element K of a rectangular mesh 7;,, hy = |K|/? denotes its size, N, (K) its vertices, &,(K) its edges. The
set of nodes of 7; reads Ny, := Ukeg;, Mi(K), while the set of edges reads &, := Uger €(K). Besides, let &,($2) be the set of
interior edges and &,(I") be the set of boundary edges.

Let 7, be some refinement of 7, some node z € N, is called a hanging node if some element K € 7}, satisfies

z € dK \ My(K)
(i.e., z belongs to its boundary but not a vertex of it). Otherwise the node z € A, is called regular. In case any edge E € &
contains at most k hanging node in its inside, 7}, is called k-irregular.

A O-irregular mesh is a conforming mesh. In this paper, we restrict to conforming and 1-irregular meshes which allow
for some local mesh-refinement.

An edge E of an element K is called a hanging edge if its midpoint A is a hanging node. The two edge E; and E, with vertex
A which belong to the neighbor elements K; and K>, are called children of E. Fig. 1 illustrates the definition of a hanging edge
E = AA; and its two children E; = ApA; and E; = ApA;.

2.2. The Wilson element and its a priori error estimate

Let 73, be a rectangular mesh of £2. We define H'(73) as
H'(7h) = {v € [*(2); VK € Th, vlx € H'(K)},
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and for v € H'(73,), we denote by Vv the gradient operator defined piecewise with respect to 77, i.e.,

Vivlk == V(vk).
Let K be an element of 73, and x,‘} = (Xo.x, Yo.x) be the center of K with the horizontal edge length 2h, x and vertical edge
length 2h, . Define § := X;:% and n == }% then the rectangle K has another description

K={x=&y"1x=x0x+ &,y =Yox +nhyx, —1 <& n <1} (3)

For a measurable set G C £2, we use P,(G) to denote the space of all polynomials of degree no more than k and Q,(G) to
denote the space of degree no more than k in each variable on the domain G. For a rectangular mesh, we first recall the
conforming bilinear element space [1,20,21] before introducing the Wilson element space. Define the discontinuous finite
element space on the 1-irregular mesh 7}, as:

D = {v € [*(£2); v|x € Qi(K), VK € T}, “

then the conforming bilinear element space is Q, := D, N H(} (£2). To keep the continuity of the functions in Qy, we treat
the unknowns corresponding to hanging nodes as spurious degrees of freedom, i.e., their values are fixed to be a suitable
interpolation of the unknowns corresponding to neighboring regular nodes. Let v be the nodal variable on the node A, and
v, the nodal variable on the node A, then vg, the nodal variable on the hanging node Ay, is determined by

V1 + U2

Vo = B . (5)

Define the nonconforming bubble function space

By := {v € [2(2); vl € span{1 — £2,1— n?}, VK € T3}, (6)
then the finite element space of the nonconforming Wilson element is defined as
Vi = Qn + By

The Wilson element approximation uy, € Vj, of (2) then satisfies

/ Vuup - Vavpdx = / fuopdx, Vv, € V. (7)
2 2

Remark 2.1. The Q; element space has another equivalent definition Q, = {v € HO1 (£2); vl € Q1(K), VK € T,}. However,
the former is more convenient for implementation [21].

Let uy, be the solution to the discrete problem on the mesh 75, then uj, can be written as uj, = uf, + ub, where u§, € Q, and

uﬁ € By. The index ¢ stands for the conforming part, and b, the bubble function which is the nonconforming part. For any
K € Ty,

1 1 1 1
uplk = Z(l — &)1 —nun(Ay) + Z(l + &) (1 —nup(Az2) + Z(] — &)1+ nun(As) + Z(l + &) (1 + nun(Ag),

uplk = G (1= ) + ¢, (1= 1), ®)
I : h2 :
where ¢, x = —% I %dxdy, and ¢, x = —#’f‘ Jx d;y%h dxdy, and u, (A;) are the values at the four verticesA;, i =1, ..., 4,

of the element K as depicted in Fig. 1. Let byx = 1 — &%, by x = 1 — n?.In(7), we choose

bk x€K,
=10 x¢K.

This gives
(Vuy, Vbx,l()LZ(K) = (f, bx,K)LZ(K)~

We recall that K is a rectangle. On the other hand, u;, € span{1, &, n, £n}, byx € span{1 — £2},and by k € span{1 — n*}.
A direct calculation leads to the following important orthogonality:

(Vuy, Vb)) =0, (Vbyk, Vby )2y = 0. 9)
This leads to

ek (Vb ik, Vhy ) i2aey = (Fs bxio) 2oy -
Therefore,
3 hyk
16 hy

/ £(1 - £2)dxdy. (10)
K

Cxk =
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A similar argument shows that
_ i hy,K
16 hyx Jx

Formulas (10) and (11) will play a crucial role in the analysis of this paper. We shall follow [22] to use the notation < and .
When we write

A] < B], and A2 ~ Bz,

~

Ok fQ = n*)dxdy. (11)

then there exist possible constants Cy, ¢; and G, such that
A1 < CiBy, and ;B <Ay < GB,.

Define the canonical interpolation operator ITy from H2(K) onto Py := Q; (K) + span{x?, y?} as follows:
1 1
v = Z(l -1 —nv@A) + Z(l + &)1 —n)v(Ay)

1 1
+ 20 =HA+nvAs) + 1+ +mvds)

h2 82 hz 82
+(1-8%) (— e vdxdy>+(1—n2) (—”K Sdxdy

20K Ji 92 2| Jx ay?

where v(A;) are the values at the four verticesA;, i = 1, ..., 4, of the element K. We denote by IT;, the interpolation operator
defined piecewise with respect to 73, i.e.,

ITylg = Mg (vlg), VK € Tp.
The standard error estimate for the approximation of polynomials states
IV (v — M) < hg, ID?v]| (12)

for any v € H?(£2) where D?v is the Hessian of v.

Theorem 2.2 (A Priori Error Estimates). Let u and uy be the solutions to problem (2) and problem (7), respectively. Suppose
u € H2(£22) N Hy(£2), then it holds

IVa(u = un)ll < ha ID?ull, (13)
where hg;, = maXgeq; hk.

Proof. The Strang lemma gives the following estimate [19]

. [(f, wn) — an(u, wy)|
Ve(u —up)ll S inf [Va(u —wvp)l| + sup , (14)
vpEVh 0£wpeVy ||VhU.)h||

where a, (v, w) = ZKeTh a(vlk, wlg), Yv, w € H'(73). Since —Au = f, integrating by parts yields

(f, wp) — an(u, wy) = —(Au, wy) — ap(u, wy)
/ ou
= — Z —whds,
ice7, Jox v

where v = (vy, 1)) is the unit normal vector of dK. By the definition of the space V},, wy, has a decomposition w, = wj, + w,ﬁ’.
Since wj, € Hy (£2), this implies

ou

—wpds
ak OV

(f, wp) — ap(u, wp) = —
Key

—Z/ a—uv—l—a—uv whds
ac \ax © L ay )T

KeTh

On the other hand, a direct calculation leads to

b dwy
wyvds = —dxdy = 0,
oK kK 0X

b Bw,’;
wyvyds = [ ——dxdy = 0.
K kK 0y
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Let P,‘g be the orthogonal projection operator from L?(K) onto Py (K), this gives

Jau au au au
— —P°> (wh — wivx + (* —P°*> (wn — wy)v ) ds
Kerrh /Z;K <<3X “ox " e ay “ay ! e

[(f, wp) — ap(u, wy)|

du  ,0du du ,0du
<D la PRl M= wileen + ) o0 Pego | e = willze
Kemy I 9% X112 oK) Kemy I 0V Vil
2112 2
< Y HgID?ullz o ID*wh 2 -
KeTh
It follows from the inverse inequality and the Schwarz inequality that
2
|(f, wn) — an(u, wp)| < hg ID7ull - [ Viwall. (15)

A combination of (12), (14) and (15) completes the proof. O

Remark 2.3. The analysis herein is the extension of that in [23,24] to the mesh with hanging nodes.

2.3. Anew a posteriori error estimator and its reliability and efficiency

Let wi denote the union ofelements K’ € 7j that share a vertex, or an edge, or a child edge of an edge with K. Let w, denote
the patch of elements having in common the edge e or one of the child edge of e, or share the hanging node as a vertex. Given
any edge e € &,(£2) with the length h, we assign one fixed unit normal v, := (v, v)) and tangential vector 7, := (—vy, vy).
Once v, and 7, have been fixed on e, in relation to v, one defines the element K_ € 7, and K, € 73, withe = K, NK_. Given
e € &,(£2) and some R%-valued function v defined in £2 with d = 1, 2, we denote by [v] := (Wlk,)le — (Wlk_)le the jump of
v across e.

Before introducing a new estimator, we first recall the residual-type a posteriori error estimator in the literature, see for
instance [6]

2
3uh

0T,

P 7o) = Y BRlf + Al + Y helllVunllzg, + D he

KeTy ec&p(£2) ec&p(I)

2(e)

For this estimator, we have the following reliability and efficiency [6].
Lemma 2.4. Let u be the solution of problem (2), and uy, be the solution of problem (7). Then
IVa(u = u)ll* < 7% (un, To) S Vot — up)|I* + 0sc*(f, 7). (16)

For the estimator 7, we cannot show the convergence of the adaptive algorithm because the unknown uy, is involved
in the interior residual f 4+ Auy. The remedy is to propose a new estimator by dropping the term Auj. This results in the

following estimator
1
2 2
, (17)
(e)

8uh

0T,

i = helfllz g + ( Z he”[vhuh]”fz(e) + Z he

&p(£2)3eCoK Ep(I')3eCoK
for any K € 73. For any S, C 73, we define the estimator over S; by
n*(un, Si) = Y 0.
KeSy
In particular, for S, = 73, we have
(U, T) = Y ng.
KeTh
We further define the oscillation osc(f, 7;,) by
206 v . 2 2
0 (f, Ti) = D hllf — ficllfzg
KeTp
where fi € Py(K) is the constant projection of f over K.

Lemma 2.5. Let uy, be the solution to the discrete problem (7) on the mesh 7y,. For any K € Ty, there exists a positive constant C
such that

W ll2gy — CIf — fiellzgey < W + Aunllizge < Ifllizgo + CIf — fillizg - (18)
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Proof. Since uy is the solution to the discrete problem (7) on the mesh 7, uj; has a decomposition uj, = uj, —i—u’fl withuj € Qy
and u} € By. Since Auf|x = 0,

f+ Auplk = f + Aublg

2 2
=f+ i aal;);K + ¢k 3al;/y2,1<
_f 2 c 2
hf,l( e hf, K
Note that ¢, x and ¢, x have already been computed in (10) and (11). This implies
ol == g5 [ - gy - 2 /fm—n)dxdy
8 hyx h2, 8 hx K h2
=2 —fo—f - ghx;h” [ 00 - ety - £ [ ¢ =g = nPyasay.
Then
31 ,
If + Aupllz ) = ‘Z(f —fo—f-< (f —fio(1 — E*)dxdy — ~ (f = fio(1 = n*)dxdy
8 hyxhyx Jk th xhy.x Jk 2(K)

An application of the triangle inequality completes the proof. O
By Lemmas 2.4, 2.5 and the fact osc(f, 7,) < n(un, 74) we have the following reliability and efficiency of the estimator 7.

Theorem 2.6. Let u be the solution of problem (2), and uy, be the solution of problem (7). Then

[Vi(u — un)ll* < Crei® (un, Ti) < Cerr(l Va(u — un)|I” + osc(f, 7). (19)

3. Convergence

In this section, we shall establish the convergence of our adaptive nonconforming finite element method. First we present
our adaptive nonconforming finite element method. In doing this, we replace the dependence on the actual rectangular mesh
T by the iteration counter k. Correspondingly, we use the notations Qy, By, V instead of Qy, By, Vh.

Algorithm 3.1. Given the initial mesh 7y and marking parameter 0 < 6 < 1, set k = 0 and iterate

(1) Solve on 7y, to get the solution u.
(2) Compute the error estimator n = n(uy, 7).
(3) Mark the minimal element set .M such that

0’ (e, M) > 0” (g, 7). (20)
(4) Refine eachrectangle K € M, and refine any element for which any of the sides contains more than one irregular nodes;
k=k+ 1.

Next we show the quasi-orthogonality for the Wilson element. Quasi-orthogonality is essential for the convergence analysis,
but for most nonconforming finite element methods, whether the quasi-orthogonality holds is not clear. In the known re-
sults, based on some special equivalency between the nonconforming linear element and the lowest order Raviart-Thomas
element, the quasi-orthogonality for the nonconforming linear element of the Poisson equation was first established in [ 13].
For the Morley element of the fourth order elliptic problem, the conservative property is used to analyze the quasi-
orthogonality. This is also extended to the nonconforming linear element therein, see also [17,18]. Neither could be used for
the Wilson element under consideration, so we need to find a new way to handle with it. The key ingredient is to use the
orthogonality of (9).

Lemma 3.2 (Quasi-Orthogonality). Let T} be some refinement of Ti_,. Given any constant § € (0, 1), there exists a positive
constant C(§) such that

(1 =8 Viw — u) 1> < Ve — e I> = | VieCu — ug—) 1> + C(8) Z hy ”f”LZ(K) (21)
KeTe o\Ti
Proof. We use the decompositions uy = u + ub and uy_, = uf_, + ub_, where uf € Q,u? € Bi,i = k — ¢, k. Since

(Vu = Vi, V(g —ug_,)) =0,
(Vu — Vi, Vi — Vi—g) = (Vu — Vi, Vitp — Vieup_,).



J. Hu et al. / Journal of Computational and Applied Mathematics 265 (2014) 173-186 179

Notice that the restriction of the nonconforming part u? onany elementK € 7;, i = k — £, k can be determined only by the
source term f, so we have Viub|x = Vi_ul_,|¢ for K € Ti—, N Ti. This gives

(Vi = Vi, Vi = Vi)l = | Y (Vu = Vi, Viup — Vi) (22)
KeTk—e\Tk
ForK € ;¢ \ %, K is refined into elements K1, . . ., Ky, M > 4, a combination of (8), (10) and (11) leads to
au;:_z abqu(
Cx,K 3
LZ(K) X LZ(K)
= F(1 — &*)dxdy
H 8hy.k / L2(K)
S /f(l — &%)dxdy
K
= ||f||L2(1<)||1 - §2||L2(1<)
S hK”f“LZ(K)v (23)
and
‘ w® i ouy 2
X 2y I 2w
M
5 Z hKl ”f”LZ(K)
i=1
< RZIFI% (24)
From (22)-(24) we get
|(Vu = Vi, Vit = Vian-o)| < Coo - Y hiell Ve = Viwe 2o If 2y (25)
KeTi—e\Ti

for some positive constant Cqo. The desired result follows from the Young inequality. O

Lemma 3.3 (Corollary 3.4, [8], Lemma 4.5, [21]). Let T} be some refinement of T,_1 with the bulk criterion (20), then there exist
p > 0and a positive constant B € (1 — p8, 1) such that

% (Uk—1, 7o) < B*WUk—1, Tie1) + (1 — p0 — BIN* (W1, Ti—1)- (26)

Lemma 3.4. Let T} be some refinement of Ty_,, then there exists p > 0 such that

Do g < Y MU 20 =2 D hElf g (27)

KeTy KeTk—¢ KeTk—o\Tk

Proof. The proof immediately follows from the definition of the mesh size hy. O

Lemma 3.5. Let uy, and uy_q be the solutions to the discrete problem (7) on the meshes 7; and 7;_1, respectively. Given any
positive constant ¢, there exists a positive constant f,(e) dependent on € such that

1
7 (W, Ti) < (1+ &) (U, T + g 1 Vit = we—1) |1 (28)
Proof. Given any K € 7, let

1
2 2

) (29)
12(e)

auk
0T,

1k (i) = hicllf Il 2y +< > he [l TViuid I ) + Y he

Ex(£2)2eCoK Ex(IN)3eCIK



180 J. Hu et al. / Journal of Computational and Applied Mathematics 265 (2014) 173-186

1
2 2
2(e) )

It follows from the definitions of n (uy) and 5y (u_1) that

3llk

[k (uk) — N (ue—1)| = ( Z hK||[Vkuk]||52(s_»)+ Z he

Eu(2)5eCaK su(ecor Il 0Te

1

au i 2 \?
2 K-
—( D hlVeatollfg Y0 he| =
E($2)3eCaK & (I)secak Te N2
1
0(ug — ug—1)

2 2
12(e)

< < Z hK”[Vk(uk - uk—l)]”fZ(e) + Z he

61(82)3eCIK &(I')>eCK

dTe
Let e = K N K’. Then we use the trace theorem and inverse inequality to get

—1/2
I Vie(uk — ue—) |k ll12e) < g P\ V(g — k-1l 2k)-
The same argument holds for K’. This gives
—1/2
IV = Dz S e 1 Vit = ) 2 gy
which leads to
Ik (i) — i U= | S I Viee — U= 1) 112 0 -
A summary over all elements in 7; plus the Young inequality complete the proof. O

With aforementioned lemmas, we shall show the convergence of our adaptive method. Generally, the energy error
between two levels are not strictly monotone, so we borrow the concept of total error of [16] which contains the energy
norm of the error, the scaled estimator and volume term. By showing reduction of the total error, we obtain the convergence.

Theorem 3.6. Let u be the solution to the problem (2), and u;, and uy_q be the solutions to the discrete problem (7) on the meshes
Tk and Ty_4, respectively. Then there exist positive constants y, 1 and 0 < o < 1 with

€ < €1 (30)

where

e = Vi = + yr* (e T + B Y hglf 2 (31)

KeTy

Proof. By Lemmas 3.2-3.5, we have for any positive constant 0 < @ < 1

1
€ — €1 < (1—8 - 04) [Vic1(w — ue—) 1? + (1 + &)1 — p8 — B) + eB)n* (We—1, Tie1)

2 y 1 2
— Up—1, Th— — —— ) | Vi (uge — uy—
+ (B —ay)n® (Ur-1, Tk 1)+<,82(e) ]—8)” (U — 1) |l
2 2 C(S) 2 2
+ (ﬂl - aﬂl) E hK”f”LZ(K) + - pﬁl § hK ||f||L2(K)
KT 1-6 .
€Th—1 KeTk—1\Tk
where 8, y, B and B are four positive constants to be chosen later. We first set
Ba(e) C(%)
= , =———, and B=(1-p)(1 )
Y=1_3 e, B=1-p0)(A+e)

which leads to

1
€ — A€ < ( - 05) Vi1 (@ — we) 1> 4+ (¥ B — ay)n* (et Tic1)  + (B1 — afr) Z h§||f||fz(,<)~

1-34 KETi—1

We choose ¢ to be small enough such that0 < 8 < 1.So we obtain the reduction of the total error if the following inequality
holds

1
Br1—a) 3 R2IfIL, + (1_5 - oe) Vit (= )12 + v (B — o) Wr, Tier) <.

KETi—1
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By applying the upper bound of Theorem 2.6
Vi1 =t ) 1> < Cretn® (U1, Tie1)

and the fact that
> IR < (e, Tion)

KeTk—1
we get

1
Brl—a) > RZIFI% + (m - a) Vit (= )2 + (B — ) (e, Tier)

KeTk—1

1
< ((m - 01) Cret + ¥ (B —a) + B1(1— 0‘)> 0 (W1, Tie),

CRel
. S . +y B+ 38 .
provided that 0 < § < 1. This implies that we should choose the error reduction rate « = % > f. The choice of

0 <8 < XX assures thata < 1, which completes the proof. O
Y=Y B+Crel

4. Discrete reliability

In this section we analyze the discrete reliability of the estimator 7. Based on the decomposition of the Wilson element
space, we can use the Scott-Zhang interpolation for estimating the conforming part and a similar method used in Lemma 3.2
for the nonconforming part.

Lemma 4.1. Let 7; be some refinement of Ty_,, and let uy and uy_, be the solutions to the discrete problem (7) on the meshes
T and Ty_g, respectively. Then it holds that

Vit =t I* < Coretn (U—e, Tie \ T)- (32)
Proof. We use the decompositions u; = uf + uf’, where uf € Q;, uf’ eB,i=k— ¢,k
Vi — w1 = (Viewe — u—e), Vieuf — uf_p)) + (Vi — u—e), Vieup — up_,))
= (f, v)) — (Vtti—e, V) + (Vi — w—y), Vieup — up_,)) (33)

where v; = uj — uj_,. To estimate the first part, we employ the Scott-Zhang interpolation operator  : Qx — Qi—¢,which
can be found in [20,25,21], which has the following properties:

Fuglc = vilg, forany K € i N Ty, (34)
IVvgliz + I vf — FvO 1z < IVVEN2 ) (35)
b2 (g — Fv) 2y < IV VN2 (0p)- (36)

Since Jvg € Qu—¢ C Vi—¢, from (34)-(36) we have
(s ve) = Vitli—e, Vi) = (f, v — gvp) — (Viler, V(v — dvp))

= (f + Axttk—e, v — Jvp) — Z/ Vitg—¢ - v (v — Fvj)ds
oK

KeTy

N

DI+ Adtellizg v — FvEllzg

KeTi—o\Tk

+ ) D Ve o] - ellzge g — Fvillize)

KeTi—¢\Tk e
N (Uk—e, Tie—e \ Ti) | Vgl
N(t—e, Tiee \ T U Vievil + [ Vgl (37)
In the second inequality, we use the fact [|f + Agxtte—¢ll2¢) S If I 2(x)- From the proof of Lemma 3.2, we have

A

A

Vi = wg_ Il S 0 t—e, Tiee \ T (38)
A summary of (33), (37) and (38) proves the desired result. O

By applying the discrete reliability we find some connection between the energy error and bulk criterion. We omit the
proof here which can be found in [16].
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Lemma 4.2. Let 7} be some refinement of 7;_, such that the following reduction holds

Vi — w) 1> + 05> (f, Ti) < &' (| Viee ( — wee) 1> + 052 (f, Tier)), (39)

(1—a’)% Cigr

20 (Cqo) +(—a) Core Ty < 1 SUch that

forsome 0 < o’ < 1, then there exists 0 < 0, =

2 2
0:n” (Ui—g, Ti—e) < 0" (Uk—g, Te—e \ Ti).

5. Optimality

For the analysis of the optimality, we introduce some notation from nonlinear approximation theory. Let Ty be the set
of all possible rectangular meshes satisfying one-irregular rule generated from 7, with at most N elements more than 7.
For s > 0 we define the nonlinear approximation class A as

As ={W,Hllu, fls = ZugNSo(N; u,f) < +oo}

with
o(N;u, f) = _inf inf (| Vs (u—v)|* + R*(u) + 0sc*(f, 7))
TeTN veVy

where

(Vu, Vzv) — (f, v)
R(u) = sup
o#veVy IVzoll

Lemma 5.1. Let 7 be some refinement of 7., u be the solution to the problem (2), and uy and uy_, be the solutions to the
discrete problem (7) on the meshes T, and 7_y, respectively. Then there exists a constant C; > 0 such that

IV — w)l* + osc(f, Ti) < C1(IV U — w—e) |* + 05> (f, Tie)). (40)
Proof. In view of inequalities (21) and (27), we get

(1= 8)[IVu = Viuel® + 05 (f, i) < IV = Vicgu—o > + €S + 1) Y Hellf 22,

KeTk—e
< VU = Vicet—e |1 + (C(8) + Dn* (u—e, Tie)-
This and inequality (19) complete the proof. O

Theorem 5.2. Let M be a set of marked elements with minimal cardinality from Algorithm 3.1, u the solution of problem (7), and
(Tk» Vi, uy) the sequence of meshes, finite element spaces and discrete solutions produced by the adaptive finite element methods

i Cft
with0 < 6 < 120 +Cora D) It holds that

_1 1 1 _1
#Mi < (@) 75, fIS (€5 (IVie(u — w1 + 0sc(f, 7)™, (41)
forany o’ € (0, 9).

Proof. We set & = o'(C) ™' (| Vi(u — ) [|* + osc(f, 7)) with 0 < o’ < 3.Since (u,f) € Ay, there exists a 7 of the
refinement of 75 and u, € Vg, such that

1 1
#T. —#T < |u,fls e75,

V7, (u = up)|I” + 0s(f, T2) < €. (42)

Let 7. be the overlay of 7; and 7}, and let u, be the discrete solution of problem (7) on 7. Since 7% is a refinement of 7,
from (40) and (42) we have

IV, — u)|* 4+ 05 (f, T2) < (|| Vr, (U — up)[|* + 05 (f, 7))
< Cie = o' (| Vi — wo) > + 0sc*(f, T2)).
Hence, we deduce from Lemma 4.2 that
01 (Ui, Ti) < 0 (t, T\ T2),

where 6, € (0, 1). We note that the step (3) in Algorithm 3.1 with 6 < 6, chooses a subset of M, C 7} with minimal
cardinality with the same property. Therefore, from [26, Lemma 4.3] and [27, Lemma 6.7],

H#My < #T — #T < #T. — #T0. (43)
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Finally, by combining (43) and the definition of ¢, we end up with

1 1 1 1
#Mi < (@) 75 U fIS (€S (Vi — w)|I” + os®(f, 7)) ™s. O

Theorem 5.3. Let the marking step in Algorithm 3.1 select a set My, of marked elements with minimal cardinality, u the solution
to problem (2), and (7%, Vi, ux) the sequence of meshes, finite element spaces and discrete solutions produced by the adaptive

. . CEff .
finite element methods with0 < 6 < 10+ o D Then it holds that
IVn, (= un)[1? 4+ 05> (f, T) < lu, fls(#Ty — #T0) ™ for (u, f) € As. (44)

1
Proof. Let u = (a/)‘% lu, fls (Cl)%. We use the result that #7; — #75 < Z]’:Ol #M; from [27, Lemma 6.5] (see also [9] for
meshes without hanging nodes) to obtain that

N—-1 N—1

_1
#TN —#T0 < Y #M S Y (V5 —w)]” + os*(f, 7)) 5. (45)
j=0

.
Il
[S)

The fact that

IVj(u — ) |* + 05 (f, 7)) = ¢
gives

& < IViw —w)||> + os(f, 7). (46)
Forany 0 < j < N — 1, we use the convergence result from Theorem 3.6 to derive that

en <a™ Ve (47)
A summary of (45)-(47) yields

N

_1
#Ty — #70 < 11(| Vi, (u — up) |2 + 05 (f, Tn)) 75 k.
j=1

Since o < 1, the geometric series is bounded by the constant C; = /(1 — /%)=, This leads to
IVn (= un)|I* + 0s¢*(F, Tn) < [u, s (#Tn — #75)

which completes the proof. O

6. Numerical experiments

6.1. Example 1

Consider the domain £ = [0, 1] x [0, 1] and f = 27 sin(rx) sin(ry) with a vanishing Dirichlet boundary condition.
The exact solution is u = sin(;rx) sin(;ry). We scale the estimator n with the factor & = 0.5. Fig. 2 displays the grid when
the degrees of freedom (DOFs) are more than 10%. Fig. 3 displays experimental convergence rates for the true error and
the estimator 7 for the adaptive refinement with the corresponding mesh depicted in Fig. 2. The convergence rate of the
adaptive refinement is the optimal one, O(n~'/?), with respect to the number of degrees of freedom.

6.2. Example 2

On the L-shaped domain §2 = [—0.5, 0.5] x [—0.5, 0.5] \ [0, 0.5] x [—0.5, 0], let f = 0 and up a smooth function such
that in polar coordinates

2
u(r, 0) = r*3sin (50)

is the exact solution of problem (1). Fig. 4 displays the grid when the degrees of freedom are more than 10*. We find that
there is a local higher refinement towards the reentrant corner. Fig. 5 shows the rate of convergence is optimal.

6.3. Example 3

Consider an interesting domain which is 2 = [0, 1] x [0, 1] \ [0.25, 0.75] x [0.5, 0.5] \ [0.5, 0.5] x [0.25, 0.75]. Let
up = 0 and f = 1. The exact solution is unknown, but we can guess there must be a local higher refinement towards every
reentrant corner. Fig. 6 confirms our guess.
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