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Abstract

This work introduces the students to some properties of cosmic radiation at ground level,
in particular, its hard or muon component. First, it shows how to use a wave-guide to
determine the working point of two scintillators associated with photomultiplier detectors,
obtaining the values Vthreshold   = −200 mV and HV = 1900 V or HV = 2200 V. It also
shows how to determine the value of the time window of the measurement system which
has a width of 50 ns.

Making measurements in these working conditions, it is demonstrated that cosmic ra-
diation is statistical in nature and conforms specifically to a Normal or Gaussian distri-
bution. On the other hand, it is possible to separate the contributions of the hard and soft
components of the cosmic radiation at ground-level, by making the total flux pass through
increasing values of the thickness of lead and aluminium layers of material. Under these
conditions, a value   of 51 ± 5 m−2s−1 is obtained for the hard component of the flux, and
31 ± 10 m−2s−1 for the soft component.

Regarding the reliability of the measurements, the effect of the distance between the
two scintillators is also evaluated, by calculating the geometric efficiency experimentally
and then contrasting the resulting value with the one obtained from a calculation based
on a Monte Carlo simulation. These results imply that the system efficiency decreases in
proportion to the inverse square of the distance between the detectors.
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Figure 1: Cosmic rays are immensely high-energy radiation, mainly originat-
ing outside the Solar System. They may produce showers of sec-
ondary particles that penetrate and impact the Earth's atmosphere
and sometimes even reach the surface. (Courtesy: CERN)
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.. 1.
Introduction

Cosmic rays are highly penetrating high-energy particles (and electro-magnetic
radiation), which originate outside the Earth’s atmosphere, so they bomb Earth
from all directions. Knowing the original composition of the radiation in ques-
tion is critical, because it provides valuable information not only on the nature of
the sources of such radiation, but on its evolution and nuclear synthesis suffered
by them.

The interest in the detection of cosmic radiation is very evident since this ra-
diation comes from processes that take place in outer space, typically in the stars,
so it is possible to obtain information from these processes from the study of their
associated radiation, through the cascades they produce when they enter the at-
mosphere (a particular case at a global level is the Auger Project).

The study of muon radiation has an absolutely clear interest in the whole
framework of particle physics, since it is useful for testing various experimental
models, including the “V-A Theory” of Quantum Field Theory. Furthermore, the
attenuation coefficient of the muon is interesting for the design of accelerators,
detectors, etc.

The measurements discussed in this work will be performed by the students
at the Laboratory of Nuclear Physics, with the equipment available there, under
the tutelage of their teacher. These measurements have already been made   in the
past, so there are results available, which are compared with those obtained here.

In regards to the purely physical part, this work aims to explain how to mea-
sure the incident cosmic radiation at ground level, without doing any study in
energy (although it is possible too) but rather in intensity (number of particles
per unit time). This is due to the fact that with the experimental set-up available,
it is not possible to measure the number of hits as a function of the energy of the
incident particles, but rather the number of coincidences averaged through all
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the energies. This task is performed to separate the different components of the
incident flux (hard and soft), as did other experimenters. It is intended to show
that the values   obtained match those tabulated.

Much of the project is dedicated to calibrate the instruments that will be used
to make the the measurements, and to set the system into the proper conditions
for them. The technique used is one in which two organic scintillation detec-
tors, placed horizontally, connected to photomultipliers through a light guide,
and separated by some distance, are used to take measurements of the coinci-
dences. The advantage of doing so is, that the characteristic noise of these de-
tectors is minimized. Furthermore, solid detectors are used because they have
higher densities than gas counters, and give a reasonable probability of absorp-
tion for an average size of the detector. The main disadvantage of gas detectors
is its low efficiency for many types of radiation of interest in nuclear physics (for
example, the range of a 1 MeV gamma ray in air is about 100 m). Our radioactive
source is the cosmos, and to filter the components, different thicknesses of lead
and aluminium are used.

This document is divided into several sections. In the theoretical introduc-
tion, some basic concepts and terms will be introduced. The experimental part
contains a description of the components and the experimental technique as it
should ideally be done, although in the Results section the limitations and prob-
lems that the student will encounter in practice are presented, as well as the con-
ditions under which the measurements are actually carried out. For complete-
ness, and to give a more linear nature to this guide, four appendices with the
more tedious calculations have been included at the end, which will be referenced
in the text.
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Notation used in this document:

Abbreviations:
EM: electro-magnetic,
UV: ultra-violet,
γ: gamma-rays,
X: X-rays,
e−: electron,
π: pion,
µ: muon,
ν: neutrino, etc.

Units:
International System:
eV: electron volts,
J: Joules,
C: Celsius,
M: mega,
G: giga, etc.

Chemical symbols:
The elements of the periodic table.

References:
There are internal (marked in red) and external
(marked in blue) references.
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.. 2.

Theoretical
Introduction

2.1 Cosmic Rays

In the late eighteenth-century, it was of general knowledge that an electroscope1

slowly loses its charge despite the insulators. In the early twentieth century, many
physicists began to investigate this issue. Radioactivity had just been discov-
ered recently, and it was known that it could disintegrate air molecules into pos-
itive and negative ions, i.e., into ionized air, which conducts electricity. So, they
thought that the slow loss of the electroscope was due to radioactive substances
in the earth’s crust.

In 1912, Victor FrancisHess jumped into a balloon and was raised up to 5000
m of altitude, where he observed that, the greater the height was, the greater the
loss of his electroscope. Hess thought that the mysterious radiation, called “ultra
sharp”, was coming from outside the Earth and was attenuated as it crossed the
atmosphere.

RobertAndrewMillikanwas the one who in 1927 baptised this radiation with
the name “Cosmic Rays”, thus beginning the boom of their study, aimed at deci-
phering their nature. This led to the invention of the Geiger-Müller counter in
1928, which was used for this study, replacing the electroscope, since it can de-
tect each ray separately. By 1930 the community started using the cloud chamber
and finally the photographic emulsion.

1An electroscope is a device that produces an electric shock due to the cumulative effects of
many rays.
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2.2 Nature

In studies carried out until 1930, it was discovered that this radiation contains
known rays (γ, X, e− . . . ) going at high speed and great energy, as well as other
new rays. The experiments revealed a wealth of new particles and high energies,
from 1 to 1000 GeV and even 1019 eV.

In one particular case, in 1991, the “Fly’s Eye”2 observatory at Dugway (Utah)
in the U.S. was able to detect particles with energies around 300×1018 eV, the
highest ever recorded energy at the time, equivalent to about 20 J, which would
be sufficient to raise 10 ◦C the temperature of a tablespoon of water. This energy
amounts to ∼ 109 times greater than that achieved so far in manmade accelera-
tors.

We have written this energy as a multiple of 1018 on purpose, since an energy
of 1018 eV is what is known as theGreisen–Zatsepin–Kuzminbarrier, over which
rays can interact with the gammas of background radiation, the Big Bang echo
that might have occurred 15×109 years ago. It is known that above 7×1018 eV, γ
radiation decays, perhaps due to such interaction.

As for particles with energies of 300×1018 eV mentioned above, they would
be less than 100×106 years old, so they would not have anything to do with the
Big Bang, but could also come from a distant source which were less than 10×106

light years from Earth (see [Bir95] for a detailed report on this event and [Hal98]
for a review of the highest energy cosmic rays and other references).

2.3 Classification

Cosmic radiation is classified in various ways, according to their energy or na-
ture. On the energy side, we can divide it into PRIMARY radiation, which con-
sists mostly of high-energy protons and SECONDARY radiation, which refers to
the particle cascades produced by the primary.

According to their nature, they were classified, a bit empirically and a bit fol-
lowing tradition, into HARD and SOFT components, although physicist Werner
K. Heißenberg made   another classification into four components as follows:

2Small detectors, each covering a small solid angle, so that each detects only a few photons
from the air showers.
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..1 Soft, composed by γ and e− whose total absorption is achieved with 12 cm.
of Lead.

..2 Soft, produced by percussive processes of mesons and their decays.

..3 Hard or penetrating, which is made of fast mesons of different spins and
half-lives in the atmosphere produced by the primary proton component.
It can contain:

..4 p, n, ν, γ and nuclear fragments. This component’s intensity continuously
decreases at a slower rate than the soft component.

2.4 Showers and cascades

Most rays of the atmosphere are secondary radiation. They were discovered by
physicist Pierre Auger in 1938. The “Auger effect” is the emission of an e− from
the extra-nuclear portion of an excited atom when the atom undergoes a tran-
sition to a state with a lower excitation energy. It is believed that a human is
traversed 20 times per second by showers, causing secondary cascades in bones
and tissues.

2.4.1 Latitude effect:

Figure 2.1: Earth, viewed from the North Pole. Effect
of the magnetic field of the Earth in the
equator on the trajectories of the primary
cosmic rays.

If we were able to study the properties of the primary radiation, it was thanks
to the Earth’s magnetic field, which bends the trajectories of charged secondary
particles. This “magnetic barrier” is more effective near the equator, and gradu-
ally decreases with increasing altitude. Since primary cosmic rays are charged,
they (and the secondary) should be more abundant at higher latitudes. This phe-
nomenon is called the latitude effect and led to the discovery that primary rays
are charged.
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The theory also proves that the positive particles are deflected such that they
arrive preferably from Western directions, and negative charged ones from the
East. Since the measurements returned higher intensities in the western than in
the eastern direction, it follows that the primary particles are mostly positive. So
the cosmic radiation varies with latitude and altitude and has an east-west asymme-
try.

2.4.2 Secondary production process:

As seen in 2.1, when a primary enters the atmosphere, it collides with an atom,
which then decays into secondary cosmic rays, which in turn will decay or con-
tinue their path until colliding with another atom.

Muons are known to be produced by pion decay according to different reac-
tions:

π+ → µ+ + νµ

µ+ → e+ + νµ + ν̄e

π− → µ− + νµ

µ− → e− + ν̄µ + νe

π0 → γ + γ

Muons generally do not interact with the atomic nuclei ,and cross the atmo-
sphere (losing about 2 GeV [Eid04]) until they sink into the earth or disintegrate
into electrons. Meanwhile, while π0 mesons and those with lower energy than
the critical (ϵπ = 115 GeV) decay immediately, the π+ could even collide with other
atoms. The phenomenon of materialization can also appear, when the γ rays
pass near the electric fields of nuclei and materialize into electrons in accordance
with the reaction: γ → e+ + e−.

2.4 Showers and cascades 7



All these reactions can be seen in Fig. 2.2.

Figure 2.2: Rough picture of the production of secondary in Earth's atmo-
sphere, where the waterfall is produced by a 20 GeV proton at an
altitude of 16 km.

All these particles from a cascade produced by a primary particle can reach
the ground simultaneously, covering large hectares. Depending on the energy of
these primary incident particles, more or less secondaries are produced:

..⋆ If E ≥ 106 GeV, ∼ 105 secondary particles are produced.

..⋆ If E ≥ 600 × 106 GeV, ∼ 108 secondary particles are produced.

These cascades can be described by a set of coupled equations and Monte
Carlo simulations, but can also be approximated analytically in certain energy
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ranges. For example, the primary nucleons intensity per nucleon energy (E) in
the energy range of GeV to 102 TeV can be approximated by the expression:

IN(E) = 1.8Eαnucleon/cm2GeV (2.1)

where α is the differential spectral index of the cosmic-ray flux and has a value
of 2.7. Furthermore, the vertical intensity of nucleons after crossing an atmo-
spheric thickness X in gcm−2 is given by [Eid04]:

IN(E, X) ≈ IN(E, 0)e
−X
Λ (2.2)

where Λ is the mass absorption coefficient that gives an idea of   the range
of nucleons in air, while the corresponding expression for pions with energies
much lower than the critical (ϵπ) is [Eid04]:

Iπ(Eπ, X) ≈ ZNπ

λN
IN(Eπ, 0)e

−X
Λ

XEπ

ϵπ
(2.3)

where the ZNπ factor has to do with the distribution of charged pions in in-
teractions of nucleons with nuclei of the atmosphere. This expression has a max-
imum at 15 Km of altitude.

In the case of the soft component, the most common electromagnetic cas-
cades can be of two types, bremmstrahlung and pair production.

However, at sea level, the most abundant secondary particles are muons. En-
ergy and angular distribution are given by a convolution of the spectrum of pro-
duction, energy loss into the atmosphere and the decay3. Their average energy
in the ground is about 4 GeV, for which the angular distribution is proportional
to cos2θ.

2.5 Origin

Their origin is still being studied. Some observations:
3For example, 2.4 GeV muons would travel 15 Km in the atmosphere before decaying, but this

distance is reduced to 8.7 Km due to energy losses.
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..⋆ The intensity of the cascades increases with solar perturbations, electro-
magnetic high frequency radiation emitted by the Sun contributes to the
radiation reaching us. The remaining particles from outside the Solar Sys-
tem are modulated by the solar wind, which slows and excludes the rays of
lower energy (<10 GeV) from the initial beam [Eid04].

..⋆ They are believed to be a remnant of some supernovae in our galaxy. How-
ever, higher energy rays would originate outside the Milky Way.

..⋆ It is thought that cosmic rays are trapped in the magnetic field of the galac-
tic system for periods of 1 to several million years, causing energy densities
∼ 1 eV / cm3 (approximately the energy of the magnetic field of the Sun).
This capture increases radiation intensity, and explains why they arrive in
equal numbers in all directions of the sky.

..⋆ The primary radiation is very different from what it was originally. Look-
ing at Table 2.1, if we compare the composition of the radiation with the ra-
diation of many stars, we see that is favoured in heavy elements and poor in
the light ones, so they must have originated from the stars whose evolution
is more advanced.

Table 2.1: Composition of the Cosmic rays.

H (p) 91.7
He (α particles) 7.6

Li, B, Be 0.13
C, N, O, F 0.35

Z > 10 0.22
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..

.. 3.
Experiment

3.1 Set up and instrumentation

For this measurements, the students will have these materials available at the
Laboratory of Nuclear Physics:

..⋆ Scintillators and photomultipliers

..⋆ Acquisition electronics:

⋆ Pre-amplifier and amplifier

⋆ Scope

⋆ Pulse Generator

⋆ High voltage power supply

⋆ Discriminator

⋆ Coincidences module

..⋆ Blocks and layers of absorbent materials

..⋆ Voltmeters

..⋆ Wiring

11



Figure 3.1: Experimental set up.

3.1.1 Scintillators and photomultipliers

Scintillators:

Characteristics of the detectors used:

The detectors chosen for this application must be able to withstand a large
electric field, and in the absence of radiation, the electric current flow should be
minimal or null so that the noise is low. This seems to require an insulating ma-
terial, but also the e− should be easily extracted from the atoms, and in great
number by the radiation. Also, the ions must be able to easily travel in the ma-
terial, which suggests using an electrical conductor. The obvious compromise is
what we found in the laboratory: a semiconductor.

There are two basic types of detectors, those composed of organic materials
(which may be liquid or solid), and those made of inorganic materials. The choice
of one or the other depends on the type of experiment to be performed. In this
case we are looking for a short response time, so the relatively inefficient plastic
scintillators are a better choice. In this experiment we have chosen organic solid
plastic scintillators.
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The properties considered in choosing the material include:

..⋆ the fraction of incident energy that appears as light: they can be used in a wide
range of energies from 20 keV (e−) to 200 MeV (heavy ions),

..⋆ the efficiency (the probability that the radiation is absorbed) for the active
area, the efficiency is 100%, and its power vs. pulse-height curves are linear
over a wide range,

..⋆ the response time: fast pulses emerge and are suitable for short times (∼ 1
ns) with coincidences circuitry,

..⋆ the energy resolution: it is only surpassed by the spectrometers,

..⋆ the transparency: the scintillators are transparent to its own radiation.

The dimensions of these scintillators in the laboratory are listed below:

S = (31 cm.) × (10 cm.) = 0.031m2.

Whenever a reference is made to S in this work, this values will be used.

Operation:

In scintillator counters, electrons formed in the ionization process are the
same as those of the electronic pulse. The intermediary between the two is the
ordinary light.

In organic scintillators, interactions between molecules are weak, and its prop-
erties can be understand in terms of discrete excited states of molecules. The
electrons can be excited to higher electronic states (jumps between electronic lev-
els) or the atoms of the molecule may start vibrating (jumps between vibrational
levels). Typical vibrational energies are of the order of 0.1 eV, whereas the elec-
tronic excitation energies are on the order of eV.

3.1 Set up and instrumentation 13



The excited electrons are those that
are not involved in the binding of the
molecule. The incident cosmic radiation
interacts with many molecules, losing
a few eV (slightly different for hard or
soft) in each interaction, exciting them.

The vibrational states excited with
that energy first decay (∼1ps) to the
first vibrational ground state of the ex-
cited electronic state, which then decays
(∼10ns) to one of the vibrational states
of the electronic ground state, which in
turn decays quickly to its corresponding
vibrational ground state.

Figure 3.2: Molecular gamma decay.

These transitions can be radiative or non-radiative. In non-radiative, there is
light emission (luminescence), which in the case of atoms is around the UV.

Finally, this explains its transparency: Under normal circumstances, at room
temperature, all of the scintillator molecules are in the lowest vibrational state of
the electronic ground state.

At thermal energy (kT = 0.025 eV) the corresponding population follows a
Boltzmann distribution: exp(−E / kT), so it is very unlikely that there are any
excited vibrational states at that temperature. This ensures that ONLY ONE of
the photons emitted in the many possible transitions has a probability of being
absorbed by the scintillator itself.

There are also other processes happening within a scintillator:

..⋆ Fluorescence Emission of radiation of a given wavelength by a substance as a
result of the absorption of radiation of a shorter wave length. This emission
occurs essentially only during irradiation.

..⋆ Pair production: A process for X-radiation and γ absorption in which the
incident photon is annihilated in the vicinity of the absorbent nucleus of
the atom with the subsequent production of a pair e− / e+. This reaction
only occurs for incident photons whose energy exceeds 1.02 MeV.
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..⋆ Photoelectric Effect: A process by which a photon removes an e− of an atom.
All the energy of the photon is absorbed in extracting it and giving it kinetic
energy.

..⋆ Compton effect: An attenuation process observed for X or γ radiation, in
which an incident photon interacts with an orbital e− of an atom to pro-
duce a recoil e− and a scattered photon of lower energy than the incident.

Photomultipliers (PM):

For this experiment, the geometry of the photomultiplier is very different from
the geometry of the scintillators. This justifies the use of a light guide between
the two.

The gain of a PM is calculated as:

number o f e− going out
number o f e− going in

∼ 3 − 4 (3.1)

At the end of n stages, the number of e− will be N (e−) ∼ 4n.

In the semitransparent photo-cathode, the incident radiation extracts an e−

by photoelectric effect. The photo-cathode is a thin layer of photosensitive mate-
rial with a work function ϕ, so that if the frequency of the incident photon is ν,
the e− will exit with an energy of:

E = hν − ϕ

From this expression it is evident that a minimum ν is needed for the process
to happen. PM quantum efficiency is then defined as:

QE(λ) =
photoe− out

incident gammas
(3.2)

which depends on λ and the structure of the material.

3.1 Set up and instrumentation 15



Then they pass through the e− collector, where there are several focusing elec-
trodes that use an electric field to attract the e− to the first dynode. This way, the
number of e− reach the dynode from any point of the cathode, and the arrival
time is independent of the emission point.

In the tube of the PM, the e− are accelerated into a series of secondary elec-
trodes, generating more e− in each new clash with the dynodes. These are con-
nected to a high voltage source and a series of voltage dividers. Thus, typical po-
tential differences of about 100 V between adjacent dynodes are obtained, and
therefore, the electrons impact the dynodes with about 100 eV of energy.

Figure 3.3: Schematic view of a photomultiplier. The electrons released
from the cathode are attracted to the first dynode and multi-
plied. Each successive dynode is at a higher potential than the
previous. A typical tube has 10 to 14 dynodes. At each step,
the number of electrons is increased by a factor of about 5. Im-
age credit: By Qwerty123uiop (Own work) [CC-BY-SA-3.0 (http:
//creativecommons.org/licenses/by-sa/3.0)], via Wikimedia
Commons.

The dynodes are made   of a material that has a high probability of emitting
secondary electrons. Between 105 and 107 e− are created by each photoe− emit-
ted by the cathode, and to free an e− can cost up to 2 or 3 eV. A gain of 30–50 e−

is therefore possible. The amplification depends on the number of dynodes (n)
and the voltage between them (Vd−d).

The secondary emission factor is defined as δ = k∆Vd−d, so the gain will be
G = δn. Keep in mind that changes of 1% in ∆Vd−d lead to changes in gain of
n%, which means that HV has to be regulated.

16 Chapter 3 Experiment
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However, electrons are released in random directions in the material, and
relatively few will be actually delivered to the surface, so that a gain of 5 in each
dynode is more common. Even so, with a tube 10 dynodes, the total gain will be
of 510 (∼107). That is, each time a cosmic ray hits the system, it produces 10,000
“primary” ionizations in the scintillator, of which about 100 are gammas.

Finally, the cascade of e− is collected at the anode, and becomes a signal of
electric current that can be amplified and analysed.

When connecting an oscilloscope to a PM in the set up that we have in the lab-
oratory, it will be noted that there is always a “dark current”, due to the presence
of neutrinos, decays at room temperature, etc. Furthermore, with the increase
in the threshold voltage of the discriminator, the noise and signal amplitude will
increase too.

The joint of the scintillator to the PM is usually done through an optical cou-
pling (silicone oil, light guides, etc.). If we connect a scintillator to a PM, a sig-
nal with a pulse of a certain amplitude that appears randomly will be added, this
means that a particle has reached the scintillator. In addition, the noise that it
had before will be increased by the so-called “white noise”, which has a flat spec-
trum and is nothing but the noise of the signal itself. Parasitic currents can ap-
pear also. As the voltage (HV) increases, the gain will increase too, and therefore
the number of events, but there will come a time when even if the tension rises,
no more particles are detected, only noise will be increased.

Detection process:

To summarize, the detection process follows these steps:

..1 The incident cosmic radiation interacts with atoms and molecules, exciting
the material.

..2 The excited states decay emitting visible (or near visible) light, or fluores-
cence light.

..3 The light travels through the light guides, and reaches the photosensitive
surface of the PM, extracting photoelectrons.

..4 The electrons are accelerated and multiplied, to form an electrical pulse in
the photomultiplier tube.

3.1 Set up and instrumentation 17



3.1.2 Acquisition Electronics

In this measurements, a chassis with rear power supply adapted for NIM (Nuclear
Instrument Module standardized) modules was used, following the AEC Report TID-
20893 standard, which ensures compatibility in size, power and signal level for
instruments manufactured by different vendors.

The system for this experiment is already assembled, and includes a set of
modules that are used in many experiments: a pre-amplifier, an amplifier, a dis-
criminator, a counter and an oscilloscope. Each module provides a necessary
function for the overall system, which according to the diagram in Fig. 3.1 is noth-
ing more than a simple counting system. It is important that all the equipment
has the same impedance, to avoid signal reflections.

These electronic modules are divided into two general types:

..⋆ Logic: Those that generate an output pulse of fixed shape and amplitude if
a logical criterion is fulfilled. Example: the discriminator, which provides
an output pulse (always with the same amplitude) each time it receives an
input pulse whose amplitude is greater than the threshold level. The SCA
is also logical.

..⋆ Linear: Those in which the linear output signal contains information such
as the energy of a detected event (one incident particle that has been ab-
sorbed in the detector). The linear signals vary over a range of amplitudes
which shows the energy spectrum analysis of the event.

It is always important to distinguish between linear and logical connections
to mount a NIM equipment. The logic signals are often used to provide timing
information and control the function of each instrument in a system.

Preamplifier and amplifier:

Particles produce pulses from the detector whose amplitudes are proportional to
the energy of cosmic radiation. The preamplifier and amplifier simply amplify
each pulse by a fixed gain factor, and shape the pulse as well.

For example, with a gain factor of 10, if a particle arrives with 5 MeV, a signal
of 0.5 V will leave the preamplifier, and a signal of 5 V from the amplifier. So each
time a particle of 5 MeV hits the detector, a pulse of 5 V is produced.
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The linear signal is the output of the amplifier, and contains information on
the energy of the particle that produced the pulse, i.e., the output of the amplifier
is proportional to the energy of the absorbed particle.

Discriminator:

In addition to the information provided by the pulse height, the number of linear
signals can also show how many events occurred with a certain pulse amplitude
per unit time. If the discriminator is set to 5.1 V for the output of the amplifier,
and particles are coming with energies of 5 and 6 MeV, the logical pulse discrim-
inator sends only the particles of 6 MeV. These logic pulses are then sent to the
counter and counted.

Oscilloscope:

It is the instrument used to observe the input and output pulses for the modules
in the system, and to determine whether the shape of the signals, the amplitudes
and timing are correct with respect to the rest of the equipment.

Figure 3.4: Image of a conventional
oscilloscope.

Pulse Generator:

This instrument simulates the pulses generated in the radiation detector and
supplies the pulses with the known characteristics to the system entry. It is used
for calibration, synchronization, etc. If used together, the oscilloscope and gen-
erator ensures that the electronics have been assembled according to the require-
ments of the experiment.
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Discriminator:

When a cosmic particle reaches the detector, the former will get mixed with the
noise of the latter. Therefore, the signals output by both PMs must be filtered, by
passing them through the discriminator module, where it will be required that
the amplitude exceeds a certain threshold, in order to separate the produced par-
ticles that deposit more energy, such as the cosmic muons.

The module that performs this task is the discriminator, which accepts an
analogue signal as input, whose amplitude and duration are dependent of the
process that took place in the detector. The discriminator’s output will be a logic
signal with fixed height and duration (50 ns), and a rectangular shape, if the input
signal has exceeded the discriminator’s threshold. Each discriminator has two
outputs: one is used to feed a counter that lets us know the number of pulses
from each photomultiplier, and the other will address the coincidences module.

Coincidencesmodule:

The coincidences between the two detectors are evaluated using a NIM coinci-
dence unit. This module has several inputs and one output. We will have an out-
put signal when the input pulses overlap in time at least partially. Taking the out-
put of this module to another counter we can accumulate the number of matches
in a space of time.

Blocks and layers of absorbentmaterial:

There is a total of 20 layers of Al and 9 layers of Pb, with a thickness of 1.5 mm
each. The layers are not perfectly flat but can be bent. The Pb blocks are 5 cm
thick.

3.1.3 Voltmeters

The voltmeters used in the laboratory have a sensitivity of three and a half digits.
They will be used to measure the voltage (HV) and the threshold voltage Vthreshold.
Therefore the error in measuring these quantities depends on the measurement
scale used in each case [Appendix C]. To measure, the value of the voltage is ad-
justed by turning a screw (potentiometer) and placing the terminal of the volt-
meter to the corresponding measuring point. The proportionality constant of
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the voltmeter (which has a value of
√

2 since it measures effective values),   must
also be considered.

3.1.4 Wiring

Connections between linear and logic signals are made via standard BNC coaxial
cables and connectors. The cables used to connect the two detectors with the
coincidences module were of the same length so that the signal delay should be
the same.

3.2 Determination of theworking point

To determine the operating point, the zone of maximum efficiency and stability
of scintillators is searched. Once it is done for one, it is known for the other, since
they are very similar. The high voltage (HV) and the threshold of the discrimina-
tor must be properly adjusted.

Problem
We want to detect the particles that have crossed both scintillators,
any other signal is noise. This leads to the problem of determining
the appropriate time window1 of the detection system.

Solution:
To do this, we first have to know how fast the particles we want to
detect travel. Muons, for example, are relativistic at ground level
according to [Eid04]. Since the distance between scintillators is
∼cm, this gives us a time window of ∼ ns.

Since the total flux of cosmic rays at ground level is J = 180cm−2s−1, the time
window becomes: ∆T ≪ 0.15s, as is calculated below. This gives an estimate of
its value; but it is possible to determine it experimentally, defining:
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Q[s] =
1
2

Ncoinc/t
(N1/t)(N2/t)

(3.3)

It is found that when the number of counts is high, Q = ∆T.

The value of the voltage is set to less than that recommended by the manufac-
turer for both scintillators, and the highest possible value for the discriminator
is chosen. Measurements are taken sweeping the interval 1700–2300V in steps of
100V with one of the scintillators. Q is calculated according to the above expres-
sion, and it is plotted against HV, where it is clear than it tends asymptotically to
the value of the time window. This value is compared with the previous calcula-
tion.

3.2.1 Estimation of spurious coincidences

Issue:
Although the time window may be well adjusted, it is possible that
randomly, two different particles arrive each at a different detec-
tor inside the time window (or that the noise in both detectors gen-
erates a coincidence) and then the system will assume it as a real
coincidence.

Solution:
The frequency of random coincidence events is proportional to the
coincidences window size and to the number of individual counts
on each detector, i.e.:

Random coincidences :
Nrand

t
=

N1

t
N2

t
2∆T (3.4)

Once the time window is determined, the spurious contribution can be ob-
tained making this simple calculation.

With the flux J obtained at ground level, if S is the surface of the detector, the
average rate of particles in each detector is given by N/t = JS = 180 m−2s−1×0.031m−2
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= 6 particles per second. If it is imperative that Nrand/t ≪ N/t, and the above
expression is used, we obtain ∆T ≪ 0.15s, as discussed above.

3.2.2 Determination of the plateau by changing the high voltage

Issue:
The detector does not behave the same way for all voltages. If the
HV voltage is very small, the signal strength is small and falls be-
low the threshold, so it is not registered. If the HV is high, we have
a considerable contribution of detector noise (see “ Set up and in-
strumentation: Scintillators and photomultipliers”). What we want is
an intermediate situation.

Solution:
Several measurements are realized between 1700 and 2300 HV V as
in the previous section. Initially the thresholds are set to their min-
imum values   (-35 mV), so that all the signals from the detectors are
received. Then the signals from each detector and the coincidences
are noted. As the noise is expected to be high, it is expected that the
number of counts of each detector (ray + noise) will be greater than
the number of coincidences (rays).

If the coincidences are plotted against the HV, a substantially constant, flat
area called plateau will appear, which allow us to determine the operating point of
the detectors. If random coincidences are also included in the same graph, there
will be another curve that will give us information on the voltage at which these
coincidences start contributing.

3.2.3 Determination of the plateau by changing the threshold

The operating voltage is set to the manufacturer’s recommended value, and the
threshold is set to the maximum (−400 mV). Then it is reduced in steps of 50 mV
until the minimum is reached (−35 mV). By raising the detector’s threshold, a
reduction in the difference between the number of coincidences and individual
signals must be observed, because noise is mainly discriminated.
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3.3 Statistical characterization of cosmic radiation

According to the theory of probability, if a distribution function is known, ev-
ery moment of it is known too. Conversely, if a distribution of all moments are
known, this is equivalent to knowing the distribution. Therefore to determine
a probability distribution associated with an experiment, there are two alterna-
tives: either to determine the distribution or to determine all its moments (or at
least the most relevant).

When the number of occurrences of a measure is very small, the probability
distribution fits well to a Poisson distribution (Appendix D.2). Radioactive decay
(in the present case, the primary particles decaying into the secondary, which are
the ones of interest here) is a random process that obeys the Poisson distribution,
according to which the standard deviation of the distribution with media µ is

√
µ

(Appendix D.2).

However, when the number of counts is greater, data starts to progressively
conform to a Gaussian distribution. Therefore, the procedure is to make mea-
surements in intervals of 5s for one hour, to have something of the order of about
3 counts, and then repeat the same measurement every 10s and 20s. With the val-
ues   obtained, a histogram of the number of coincidences counted in each mea-
sure is plotted. Then it is found that the data represented in the histogram fol-
lows a Poisson distribution in the first case, while in the second and third case it
follows a Gaussian distribution. The goodness of fit is evaluated with a χ2 test.

3.3.1 Modelling of the quality of experimental data and settings:
Chi square test

Through the minimization process known as the least squares method, we can de-
termine the value of a theoretical parameter function f (x, a1, ..., am)which is fit-
ted to a set of n experimental points f (xi; yi).

The method states that the best values   of the aj are those for which the func-
tion

χ2 =
n

∑
i

(
yi − f (xi; aj)

)2

σ2
i

(3.5)
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is minimal, which is usually calculated by numerical methods.

Suppose a set of n random events that follow Poisson and Gauss and appear
with frequencies ei. Let N = ∑ ei be the number of expected frequencies. Then
the probability of observing the event i is ei/N, and it represents the fraction of
cases in which we would see it if we repeated the experiment infinite times. Thus
we obtain:

χ2 =
n

∑
i

(oi − ei)
2

ei
(3.6)

where ei are the theoretical frequencies and oi are the experimental ones.

Limitation: If all oi are greater than ei is not possible to say that the agreement
is very good even if χ2 is small. This method is not a universal panacea.

The procedure is as follows: the number of events occurring in each area of
probability is compared with the number of expected events. If the difference
is small (of the order of the expected fluctuations, i.e., ∼ √

ei = σi), there is a
good agreement between experimental and theoretical data (Appendix D.3), i.e.,
if χ2 < ν there is agreement, and if χ2 ≫ ν, there is not, where ν represents the
degrees of freedom of the system.

3.3.2 Separation of the hard component of coincidences

Recalling the equations 2.1, 2.2 and 2.3 in the theoretical introduction chapter, we
see that each particle is attenuated differently in the atmosphere depending on
their energy.

With our experimental set-up we can not measure the number of coincidences
as a function of energy, but we measure the number of coincidences averaged
over all energies. However, with the help of the oscilloscope and without altering
anything, we could determine the energy distribution of the incident particles,
simply by connecting the detector to the oscilloscope and measuring the ampli-
tude of the signals appearing (for this you may want to freeze the image in the
oscilloscope with many reflections).

Some definitions are important here:
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..⋆ Linear absorption coefficient (µ): variable indicating the ability of a material
as an absorber. In g cm−2.

..⋆ Mass absorption coefficient (Λ): The linear absorption coefficient divided by
the density (ρ) of the absorbent in g cm−3 is often expressed as µ/ρ and
units are usually given in cm.

..⋆ Stopping power (dE/dx): Measurement of the effect of a substance on the
kinetic energy of a charged particle passing through. It is typically given in
MeV / cm.

It also important to introduce the typical exponential decay law: given a cer-
tain flux of particles with a certain kinetic energy, the number of them passing
through a material of increasing thickness typically follows an exponential decay
function given by:

− dN(x)
dx

= µN(x) →
∫ N(x)

N0

dN(x′)
N(x′)

= −µ
∫ x

0
dx′ (3.7)

N(x) = N(0)e−µx

N(x) = N(0)e
−xρ

Λ (3.8)

where N(x) is the number of particles of the incident beam that “survive” at a
depth x of the material, µ is the “coefficient of linear absorption” of such particles
in the material, and N(0) is the number of particles that hit the material initially.

Since Λ is a characteristic parameter of the radiation, the attenuation coef-
ficient depends on the particle type; given a particular material, the absorption
coefficient µ is smaller in the case of muons than in the case of the soft compo-
nent, because Λ is greater.

As in air it would be difficult to stop them with the measurement system
used2, higher intensities are mitigated with elements such as Pb and Al:

2In air the values   are: Λso f t = 100 g cm−2 and Λhard = 1500 g cm−2, which give typical values
  of 150 Km for muons in air, and 10 km for electrons.
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ρPb = 11.340 g cm−3

ρAl = 2.700 g cm−3

The procedure is as follows: the Al plates are placed between the two scintilla-
tors and then the number of layers is increased to the maximum, up to a thickness
of about 30 cm. The same is done for Pb, but in combination with the blocks, in
order to get more intermediate thicknesses.

Once these measurements are made, we proceed to calculate Λ for Pb and Al
by plotting the coincidences against the thickness. The plot can be fitted to the
exponential attenuation equation, or we can take logarithms and fit to a straight
line.

In the case of Al the slope is smoother for the soft component that in the case
of Pb, where there are two distinct slopes. The first of them is abrupt and the
second is less steep. This is because when reaching a certain thickness of Pb, the
soft component is no longer able to cross it, and only the hard one penetrates.
This, and the fact that both components have a well defined energy, justify that
in the case of Pb a fit to the sum of two exponentials is done. Furthermore, from
the fit, the values of the hard and soft components can be extrapolated to zero
thickness.

Once the hard and soft components are separated, we would know the num-
ber of µ± and e± at zero thickness, so it would be possible to compare this exper-
imental value with the theoretical predicted value. The theoretically predicted
value for the total flux of cosmic radiation per unit area and per unit time is: J =
180 cm−2 s−1 = 130 cm−2 s−1 (hard) + 50 cm−2 s−1 (soft).

3.4 Calculation of the geometric efficiency

This section will attempt to evaluate the geometric efficiency of the measurement
system used, which is related to the fact that the detectors, due to the fact that
they are at a certain distance from each other, do not provide the same number
of coincidences for different separation distances, but instead there are losses
due to the geometry of the assembly.

To estimate its value, both scintillators are placed at zero distance from each
other and coincidences are recorded. From the previous section where scintilla-
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tors were at a distance, we can determine the fraction of muons contributing to
the total counts, and multiply the result by the total active area, to verify that a
compatible value is not obtained, due to the effect of efficiency.

Then we will separate the detectors and will take note of the number of coin-
cidences obtained at each distance. Appendix A shows how to calculate the flux
integral which allows to obtain I, the intensity of particles per unit time in a rect-
angular detector geometry, which in the present case will be the flux measured
on the upper detector.

Since in this section coincidences are measured, the measured I is dependent
on the efficacy with which it completely arrives at the second detector, which in
turn depends on the distance between scintillators. If scintillators are separated
a distance d, a diminishing flux is measured that follows the relationship:

I(d) = ϵ(d)I =
Ncoinc(d)

t
(3.9)

where ϵ(d) is the geometric efficiency.

You may evaluate this ϵ(d) in two different ways and then compare them:

..⋆ Calculating (from experimental coincidence data) the ratio:

Ncoinc(d)
Ncoinc

(3.10)

..⋆ Performing a Monte Carlo simulation, as described in Appendix B.

Finally, assuming that the soft radiation has the same angular distribution as
the hard one, we can represent the relative fraction of hard and soft component
as a function of the distance between scintillators, and if all goes well, it should
be approximately constant.

3.4.1 Comparisonofexperimental resultsof the fluxwith the tab-
ulated values

The goal of this section is to determine the contribution of the hard component
at a given distance with the help of section 3.3.2 about the separation of the hard
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component, to calculate the geometric correction (MC) for that distance and fi-
nally multiply by the area.

After calculating the efficiency, we can calculate J0 (Appendix A) from the
value of the number of coincidences due to the hard component, calculated in
the previous section. The uncertainty in the value of J0 should also be calculated,
and its sources specified.

The theoretical values   used as reference are listed below:

a (cm) b (cm) d (cm) Fraction that crosses both detectors (%)
27 9 26 15
28 10 24 19
29 11 22 23

Table 3.1: Typical values obtained with the Monte Carlo simulation as a func-
tion of the smaller (a) and larger (b) sides of the detectors, and the
separation (d) between the two.

Total Hard component (∼ µ+) Soft component (∼ e+)
J0(m−2s−1sr−1) 110 80 30

J(m−2s−1) 180 130 50

Table 3.2: Tabulated values taken from [PRD96]
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General comments for all sections:

..⋆ You should always work with the number of
counts per unit time.

..⋆ While measuring, scintillators should always
be covered with a black cloth or similar, to
avoid light contributions from the laboratory
or otherwise.

..⋆ When the number of counts is very high, the
“x100” option in the coincidence module can
be used.

..⋆ Always keep the scintillators as aligned as pos-
sible.

..⋆ It’s recommended to wait a reasonable time
during the acquisition, so that the number of
counts measured has a statistical error that is
consistent and its value is kept under 5%.

The next chapter will hopefully help you know the order of the values you must
get when measuring.
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..

.. 4.
Results

4.1 Determination of theworking point

4.1.1 Timewindow

With a time window of 50 ns, the thresholds were set to the maximum values:

HV1 = 1700 ± 1 V, Vthreshold = −405 ± 1 mV.
HV2 = 1700 ± 1 V, Vthreshold = −402 ± 1 mV.

The following results are obtained:

HV (V)
N1 / t

(counts/s)
N2 / t

(counts/s)
N12 / t

(counts/s) Q (s)

1700 ± 1 0.007 ± 0.005 0.007 ± 0.005 - -
1800 ± 1 0.013 ± 0.007 0.04 ± 0.01 - -
1900 ± 1 0.07 ± 0.02 0.18 ± 0.02 0.017 ± 0.007 0.7 ± 0.3

2000 ± 10 0.48 ± 0.04 1.10 ± 0.06 0.08 ± 0.02 0.08 ± 0.02
2100 ± 10 2.48 ± 0.09 6.0 ± 0.1 0.69 ± 0.05 0.023 ± 0.002
2200 ± 10 8.4 ± 0.2 15.9 ± 0.2 2.59 ± 0.09 97E−4 ± 4E−4
2300 ± 10 18.5 ± 0.2 30.3 ± 0.3 2.9 ± 0.1 26E−4 ± 1E−4

Table 4.1: DETERMINATION OF THE TIME WINDOW. Measured voltage
(HV), number of counts of detector 1 (N1 / t) and detector 2 (N2
/ t) and coincidences (N12 / t). From these data, Q has been calcu-
lated according to equation 3.3. Errors and decimals presented are
calculated as shown in Appendix C.

If these numbers are plotted we obtain the following graph:
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Figure 4.1: Fit of the data points to an exponentially decreasing curve, whose
fit parameters are shown with their error. The data is also repre-
sented with their error bars.

As discussed in Chapter 3, when the number of counts is large, ie, when the
voltage is high, you should get a horizontal asymptote, whose value would be
equivalent to the value of Q at high number of counts. That is, when the approx-
imation that Q is of the order of the time window ∆T can be made.

The value is ∆T = 50± 1 ns, which agrees with ∆T ≪ 0.15s. If our measuring
system was very bad, a window of about µs would still be enough.

4.1.2 Estimation of spurious coincidences and determination of
the plateau

To determine the plateau, two sets of measurements are made, as explained in
Chapter 3. One by varying the voltage supplied to the detectors and the other by

32 Chapter 4 Results



varying their threshold voltage. The starting voltages in each case are:

Measurements varying the voltage:
Vthreshold1 = −34 ± 1 mV.
Vthreshold2 = −37 ± 1 mV.

Measurements varying the threshold:
V1 = 2200 ± 1 V.
V2 = 2200 ± 1 V.

It’s better to plot the curve while measuring, so that it is possible to detect and
correct problems on the spot, and act accordingly.

If we plot the data of these two tables, there are some differences. The first
difference is that the number of coincidences is bigger in Fig. 4.2 than in Fig. 4.3,
and it extends over a wider range (0-9 counts/s approximately, compared to the
range of 2-7 counts/s). This is consistent with the average count rate of N / t = 6
counts/s calculated in Chapter 3.

The contribution of random coincidences is negligible, so they are considered
to neither contribute nor affect the measurements. Looking at Tables 4.2 and 4.3,
the ratio between the values of N12 and Nrandom is ∼ 0.002%.

Since we are working with the minimum threshold in the first case and the
maximum voltage in the latter, the contribution of noise in the number of counts
of each detector, and the spurious contributions to the number of coincidence
counts should be the maximum. If these contributions are negligible, the time
window has been set correctly.

HV (V)
N1 / t

(counts/s)
N2 / t

(counts/s)
N12 / t

(counts/s)
Nrandom / t
(counts/s)

1600 ± 1 103.7 ± 0.6 0.50 ± 0.04 0.18 ± 0.02 5.2E−6 ± 8E−7
1700 ± 1 96.3 ± 0.6 3.0 ± 0.1 1.09 ± 0.06 2.9E−5 ± 2E−6
1800 ± 1 92.0 ± 0.6 12.3 ± 0.2 2.8 ± 0.1 1.13E−4 ± 4E−6
1903 ± 1 138.0 ± 0.7 249.3 ± 0.9 4.6 ± 0.1 3.4E−3 ± 1E−4

2000 ± 10 126.3 ± 0.6 143.7 ± 0.7 4.1 ± 0.1 1.81E−3 ± 5E−5
2100 ± 10 117.3 ± 0.6 347 ± 1 4.8 ± 0.1 0.0041 ± 1E−4
2200 ± 10 110.0 ± 0.6 501 ± 1 5.7 ± 0.1 0.0055 ± 1E−4
2300 ± 10 101.7 ± 0.6 1535 ± 2 8.8 ± 0.2 0.0156 ± 1E−4

Table 4.2: DETERMINATION OF PLATEAU AS A FUNCTION OF VOLTAGE.
Measured voltage (HV), number of counts of detector 1 (N1 / t) and
detector 2 (N2 / t) and coincidences (N12 / t). From these data, the
number of random coincidences Nrandom has been calculated ac-
cording to equation 3.4. Errors and decimals presentsed are cal-
culated as shown in Appendix C.
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Vthreshold
(mV)

N1 / t
(counts/s)

N2 / t
(counts/s)

N12 / t
(counts/s)

Nrandom / t
(counts/s)

−399 ± 1 14.7 ± 0.2 43.3 ± 0.4 2.8 ± 0.1 6.4E−5 ± 2E−6
−353 ± 1 17.7 ± 0.2 41.3 ± 0.4 2.9 ± 0.1 7.3E−5 ± 3E−6
−307 ± 1 21.3 ± 0.3 40.3 ± 0.4 2.8 ± 0.1 8.6E−5 ± 3E−6
−267 ± 1 25.3 ± 0.3 40.3 ± 0.4 2.7 ± 0.1 1.02E−4 ± 4E−6
−215 ± 1 33.3 ± 0.3 41.7 ± 0.4 3.0 ± 0.1 1.39E−4 ± 5E−6
−164 ± 1 51.0 ± 0.4 41.7 ± 0.4 3.0 ± 0.1 2.13E−4 ± 7E−6
−115 ± 1 247.0 ± 0.9 42.0 ± 0.4 3.6 ± 0.1 1.04E−3 ± 3E−5

−70.1 ± 0.1 1252 ± 2 41.3 ± 0.4 4.9 ± 0.1 0.0052 ± 1E−4
−35.2 ± 0.1 2492 ± 3 40.7 ± 0.4 6.3 ± 0.1 0.0101 ± 3E−4

Table 4.3: DETERMINATION OF PLATEAU AS A FUNCTION OF THRESHOLD.
Measured threshold (Vthreshold), number of counts of detector 1
(N1 / t) and detector 2 (N2 / t) and coincidences (N12 / t). From
these data, the number of random coincidences Nrandom has been
calculated according to equation 3.4. Errors and decimals pre-
sented are calculated as shown in Appendix C.

Figure 4.2: Coincidences against voltage.
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Figure 4.3: Coincidences against threshold.

Both the optimal working voltage and threshold for these detectors are roughly
estimated from the data. They are taken from the most central part of the plateau,
to avoid the areas of instability. The values are around:

HV = 1900 ± 1 V
Vthreshold = −200 ± 1 mV

The operating voltage set by the manufacturer for these scintilators can be
around 2200 V, but the sensors age with use, which lowers the value of the work-
ing voltage over the years.
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4.2 Statistical characterization of cosmic radiation

We can use different criteria to give the measure error ϵ in terms of percentages
of the true value being in the range [µ − ϵ, µ + ϵ]. For example, according to the
Gaussian distribution that represents the results, a new measure would likely fall
in the range [µ − σ, µ + σ] with a probability of 0.683 (Appendix D.1). For this
reason, σ is also called the error of a single measurement.

..⋆ In the measurements taken at intervals of 5s, if you have a single measure-
ment of n counts, the best estimate of the true mean is this number n, and
hence its standard deviation is

√
n following the Poisson distribution. The

data is given in the form: n ±
√

n.

..⋆ From the results of the measurements every coincidences, we want to es-
timate their value and error under the hypothesis that, by grouping them
in sets of increasing time, the values of these measures are distributed ac-
cording to a Gaussian distribution of mean µ and variance σ2. Then we
can determine that the best estimate of the mean of the distribution is the
mean of the sample, x̄. If several measurements are taken, the data is also
given in the form: µ ±√

µ, with µ being the mean value.

The values of the working voltages and thresholds for both detectors are set
to the values obtained in the previous section. An example of the frequencies of
the counts obtained at intervals of 5, 10 and 20s for 1 hour are shown below:

Fig. 4.4 shows how as the collection time increases, the distribution is becom-
ing increasingly flatter and wider and the maximum is shifting to the right.

Now it is time to calculate for each case the Poisson and Gaussian distribu-
tions. To compare with experimental data, we must first normalize them by di-
viding by the number of events N that corresponds in each case.
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Bin 5s 10s 20s
0 125 3 0
1 230 46 1
2 221 77 6
3 119 78 7
4 52 71 20
5 22 59 22
6 5 24 31
7 2 18 22
8 1 4 24
9 6 24

10 3 18
11 5
12 9
13 3
14 0
15 3

AVERAGE 1.8 3.6 7.2
Standar Dev. 1.4 1.9 2.8

N 777 389 195

Table 4.4: Comparison of the frequency of the number of coincidences for
the measurements at intervals of 5, 10 and 20s.

Figure 4.4: Frequency diagram for the number of coincidences every 5, 10,
and 20s.
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4.2.1 Measurements every 5s

The table below shows that the Poisson expected values fit quite well to the exper-
imental data within the error. However the expected values according to Gauss
are a bit far from the experimental values, as expected.

Bin Exp. Poisson Gauss
0 0.16088 0.16521 0.12085
1 0.29601 0.29747 0.24884
2 0.28443 0.26780 0.29404
3 0.15315 0.16073 0.19939
4 0.06692 0.07235 0.07758
5 0.02831 0.02605 0.01732
6 0.00644 0.00782 0.00222
7 0.00257 0.00201 0.00016
8 0.00129 0.00045 0.00001

Table 4.5: Measurements every 5s: Frequency of the number of coincidences
and their expected value calculated using the Poisson and Gauss
distributions.

Figure 4.5: Histogram of the number of coincidences each 5s compared to
the expected value calculated using the Poisson and Gaussian
distributions.
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We have here a clear Poissonian curve with its maximum near the origin, as
corresponds to the first part of the curve, which has a behavior proportional to
µx, while the right part of the maximum shows the typical Poisson decay, heavily
dependent on the exponential decay of the eµ distribution (Fig. 4.5).

This is corroborated by the theoretical values of the Poisson distribution, which
fit very well to the data, as opposite to the Gauss distribution. The Poisson distri-
bution is discrete so it is represented with bars, while the Gaussian is continuous
so it represented with a line.

4.2.2 Measurements every 10s

If we take measurements every 10s, the data starts looking more like a Gauss dis-
tribution, although there is still no significant agreement. However, we see that
the Poisson values have departed slightly from the experimental data compared
with the previous table, and approaches the values as Gauss faster than experi-
mental. This is best seen in the graphic.

We start to move away from the previous behavior, the Poissonian has shifted
slightly to the right and has been flattened, seeking the Gaussian trend. Mean-
while the experimental data begins to look more like the Gaussian distribution.

Bin Exp. Poisson Gauss
0 0.0077 0.0274 0.0348
1 0.1183 0.0986 0.0824
2 0.1979 0.1773 0.1476
3 0.2005 0.2126 0.2002
4 0.1825 0.1911 0.2057
5 0.1517 0.1375 0.1600
6 0.0617 0.0824 0.0942
7 0.0463 0.0423 0.0420
8 0.0103 0.0190 0.0142
9 0.0154 0.0076 0.0036

10 0.0077 0.0027 0.0007

Table 4.6: Measurements every 10s: Frequency of the number of coinci-
dences and their expected value calculated using the Poisson and
Gauss distributions.
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Figure 4.6: Histogram of the number of coincidences grouped in intervals of
10s compared to the expected value calculated using the Poisson
and Gaussian distributions.

4.2.3 Measurements every 20s

In this case, the Gauss distribution is even more similar to the experimental data,
while Poisson continues to move away from their initial values. This will become
evident in the graph below.

The data is nearly Gaussian, the Poissonian has abandoned its asymmetrical
shape to become increasingly symmetrical, the peak has shifted to the right in
search of the Gaussian and has flattened a little. With the increase of the mea-
surement interval, the Poisson distributions gets closer to a Gaussian shape.

The experimental data also agree quite well with the Gaussian, removing some
fluctuations like the maximum in bin 7 which is nothing more than a reminder
of their old Poissonian tendency.

The shift of the Poisson distribution into a Gaussian is quite fast: with a dif-
ference of 5 or 10s in the measurement range, a fairly sharp change is seen in the
shape of the distribution. This is remarkable because this distribution is mod-
ulated by only one parameter. The average µ alone makes the curve to flatter,
moves its maximum and changes its width.
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Bin Exp. Poisson Gauss
0 0 0.001 0.004
1 0.005 0.005 0.010
2 0.031 0.020 0.023
3 0.036 0.047 0.044
4 0.103 0.085 0.074
5 0.113 0.121 0.107
6 0.159 0.145 0.135
7 0.113 0.149 0.149
8 0.123 0.133 0.142
9 0.123 0.106 0.118

10 0.092 0.076 0.085
11 0.026 0.050 0.054
12 0.046 0.030 0.029
13 0.015 0.016 0.014
14 0 0.008 0.006
15 0.015 0.004 0.002

Table 4.7: Measurements every 20s: Frequency of the number of coinci-
dences and their expected value calculated using the Poisson and
Gauss distributions.

Figure 4.7: Histogram of the number of coincidences grouped in intervals of
20s together with the expected values (solid lines) calculated ac-
cording to the Poisson and Gauss distributions.
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4.2.4 Chi-square test results

Given that the possible values of χ2 are distributed according to the Chi-squared
distribution, whose expected value is equal to the number of degrees of freedom
ν, which in turn is equal to the number of experimental points n (which is the
number of corresponding frequencies in each case), minus the number of pa-
rameters or constraints k, which in this case is found to be 2, the mean µ and the
number of data N, and whose standard deviation is σ =

√
2ν (Appendix D.3) it

is possible to establish a measure of the quality of fit (Table D.3):

..1 If the fit provides a χ2 that is less than 3σ of its expected value, we can speak
of an acceptable fit.

..2 If the χ2 value is much less of its expected value, presumably the assigned
errors σi have been overestimated. In this case, the experiment must be
repeated.

..3 If the χ2 is at more than 3σ from its expected value, several problems may
be the cause:

..⋆ The set of measurements is incorrect.

..⋆ The assigned errors are too small.

..⋆ The model function is inadequate.

As a general rule, it is assumed that being χ2
exp the value found for χ2, if

P
(

χ2 < χ2
exp

)
= ∑χ2

c
−∞ Pν(x) dx

is between 0.1 and 0.9, the hypothesis is correct, given that this judgment has
a confidence level equal to CL = P

(
χ2 < χ2

exp

)
× 100% (Appendix D.3).

For a total of 8 frequencies in the first case (5s), 10 frequencies in the second
(10s) and 15 in the third (20s), and having two constraints in all cases, since the
Gaussian limit of the Poisson distribution still has one parameter (the mean µ),
values of 6, 8 and 13 are obtained respectively for ν. The confidence intervals be-
tween which χ2 = χ2

exp is situated can be calculated for the different degrees of
freedom according to Table D.3:
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χ2
c ν = 6 ν = 8 ν = 13 P

(
χ2 < χ2

exp

)
ν ± 3σ (−4.390 < χ2

c < 16.392) (−4 < χ2
c < 20) (−2.297 < χ2

c < 28.297) 0.99

ν ± 2σ (−0.900 < χ2
c < 12.928) (0 < χ2

c < 16) (2.802 < χ2
c < 23.198) 0.96

ν ± σ (2.536 < χ2
c < 9.464) (4 < χ2

c < 12) (7.901 < χ2
c < 18.099) 0.85

ν χ2
c = 6 χ2

c = 8 χ2
c = 13 0.55

Table 4.8: Intervals between which χ2
c is located according to the different

degrees of freedom obtained in this section. P values are taken
from Table D.3.

Since this table is very limited because it shows the value of P for a whole
interval, the exact value of the confidence level corresponding to each given value
of χ2

c obtained experimentally using the program at the end of Appendix D. The
χ2

c obtained from the data in Tables 4.5-4.7 are shown below:

Time (s) ν
χ2
exp

P(x)

Confidence
level according

to cl.cpp
χ2
exp

G(x)

Confidence
level according

to cl.cpp
5 6 0.004 0.998002 0.323 0.850866

10 8 0.050 0.97531 0.178 0.914846
20 13 0.092 0.955042 0.153 0.926353

Table 4.9: Values of time, degrees of freedom and χ2 obtained for the Pois-
son distribution or P (x) and Gauss or G (x) with their confidence
level calculated according the cl.cpp program.

With these values of χ2 and our number of constraints (2) we run the program
cl.cpp (Appendix D.3) and obtain the confidence levels shown for each of the
values of χ2.

There is certain compatibility observed between the values of cl.cpp and
Table 4.8, as in the case of ν = 6 for example, both the value of χ2

expP(x) and
χ2

expG(x) are less than 3σ of its expected value ν, since they are in the range
ν ± 2σ, so according to item 1 of this section, both fits would be good, but in
the case of P(x) the program gives a higher confidence value than for G(x).
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The value of χ2 grows for the Poisson distribution as we increase the measur-
ing time, so the confidence level decreases from 99.8% to 95.5%. According to this,
we would say with certainty that the experimental data fit a Poisson distribution
in the measurements every 5s, with a confidence of 99.8%.

Furthermore, the effect of grouping measurements in greater time intervals,
makes the χ2 of the Gaussian distribution to decrease, so its confidence level in-
creases from 85.1% to 92.6%, although without reaching the values of the Poisso-
nian. Therefore, in the case of measurements of 20s, we could say that the data
follows a Gaussian with a security of “only” the 92.6%, which is not bad although
our confidence is lower than in the case of Poisson at 5s.

It follows that, in the first case, we must reject the hypothesis of the Gaussian,
in the second case is still Poissonian, and in the third case there is no reason to
rule out the Gaussian assumption, as the confidence level, although lower, is high
enough.

If coincidences were grouped into larger time intervals, of 40s or minutes, we
would get increasingly higher values of χ2 for the Poisson distribution and lower
for the Gaussian distribution, which would translate into a higher level of confi-
dence for Gauss, confirming the hypothesis that cosmicradiationhasaGaussian
probabilitydistribution. In fact, some books [Kno79] say that when the mean of a
distribution (binomial at least) is greater than 30 events, the distribution is Gaus-
sian.

And so the statistical nature of cosmic radiation is well demonstrated.

4.3 Separationof thehardcomponentofcoincidences

In this section it is important to wait longer (around an hour) for each measure-
ment, in order to get a number of counts with an error of ∼5–10%. The distance
between scintillators is 30.0 ± 0.1 cm. The method of analysis discussed in sec-
tion 3 is broken down here briefly.

The fits obtained for Al and Pb must give compatible values for the value of the
components at zero thickness. Typical experimental values for the attenuation in
lead and aluminium are (errors and decimals presented are calculated according
to Appendix C):
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x (cm)
N12 / t

(coinc./s)
Error / t
(coinc./s)

0 0.82 0.03
0.3 0.88 0.04
0.6 0.86 0.04
0.9 0.78 0.04
1.2 0.71 0.03
5 0.62 0.03

10 0.63 0.03
15 0.56 0.03
20 0.53 0.03

20.9 0.55 0.03
21.2 0.55 0.03
21.5 0.55 0.03
25 0.51 0.03

Table 4.10: Increasing thickness of the layers of Pb (an error of ± 1 mm has
been considered) along with the number of coincidences (N12 /
t). Measurements with the lead blocks were also made, as well
as mixing blocks and thin layers.

x (cm)
N12 / t

(coinc./s)
Error / t
(coinc./s)

0 1.00 0.04
3 0.90 0.04
6 0.91 0.04
9 0.85 0.04
12 0.81 0.04
15 0.73 0.03
18 0.78 0.04
21 0.74 0.04
24 0.73 0.03
27 0.78 0.04

Table 4.11: Increasing thickness of the layers of Al (an error of ± 1 mm has
been considered) along with the number of coincidences (N12 /
t).
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Exponential Fit:

Should conform to the function:

f (x) = A1e−
x

b1 + A2e−
x

b2

where bi = Λi
ρPb

, and the slower exponential decay corre-
sponds to the hard component.

Considering for example, the first exponential as the corre-
spondent to the hard component, A1 would be the amount
of µ± (the hard component) at zero thickness, and A2 the
amount of e± (the soft component) at zero thickness. The
value of f (x) at x = 0 gives the sum of these two contribu-
tions.

If the exponential part of the soft component falls much
faster than the hard one, it means that b2 is much smaller
than b1, and in the appropriate data range (b2 ≪ x ≪ b1)
the second exponential tends to zero. Then, f (x) behaves as
a straight line intersecting the Y axis A1:

f (x) ∼ A1

(
1 − x

b1

)
in b2 ≪ x ≪ b1

With the b1 obtained from this fit, is easy to see that the ex-
perimental values of x are in the proper range (xi ≪ b1) and
that this linear approximation is valid.

4.3.1 Fit for Lead

For the soft component we obtain b1 = µ−1
1 = Λ1/ρPb = 4.7 ± 0.3 cm (Fig. 4.8)

so:

µ1 = 0.213 ± 0.009 cm−1 and Λ1 = 5 ± 2 g cm−2

and taking the value of A1 (the rate of soft component at zero thickness), if S
is the surface of the detectors, the flux of soft component is,

46 Chapter 4 Results



χ2 = 0.00248
r2 = 0.89735

A1 = 0.4 ± 0.2
b1 = 4.7 ± 0.3

A2 = 0.6 ± 0.1
b2 = 9 ± 5

Figure 4.8: Attenuation of cosmic radiation passing through layers of lead,
with error bars and fit results.

Js =
Ns/t

S = 13 ± 6 m−2s−1

The errors are calculated according to Appendix C. The value of J is a bit low
compared to the theoretical value in Table 3.2, this is due to the effect of the geo-
metric efficiency, given that detectors have to be separated by a distance.

For the hard component, b2 = µ−1
2 = Λ2/ρPb = 9 ± 5 cm, which:

µ2 = 0.11 ± 0.06 cm−1 and Λ2 = 102 ± 55 g cm−2

and the flux of the hard component is,
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Jh = Nh/t
S = 19 ± 3 m−2s−1

Its value is also far from the theoretical value shown in Table 3.2, however, the
linear absorption coefficient µ for muons is lower than for the soft component,
as expected.

As already mentioned, if the soft component falls much
faster than the hard one, since b1 would be much lower than
b2, in an appropriate data range b1 ≪ x ≪ b2, the first ex-
ponential tends to zero, and f (x) behaves like a straight line
intersecting the Y axis in A2:

f (x) ∼ A2

(
1 − x

b2

)
in b1 ≪ x ≪ b2

In this part, error handling is not needed since a qualitative
approach is enough, and we choose the range below and
make a linear fit to it:

x (cm) N12/t
10 0.63
15 0.56
20 0.53
25 0.51

y = 0.690 ± 0.008x
r2 = 0.923

A2 = 0.6898 s−1

b2 = A2/0.0076 = 90.76 cm−1s−1

With the value of b2 obtained from this fit, we can check that
the experimental values of x are in the proper range (xi ≪
b2) and that this linear approximation is valid. In this case
the value of b2 which is 10 times larger than the one obtained
previously, but indeed in the range of x chosen x ≪ b2 is
fulfilled, so the linear approximation in that range is valid,
and the value of A2 (hard component at zero thickness) is
compatible with the value obtained before.
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4.3.2 Fit for Aluminum

χ2 = 0.00124
r2 = 0.89909

A1 = 0.68 ± 0.04
b1 = 3.5 ± 0.4

A2 = 0.37 ± 0.06
b2 = 3 ± 1

Figure 4.9: Attenuation of cosmic radiation passing through layers of alu-
minium, with the fit and error bars.

For the hard component, b1 = µ−1
1 = Λ1/ρAl = 3.5 ± 0.4 cm, so we get:

µ1 = 0.29 ± 0.03 cm−1 and Λ1 = 9 ± 1 g cm−2

and the flux of the hard component is,

Jh = Nh/t
S = 22 ± 1 m−2s−1

The errors were calculated according to Appendix C. Again it is observed that
the value remains low compared to the theoretical value in Table 3.2, and for the
same reason.

For the soft component we obtain b2 = µ−1
2 = Λ2/ρPb = 3 ± 1 cm so:
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µ2 = 0.3 ± 0.1 cm−1 and Λ2 = 8 ± 3 g cm−2

and the flux of soft component is,

Js =
Ns/t

S = 12 ± 2 m−2s−1

Again, it is a bit low compared to the theoretical value in Table 3.2, but the µ
for muons is again smaller than for electrons.

The results can also be explained by the fact that the roof attenuates some part
of the soft component, but not the hard one, so less soft component is measured
compared to what would be obtained under different conditions.

As before, if the soft component falls much faster than the
hard one, since b2 would be much lower than b1, in an appro-
priate data range b2 ≪ x ≪ b1, the first exponential tends
to zero, and f (x) behaves like a straight line intersecting the
Y axis in A1:

f (x) ∼ A1

(
1 − x

b1

)
in b2 ≪ x ≪ b1

Linear fit to the data range on the left:

x (cm) N12/t
12 0.81
18 0.78
21 0.74
24 0.73

y = 0.9019 ± 0.0074x
r2 = 0.9529

A1 = 0.9019 s−1

b1 = A1/0.0074 = 121.9 cm−1s−1

With the value of b1 obtained from this fit, we can check
that the experimental values of x are in the proper range
(xi ≪ b1) and that this linear approximation is valid.
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In this case the value of b1 which is 10 times larger than the
one obtained previously, but indeed in the range of x chosen
x ≪ b1 is fulfilled, so the linear approximation in that range
is valid, and the value of A1 (hard component at zero thick-
ness) is compatible with the value obtained before.

The number of particles of the soft and hard component obtained at zero
thickness for Al and Pb should be compatible, as shown in the table below.

Hard Soft Total
Lead 19 ± 3 m−2s−1 13 ± 6 m−2s−1 32 ± 9 m−2s−1

Aluminium 22 ± 1 m−2s−1 12 ± 2 m−2s−1 34 ± 3 m−2s−1

Table 4.12: Hard and soft components at zero thickness.

Remember that these data have to be taken at d = 30 cm. and thickness x = 0
cm. In the case of the hard component, there is a bit larger difference between
the two results at zero thickness, but this difference is at the limit of error, while
for the soft component there is a great agreement.

4.4 Calculation of the geometric efficiency

Taking the data obtained in the previous section for the hard and soft compo-
nents (with detectors at d = 30.0 ± 0.1 cm), and the first experimental data we
obtained in this section for d = 0 cm. The following table is obtained:

Hard (m−2s−1) Soft (m−2s−1)
Theory 130 50
Experiment at
d = 30 cm and
thickness x = 0

Lead Aluminum Lead Aluminum
19 ± 3 22 ± 1 13 ± 6 12 ± 2

Experiment at
d = 0 cm 34.2 ± 0.6 (Total flux)

Table 4.13: Summary of experimental data obtained for J in the previous sec-
tion contrasted with theory and with data for d = 0.
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There is a growth in the number of total particles that are detected with the
scintillators attached. In this section, one of the possible causes of the inconsis-
tency between theory and experiment mentioned in the previous section will be
addressed.

4.4.1 Experimentalmeasurements

For each value of the distance between scintillators, six measurements of the co-
incidences are taken, in order to calculate the average, thus the error is given by
the dispersion σ (Appendix C). The duration of each measurement is six minutes.
The working conditions are set to these values:

HV1 = 1900 V, Vthreshold = −200 mV
HV2 = 1900 V, Vthreshold = −200 mV

The data in Table 4.14 is obtained.

d (cm)
N12 av./t
(counts / s)

N12(d) /N12(0)
(counts / s)

0.0 1.06 ± 0.02 1.00 ± 0.03
5.5 0.46 ± 0.01 0.43 ± 0.02
8.5 0.29 ± 0.01 0.27 ± 0.01
11.0 0.21 ± 0.01 0.20 ± 0.01
15.5 0.158 ± 0.008 0.149 ± 0.008
19.5 0.100 ± 0.006 0.094 ± 0.006
23.5 0.092 ± 0.006 0.086 ± 0.006
25.0 0.069 ± 0.006 0.065 ± 0.005

Table 4.14: Increasing values of d (an error of ± 1 mm has been considered)
along with the number of averaged coincidences (N12 av./t). It
also presents the ratio N12(d) /N12(0) , where N12(d) is the num-
ber of coincidences with the detectors at a distance d, and N12(0)
the number of coincidences when the detectors are together. Er-
rors and decimals presented are calculated as shown in Appendix
C.

In this case the ratio of N12(d) and N12(0) is the geometric efficiency calcu-
lated from experimental data for each distance, as explained in chapter 3. We
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see that as the distance between scintillators increases, the efficiency decreases
by 94% from 1 for the most ideal case (with the scintillators at d = 0), to 0.06 for a
distance of 25 cm. Even when separated 5 cm we have a loss of just over 50%.

4.4.2 Monte-Carlo simulation (Appendix B)

Simulate a flux of 10000 particles for the same distances used in the experimental
measurements. You should obtain something as the data in Table 4.15.

d (cm)
n

(counts)
Geom. eff

ϵ

0.0 10000 1
5.5 7585 0.7585
8.5 6647 0.6647
11.0 6026 0.6026
15.5 5236 0.5236
19.5 4751 0.4751
23.5 4398 0.4398
25.0 4303 0.4303

Table 4.15: Increasing values of d (with an error of ± 1 mm) with the num-
ber of counts that fell within the detector (n). The geometric effi-
ciency is also presented. Calculation errors are not considered in
these data.

It should be noted that the geometric efficiency of the simulation is much
higher than that obtained experimentally. At 5 cm the efficiency is over 70%,
whereas before we had less than 50%, and at 25 cm it is around 40% compared
to 6% before. In this case the change introduced by separating scintillators 25 cm
is of 60% versus 94% in the previous case.

On the other hand, as to the isotropic distribution, after making appropriate
changes to the program designed for the simulation (Appendix B), has also been
simulated, to check both results and that indeed, the distribution of particles ar-
riving the detectors is not isotropic. The simulation results are presented in Table
4.16.
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d (cm)
n

(counts)
ϵ

(isotropic)
0.0 10000 1
5.5 6135 0.6135
8.5 5305 0.5305
11.0 4891 0.4891
15.5 4365 0.4365
19.5 4075 0.4075
23.5 3823 0.3823
25.0 3741 0.3741

Table 4.16: Increasing values of d (error: ± 1 mm) with the number of counts
that fell within the detector (n) generated by the simulation of
isotropic radiation. Calculation errors are not considered in these
data.

These data are compared in the plot below.

Figure 4.10: Data for the MC simulation, the efficiency calculated experi-
mentally with the error bars, and isotropic radiation. All curves
are fit to curves whose dependency on the distance is propor-
tional to the inverse square of the distance between scintillators.
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Despite the inconsistencies in values, both the curve simulation not isotropic
and experimental follow a similar behavior, similar to a proportionality with d−2.

Besides its slopes remain parallel above a large region from 6 cm more or less,
where the experimental data has a lower error. This does not happen with to slope
of the isotropic simulation, which is low but then comes back up.

So we can conclude that the isotropic radiation is not a goodmodel to repre-
sent the cosmic radiation.

Assuming that the soft radiation has the same angular distribution as the
hard one, can represent the relative fraction of hard and soft component as a
function of the distance between scintillators. We can make a table of hard and
soft components at different distances using the geometric efficiency calculated
in this section, to be specific that obtained by MC simulation is more accurate
and reliable.

Flux values for the hard and soft component obtained in the above at a dis-
tance of 30 cm section are taken into account, by correcting the geometric effi-
ciency, and considering that, because two values were obtained for each obtained
from settings for Lead and Aluminum, an average of the two will be used:

Average of the hard component at 30 cm: Jh = 20 ± 2 m−2s−1

Average of the soft component at 30 cm: Js = 12 ± 4 m−2s−1

If these averages are corrected by dividing the geometric efficiency calculated by
the MC for 30 cm, whose value turns out to be ϵgeo = 0.3891, we obtain:

Hard component at 0 cm: Jh = 51 ± 5 m−2s−1 = 62.2% of the total flux
Soft component at 0 cm: Js = 31 ± 10 m−2s−1 = 37.8% of the total flux

Doing the calculations, we obtain a data table like this one:
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THEORY EXPERIMENT

d (cm) Geom.
ϵ

Jh

(m−2s−1)

Js

(m−2s−1)
Jd/Js

Jh

(m−2s−1)

Js

(m−2s−1)
Jd/Js Error

0.0 1 150 30 5 51 31 2 1
5.5 0.7585 113.775 22.755 5 39 24 2 1
8.5 0.6647 99.705 19.941 5 34 21 2 1
11.0 0.6026 90.39 18.078 5 31 19 2 1
15.5 0.5236 78.54 15.708 5 27 16 2 1
19.5 0.4751 71.265 14.253 5 24 15 2 1
23.5 0.4398 65.97 13.194 5 22 14 2 1
25.0 0.4303 64.545 12.909 5 22 13 2 1

Table 4.17: Increasing values of d (error: ± 1 mm) with the relative fraction of
hard and soft component in the case of the theoretical data and
the experimental data. Calculation errors are not considered in
these data.

The ratio obtained between the hard and soft components is constant for both
the tabulated data as to the experimental ones, so it follows that the angular dis-
tribution of both components is similar.

4.5 Comparisonof theexperimentalresults for theflux
with theory

The table below shows a comparison between the calculated values and theory.

a (cm) b (cm) d (cm)
Fraction crossing both

detectors (%)
27 9 26 15
28 10 24 19
29 11 22 23
31 10 23.5 8.6 (EXP)
31 10 23.5 43.9 (MC)

Table 4.18: The values obtained experimentally and with the MC appear in
color, a and b are the smaller and larger sides of the detectors,
and d is a random separation between them.
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Now, since J = J0π/2, the total flux J0 in the vertical direction, i.e., perpen-
dicular to the detectors, can be calculated. From the value of the number of coin-
cidences due to the hard and soft components obtained in the previous section,
and the total flux, the following values are obtained together with their uncer-
tainty:

THEORY EXPERIMENT
Flux

(m−2s−1sr−1) Total
Hard
∼ µ+

Soft
∼ e+ Total

Hard
∼ µ+

Soft
∼ e+

J0 110 80 30 52 ± 9 32 ± 3 20 ± 6
J 180 130 50 82 ± 15 51 ± 5 31 ± 10

Table 4.19: Theoretical values taken from [PRD96] compared to those ob-
tained experimentally.

The obtained experimental data differ by 60% from theory, due to the high
voltage and that one of the scintillators is poorly attached to the light guide, which
results in losses of photons that must reach the light guide. Furthermore, in the
case of the soft component, we must take into account the absorption by the roof,
which somewhat limits the amount of particles reaching the detectors.
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..

.. 5.
Conclusions

In this lab we will study the characteristics of a cosmic-ray coincidences detection
system, that uses a scintillator-PM and NIM modules in a standard chassis, with
the following settings:

..⋆ Time window of the system: 50 ± 1 ns.

..⋆ Optimum operating point: HV = 2200 ± 1V, Vthreshold = −200 ± 1 mV.

..⋆ Estimation of spurious coincidences: Check that their contribution is not only
low but is negligible (around 0.002%).

..⋆ Statistical nature: For the time range chosen for the measurements, (be-
tween 6 and 10 minutes) the cosmic radiation should fit a Gaussian dis-
tribution with mean µ and deviation σ =

√
µ, with a χ2 that has a confi-

dence level higher than 92.6%. For measurements below 10 s it fits well to a
Poissonian distribution, whose χ2 has a confidence level of 99.8%.

..⋆ Component separation: the results at zero thickness and a distance between
detectors of 30 cm are similar to these:

(m−2s−1) HARD SOFT TOTAL
Lead 19 ± 3 13 ± 6 32 ± 9

Aluminum 22 ± 1 12 ± 2 34 ± 3

..⋆ Discard of the isotropic hypothesis: The measurements must rule out that the
hard radiation component has an isotropic distribution, but instead varies
as a cos2 θ. Also, the ratio between hard and soft component remains con-
stant with distance, so the soft component has the same angular distribu-
tion.
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..⋆ Geometric efficiency: It has been shown that there is a change in the mea-
sured radiation flux to the distance between scintillators that �geom is given
by the system, which has an approximately inverse quadratic dependence
with distance. The MC simulation confirms this dependence made.

Final data for soft, hard and full contribution of cosmic radiation obtained
experimentally and corrected by the geometric efficiency:

(m−2s−1) TOTAL HARD SOFT
J0 52 ± 9 32 ± 3 20 ± 6
J 82 ± 15 51 ± 5 31 ± 10

The sections presented can be considered as basic descriptors of the tech-
niques that are used to determine the most important properties of cosmic ra-
diation at ground level, and its muon component.

5.1 Reflection on themain sources of error

A difference of 200 V in the working point only makes a difference in the number
of particles we count. What happens is that, depending on which phenomenon
is observed, a variation like this may be significant or not.

For example, a variation of 10 particles is a variation of 10% if we were count-
ing 100 and now we count 90. But is a variation of 5% if I measured 200 and now I
see 190. If the experiment is dependent on detecting differences larger than 10%,
in this example the second case would be a bad place to work.

When measuring attenuation, this may have a large influence, since muons
are very difficult to attenuate, and differences in the number of coincidences
when increasing the thickness are very small.

5.1.1 Other sources of error

Other sources of error could be considered:

..⋆ Poor contact between the scintillator and the photomultiplier. The most
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significant loss of particles in this experiment is the PM–scintillator trans-
mission [Sou83].

..⋆ The approximation that the interaction cross section is constant, with the
energy of the incident particles may not be entirely correct in certain en-
ergy ranges that may appear in the experiment.

..⋆ Using a counter instead of the NIM coincidences module.

..⋆ Treating the detectors as ideal surfaces.

..⋆ Assuming that the trajectories of muons are straight.

..⋆ Some channel of the NIM modules not working properly.

..⋆ The effect of the thickness of the scintillator is not taken into account in
the MC simulation, and it may have some impact on the determination
of the geometric efficiency, even if it has an exponential effect, such that
Jfinal = Jinitiale−x/l , where l is the mean free path of the particles in the
detector. However it is fine to take this into account only in very large de-
tectors, which is not the case in this experiment.

..⋆ The thickness of the layers is not the sum of the thicknesses, there are air-
filled spaces, although the air really has very little effect on the incident
particles, as demonstrated on a small calculation performed on the rele-
vant section of chapter 3.

..⋆ Coincidences cables being damaged or not of the same size...

..⋆ ...etc.

* * *

The effect of other sources that your lab mates who work near the site of mea-
surement may be using is negligible. Furthermore, these sources will be mostly
sources of alpha, beta and gamma radiation, whose range both in Pb and Al is
very small.

Of course you could also consider effects as warming of the conductors by
Joule effect, inhomogeneous magnetic fields, etc. These factors taken separately
are of systematic nature, however the influences are so complex that they can
produce global effects in both directions and in variable entities, so that the cor-
responding errors become random.
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Appendix A: The flux integral
As discussed in the Theoretical Introduction, the distribution of cosmic radiation
is not isotropic, but it depends on the altitude, longitude and latitude.

For example, muons reach the ground with an average energy of∼4GeV [Eid04].
The angular distribution of muons at ground level has the following characteris-
tics:

..⋆ It’s proportional to cos2 θ for muons of energy Eµ ∼ 3GeV, with θ being
the zenith angle,

..⋆ At lower energies the angular distribution becomes steeper,

..⋆ It saturates at higher energies,

..⋆ for Eµ ≫ ϵπ, the distribution has the shape of sec θ.

In the range of energies with which the muons reach the ground, their angu-
lar distributions can be described by the equation:

J(θ, φ) =
d3N

dA dt dΩ
= J0 cos2 θ

part.
m2 s sr

(A.1)

where J is the total µ flux per unit area, per unit time and per unit solid angle,
θ is the zenith angle, which varies between −π/ 2 and +π/ 2, depending on the
configuration of our system, φ is the azimuth angle, which varies from 0 to 2π,
and J0 is the flux in the vertical direction per horizontal unit area per unit time
and per unit solid angle.
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The presence of the cosine function accounts for the fact that we have non-
isotropic radiation. Due to the presence of the cosine, the above expression has a
maximum in θ = 0, that is, in the vertical and perpendicular direction to the
plane of the detectors, from where it is concluded that J0 is the vertical flux di-
rection.

In this case we have a flat detector surface, and the unit of area is not always
oriented horizontally to the direction of incidence.

A unit area of m2 is set. To calculate
the flux coming from all directions and
across the whole surface of the detector,
we must integrate through all the solid
angle:

dΩ = sin θ dθ dφ

and take into account that the differen-
tial element of area that the scintillator
actually presents for the reaction is:

Figure A.1: Schematic view of the inci-
dent particle path.

dA = dS cos θ

i.e. solve the following integral:

I =
∫

J dA

=
∫ S

0
|j(θ, φ)| dS cos θ

=
∫ S

0

∫ 2π

0

∫ π/2

0
J0 cos3 θ sin θ dθ dφ dS

= J0 2πS
∫ π/2

0
cos3 θ sin θ dθ

(A.2)

The last integral, which only has dependence on θ, is easily solved by:
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∫ π/2

0
cos3 θ sin θ dθ =

∫ π/2

0

[
−1

4
d(cos4 θ)

dθ

]
dθ

=
1
4

∫ 1

0
d(cos4 θ)

=
1
4

(A.3)

thus obtaining:

I = J0
π

2
S

part.
s

=
N
t

(A.4)

which is simply the total intensity of particles per unit time reaching the scin-
tillator detector with rectangular geometry and surface S, and equals the number
of counts per unit time to be registered in it (after noise substraction).

For the soft component we can assume to a first approximation that the dis-
tribution is equal to that of the hard component.
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Appendix B: Monte Carlo
In this appendix we will try to explain the code of the simulation program, which
uses the Monte Carlo method to calculate the geometric efficiency of the detec-
tors. In this case we have used the C programming language. This appendix also
explains the geometry of the system, which is shown in Fig. B.1. The code is in-
cluded at the end.

The first lines of code ask for the input data (the distance between scintillators
and the number of muons to be simulated). The dimensions of the scintillators
are fixed to 10×31 cm, which are the dimensions of the scintillators at the lab.
The algorithm is as follows:

..1 The program generates a stream of particles through afor loop, where they
are simulated one by one. Each particle strikes the upper detector in ran-
dom positions given by the triad (x, y, z), that follow a random angular
distribution typical of cosmic radiation, given by cos4θ1 (Appendix A).

..2 For the random number generation, the program uses the C functionrand(),
which generates random numbers with values between 0 and RAND_MAX =
32768. According to Fig. B.1, the initial positions on the scintillator 1 are
given by:

..⋆ x ∈ [0, xs], where xs is the width of the scintillator, so x = xsrand()

..⋆ y ∈ [0, ys], where ys is the length of the scintillator, so y = ysrand()

..⋆ z = d, where d is the distance between scintillators.

..3 Then, the direction of incidence (θ, φ) is generated. This is the direction
whith which the particle exits the first detector. It must be taken into ac-

1Where θ is defined in spherical coordinates.
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count that the angle θ grows from−π/2 to+π/22. The muon reaches the
second detector at position (x′, y′, z′). If the projection of (x, y, z) on the
plane is given by ρ, the projection on the plane from point P to point P′ is
ρ′′, which depends on the direction of incidence as:

ρ′ = d tan θ

where tan θ is calculated from a cos θ generated as the fourth root of a ran-
dom number between 0 and 1 (App. A), so that we give the correct angular
weight to our distribution:

cos θ = 4
√
rand()

sin2 θ =
√

1 − cos2 θ → tan θ =
√

1−cos2 θ
cosθ

Since the system has azimuthal isotropy, the φ coordinate is generated in
the following way:

φ ∈ [0, 2π], → φ = 2π rand()

..4 After crossing the lower scintillator, the impact point is simulated. The po-
sition of the particle in the lower detector is given by the sum of two vectors,
one is the projection of the initial position (x, y, z) on the plane (ρ), and the
other is the vector ρ′ mentioned above, as shown in Fig. B.1, so that its new
coordinates on the second scintillator will be:

x′ = x + ρ′cosφ

y′ = y + ρ′senφ

z′ = 0.

..5 Once the new positions on the lower detector are calculated, they may fall
within or outside its limits depending on the angular distribution they have.
Applying the correct condition, the program will count how many times it
succeeds in collecting each particle. This condition is:

2This is the incidence angle. Note that there is symmetry between what goes above and below
the scintillator.
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“If x ∈ [0, xs], and y ∈ [0, ys], (that is, if the two condi-
tions are fulfilled simultaneously) then count one.”

The value of the counts is stored in a variable with each iteration of the for
loop, and when the loop is finished the program calculates the geometric
efficiency as the ratio between this variable and the initial number of par-
ticles.

Figure B.1: On the left, the geometry used to simulate the setup used in the
laboratory. The coordinates of a particle that arrives to the upper
detector at point P, and then moves to point P′ of the lower de-
tector, are a combination of Cartesian, Cylindrical and Spherical
coordinates. The angular coordinate θ shown in the figure on the
left is the angle of incidence, not to be confused with the coordi-
nate θ of the Spherical coordinates.

Once the efficiency is calculated for one detector, it is known for the other,
since we made the approximation that the scintillators are similar.
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In the case of an isotropic distribution, the problem’s geometry does not change,
only the angular distribution, and the same program can be used modifying the
line:

49 cosine = pow( (double)rand() / RAND_MAX, 1/4.0 );

for:
49 cosine = 1 - 2 * ( (double)rand() / RAND_MAX );

Below, the code is shown:
1 /***************************************************
2 * Monte Carlo calculation of the efficiency of
3 * squared scintillators of fixed size for muons
4 * coming from cosmic rays.
5 *
6 * - Compiling: gcc mcScin.c -o mcScin -lm
7 * - Running: ./mcScin
8 ***************************************************/
9 #include <stdio.h>

10 #include <stdlib.h>
11 #include <math.h>
12 #define PI 3.141592654
13
14 int main(void) {
15
16 int i, N, n = 0;
17 double x1, y1, x2, y2, cosine, tangent, phi, d, rho, effGeom;
18
19 /***************************************************

20 * Scintillator dimensions
21 ***************************************************/
22 double xs = 10, ys = 31;
23
24 /***************************************************
25 * Data input
26 ***************************************************/
27 printf(”\n PROGRAM THAT CALCULATES THE GEOMETRIC EFFICIENCY”);
28 printf(”\n FOR A FIXED DISTANCE BETWEEN SCINTILLATORS”);
29 printf(”\n (SCINTILLATORS DIMENSIONS: 10x31 cm2)\n”);
30 printf(”\n Distance between scintillators in cm: ”);
31 scanf(”%lf”, &d);
32 printf(” Number of muons to simulate: ”);
33 scanf(”%d”, &N);
34 getchar();
35
36 for (i=1; i<=N; i++) {
37
38 /***************************************************
39 * Muon coordinates at upper scintillator
40 * The origin is in the lower scintillator
41 ***************************************************/
42 x1 = xs * ( (double)rand() / RAND_MAX );
43 y1 = ys * ( (double)rand() / RAND_MAX );
44
45 /***************************************************
46 * Muon exit direction (theta, phi)
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47 * Simulation of the angular distribution ~cos^4
48 ***************************************************/
49 cosine = pow( (double)rand() / RAND_MAX, 1/4.0 );
50 tangent = sqrt(1 - cosine*cosine) / cosine;
51 phi = 2 * PI * ( (double)rand() / RAND_MAX );
52
53 /***************************************************
54 * Muon coordinates at the lower scintillator
55 * rho is the module of the vector projected in the detector
56 ***************************************************/
57 rho = d * tangent;
58 x2 = x1 + rho*cos(phi);
59 y2 = y1 + rho*sin(phi);
60
61 if(x2 < xs && y2 < ys)
62 n++;
63 }
64
65 effGeom = (double)n / N;
66 printf(”\n Number of coicidences = %d”, n);
67 printf(”\n Geometric Efficiency = %3.3lf\n\n”, effGeom);
68 return 0;
69 }
70
71 #undef MAX
72 #undef PI
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Appendix C: Error handling
This appendix tries to explain the basics of error handling that have been cited
during the text used in the analysis of the data.

C.1 Calculating uncertainties

..1 Error of directmeasurements:

In direct measurements, it is assumed a pattern as a unit of measurement,
and the measurements are performed by comparison. If a magnitude x is
measured and an uncertainty is assigned to that measurement, the value
could have values between xa and xb with equal probability. In these cases
the measured value is the average value of both x̄, and as δx is the differ-
ence, which is often cconsidered as error, although it is not randomized
[San89].

x̄ =
xa + xb

2
δx =

|xa − xb|
2

(C.1)

The value of δx is always positive by definition.

..⋆ Absolute error: The measured value is offered as x̄ ± δx, with x ≪ |x|.

..⋆ Relative error: ϵ(x) = δx
|x| ≪ 1 It is expressed in % if it was already

multiplied by 100. Although it depends on the particular case, it is
estimated that a relative error of ≥ 10% is poor, and ≤ 1% is good.

..2 Error of indirectmeasurements:

The indirect measurements presented here were obtained as a function of
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other measurements and are considered to be absolute. Its unit of mea-
surement is also a function of the other units of measurement.

..⋆ Error propagation: If we want to determine the error of a variable that
is a function of others, we must apply the Taylor series [San89]:

⋆ One variable:

z = q(x) → q (x + ∆x) = q(x) +
dq
dx

∆x + . . .

→ δ(z) =
∣∣∣∣ δq
δx

∣∣∣∣ (C.2)

⋆ Several variables:

z = q(x, y, . . . ) → δ(z) =
∣∣∣∣ δq
δx

∣∣∣∣ δx +

∣∣∣∣ δq
δy

∣∣∣∣ δy + . . . (C.3)

..3 Error ofmeasurementswith calibrated equipment:

Those provided by the relevant manufacturer. They are taken from the
manuals.

..4 Rounding:

All δx error is estimated and is subject to uncertainty, so it is enough to
use one significant figure in the result. Therefore, the measured value x is
rounded up to the last significant figure present in its δx.

..⋆ Rounding rules:

⋆ If the figure is < 5 is it eliminated.
⋆ If the deleted figure is> 5, the last retained figure is increased by

one.
⋆ If the deleted figure is = 5, the nearest even number is taken as

the last digit, if it is odd, the higher is taken.
..⋆ Also, take the following remarks into account [San89]:

⋆ In additions and subtractions, the result has no more significant
digits after the decimal sign than the value with lower number of
significant decimal digits.

⋆ In multiplications, divisions, and roots, the result takes no more
significant digits than the value with the lower number of them.
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..5 Random errors:

..⋆ One variable: If the same measurement is repeated many times (n) it
presents a variation called dispersion. If the histogram is constructed,
the best value is the mean, and the error is the deviation around it.

x̄ =
∑n

i xi

n
, Mean Devation =

∑n
i |xi − x̄|

n
(C.4)

The best value of x is obtained as the value of m that minimizes the
expression:

∑n
i |xi − m|

n
(C.5)

but since the derivative of the absolute-value function is not continu-
ous, variance is used instead:

Variance S2 =
1
n

n

∑
i
(xi − x̄)2 (C.6)

Standard Deviation S =
√

S2 (C.7)

Corrected Standard
Deviation Sn−1 =

√
1

n − 1

n

∑
i
(xi − x̄)2

(C.8)

The corrected standard deviation is used when n is small, and n − 1
are the degrees of freedom (the values minus the mean calculated
from them).

If not one, but a set of measurements of the same variable, are re-
peated several times (for example, 10 experiments of 3 measurements

C.1 Calculating uncertainties 73



each), we can calculate the variance and the corrected standard devi-
ation of the mean as:

Variance S2(x̄) =
1
n2 ∑ S2(xi) =

S2(x)
n

(C.9)

Corrected Standard
Deviation of the mean

value
S(x̄) =

S(x)√
n

(C.10)

What these expresions tell us is, that it is worth repeating the experi-
ments a number of times, since 1 /

√
n ≪ 1 / n. However, there comes

a time when the decrease in error (which follows a root-function ten-
dence), is not worth the effort.

..⋆ Several variables: Given two variables x and y, the covariance of x and
y is defined as:

S(x, y) =

n
∑
i
(xi − x̄)(yi − ȳ)

n
(C.11)

where |S(x, y)| ≪ S(x)S(y), and if x and y are independent,
S(x, y) −−−→

n→∞
0.

If we have a function like z = q(x, y), the variance is given by:

S2(z) =
(

∂q(x, y)
∂x

)2

S2(x) +
(

∂q(x, y)
∂y

)2

S2(y) (C.12)

This expression is less pessimistic than δz (C.1–2) for small errors, but
more for large errors.
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C.2 Classification of errors

..1 Systematic: When they happen repeatedly, they affect the results always in
the same direction [Gia75].

..⋆ Bad calibration: Needles in the wrong position, measurement scale too
big, poor internal calibration of electronic equipment, miscalibration
by faulty construction, friction on the axes of moving parts, elastic
hysteresis of the springs of suspension wires, etc.

..⋆ Poor conditions: When the conditions of pressure, temperature, etc.
are not compatible with the specifications of the manuals.

..⋆ Imperfect techniques: It depends on the experience of the experimenter.
For example, when measuring the spring constant, if the mass is in-
creased by removing and placing again the weights each time, instead
of gradually increasing them. This is a mistake because the spring
gets shrinked and stretched.

..⋆ Incorrect formulas: When the measurements must have a certain num-
ber of significant digits, but formulas with certain ideal approxima-
tions are used.

..2 Casual: When it is not possible to determine its cause, they are unpre-
dictable.

..⋆ Assessment errors: If the same person performs the same measurement
many times, they won’t measure the same value. This has to do with
the estimation they make of a certain fraction of the smallest division
of the measuring scale.

..⋆ Working conditions: Environmental conditions, someone opens a tap
or closes a door, planetary configurations, etc.

..⋆ Lack of definition: When the quantity to be measured is not fully de-
fined, for example, the radius of a sphere of metal, since its surface
has microscopic imperfections.

..3 Illegitimate: Distraction, fatigue.

..⋆ Personal: Poor reading, incorrect adjustment of the conditions of a
device, preliminary calculations poorly executed.

..⋆ Calculation-wise: Computers or programs without sufficient precision.

..⋆ Chaotic: When the effect of a disturbance is greater than the possible
casual error.
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..⋆ Random: These are the combination of many small and unknown causes.
Several measurements must be performed or several different instru-
ments must be used.

C.3 Definitions

Precision:
The smaller the casual errors are, the the more precise a measurement is.

Accuracy:
The smaller the systematic errors are, the more accurate a measurement is.

Sensitivity:
(Associated with the measuring device) Ability of an instrument to detect
small variations in the measured variable.
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Appendix D: Statistical Distributions
Much of the problems in physics can be described, at least approximately, with
a small group of theoretical statistical distributions characterized by a probabil-
ity density function P(x), which provides the expected frequency of a particular
random event happening.

This appendix will proceed to explain the salient features of the statistical
distributions to which the data taken in this experiment fit. In particular, the
Normal or Gaussian distribution, the Poisson distribution and the Chi-square
distribution are discussed.

D.1 Normal or Gaussian distribution

Most natural phenomena fit a Gauss “bell” curve, so is also known as Normal Dis-
tribution. Accurately describe any population whose randomness is due to an
effect that can be decomposed into the sum of a large number of independent
causes. It applies to a population of CONTINUOUS random variable. Instru-
mental errors are well described by a Gaussian curve.

The Gaussian distribution is a mathematical simplification of the Bernoulli
or Binomial Distribution when the number of trials N is very large (≫ 30). The
probability that in each test the obtained value is one of two given values is not
very small potential (≥ 0.05). The probability of obtaining a value x is:

P(x) =
1

σ
√

2π
e
(x−µ)2

2σ2 (D.1)
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where µ is the mean and σ the standard deviation, which is the width of the
distribution at ∼60% of the overall height, although sometimes the full width at
half height is used: FWHM = 2.35σ. This distribution is CONTINUOUS, SYM-
METRICAL around the mean value, and NORMALIZED with TWO parameters,
µ and σ2.

We must clarify that the expected value of the random variable x is defined as:
E[x] =

∫
x P(x) dx =< x > and is also called average or mean value of x, which

is usually denoted as: µ = E[x], and refers to the theoretical distribution P(x),
so it should not be confused with the average experimental value of a sample that
is mentioned in Appendix C.

This distribution is centered in µ, where it has its maximum. It normalization
factor is 1/σ

√
2π so that the integral of P(x) in the entire sample space is 1, and

its width is given by 1/2σ2, so that the bigger the σ, the greater the width. The
two inflection points are given by µ ± σ. The usual notation is N(µ, σ).

Important parameters:

..⋆ ⟨x⟩ = µ mean (matches mode).

..⋆
⟨
(x − µ)2⟩ = σ2 = x̄2 − µ2 variance.

..⋆ σ Standard deviation.

The probability of obtaining a value of x less than one particular xc is given
by the integral:

P(x < xc) =
∫ xc

−∞
P(x) dx (D.2)

As this integral is difficult to solve, the following approximation is used:

P(x < xc) = 1 − 1√
2π

e−
1
2(

xc−µ
σ )

2 [
a1t + a2t2 + a3t3 + a4t4 + a5t5

]
(D.3)
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with

t =
1

1 + a0

(
xc−µ

σ

)
and

a0 = 0.2316419
a1 = 0.31938153
a2 = −0.356563782

a3 = 1.78147937
a4 = −1.821255978
a5 = 1.330274429

A similar approach is used in the program used to calculate the confidence
level of χ2. See the code at the end of this appendix.

Figure D.1: Confidence intervals:
x = µ ± σ → 68.3% (∼2/3 of the data)
x = µ ± 2σ → 95.4%
x = µ ± 3σ → 99.7%.

D.2 Poisson distribution

Sometimes an observation consists of counting objects. We always count in re-
lation to a range that can be time, length, area, etc.

The Poisson distribution applies to “rare” events. It describes DISCRETE pro-
cesses in which the observation of a single event is very unlikely, but the number
of trials is so large that at the end there is a reasonable number of events.

It is also considered to be a limit of the Binomial distribution when the num-
ber of trials is very large and the probability of each test the obtained value is one
of two possible values is very small. For example, in radioactive decay, if small
time-measurement intervals are taken and compared with the average life of the
source, where the number of nuclei N is large, the probability of getting a value
x times can be obtained as follows:

..⋆ Probability of having an event per unit interval: λ (very small).
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..⋆ Probability of having an event within an interval dt: λ dt.

..⋆ In an interval t, the average of events is: µ = λt.

The basic assumption is that the λ probability is so small that in the interval
dt two or more events can not occur:

..⋆ Chance of having 2 events within a time interval dt: p2(dt) = O.

..⋆ Probability to have O events within a time interval dt: p0(dt) = 1 − λ dt.

..⋆ Probability of having x events within an interval t + dt:
px(t + dt) = px(t)(1 − λ dt) + px−1(t) λ dt.

If now we subtract px(t) on both sides of the last expression we obtain:

dpx(t)
dt

=λ (px−1 − px) → px =
(λt)x

x!
eλt

P(x) =
µx

x!
eµ x = 0, 1, 2 . . .

(D.4)

This would be the probability that the random variable takes the value x. This
distribution is DISCRETE, NORMALIZED and ASYMMETRIC with respect to the
mean, with a SINGLE parameter, µ.

Important parameters:

..⋆ µ =
∞
∑
0

xP(x) mean (matches mode).

..⋆ σ2 = x2 − µ2 variance.

..⋆ σ =
√

µ Standard deviation.

This indicates that if random events are counted, it is very difficult to obtain
high accuracy. For a σ ∼1%, 10,000 events would be needed. When we perform
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an experiment of counting random events and obtain a value x, the result with
its error is: x

√
x.

If the average is increased, the probability distribution moves to the right and
its shape becomes more symmetric and flat. When the numbers are large, the
Poisson distribution becomes a Gaussian distribution with σ =

√
µ, so we have

a particular case of Gaussian that depends on a single parameter: the mean µ.

Figure D.2: The limit of a Poisson distribution is a Gaussian:

. . P(x) = 1√
2πµ

e
(x−µ)2

2µ

This result is very important because it indicates that the result
of having a large number of events is no different from the result
of measuring a continuous variable.

The probability of obtaining a value of x that is lower than one particular xc
is given by the sum:

P(x ≤ xc) =
xc

∑
0

µk

k!
eµ (D.5)

The values   of the Poisson distribution function calculated with this expres-
sion are shown in the following tables:
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Figure D.3: Values   of the Poisson distribution for a certain value of x and for
a given value of the mean (here designated by λ).
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D.3 Chi-squared distribution

It is particularly useful for estimating the so called goodness of the fit of the exper-
imental data when compared with the theoretical distribution formulas.

The shape of this distribution is deducted below: Suppose there are n inde-
pendent variables xi with normal distributions of mean values µi and   standard
deviations σi, with:

χ2 =
n

∑
i

(xi − µi)
2

σ2 (D.6)

The probability that xi is between xi and dxi is:

P(x1x2 . . . xn) dx1 dx2 . . . dxn = P(x1)P(x2) . . . P(xn) dx1 dx2 . . . dxn

=
1

σ1σ2 . . . σn(2π)n/2 e−
χ2
2

(D.7)

The probability that χ2 is between χ2 and χ2 + dχ2 is e−
χ2
2 χn−1 dχ, where

χn−1 dχ is the volume between two spheres of radius χ2 + dχ2 in an n-dimensional
space. Manipulating this expression, integrating over all space to find the nor-
malization constant, and replacing n by ν (the degrees of freedom) we obtain:

P(χ2) =

(
χ2

2

) ν
2−1

2Γ
(

ν
2

) e−
χ2
2 (D.8)

where Γ is the Gamma function of Euler, which is defined as:

Γ
(ν

2

)
=

{ (
ν
2 − 1

)
!

√
π
(

1
2

) (3
2

)
. . .

(
ν
2 − 1

) for even ν

for odd ν
(D.9)
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Figure D.4: Chi-squared distribution.

This distribution is ASSYMETRIC, with a SINGLE paremeter ν that deter-
mines the shape of the distribution.

Important parameters:

..⋆ χ2 = n − 2 most probable value.

..⋆ µ =< χ2 >= n mean value.

..⋆ σ2 = 2n variance.

..⋆ σ(χ2) =
√

2n standard deviation.

If the variables are not independent, n is changed by ν = n − k, where ν rep-
resents the degrees of freedom, and k is the number of constraints in the system.

The χ2 of a fit has a χ2 distribution with ν degrees of freedom and a con-
straint, which can be rewritten as:
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χ2 =
(n − 1)s2

σ2 (D.10)

where s2 is the best sample estimate of the population variance of the n vari-
ables, and:

σ(s2) =

√
2

n − 1
σ2 (D.11)

is the standard deviation of the sample variance s2 if σ2 is known for a normal
universe.

The probability of obtaining a value of χ2 that is lower than one particular χ2
c

is given by the integral:

P
(

χ2 < χ2
c

)
=

∫ χ2
c

−∞
Pν(x) dx (D.12)

Since this integral is very difficult to solve, this approximation used instead:

P
(

χ2 < χ2
c

)
=

2χ2
c

ν
Pν(χ

2)

[
1 +

∞

∑
k=1

χ2k

(ν + 2)(ν + 4) . . . (ν + 2k)

]

Q
(

χ2 < χ2
c

)
= 1 − P(χ2 < χ2

c)

(D.13)

If we pick a particular χ2
c and compare it with the χ2 of the fit to be evaluated,

three cases can occur:

..⋆ If χ2 ∈ [0, χ2
c) it is possible to say that the fit is good,

..⋆ If χ2 ∈ [χ2
c , ∞) it is bad,

..⋆ If χ2 = χ2
c this criteria doesn not decide.
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In addition, the judgment made deserve a certain confidence as a percentage
that must be previously chosen. If we choose a confidence level of 95%, 0.05 is the
probability of being wrong, i.e.: one time in 20.

χ2
c P

(
χ2 < χ2

c
)

Q
(
χ2 < χ2

c
)

ν+3
√

2ν 0.99 0.01
ν+2

√
2ν 0.96 0.04

ν +
√

2ν 0.85 0.15
ν 0.5–0.6 0.5–0.4

Table D.1: For different values   of χ2
c , the table shows the values   of the proba-

bility that the χ2
c of the fit is between the values   indicated by P and

Q. This table is presented for guidance only, as a bad result may be
obtained by chance even if the fit was good.

..⋆ If the Normal distribution is applied: The probability density of finding
x1, . . . , xn as values   of the random variable x of a population with normal
distribution N(µ, σ) is:

P(x1, . . . , xn) =
1

σn(2π)n/2 e−
χ2
2 with χ2 =

n
∑
i

(xi−x̄)2

σ2
i

Special case: Weighted averages

Suppose we have x1 ∈ N(x̄, σ1) and x2 ∈ N(x̄, σ2). The
probability density of obtaining x1 and x2 is:

P(x1, x2) =
1

2πσ1σ2
e−

χ2
2

where,

χ2 = (x1−x̄)2

σ2
1

+ (x2−x̄)2

σ2
2

dχ2

dx̄ → x̄ =

x1
σ2

1
+

x2
σ2

2
1

σ2
1
+ 1

σ2
2

86 Appendix D Statistical Distributions



When there are several data, the procedure is similar, and in
general we obtain:

WEIGHTED AVERAGE x̄ =
∑
i

wixi

∑
i

wi

ERROR
(STANDARD DEVIATION)

S = 1√
∑
i

wi

WEIGHTS wi =
1

σ2
i

..⋆ For the Poisson distribution, we have σ2
i = ei, (oi − ei)

2 = σ2
i = ei,⟨

χ2⟩ =number of degrees of freedom= n− 1. If the result of χ2 is around
the number of degrees of freedom, we have a good agreement; although it
could be good and by chance χ2 be much larger or smaller than this value.

To evaluate χ2 use Table D.3.

To calculate the level of confidence of the χ2 of a fit using the χ2 and the num-
ber of constraints, the program cl.cpp (in C++ language) can be used. The code
is shown below.

1 /***************************************************
2 * Computation of the confidence level from Chi-squared (chi2)
3 * and number of constraints (ncons).
4 *
5 * Note :
6 * for even ncons ==> same result as the Cernlib function PROB
7 * for odd ncons ==> confidence level < result of the Cernlib function PROB
8 *
9 * --- Original FORTRAN routine copied from Lau Gatignon 1980

10 * --- Modified by NvE 29-sep-1980 K.U. Nijmegen
11 * --- Modified by NvE 24-apr-1985 NIKHEF-H Amsterdam
12 * --- Converted to C++ by Nve 06-nov-1998 UU-SAP Utrecht
13 *
14 * - Compiling: g++ cl.cpp -o cl
15 * - Running: ./cl
16 ***************************************************/
17
18 #include <math.h>
19 #include <cstdlib>

20 #include <iostream>
21
22 using namespace std;
23
24 double conlev(double chi2, int ncons) {
25 const double a1 = 0.705230784e-1, a2 = 0.422820123e-1,
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26 a3 = 0.92705272e-2, a4 = 0.1520143e-3,
27 a5 = 0.2765672e-3, a6 = 0.430638e-4;
28
29 // Change to dummy variables
30 int n = ncons;
31 double y0 = chi2;
32
33 // Set CL to zero in case ncons <= 0
34 if (n <= 0)
35 return 0;
36
37 if (y0 <= 0.) {
38 if (y0 < 0.)
39 return 0;
40 else
41 return 1;
42 }
43
44 if (n > 100) {
45 double x = sqrt(2.*y0) - sqrt(double(n + n - 1));
46 double t = fabs(x) / 1.1412135;
47 double denom = 1.0 + t*(a1 + t*(a2 + t*(a3 + t*(a4 + t*(a5 + t*a6)))));
48 double vfun = 1.0 / denom;
49
50 // Prevent underflow
51 if (fabs(vfun) < 1.3e-5)
52 vfun = 0.;
53
54 vfun = pow(vfun, 16);
55 double v = 0.5*vfun;
56
57 if (x < 0.)
58 v = 1.-v;
59
60 if (v < 0.)
61 v = 0.;
62
63 return v;
64 }
65
66 else {
67 double y1 = 0.5*y0;
68 int m = n / 2;
69
70 if (2*m == n) {
71 double sum=1.;
72
73 if (m > 1) {
74 double term=1.;
75
76 for (int i=2; i<=m; i++) {
77 // Prevent overflow
78 if (term > 1.e20)
79 break;
80
81 double fi = double(i-1);
82 term = term * y1 / fi;
83 sum += term;
84 }
85 }
86
87 double rnick = y1;
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88
89 // Prevent underflow
90 if (rnick >= 1.75e2)
91 rnick = 1.75e2;
92
93 double v = sum*exp(-rnick);
94
95 if (v < 0.)
96 v = 0.;
97
98 return v;
99 }

100
101 else {
102 double x = sqrt(y0);
103 double t = fabs(x) / 1.1412135;
104 double denom = 1.0 + t*(a1 + t*(a2 + t*(a3 + t*(a4 + t*(a5 + t*a6))))

);
105 double vfun = 1.0 / denom;
106
107 // Prevent underflow
108 if (fabs(vfun) < 1.3e-5)
109 vfun=0.;
110
111 vfun = pow(vfun,16);
112 double v = vfun;
113
114 if (n < 1)
115 return 0;
116
117 if (n == 1) {
118 if (v < 0.)
119 v=0.;

120 return v;
121 }
122
123 double value = v;
124 double sum = 1.;
125
126 if (n >= 4) {
127 double term = 1.;
128 int k = m - 1;
129
130 for (int j=1; j<=k; j++) {
131 // Prevent overflow
132 if (term > 1.e20)
133 break;
134
135 double fj = double(j);
136 term = term * y0 / (fj + fj + 1.);
137 sum += term;
138 }
139 }
140
141 // Prevent underflow
142 if (y1 > 1.75e2)
143 y1 = 1.75e2;
144
145 double vi = sum * 0.797846 * sqrt(y0) * exp(-y1);
146 v = vi + value;
147
148 if (v < 0.)
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149 v = 0.;
150
151 return v;
152 }
153 }
154 }
155
156
157 int main() {
158 cout << conlev(1,2) << endl;
159 }

A summary of the main differences between the Gaussian, Poisson and Chi-
Squared distributions is shown in Table D.2.

GAUSS POISSON CHI-SQUARED
Continuous Variable Discrete Variable Continuous Variable

Symmetric Non-symmetric Non-symmetric
Two parameters (µ, σ) One parameter (µ) One parameter (ν)

Table D.2: Differences between distributions.
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Table D.3: Values  with which χ2  must be compared for the different degrees
of freedom ν shown in the first column, and for the different levels
of confidence shown in the first row.

ν .99 .98 .95 .90 .80 .70 .50 .30 .20 .10 .05 .02 .01 .001
1 .00016 .00063 .0039 .016 .064 .15 .46 1.07 1.64 2.71 3.84 5.41 6.64 10.83
2 .02 .04 .10 .21 .45 .71 1.39 2.41 3.22 4.60 5.99 7.82 9.21 13.82
3 .12 .18 .35 .58 1.00 1.42 2.37 3.66 4.64 6.25 7.82 9.84 11.34 16.27
4 .30 .43 .71 1.06 1.65 2.20 3.36 4.88 5.99 7.78 9.49 11.67 13.28 18.46
5 .55 .75 1.14 1.61 2.34 3.00 4.35 6.06 7.29 9.24 11.07 13.39 15.09 20.52
6 .87 1.13 1.64 2.20 3.07 3.83 5.35 7.23 8.56 10.64 12.59 15.03 16.81 22.46
7 1.24 1.56 2.17 2.83 3.82 4.67 6.35 8.38 9.80 12.02 14.07 16.62 18.48 24.32
8 1.65 2.03 2.73 3.49 4.59 5.53 7.34 9.52 11.03 13.36 15.51 18.17 20.09 26.12
9 2.09 2.53 3.32 4.17 5.38 6.39 8.34 10.66 12.24 14.68 16.92 19.68 21.67 27.88
10 2.56 3.06 3.94 4.86 6.18 7.27 9.34 11.78 13.44 15.99 18.31 21.16 23.21 29.59
11 3.05 3.61 4.58 5.58 6.99 8.15 10.34 12.90 14.63 17.28 19.68 22.62 24.72 31.26
12 3.57 4.18 5.23 6.30 7.81 9.03 11.34 14.01 15.81 18.55 21.03 24.05 26.22 32.91
13 4.11 4.76 5.89 7.04 8.63 9.93 12.34 15.12 16.98 19.81 22.36 25.47 27.69 34.53
14 4.66 5.37 6.57 7.79 9.47 10.82 13.34 16.22 18.15 21.06 23.68 26.87 29.14 36.12
15 5.23 5.98 7.26 8.55 10.31 11.72 14.34 17.32 19.31 22.31 25.00 28.26 30.58 37.70
16 5.81 6.61 7.96 9.31 11.15 12.62 15.34 18.42 20.46 23.54 26.30 29.63 32.00 39.29
17 6.41 7.26 8.67 10.08 12.00 13.53 16.34 19.51 21.62 24.77 27.59 31.00 33.41 40.75
18 7.02 7.91 9.39 10.86 12.86 14.44 17.34 20.60 22.76 25.99 28.87 32.35 34.80 42.31
19 7.63 8.57 10.12 11.65 13.72 15.35 18.34 21.69 23.90 27.20 30.14 33.69 36.19 43.82
20 8.26 9.24 10.85 12.44 14.58 16.27 19.34 22.78 25.04 28.41 31.41 35.02 37.57 45.32
21 8.90 9.92 11.59 13.24 15.44 17.18 20.34 23.86 26.17 29.62 32.67 36.34 38.93 46.80
22 9.54 10.60 12.34 14.04 16.31 18.10 21.24 24.94 27.30 30.81 33.92 37.66 40.29 48.27
23 10.20 11.29 13.09 14.85 17.19 19.02 22.34 26.02 28.43 32.01 35.17 38.97 41.64 49.73
24 10.86 11.99 13.85 15.66 18.06 19.94 23.34 27.10 29.55 33.20 36.42 40.27 42.98 51.18
25 11.52 12.70 14.61 16.47 18.94 20.87 24.34 28.17 30.68 34.38 37.65 41.57 44.31 52.62
26 12.20 13.41 15.38 17.29 19.82 21.79 25.34 29.25 31.80 35.56 38.88 42.86 45.64 5405
27 12.88 14.12 16.15 18.11 20.70 22.72 26.34 30.32 32.91 36.74 40.11 44.14 46.96 55.48
28 13.56 14.85 16.93 18.94 21.59 23.65 27.34 31.39 34.03 37.92 41.34 45.42 48.28 56.89
29 14.26 15.57 17.71 19.77 22.48 24.58 28.34 32.46 35.14 39.09 42.56 46.69 49.59 58.30
30 14.95 16.31 18.49 20.60 23.36 25.51 29.34 33.53 36.25 40.26 43.77 47.96 50.89 59.70
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