Using Pushforward and Pullback Measures for Parameter Identification and Distribution Estimation

Distribution Estimation

Goal: Obtain the Best Distribution of )\

- Bayesian Context: Regular Bayes insufficient, Hierarchical model required.

= Data Consistent: Use data to construct observed distribution.

Example

Tian Yu Yen and Michael Pilosov

Intro to Data Consistent Inversion

Consider an exponential decay problem with uncertain decay rate:
u(t) = ugexp(—At), ug= 0.5, t =2

Torior ~ U[0,1], 7, (d | A) ~ N (Q(N),07)
Tpost (A | @) ¢ Tprior (A) 71 (d | A)

Tprior (&76) ™~ X% ) Ck,ﬁ S ()= [07 OO) X [07 OO)

Regular Bayes

Hierarchical Bayes | 70 (A | @, 8) s ~ Beta(a, 8), 7w (d| ) ~ N(Q(N),oc?)
Tpost ()‘ | d) X fQ Tprior ()\, , 6) L (d | A, Q, 5) ds?
Data Consistent Tup (A) = T (N) 77:;: Eg 855

Plots of Concepts and Results

Hierarchical Bayes Data Consistent Regular Bayes

emme |nitial
e=mme |/pdate

=== Prior|a,B=(1, 1)
3 | e Posterior

e Prior
emme Posterior

0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
A Parameter Space

Hierarchical Bayes Data Consistent Regular Bayes

| 1
emme Posterior Predictive

e | jkelihood | A=0.5
B Data

emme Pushforward

s Observed
B Data

emme Posterior Predictive
e |jkelihood | A= 0.5
6 | B Data

0.0 0.2 0.4 0.0 0.2 0.4 0.0 0.2 0.4

150 observations of data

D Data Space

Takeaways

Solving Stochastic Inverse Problems

Data Consistent Inversion is a novel framework that uses pushforward
and pullback measures to ensure solutions are consistent with the
observed distribution of data.

The Data Consistent Approach

Tobs (Q (A))
Tore (Q (A))

Tup (A) = i (A)

Which Stochastic Inverse Problem?

Parameter Identification

- Bayesian Context:
« Data Consistent:

Goal: Obtain the Best Value of )\

Model uses assumed likelihood function of data given A.
Construct predicted distribution of residuals given A.

Example
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Solve for a single parameter value, or for a parameter distribution?

Non-parametric method with less sampling
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Consider an exponential decay problem with uncertain decay rate:
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Convergence of Data Consistent Inversion

How do solutions change with more data?
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Comparison to Regular Bayes

How do solutions on conditionals of = compare?
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100 realizations of data for D = 10, 100 for Data Consistent Inversion (left) and Regular Bayes (right).



